55 P(n) = 1000 4 ae*"
Now P(0) = 2000
1000 4+ a = 2000 and so a = 1000
Also, P(12) = 4000
1000 4 1000e*** = 4000
1000e*%* = 3000
12k _ 3
ek =372
1000 + ae®™ = 10000
1000€*™ = 9000

If P(n) = 10000,

n = 24 months
It will take 2 years for the population to reach 10 000.

56 a Since a is a solution of the equation,
3a® — 11a® + 8a = 12a
3a® —11a® —4a =0
a(3a®> —1la—4) =0
a(B3a+1)(a—4)=0
a=20, —-%, or4
b If a=0, 3z°—112>+8zx=0
z(32®> —112+8) =0
z(3z —8)(z—1)=0
z=0,8%

> 3>
If a=-%, 32° 112" + 8z = 12(-3)
32° — 112> + 8z +4=0
Z =q is a solution, and so (3z + 1) must be a factor.
32 — 1122 + 8z +4= Bz +1)(z* + az + 4)
for some a
Equating coefficients of z* gives —11 =1 + 3a

orl

a=—4
Bz +1)(z®—dz+4)=0
o Br+1)(z—-2)°=0
L= —% or 2
If a=4, 3z°—112" + 8z = 12(4)
3z — 112 + 8z — 48 =0
x = a is a solution, so (xz —4) is a factor.
3z% — 1122 + 8z — 48 = (¢ — 4)(32% 4 az + 12)
for some a
Equating coefficients of z% gives —11 =a — 12
a=1
s (z—4)B2P +r+12)=0
—1+/12-4x3x12
2x3
—144+/143
6

x =4 or

57 P(z) is a real polynomial, so 3+ 2¢ must also be a zero of

P(z).
(34+2i)+(3—24) =6 and

(3+2))(3—2i)=9+4

=13
So, x? — 6z + 13 is a factor of P(z).
2¢° + ma® — (m + 1)z + (3 — 4m)
= (2® — 62+ 13)(2¢ + b) for some b
= 2a® + (b — 12)2” 4 (26 — 6b)z + 13b

Equating coefficients of z*: m=0b—12 ... (1)
3—4m=13b ...(2)
13b =3 — 4(b — 12)
13b=3—-4b+48
176 =51

b=3

m=3-12=-9

P(z) = (z* — 6z + 13)(2x + 3)
the zeros of P(z) are 34+ 2¢ and —%

Equating constants:
Substituting (1) into (2):

58 o’ xd®+a°—a"xa—-2=0
a®—2=0
a=+Vv?2
P(z)=2234+22—42-2
Since P(z) is the same whether a = ++/2, both z = v/2
and z = —+/2 must be zeros of P(z).
Hence (2 —v/2)(z+v2) = (2% — 2) is a factor of P(2).
P(z) = (2 - 2)(2z + 1)
the zeros of P(z) are ++/2 and —%

59 (fog)(z) = flg(z))

= f(22)
=2(2z%) —1
=42° -1
So the function (fog)_]L is z=4y® —1
4y3=:c+1
3 $+1
T4
z+1 3
y:( 1 )
1 z+1\3
So, (fog) ::n»—>( ) .

60 Let P(z) =z* 4 22° + 82 + 62 4+ 15
Since bi is a zero of the real polynomial P(z), so is —bi.
x® 4+ b® is a factor of P(z)
P(z) = 2* + 22° 4+ 82% + 62 + 15
= (z° +b°)(@® + cz +d) for some ¢, d
=z* + cz® + (b° + d)z® 4 bcx + b*d

Equating the coefficients of z3: ¢ =2

Equating the coefficients of z: 2% =6
b=+V3
Equating the coefficients of z?: 3+d =38
d=25

P(z) = (2% + 3)(z* + 2z + 5)
Now z2+2x+4+5=0
—24++/22 -4x1x5

2x1

when z =
=—-14+2¢
the zeros are ++/3i, —1+ 2

SOLUTIONS TO TOPIC 3
(CIRCULAR FUNCTIONS AND TRIGONOMETRY)

1 a 2% radians b 140°
= (& x 180)° = (140 x {%5) radians
= 40° =7

9
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3 perimeter = 40 cm
lem 10+ 10+ =40
=20
area = %67"2
=3lr {l=0r}
10om =3x20x10
=100 cm?
& a A vertical stretch with factor 2, and a horizontal stretch

with factor 3.
b A translation of % units to the left, and a translation of
4 units downwards.

Amplitude = 1

The principal axis is y = 0
Period = &£ = Z

b Amplitude = 2

The principal axis is y = —1

Period = 2{ =47
2

s

y=csc(z)

7 sin (37” — ) tan(¢ + )

= (sin 37” cos ¢ — cos %" sin qS) tan ¢

={((—1)cos ¢ — 0 X sin ¢) %

¢
= —sin¢
8 cos 2z = %
1—2sin’z=2  {double angle formula}
2sin® z = -g-
sinz = ﬂ:%

Mathematics HL — Exam Preparation & Practice Guide (3™ edition)

9 sin2z = sinz, z € [—m, 7]
2sinzcosz —sinz = 0
sinz(2cosz — 1) =0

sing =0 or cosxz = —%—

z=0, %, or &7
10 area = 20 cm”
19,2 _
567‘ =20 SO, 9 — l
r
ir=20 {I=0r} 6
1(6)r =20 - el
r= % cm =0.9
11 a Period = %
b Period = 2{ =4
2
<
1Y y=sin?z +5
\/\/‘\/\/—\/
5
- 7r —;
v
Period =7

or sin®z+5= (%— %005293) +5
:—%cosQac—l—lzl

- period=Z =7

12
(=1,m)
1 = arccosx
) 1 i 1 %
) 2
13 1 S0 6 1+cosf  sin )
1+cos® 1+cos® 1+cosh
1+ cosf — (1 — cos® §)
- 1+ cosé
. cosf + cos? 6
14 cosf
__cosf(1+ cosb)
~ 1+cosf
= cosf
2tané
14 tan20 = ——— —
an T tanZ0 tan 36 = tan(26 + 6)
2% 9 _ tan20 4 tanf
T 1_22 "~ 1—tan20tand
4
e
2

o



— .

1 cos 2z
15 csc(2z) — cot(2z) = 2 Snon

1 —cos2z

sin 2z
1—(1—2sin’z)
2sinxcosx
{double angle formulae}

2sin® z
2sinxcosz
sinz

cosT
=tanz

I
[NV]
J’_
=

.2
16 cos2a = sin“ «

. 1=3sin"«
2 1
sin“a = 3
2,2
cos” o= 3
2
2 cos” o
cota=—5—=2
sin® o
cota = +v2

52 + 5% — 62
2x5x5
{cosine rule}

17 cosf =

(@]

2
>

I
I~

area of triangle = % X5 X5 xsinb
=12 cm®
area of sector = 1 x 0 x 5°
~ 16.088 cm®
area of minor segment = area of sector — area of triangle
~ 4.09 cm”

18 For the sine function y = asinb(z —c) + d:

The amplitude = 2, so a = 2.

The period = «, so 27“ =7 = b=2.

The principal axisis y =1, so d=1.

There is no horizontal translation, so ¢ = 0.

the function is y = 2sin(2z) + 1

We want to solve 2sin(2z)+1=0, 0<z < w

1

sin 2z = -5
A 2z = %’T or lé”
. z=Tor U
So, P is (% 0) and

19 a Period = T’r = b Period = Z
3

M Mﬂ

-1

y=sin3x +sinxz

y = sin 3z has period %’r, and y =sinz has period 2.

So, y =sin3z +sinz has period 2.

20 The largest angle is opposite
the longest side.

92+ 72 - 117
11 em 9cm cost = 2xT7Tx9

{cosine rule}

12
7cm - B~ 859°

21  a csc(z) = —
sinx
vertical asymptotes occur when sinz = 0
the vertical asymptotes are z = 0, 7, and +27
1

cos 2z
vertical asymptotes occur when cos2z =0

2 =45 +k2m, k€Z
r==x% +km keZ
the vertical asymptotes are
T =+7, :I:B’T, isﬂ, and :I:%’.

z;-) _ cos (5)

2 sin (-”29)

. . [z
vertical asymptotes occur when sin (5) =0

b sec(2z) =

(4 cot(

gzo—i—kw, kel
r=2kmw, k€Z
z=0 and z = +27

the vertical asymptotes are x =0 and x = +27.
22 cos79° cos71° —sin79°sin 71° = cos(79° + 71°)
= cos(150°)

3

2

23 tan2A = sin 4

cos2A s

2sin Acos A
2cos2A—1
2cos A
2cos?2 A1

2cos A=2cos>A—1

2cos’ A—2cosA—1=0

=sinA {double angle formula}

=1 {sin A # 0}

+4/(-2)2 —4x2x (1)
2x2

cos A =

43
2

1—
2

=

But |cosA| <1, so cosA =

m Mathematics HL — Exam Preparation & Practice Guide (3™ edition)




24 sinz — 2cosz = Asin(z + )
= A(sinz cosa -+ cos z sin @)
= Asinzcosa+ Acoszsina

Equating the coefficients of sinz and cos z:

Acosa=1 and Asina=-2
cosq = — and sin o = __2
=3 =
Now sin’a+cos’a=1
—2\2 112
— —_— :1
(%) +(2)
441
7z 1
A*=5
A=+5 {A>0}
So cosa:\/Lg, sina:_%

« is in the 4th quadrant.
o518

25 2sin’z —cosz =1, z € [0, 2]
2(1 —cos’z) —cosz = 1
2—-2cos’z —cosz =1
2cos’x +cosxz~1=0
(2cosz —~ 1)(cosz+1) =0

cosz =% or cosz=-1

_ 1
20— 3= -3
_5
2r = 3
_5
T =73
sinC  sin30°
st _ i 1
27 A TE i3 {sine rule}
12em 15¢cm . { 15sin30°
C = arcsin [ ——
30° 12
C B o o
C ~ 38.7° or 141.3
28 Ay
1 y=sinz
A /
- T
-1
-3

y=2sin(2z +5) -1
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1

29 arcsin(—1) + arctan(1) 4 arccos(—3)
——g+ie ¥
3
T4
30 sin? 0 +cos® 0 =1
(%)2 +cos*h=1
2
cos“ 0 = g
cosf = ~§ {0 is obtuse}
sin 260 = 2sin 6 cos
=2x2x _\/Tg
— 4B
9
31 sinz+coszx=1, 0<z<7®
sinz+2sinzcosz+coss 2 =1 (%)
{squaring both sides}
sin2z+1=1
sin2z =0
AN >l
2c =0+ km, kE€Z
T = ’“2—”, keZ
z=0%, 7 {0<z<7}
Since we squared both sides at (), we need to check our
solutions.
sin0+4cos0=1 v
sinf +cos g =1 v
sinw +cosm = —1 X
So z=0or 3
32 a A s111820 = sn510 {sine rule}
20 _ 2sinfcosf _ sin @
5cm e 8 5
0 cosf = %
B 8cm ¢
b ABC =7 — 30
= 7 — 3arccos(§)
=~ 1.211
Area of triangle &~ 1 X 5 x 8 x sin(1.211)
~ 18.7 cm?

33 tan 2z has period %, and tan 3z has period %.
The lowest common multiple of 5 and % is 7.

the period = =

34 cotd +tanf =2, 0 €|-%, 5[
cosf  sinf
sinf ' cosl
cos? 0 +sin? 6 _9
sin 6 cos @

1 =2sinfcos®
1 =sin26

20 =% +2km, k€Z
0=%+kn, k€Z

=2 {since 0e]-%, 5[}




35 tan20 = 2
2t
1—:%20 =2  {double angle formula}

2tanf =2 — 2tan> 0
tan’ 6 +tan@ —1=0

—1+ /124 x1x(-1)

. tanf =

2x1

—-1++/5
2

Now 26 € [r, %], so 0 € [E, 2

]
—1—-+/5

tanf = ———— {tanf < 0}

36 P

Q

1lcm

2

12 cm

112 =22 4+ 122 — 2 x z x 12¢cos60°
121 = 2% + 144 — 12z

22 —1224+23=0

It

124 4/(—12)2 —4 x 1 x 23

2x1

z=6++v13, so PQ=6++v13cm

1 1

37 tanf — sec @ = smo 1

{provided cosé # 0}

sinf — 1

— cos?
cosfsinf

» (sin@—i— 1)
sinf + 1

cos@sin @ + cosé
sin?6 — 1

cosfsinf + cos

0
cos 6

cos? 0
sin 6

"~ cos?f
1

T T Cos0  cosf
= —(tan @ + sech)

38 a \/ﬁtan(

=3Z 4 2%kn, k€Z

57

z=2Zor—% {ze€l[-m 3n|}

3

3

b V3+2sin(2z) =0, z € [—, 3]

sin 2z = —?

4n
2= 2 } + k2,

T = _@ 2t 5m 5w
=73 "%>3°6°3
{z €[

keZ

39 sinz = 2sin(z — §)

sinz = 2(sinzcos £ — coszsin %)
= 2sin$(§) —2cosz(3)
sinz(1 —V3) = —cosz

sinz 1

cosz 11—
1

V3-1

S

tanx =

40 a Consider the sine function model H(t) = asinb(t—c)-+d

The amplitude o = 2—;‘— =12 m.

The period is 12.3 hours, so 2% =12.3
b~ 0.5108
The principal axisis H =4.7—1.2=3.5m so d =3.5.
The first low tide is at ¢ = 1-+6.15 = 7.15, and the next
high tide is at ¢ =1+ 12.3 = 13.3
_ 7.15+133

= """ ~10.2
¢ 2

. the model is H(t) =~ 1.2sin(0.5108(t — 10.2)) + 3.5
where ¢ is the time in hours after midnight,
0<t< 24,
b A H(m)
4.7,

/
NIRVERV/

i 133 —> t (hours)

41 a sin (a,rccos( - @ )) b tan (arcsin % )

) = tan (%)

11

w
%)

MBS

42 sinz ++v3cosz=0

sinz = —V3cosx
sinx V3

=—v3
cos T

tanx = _\/E

z=2or X {zel0,2n]}

sinf + 2cosf
sinf —cosf
sin@ + 2cosé = 2(sin§ — cos )

43

4cosf = sinf

. tanf@ =4
2tan6
20 = —————
tan 1 —tan?6
_ 2x4
T 142
- _8
5

44 y = 2sin(z — §) + 1 is a translation of y = 2sinz by
1.

So, we start with y = sinz, we stretch it vertically with scale

factor 2 to produce y = 2sinz, then perform the translation.
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; AY 4
y=2sin(z —73) +1 2
j -
y=sinz \ | N,
9 6 A 3 -
RN P2
-1
y=2sinz "--"" \j
45 cos2z +v3sin2z =1, z¢ [—m, ]
1—2sin®z +2v3sinzcosz = 1
—2sin” 2z + 2v/3sinzcosz =0 5
2sinz(v3cosz —sinz) = 0
sinz =0 or v3cosz = sinz
sinz =0 or tanz =+/3
T =7, —5 2z, g.orm
SOLUTIONS TO TOPIC 4 (VECTORS)
1 aa=i—2j+3k
b magnitude = /12 + (—2)2 + 32 = /14 units
1
¢ The unit vector in the opposite direction is —~\/117 —32 .
2
a ~._.2a—-b+Jc
a L
= ~
™~
) ¢
— Y
/e
4 -5 1
movesems( ) () (2)
_f 8+5+3
T\ -6-T+6
16 . . .
= ( B 7) which checks with the diagram.
3 a
A a » B
b
b
D a gl
— — — —
b BC=AD=b and CD=-AB=-a
— — - — — =
AC=AB+BC=a+b and BD=BC+CD=b —a
— ==
< CeBD = (a+b)e(b—a)
=aeb—aea+beb—-bea
=beb—aea {as aeb=Dbea}
= |b|* — | al”
and, if [b| = |al, ACeBD =0
d Since AC eBD = 0, AC and BD are perpendicular.
Mathematics HL — Exam Preparation & Practice Guide (3" edition) m

a aeb=|a||b|cosf where 6 is the angle between a and b.
If aeb <0, then cosf <0 andso 90° < 8 < 180°.

-2 3
baeb=| 1 |e| -1 ]=-6-1+3=-4
3 1

la| = \/(-2)2 + 12+ 32 =14 and
bl = /32 + (-1)2+12 =11

—4
———— =~ —0.3223 and so 6 =~ 108.8°.
V14+/11

k 4 4 k
a 1 ] and k are parallel if kE |=afl
3 3k 3k 3

for some a.
Thus, 4=ak .. (1)
k=a e (2)
3k=3a .. (3
From (1) and (2), k*=4 andso k= +2.
Hence the vectors are parallel if k& = 42.

2 4
e if k=2, the vectors are 1 and | 2
3 6
-2 4
e if k= —2, the vectors are 1 and -2
3 —6

k 4
b The vectors are perpendicular if <1> . ( k ) =0
3 3k

4k+k+9k—0 and so k=

0.
4
So, the vectors and 0 | are perpendicular.
0

a i The equation can be written as
z—1
T2 73
r=2t+1, y=-3t+3, z=1

SHRONE!

2
a vector parallel to the line is ( -3 ) .
1

ii Letting ¢t =0, apoint on the line is (1, 3, 0).
il The point (7, —3, 2) lies on the line if

and cosf =

7T=2t+1 e (1)
—3=-3t+3 .. (2
92—t .. 3)

So, from (3), ¢t =2 and from (1), ¢t =3 which is
not possible. Thus the point (7, —3, 2) does not lie
on the line.

b There are many possible answers.

0 2
Since < 1 ) is perpendicular to < -3 ) , a possible
3 1

T 5 0
line is y |=|-3|+s| 1}, whichis
z 2 3

r=5 y=-34+s 2=2+3s, scR.



