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‘Modeling the real world

s o
////1/////”

Answers 4 lim f(x)=8 ~f(3)=8 ~6=8 . /e:%
Skills check 5 lim f(x)=4 -~ f(3)=4 . 9a—a=4
x—>3"
1 % 8a=4
i i a= l
4 | 2
0.3) N , ,
F%x\ : > 6 a discontinuous atx = *1
Rl b discontinuous at x = 2
8 X=: 3 c continuous
d discontinuous atx = -4 and x = 1
(1) _ 5
2 255(5) T 10 e discontinuous atx =1
2
f

continuous

Exercise 4A .
Exercise 4C

1 lim * "= '3
Yool x4l 1 a hm(" )=7
x—4 \x -3
: -1 _
2 1xlgll x—1 =3 b 1im(x2+x_2j = lim ((X-;Z)(;)—l))
x—>-2 x+2 x—>-2 X+
3 l1mf(x):% lim f(x)=5
w2 ¥ = hm2 (x-1)=-3
3x-1 x<2 . .
~limy 1,55 does not exist c lim|*° =% | = lim | &8 -8
i a x>-2| 3-8 x>-2 )
4 lim'®=_1 lim"™'=1 -1im"*! doesnot exist = lim (¥’ +8)=0
x>0 X x—0" x x>0 x x—-2
2
5 linél(.x—6)3:0 d lim 22 -1 = lim (x-D(x+1
A x>0 \ 42 _ 4 x—0 x(x-1)
6 lim [x]= lim [x]=3
x—>3 x—3" = lin;)l(erl)— lln(} (1+l)
x> X x—>
. lim [x] does not exist. . .
x=3 which does not exist
Exercise 4B e lim ¥ ! = lim (1+i) 2
x—1 x2 _x x— x
1 lim f(x)=0 lim f(x)=2 .
! =r f lim 1 = lim 2_x =0
. . PN 1 =1 2—x
. lxlirll f(x) doesnot exist e
2 2
-. fis not continuous at x = 1 g lim (2+3x) 6_ 4+ x)
x—> X
2 xl_ile, f(x)=1 }E}; f(x)=1 }gl}zf(x)zl hm4+12x+9x —4-8x—4x?
. . ) 6x
Also, f(-2)=1 . fis continuous at x = —2 i S5t sre4_2
3 lim f(x)=-1 lirg f(x)=1 #0  6x #>0 6
x—1" x>
) . ¥ -a (x—a)(x +a)
. lim f(x) does not exist h £l§al x—a xlil;ll x—a
x—1
. fis not continuous at x = 1 = lim (x+a) =2a
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2 a lim-% =2
x—0 X +2

b lim > -3

xoe 42

2 -_—
c lim 2x“+x Izg

xo0 32 1 5y 1 3

. 2
d lim—>* _0
x>0 g4y3 49

e lim_—*=L _p
x>0 42 3y 45

f 1lim —V‘l"”\/t Ni+vx _ 4
xX—0 X

3 a y=3 b J’=% c y=0

d y=-1 e no horizontal asymptote

Exercise 4D

1 a converges b converges c converges
d diverges e converges
2 a converges, Y& =1 _2
=0 2" L3
2

b i(L) diverges since - >1

=\3.14 3.14

n é
c converges, 25(1) -3 .3
S\ T L1

3

3

<3 10 _1
d converges, > =10 =~
Z 13

10

e converges, ¥ 23 =3 (%)_i (%)

=1 7 n=1 n=1
2 3
- 1_71_.2_3_-
T 5 4 5 4 2
77
< n-1 __ 4 _
f converges, 21 4(-0.6)"" = o6 2.5
3 u, =35 r=2*
a —-1<2°<1 2*mustbe positive
L0<27<1 L x<0
b P =40 ~1-2-7 2721 . x=-3
1-2° 8 8
4 1< ¥ <1 - -025<x<0.5
x+1

Exercise 4E
1 a y=2x*-1 (x=1)

Ay 201+ k) -1]-[200)° ~1] _ (1+4kh+247) -1
Ax 1+h)-1 h

2

gradient = lhlrrg (4+2h)=4
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2 ff)=-5
f=2=75=2
=x=-1=x=-1 .. pointis (-1, 1)
S =dx—
f)=3=4x— =3

=24 -1=3x%=4x-32-1=0
S-1D@r+x+1)=0

=x=1 .. pointis (1, 3)

WORKED SOLUTIONS

y=2 (x=-2)
X
2 2z 2 +1
N 24k 2 2+n  _2-2+h _ 1
Ax (24 h)-(-2) h W-2+h) -2+h
ient = lim =-1
gradient 70 (—2+h) 2
y=x° (x=1)
Ay (B =T 1430430 4 B =13 3y g2
Ax (1+h)-1 h B

gradient = lim (3+ 34+ r)=3
. gradient = 3
y=-x  (x=1)
P (i~ 4 B) = (=x)
1) =ty 8-

— lim (%" = 2xh— K"+ x%)
h—0

= lhl_r)l’ol (-2x—h)

=—-2x
f)=-2(1)=-2

X

y= x+1
x+h x

/ —lim xt+hA+1 x+1
fo) =l 2 el

i (xHR)(x+1)—x(x+h+1)
= )

h . 1

=M e B e

f0)=
_ 1 —
=z (x=2)
. 1 1 2_ 2
f'(x) =lim s——y =lim X ¥ 2(x+h)2
h=>0 (x + h) x =0 py (x + h)
h
—lim x2 x272xh7h2_1im 2x—h
B0 (x4 By =0 2 (5 4 By’
—2x _ 2
x4 x3
ry= 2__1
r@=2
2
x3

2

Worked solutions: Chapter 4




Exercise 4F

1 a y=x?+2x+1 fl(x)=2x+2 f'(0)=2

y=x*-1 f'(x)=3x* f/(1)=3
c y=2 f’(x)=;—§ NiOEE-
d y=Vx1 f@= 5 ~f@=;
e y:m, f)= J‘—, f’(l):l
f L W= @)=
2 a Average velocity = w

_12-5(a+h) ~124 52
- h

=—10a - 5h
b velocity = lim (average velocity) = —10a
Exercise 4G
1 y=9-x? %=—2x

a When x = -1, gradient = 2

b When x =-1, gradient = §, jx—y =2

s tangentisy—8=2(x+ 1)ie. y=2x+ 10
¢ Normalisy—8 =—%(x+ 1)i.e.y=—%x+ 175

1 dy -1 . -1 -1

2 V5w @-1)° -1y
L= 1P=1 x-1=%1
x=0o0r2 (0,-1),(2, 1)
At(0,-1) y+1=-1(x-0) y=-x—1
At2,1) y-1=-1(x-2) y=-x+3

D=3 6x
dx

Lo
2 274

3 a y=4-3x—3x?
-3-6x=0 .. x=x—

b y=x3+1%=3x2

3x2=0 .. x=0 (0,1)
_ 1 dy _ -1 -1 . .
c y_;a_;7¢o .. N0 points
d y=x2—3xd—y=2x—3
dx
2w-3=0 . x=> (%‘79)
dr_ 1 1 49 - i
e y=+x o 2f¢ .. No points
— 1 dy_q_1
4 y—x+; =
At(1,2) ¥-1-1=0
dx

Equation of tangent is y = 2
s.normalisx =1
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WORKED SOLUTIONS

Exercise 4H

1

2

a y=4-x-3x?

b y=2x'-3x+1 Y=8"-3
dx

=12x"+ 2 +4x -2
X 3x
2—3xz+5x4

- =2x1'—3x+ 5x3

d y=

D = 2x2 -3+ 15x2= -2 —3+15%°
dx 2

X

y=203x%*— 2x) = 6x* — 4x

dy _ -

a—le 4

-2y Y _

At (1, -2) ” 8

Equation of tangent: y — 2 = 8(x — 1)
y=8x—6

3 -1-3x7"

. gradient of normal = -~
Equation of normal: y — 4 = —é x+1

1 11
=__Xx+ =
3x 3

Exercise 4l

1

a y=(Qr+3F L=502x+3)(2) =10Q2x+3)
1
b y:\/2—3x:(2—3x)2

v 7(2 3x)2( 3)=

o PYou
¢ y=2-3x+50,50 =2 -3+15¢
d ;;=J5x‘23i=—3(5;52+1)'é

&3 (52 1) F(109) =

\/(Sx 1)

2 y=+3x"—2x = (3x2—2x)7

3x—1
\3x? —2x
d .
Atx=1 l:2andy= 1, so tangent 1s

-1=2x-1Diey=2x—-1
X

dy _ 1 - 9y —
&= Gr 217 (6x-2) =

At (1, -2), d—z = 3 so gradient of normal = -1

3
. equation of normalisy + 2 = — %(x -1

1 5
Le.y=—3x—3

Worked solutions: Chapter 4




4 y=— 1 =(@x2-6x+1)"
3x" —6x+1
Y= —(3x2—6x+ 1)2(6x—6) =— (=0
dx G’ —6x+1)
6x-6=0 ~x=1 y=—1 1 (1,_;)

1

5 =i =[1-4]

-1 l—x% K —1x_% =— !
dr 2 2 4W1-Vxx

Exercise 4)J
1 y=@x-1)(x+3)°
ux)=x-1 (x)=1
Wx) = (x + 3)° V(x) = 3(x + 3)?
Yo =13 e+ 32+ (@ + 3P ()
=(x+37QBx—-1D+(x+3)
= (x + 3)? (4x)
= dx (x + 3)?
2 y=(2x-37@x+1)
u(x) = (2x — 3)? U (x) =4Q2x - 3)
wx)=(@Ax+ 17  V(x) = 12(4x + 1)
% = (2x — 3)? 12(4x + 1) + (dx + 1)° 42x - 3)

= 4(2x — 3) (dx + 1) [3Q2x — 3) + (dx + 1)]
= 4(2x — 3) (4x + 1) (10x — 8)
= 8(2x — 3) (4x + 1) (5x — 4)

3 y= =Gt )@E-1)"
ux)=x+1 wx)=1
) == VE)=-(x-1)7

Yom e+ 1) (= )2+ (= 1)

Y =12 [~ D)+ (= 1)] =2

& —
4 y=x1-2x
u(x) = x Wix)=1

W9 =(1-22)° V() = L(1-20F(-2) = ~(1-22) 2

dy 1 1
o —x(1-2x) 2 + (1-2x)?
1 3y
=(1-29 2 [-x+ (1 - 20] ==

5 y=(@-3x+1)"

dy _ -1 2(4x3—3): 3—44°

e (x*—3x+1) (x* —3x+1)
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WORKED SOLUTIONS

6 y=(x-1)Gx-2),

= (1) 2(3x-2) x 3+ 4(x— 1) (3x 2y
_ 2(x—1)"

4 4(x— 1) GBx-2)
(3x—2)

2(3{71)3 (7x75)
(3x—2)f

Exercise 4K

2
1 a :X;7
X
ux)=x—-7 u(x)=2x
nx) = x° V(x) = 3x?
4y _ P e)-( -3
dx i
_2to3 e
- 4
X
C21-4"
- 4
X
X
b y=
\/x2+1
ux) = x W (x)=1
L 1
Wx) = (o +1) V@) =@ +1)
d 1 1
Ey = ((X2+1)2 —xX(x*+1) 2) @2+ 1)
:(x2+1)—x2= 1
3 3
(x2+1)2  (x*+1)?
¢ y=———=(@'-3x+1)
x*=3x+1
Y = (x4 = 3x + 1)72 (4x° — 3)
dx
_ -4
(x4 = 3x +1)°
_l+x
d y_l_\/;
1 1
ulx)=1+x2 u'(x):%xz
1 1
V(x)=1—x2 v’(x):_%xz
11 11
dl:(l—xz)2x2+(lfx2)2x2
dx 1\2
-
_1
_ x* 1
e y=Gx-x)?’

Worked solutions: Chapter 4




x2-2 _ 1-2/x  _ 1-2Jx

4(\/;_,()% 4‘/;\/(\/;—36) 4\/x—x\/;

f y= (l_x\/;): (1_x;;)3

u(x) = x3 u'(x) = 3x?

-1

nx) = (1 \/;)3 V(x) = 3( I)Z(%xT)

303 %
dl (1 \/;) +5x ( )
o (1)’
:3x2(1—\/—)+;x%
(1-=)’
3 s
_ 6x2 —6x2 +3x2
2(1-x)*
5
_ 6xz+3x2
2(1- o)
:3x2(2_\/;)
2(1-x)'
2 y=" (r="-1)
x +1
u(x) = 4x U(x)=4
x)=x2+1 V(x) = 2x
dy _4(’+1)-8x" _ 4-4x
dx G +1) " +1)°

Atx=—1, gradient = 0

3 y= - =84 +x%)! x=1
4+x
= -84+ x%)7? () =
dx (4+x2)2
8\ dy _ -16 25
At (l’g)> it gradient of normal = T

3

Equation of normal: y —% = %(x -1, y= %x *80

80

4 f(x)=m =(1—(2+x)’1)%

f(x)= §(1 -2+ x)*)’% 2+x)7

_ 2

32+%° 3/1—%
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WORKED SOLUTIONS

Exercise 4L
1 f)=4x+1 +%

f)=4-x7
fx)=x*—-2x—1
fi(x)=4x-2 f7(x) = 1242
f0)=-2 f(-1)=12
fx)=x—4x + 16x— 16

f(x)=4x - 1242 + 16

f7(x) = 1242 — 24x
f)=x+2)(x-2y=>x=-2o0rx=2
FE2)=f1(=2) = f"(=2),

but f(2)=f'2)=f"(2)=0sox=2
f)=x*+m?+sx+t

4 —_— —_2
f(x) =2x 3—;

f)=16=r-s+t=15 (1)
flx) =4+ 2rx + s
f')=-16=>s-2r=-12 )
f7(x) = 1252 + 2r
ff-)=16=12+2r=16 3)

Solve equations (1), (2), (3) to find r =2, s = -8,
t=35.

s@=@—-4P> B -2
a Velocity = s'(f) = (r — 4)3 2(3 — 27) (-2)
=3(t—4)* (3 - 217
s’ =(—4)P 3 -20)[-4(—4) + 33 - 2]
=(@—4)P@B-2t)(25-109
s’(4) =0 ms™!
b 5'(H)=(t—4)* (75— 80t + 20¢?)

s”(6) = (t — 4)* (—80 + 401) + 2(t — 4)
(70 — 80z + 20¢?)

= (t—4)[-80¢ + 40¢* + 320 — 160¢ + 150
— 160z + 40¢?]

= (¢t —4) (80¢% — 400¢ + 470)

acceleration = s” (4) = 0 ms™
c () =80¢% — 720¢2 + 2070¢ — 1880

jerk = 5"”(£) = 240¢* — 1440z + 2070

s"”(1) = 240 — 1440 + 2070 = 870 ms™!
foy= L =x"
S =-—x72 S =2x7 () = —6x7
f@(x) = 24x7° fO(x)=-120x"°

1 l
fo@="5 ,L:’

Worked solutions: Chapter 4




Exercise 4M

1 a y=x?-3x+1
Y =2x-3
dx
_ . 3 3\' o(3 5
2-3=0 x= y:(z) ‘3(5)“:7
x | x<3 | x>3
2 2
dy
dx - +

.. -5 3
.. minimum value = o whenx = 5

b y=-2+6x2—3)

WORKED SOLUTIONS

i x:_17%7% ii ]_1’1[ o ]%’oo[
- 13

i |—oo—1[ U ]5,5[

. 1 1

o x=- ]—57‘”[

i ]—eo,—

y=-3x2+6x—1

Yo bx+6 —6x+6=0 =x=1 (1,2)

X | x<1|x=1| x>1
dy _
- + 0

maximum at (1, 2)
f is increasing for —co, 1]

f is decreasing for 1, oof

y=x3J2-x’ (—\/ESxS\/E)

T=xle-x)? 2 (<2x) + (2= x7)

2 1
= il 1 +(2—x2)2
-]
—x +(2 - x) —

Fawci

d—y=—6xz+12x

—6x>+12x=0 .. 6x(—x+2)=

x=0 or 2 0, -3) (2,5)

X |[x<0|0<x<2|x>2

.. minimum value = —3 (atx=0)

maximum value = 5 (atx=2)
c y=3x*—-2x*-3x*+4

D = 1293 — 6x2 - 6x

dx

1263 —6x2—6x=0 6x(2x>—x—-1)=0

6x2x+1)(x—1)=0

_ -1 -1 59

X x<% 71<x<0 0O<x<1| x>1

dy

dx - + - +

.. minimum values are % atx = —% and
2 (at x =1) maximum value =4 (at x =0)
d y=x%—4y3

Y — g3 — 2
i 4x° — 12x

4¢3 = 1242 =0 dx2(x—3)=0
x=0or3 0,0 3,27
X x<0 0<x<3 x>3
dy
& - - +

.. horizontal point of inflexion at (0, 0)
minimum value = —27 (at x = 3)

Exercise 4N
1 a i x=-lorl i
i -1, 1]

=0, =1 [U] I, o]

2
2-2 =0 =x=%1(1,1) (=1,-1)
2 - x?
X [x<-1|x=-1|-1<x<1|x=1|x>1
dy _
dax - 0 + 0

minimum at (-1,

increasing for |1, 1]

decreasing for [

¢PHD-x2y _ 1-x

dy

i =0 when

«*+1)?

x==*1 (11)

o +1)°

’2

—\/E,—l[u]l,\/ijl

=

—1), maximum at (1, 1)

3

X

x<-1

x=-1

-1<x<1

x=1

x>1

dy
dx

0

+

0]

minimum at (—1,—7) maximum at (1, 2)

increasing for |1, 1|
decreasing for |—c, —1 [
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Worked solutions: Chapter 4

U1, e




1
2 ?

w\»&‘ w

minimum at [
2

increasing for ]%,oo[ ,decreasing for ]—oo,%[
e y=xN2-x° (—\Est\/E)

dy — o 1

. o¥ (2 —x?) 2 ( 2x) + 2x(2 — xz)2

42w (2-47)  ax -3

(2_xz)% NC

%=0:>4x—3x3=0,x(4—3x2)=0

=025 0.0 [ﬁs@(jg3 i)

X x<—i x=—i —i<x<0 x=0
J3 J3 J3

:—i + 0 - 0

X 0<x<% x=% x>%

% + 0 -

. 2 2 4 |2
maxima at (\/_ 3[) and (\/53\/;),
minimum at (0, 0),

increasing for ]—\/E,—%[ U ]0%
decreasing for ]—%,O[ U ]%\/E]

Exercise 40

1 a y=2x3+3x?2-12x—-3
Y = 6x2+6x—12
dx
6(x*+x-2)=
6(x+2)(x—1)=0
x=-2orl

dy—12x+6
dx

f7(=2)=-18<0 .. fhasa maximum at
(=2,17)

f7(1)=18>0 .. f hasa minimum at (1, —10)
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WORKED SOLUTIONS

b y=—x'+2x-1
dy — _ 4.3 — 43 L1
cT 4’ +2 AP +2=0. 2= %
=0.794
2
jTy = —12x2 < 0 .. maximum at (0.794, 0.191)
c y=x"—b5x
P=5xi-5 5x*=5=0, ¥=1, x=4%l
2
¢ % =20
f7(-1)<0 .. maximum at (-1, 4)
f7(1)>0 .. minimum at (1, —4)
_ 2 _ ) el
d y i3 12(x? + 2x — 3)
Y = _12(x2+ 26— 3)2 (20 + 2) = _24G+D
dx (2 2
x+2x—3)
V=0 = x=-1
dx
X | x<-1|x=-1|x>-1
% + 0 -
maximum at (=1, —3)
_ 3x+3 _ 3x+3
xB-%  3x 47
dy _ GBx-x)3-(Bx+3)(3-2%)
- 2
dr (Sx—xz)
_ 9% —3x% —9x + 6x% — 9 + 6x
= e
(3x—x)
_ 37 +6x-9 _ 3 +2x - 3) 3(x+3)(x D
xz(3>fx)2 x(3 x) x(3 x)
Y=0 = x=-3orl
dx
X |[x<-3|x=-3|-3<x<1|x=1 [x>1
:—i + 0 - 0 +
maximum at (—3, é), minimum at (1, 3)
1=
2 b y=i%

dy _ (~x2+8)-2x(1-x) — x2-2x-8
dx? (x2+8)2 (x2+8)2

%=0:>(x—4)(x+2)=0
x=-2or4

X<-2 | x=-2|-2<x<4 | x=4|x>4

L/ + 0 - 0 +

maximum at (—2, %) minimum at (4, %1)

Worked solutions: Chapter 4




ii fisincreasing for |—oo, =2 [ U] 4, oo
f is decreasing for | -2, 4]

i 2 4
= 4
1\ (0, =)
8
(1,0)
-6 _A D 0 2 4 6 X
1 N
8 (4,_%
Exercise 4P
1 a y=x*-x
2
i P =3x2- 97 = 6x
dx dx
d2
d)TJz/ =0 = x=0
X x<0 x=0 x>0
d* - 0 +
o’

point of inflexion at (0, 0)
ii concave up for ]0, oof
concave down for [—oo, 0[

b y=x*-3x+2

i Y=4-3 9Y = 1242

dx x

d2
—z=0 = x=0

dx

X x<0 x=0 x>0
d’y + 0 +
dx*

no point of inflexion

ii concaveup for ]-o0,0[U]0, oof
¢ y=+4x—x" wherexe [0, 4]

1
. ody 1 2\72 . 2-x
i 5—5(436—36) 4-2x)=—"=_

%
(4x—x2)

(4-2x)

D=

—(2—x)%(4x—x2)

S =
dx (4x_x2)

~ —(4x—x2)—(2—x)2

3

)

_—4x+xz—4+4x—x2
- 3

(o]

—4x

oot

€2 <0 .. no points of inflexion

N|w|
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WORKED SOLUTIONS

ii concave down for [0, 4]

y=(x-1)°
2
e A s (O
Cy_ 2 dygg
2 4 2
9(x —1)3

.. no points of inflexion

i x | x<1 | x>1
dzy _ 0
2
dx

concave down for |— oo, 1[U]1, oo
2

_ 3
y= x—1
2 2
i dlzéx(x—l)—Bx :3x —6x
dx -1 -1
2 2 2
dy _ (x=1)"(6x—6) - (3x" —6x)2(x — 1)
dx? -
_ x-1)(6x - 6)— (3x" —6x)2
-1
_6x" —12x+6-6x +12x
-1
_ 6
o -1)°
a2 ) ) .
2 %0 .. no points of inflexion
dx
ii X x<1 x>1
2
d }; _ "
dx

concave up for |1, o[, concave down for
]=oo, 1]

Exercise 4Q
s(®)=—5¢2+ 5¢t+ 10

s(0)=10m

=5t2+5t+10=0

t?=t—=2=0

t-2)¢t+1)=0

- t =2 seconds

v(®)=-10t+ 5 a(f) =-10

v(2)=-15ms?  a(2) = -10ms>

The diver is moving downwards and speeding
up when he hits the water.

50t — 15¢2
v:50—30t:0whent=§

maximum height = 5(;) = 41§m

Worked solutions: Chapter 4




b 20=50¢r— 15¢2
3t2—-10t+4=0
t=0.4648 or 2.8685
v =150 — 30r v(0.4648) = 36.1 ms™!
v (2.8685) = —36.1 ms™!

speed = 36.1 ms™ upwards (when ¢ = 0.4648)
and downwards (when ¢ = 2.8685)

c a=-30ms>2

d 50r—-15¢2=0
5¢((10-3) =0
.. rock hits the ground again when ¢ = %s

3 s=T7t+ 52213

a v=7+10t-6t> a=10-12¢
v(0) = 7 ms™! a(0) = —10 ms
Initially the particle is moving in a positive
direction and is slowing down.

b v(2)=3ms" a(2) = =14 ms™
The particle is moving in a positive direction
and slowing down.

4 s=10-1¢°
a s(3)=63m .. average velocity = 63—3 =21 ms™!
b v=20r- 3¢ a=20-6¢
v(3) = 33 ms! a(3) =2 ms>
c Speeding up.
d 20r—3*=0
t20-3n=0

20 ..
t=0or 7 direction changes when ¢ = ?s

5 s()=.1-30+8t

a v()=r2—-6tr+8 a()=2t—6
b i 2-6:+8=0
t—-2)(t—-4)=0
t=2sords
ii t O0<t<2 |2<t<4 | t>4
Vv + - +
t O0<t<3 t>3
a - +

v and a have the same sign for 2 <r <3
and ¢ > 4 .. the particle is speeding up at
these times.

iii the particle is slowing down for 0 < ¢ < 2
and3<r<4

c a(2)=-2ms! a(4) =2 ms?

the particle changes direction from positive to

negative when ¢ = 2s and from negative to

positive when ¢ = 4s.
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WORKED SOLUTIONS

d r=2sandt=4s.
e 0—2s distance=s(2)—s(0):6%—0:6%

2 - 4s distance = s(4) — s(2) = 55 — 62 = —1

=1

2
3
1
3703

. - — A2
4 - 5s distance = 5(5) —s(4) =65 =5

) 1 1
total distance = 6% + 15 + 15 = 9%m

Exercise 4R

1

4

o(x) =20000 + 180 x— 0.1x?
a (x)=180-02x
b (100)=180-0.2x 100
= 160 euros / tank

¢ «101) — «100) = 159.9 = cost of producing 1
extra tank is nearly the same as the marginal
cost function.

p(x) must be > 050 0.002 x< 71.e x< 3500

.. domain is 0 < x < 3500

it ¢’(x) =3 euros / unit = it will always cost
3 euros to make an extra memory stick
ili 7(x) = x(7-0.002 x)

b Break-even points: 7{x) = ¢(x) when
7x =0.002 x* = 500 +3x
i.e. 0.002 x> —4x+500=0
= 4+.16—4
0.004

= 134 or 1870 (3 sf).

For profit, need to make x memory sticks
where 134 < x < 1870.

Average cost per 100 units = o) - 500 + @

X

. d
To minimize cost, need [c—x)] =0
X

= 500 - 15 =

=>x=2=x=141(3sf)

.. costs are minimised by making 141 units.
b nx)=35x— 3 and p(x) = {x) — o(x)

50 p(x) = 35x — 3 — 400 — 20x + 0.2
— 0.0004+°

= 15x— 403 + 0.22% — 0.0004x°
2’ () =15+ 0.4x—0.00122 = 0

= x = 367, so 367 jackets must be made to
maximise profit.

¢ Minimising costs will not necessarily
maximise profits.

Worked solutions: Chapter 4




Exercise 4S

1

Y

(x, 10 - x?)
0 X

A=2x(10 — x?)
=20x — 2x3

A" =20 — 6x?

20-6x°=0=x= %

A" =-12x

If x= %, A” <0 .. max.

base = 2@ height = 10-'2 -2 (3.65 by 6.67)

800 - 2x
A=x(800 - 2x)
= 800x — 2x?
A" =800 — 4x
A=0 = x=200
A”=-4<0 .. maximum
maximum area = 200 x 400 = 80000 m?

N

X

x+2y+”2—x=4
2x+4y + mx =8
y:

8—2x—7x
4

A=xy=%(8x—2x2—ﬂ:x2)
A’=%(8—4x—2ﬂx)
A=0=>x4+2m)8
x=_8 =0778 y=1

4427
A”:i(—4—27r)<0 . maximum
. . .8
dimensions: 1, by Im
Exercise 4T
1 a 3y*+x2=4
dy - L
6ya+2x—0 Ty
b y'=x'+1
3dy 3,0 . dy 30
4ya 3x% . P
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WORKED SOLUTIONS

c x*+y?-3x+4y=2
2+2y ¥ -344% =9
dx dx
dy  3-2x
dx  2y+4

d 2x?—-3x%*+y?=9
4x — 3(x2 Zy% + 2xy?) + Zy% =0

— Zdl— 2 dl:
4y 6xydx 6xy +2ydx 0

gl_ﬂf—M
dr ) -32%y

e (x+y)P=5-2
2(x+y)(1+j§)=—2

1+&=_1
dx x+y
dy _ _ 1 -1 =_(1+x+y)
dx xX+y x+y
F x2=2"2 x3+xy=yx-
x+y Y y

3x2+x2d—y+2xy=l—d—y
dx dx

L@+ 1)=1-3¢-2x

dy _ 1-3x*—2xy

dx x*+1
x*=y?=9 (54

_Y—00 - I
2x 2ya 0 ..

W= \By+22=5 (/3,2
- dy dy —
2x \/g(xdx+y)+4ydx 0

_2d dy — _
\/ga+4ya \/gy 2x

dr 4y -3x
Tangent: y = 2 Normal: x=+/3

x2+y?—6x—8y=0
20+ 2yY - 6-82 =90

dx dx
dy _3-x dy _ _
iy 4 E_O = x=3
9+9y2-18-8y=0

Worked solutions: Chapter 4




y2=8y-9=0
0-9@+1D=0

y=9or-—1

stationary points (3, 9), (3, —1)
(1,-2)
6x +2x % dy +2y+2ydy =0

6 3x2+2xy+y2=3

dl:_(3x+y) _ (-2

dx x+y - -1 =1

dy dy _
+ + v+
3x+x y+y 0

2 2 2
3482y, dy (D)
de dx dx de dx

2 2
d
3+9242-29241=0
dx dx
dy _
w O

7 x*+xy+y?=3
y=0 x2=3 x=%.3
2x+xj§+y+2ydy—0
dy _ _@x+y)
dx X+2y
At(ﬁ,O)%:—z At(—\/g,O)%’:—Z
.. tangents are parallel
9 x+ty=x?—2xy+y?
a l+jﬁ=2x—2(xgz+y)+2yz

1+j§‘2x 2xdy 2y+2y

dy dy _ dy _ _ _
dx+2xdx 2y 2x—2y—1

dy _ 2x-2y-1
dx  2x-2y+1

_ 2x -2y -1)
1-Y=1-&=2-D
b dx Qx—-2y+1)
—2x-2y+1-2x+2y+1
2x -2y +1
dx 2x =2y +1
» (Qx- 2y+1)(2 Zdy)—(Zx 29— 1)(2 2dy)
c dy _ d dx
dx? @x -2y +1)°
4-4Y
— dx
(2x -2y + 1)
,@x-2y-1)
— 2x -2y +1
(2x — 2y +1)?
:4(2x—2y+1)—4(2x—2y—1)
Qx -2y +1)°
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WORKED SOLUTIONS

_ 8 _( 2 )3
Qx-2y+1°  \2x—-2y+1

3
Ly (1 dy) (from b)
dx dx

Exercise 4U

1

2

A — gy I
dr dr

A=2nr*+ 2nrh

d4 dr dh dr
L =dnr = +2nr - + 21 —
dr T dr T dr T dr

A= mr?

L =Arr+ 272'h) dr o+ Zﬂrd—

Let x = diagonal of the box.
2 — ZZ + W2 + h2

208 =21 % 42w 4 20

19 4w g pdh
de _ dr " dr " dr

dr

T
(P +w?+ h?)?
dl — -1 dw — -1 — —
—=2cms! ===-2cms!'/=12cm,w=5cm
dt dt
a A=lw
a4 _gdw  dl
dr dt dt
=12(-2) + 5(2)
=—-14 cm?s7!
b p=2/+2w
dp —pdl L Hdw
dt det dr
=2(2)+ 2(-2)
=0 cms™!

c Let x = diagonal of the rectangle.
2 — 12 + WZ
I

dx d/ _ _ —
=2t 2w ™ (1=12,w=5x=13)

134 =12(2) +5(-2)

dx _ 14C Sl
dr 13

= 1.5ms!
dr

Let x = side length of cube
A = 6x?

y=8lm* x=381m

= 1.5 X 3.7 X 12x
=6

X
d4 _ 6 _ 20-1
@ 1.39 m?s

Worked solutions: Chapter 4




X

5m

—
0 3m X

When x = 3m, % =0.5ms™
a x?2+y*=25

dx dy _
2xdt +2ydt 0

dy _
3(0.5) + 45 =0

dy _ _
S 0.375
.. 0.375 ms™! down the wall
_1 d4 _ 1 dy | 1 dx
= % (3)(—0.375) + % (4)0.5
=0.4375 m?s!
7 4 =2cmx!
dr
A= mr?
d4 _ dr —
o n (r=15)
2=107% ¥ =1 -00637cms™
det dt S5
10 ¥ =12 ms! 4% = 1.5ms™!
der det
A=rrt-rr)
%22717’1%—272'1’2%
dt dr dr

=27 (9%x1.2-1x1.5)
= 18.6mr=58.4 m?s™!

Review exercise

1 a lim* 3=-1
x>l x+1

b lim V¥ -1

=1 does not exist since the domain
X

x—0

is |00, 1] U [1, oo

¢ lim ¥ -1-1.10 (3sf)
x—0 X

2 2
3x" +x :4

d lim
x—0
52
e lim2* =0

o o 3
*2 2% +1

f lim =0

T T 41
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WORKED SOLUTIONS

2 3 x*+2x x<2
7 xX¥—6x x>2

f@=8 limf(x)=—4

f(x) is not continuous at x = 2

2
3 a:2n -3

2
n -

an—>0asn—>oo.

had n . . . .
4 Y 3[(‘1}1)] is a geometric series with 7 = —é
n=0 5

hence it converges.

5 Geometric series with, 7 = 5

1+a
; < 1provided a # 0
1+a
2 2 2
sum = ¢ =2 (1:a ):1+(12
1— 1 1+a” —1
1+a2
3 2
6 _x -2x"+5
y b _X3
a y=-
b x3—2x2+5_ 1
2 3
X — X
2 =2x"+5=-x"+%’
5=x*
xzi\/g
5-1) (=51
x°+1
dl:Z(x2+l)—2x(2x+l)
dx («* +1)%
-0 Y=
Ifx—O,dx 2
Tangent: y — 1 = 2x y=2x+1
Normal: y — 1= —%x y:—%x+1
9 x+y=-3 gradient = —1
y=xvx+1
d—y—xl(x+1)_%+(x+l)%
dx 2
_x+2(x+1)
- 1
2(x +1)?
3x+2
1
2(x +1)?

Worked solutions: Chapter 4




10

11

12 a

3x+42 _ _ B 3
=71 = 3x+2="2x+1)

2(x +1)2
Bx+2P2=4x+1)

Ox?+ 12x+4=4x+4
9%2+8x=0
x(9x+8)=0

= _8

x=0or 5
—n Y _ __8 - _
Ifx=0==1 Ifx——9 1

. y=x+x+11s parallel to the linex + y = -3
at (_§ _i)
9’ 27

dy _ 1 _ _ _
3—5(8963 152 — 10x +3) = -7

PYEIER YOV
normal: ¥+ 7(x 1)

1 37
=—X—==
Y 7 14
1 1
Loxt—5x3-5x243)=Lx-3%7
2 7 14

14x* — 35x% — 35x% + 21x = 2x — 37
14x* — 35x3 — 35x2 + 19x +37 =0
x=3.0782 y=-2.2031 (3.08, —2.20)
_ 3. (1P 1 1
f@=[s0] - SO=( == (0~}

8

f1(x)=3[g®)] )
ro--f ()

3
1

y+ % = 2xor y=2x—g
y=(1-3x)7"Bx+5)}
= (1-3273(3x + 5 3+ (3x + 5)°
7(1 = 3x)° (=3)
= 9(1 - 3%) Bx + 5)2 — 21 (1 — 3x)°
(Bx + 5)3
=3(1 = 3%)° Bx + 52 [3(1 — 3x) — 7
(Bx + 5)]
=3(1 - 3x)° (3x + 5)* (=30x — 32)
= —6(1 — 3%)° (3x + 5)2 (15x + 16)

b y=y@x*-3x+1)°

Ay 5040 2 (8 —
i 2(4x 3x+1)2(8x-3)

WORKED SOLUTIONS

1 _1
(x+1)22x—%(x+1) 2(x% -3)

b _
dx (x+1)
2(x+1)%
:3x2 +4x+3
2(x+1)%

1
N
d y=+vx+vx’+1 =(x+(xz+1)2}2

jﬁ:i(m(xzﬂ)

ef

1

)2 (1+;(x2 + 1)‘52x)

N[ =

_1
Faxt 4 1) 2

i
1\2
x4 +1)?

1
(P )? rx

d

1
7 1\2
x2+l) x+ (x4 1)?

[t T
(x"+1D° +x

1

2(x2 + 1)2

e y=(x+2+(x-3)%°
jx—y=3(x+2+(x—3)g)2(l+8(x—3)7)

13 f(x) = ax®+ 6x% — bx

2+ 12x-b

S6a+12=0 .c.a=-2

f'(x) = 3ax
f7(x) = 6ax + 12
f71)=0
f=1)=0

L=6-12-56=0 ..b=-18

1
14 y=x-3x =x-3x°

a (0,0
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12
x3(x3 —

3)=0
2
x=0or x3=3

x=+27 (/27,0) (-/27,0)

Worked solutions: Chapter 4




=2 1 2
1-x3 =0 1=—2 x3=1 x=
3
2 -5 x
d};:gx3: 2
dx 3 33x5

2

fx=1,%2>0
dx

2

-, minimum at (1, —2)

Ifx=-1,"2<0 . maximumat(-1,2)
d
d’ )
¢ “2#0 . nopoints of inflexion
dx
d |x|x<-1|x=-1|-1<x<1 |x=1|x>1
dy
a + 0 - 0 +

i function increases for |—co, =1 [U] 1, oo

ii function decreases for |-1, 1|

2x

x2—1

15 y=

a x=1,x=-1,y=0
b f—x)=—"2 =" =—f(x)

0’ -1 -1

.. function is odd

_ (" -1)2-2x(2x)

¢ dl 2 2
dx > -1
2
= _22x _f<0
(x" =1
- d—y<0
dx
Y
d 4
x=-1
—2 [\[2 o
12
x=1
Lg

16 f(x)=CY

x2—3

a (0,-3) (3,00 x=+.3 y=1

2 2
b f’(x) _ (x" =3)2(x —-3)—-2x(x-3)

2 2

(x"-3)

_2x-3)[x’ ~3-x(x-3)]
(xZ _ 3)2

_ 2(x-3)(3x-3) _ 6(x-3)(x-1)
(" -3) (> -3)
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WORKED SOLUTIONS

fx)=0 = x=3orl
/ 6x° —24x +18
(x"=3)

F0) = & =3 (125 - 24) - 22" ~3)2x(6x” ~24x +18)

@« -3
_(xF =3)(12x - 24) — 4x(6x" —24x +18)
- 2 3
(x"=-3)

_ —12x° + 72" ~108x + 72
(-3’

Ifx=3,f"(x)>0

Ifx=1,f"(x)<0

. minimum at (3, 0)

c ff®)=0 = x=4.1958
X Xx<4.1958 | x> 4.1958

f”(x) + —

.. point of inflexion at (4.20, 0.0979)

d i increasing for]—o, =3 [U] -3,
1[ U3, eof
i decreasing for |1, \/3 [U]+/3, 3]
Y,
e |8 1
e
ANE
= ,/ S 42000:0979)
INEPREEDERG
(Uu_ﬁ)/ :(1, -2)
x=4814 ] lx-lv3

17 x=y>-y 0=y(*-1)
»=0,%1(0,0)(0, 1) (0, 1)

dr _ o4 R |
dy oyt =1 "dx_5y4_1
At(0,0) 2 =-1
At(0,1) ¥t

dx 4

Review exercise

1 (1.5,0) (x,vx)
P=x-15%+x
=x2—-2x+2.25

Let / = distance

1
[ = (x> —2x +2.25)2

-T2 -2x+2 25)%(2x—2)
dr 2 ’

_ x—1

1
(x? —2x +2.25)?
d

a:0$x:1

-, maximum at (1, —2)

Worked solutions: Chapter 4




X | x<1 x=1 x>1
dy
a - 0 +

.. minimum distance when x = 1

minimum distance =+/1.25

Let » = radius, x = side of square

drr + 4x = 80
x=20- 7r
A =21r’+ x?
=2mr*+ (20 — 7r)?

= 2mr’+ 400 — 4077 + 7r?

Z—f = 47y — 407 + 2727

M — 0= 4+ 27 = 407

—4 cm min™!

dr
2r+ mr=20
y= 20
2+
dzA . .
72:47T+ 27 >0 .. minimum
dr
S, 20
2+
4 =3 cmmin!t ¥ =
dt dr
v = mr’h

e Y LA
dr dr d

= m(81) (—4) + 27 (9)(12)(3)

= 3247 cm® min™!

increasing at a rate of 3247 cm3 m™!
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WORKED SOLUTIONS

X

xy =180 y=%

printing area, A = (x — 2)(y — 3)
A=xy—3x—2y+6

x=+120=1095 y=16.43

2
a’4 _ -720 )
—r= <0 . maximum

dx2 x3

.. dimensions are 11.0 cm by 16.4 cm
& 1 =(1+29)"

dr 142« ( »)

. 2
acceleration = d% = —(1 + 2x)? 2%
dr

-2

C(+20)

At x = 2, acceleration =%

Worked solutions: Chapter 4




Y
%

PR R =
ﬁ . P A
~ 19 x X' YT, -
L, L

Answers
skills check
1 a y=xlnx dy=x(1) +lnx=1+Inx
dx x
b — ezxf3
Yy N
dy ((Z—x)%Zer—s+ezx73%(2_x),%J
dx (2-x)

_4@2-x)e e

3
22-x)°
2x-3
¢ 0O-4v

202-x)°
c y=x¥-1

d—y=4x3)-;-4x‘5=4x3+i

dx JE
2 a y=3x—-2 y’=x*-2x+4

X=2x+4=3x-2

X*=5%+6=0

x=2)x—-3)=0

x=2o0r3 (2,4 o0r(3,7)

b y=1-x y=+2x+1
1-x=+2x+1 (1)
(1-x?=2x+1
1-2x+x*=2x+1
¥ —4x=0
x(x—4)=0
x=0or4
Check in (1)
ifx=0,LHS=1 RHS=1V
ifx=4,LHS=-3 RHS=3 X

~x=01(0,1)

c y=g+3x y=x—5x
S 4 3x=1x—5x
6+ 322 = — 5¢
¥=-8-6=0

x=—2.948 or 2.948
(=2.95, -10.9) or (2.95, 10.9)
3 s()=3¢-F+¢
W) =s() =128 -3+ 1
a(t) = v'(¢) = 368 — 6t
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WORKED SOLUTIONS

~ The evolution of calculus

Exercise 7A

1

N

w

A

(4}

-]

N

-]

J—Zxdx=—x2+c

j3x‘3dx=";+c
J—5x4dx:—x5+c
1 (s = -1
Jde—Jx dx=—"—+c=—+c¢
x 4 4x
3
J\/;deJdexzingrc
1 1 =3 -1 )
J - dx=Jsdx=Jx2 dx=-2x%+c=""“+c
\/x— x2 \E
2 gp=(2x? dr= 2 o=t 4o
Jx 3 3
2
4f s fut -3
J_J: dx = —%x“dx:—lx4(_—4)+c
75’ 7 3
-3
=4yt 4
21

Exercise 7B

1

a J(5x2 —1) dx = j(sz —lx’z)dx
55" 5

3 Sx
b J(x +3)2x — 1)dx = J(sz + 5x — 3)dx
—2 50 3
3 2

(2]

fxlzl dx = J(x‘2 - x)dx

X 1 1
=—x'+ " +c=-—+ —+c
3 X 3x

d J(Hi)z dx = J(xz £ 24 x)dx

3 1
=% +2x——+¢
3 x

f"‘ P gy =J(x‘3 — xt = 12x%)dx
X
12t

== +X 4
23

=_ 1! +i+%+c

2" 3% &

+c

Worked solutions: Chapter 7




2 dy—(3x2 4 @, -1

y=x—4dx+c¢
-1=8-8+¢ c=-1
y=x—4x-1
3 fo=r+3-L (1,7
IS 2
_ 1
f(t)-7+3t+;+c
1_1
-——=_+3+1+c¢ c=-5
2 2

f(t):L+3t+1—5

4 dy = (2x + 3)’ = 8% + 3(2%)%(3) + 3(2%)3% + 3°

= 8x° + 36x% + 54x + 27
y=2x+ 12+ 27x* + 27x + ¢
=2-12+27-27+¢c . c=12

y=2+ 123+ 272+ 27x + 12 = 3

5 U=t -1)=20+2-20-1

A=*+* — ¥ —x+¢
2 3
7
O=1+l-1-14c ne=?
2 3 6
i) 7
A="+2 —x2—x+ -
2 3 6
ds 8
6 — =3t——
dr £
2
s=3 48 4,
2 t
1.5=15+8+¢ .. c=-8
2
s=3 1838
2 t

dx’ dx
4=12-2+c¢ ..c=-6
Y =32-x-6
dx
y=x3——2—6x+c
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Qx+3)*+15

WORKED SOLUTIONS

a(f) = 6t + 1

W) =3F+t+c

2=c -~ WN)=3F+t+2
SO=F£+"5 +2+c

1=c¢ .'.s(t)=t3+%+2t+l

Exercise 7C

1

2

w

4

a

6

J(Sx— 1y de= &0 4o
24

1
J— 22x +1dx =f—2(2x +1)2 dx

2Qx+1)°

3
— -22x +1)* tc=
)
2

LM - dr J(4x—1)5dx

+c

_ (4x-1° + -1

c= +c
4(-4) 16(4x - 1)°
1
) L
2 gy :fz 3-x) ¢ dr
J Bx (3=
_26-0" = 86-0" , .

j 2
@ -5%)°

+zr_dex:j(z<z—5x)5+<1—x>§)dx

2 4
:2(2—5x)3+(1—x)3+c
EHI
3
2 4
_-32-5x)°  3(1-x)°
h 5 4

+c

H4\/2 “3x —6(3x + 2)§jdx

1 2
:J(4(2 —3x)2 — 6(3x +2)° jdx
_ 4230 _6G3x+2)°
3 5
S(3) s(3)
_-8(2-3x)° 6(3x+2)°
- 9 5

+c

+c

Exercise 7D

j— Se 2 dy =
j 3x+2 dx j e zdx

+c

—3x 2+C

Worked solutions: Chapter 7




WORKED SOLUTIONS

X

3 J(f \/7) =[(e* -2 ")dx 4 jl3.2x+1dx=m32[2"“]f

=3ed +2e 1+ ¢ = 2 6-4=2
4 [3ar= v s [ 20-syar- 2 (030,
5 de J3‘2"dx— = [1 7]
= 13072
6 J4lxdx—— 4 <
In4 1-Jx :J 5
6 Jl rdr= | (@ -ndr
7 jm“"”’dx Letu=ax+b

1 4
du _ L gy= Z[sz—x}

1

jm,,dx J_ jmdu =(@4-9H-Q2-1=-

Exercise 7G

R 0 0
a n(m 5
X 1 j(Zr—l)“dxz[M]
— max+b+c 1 10 B
aln(m)
: =5 (D= (=3))=20="2
Exercise 7E
1 1 2 Not possible, s#0
de=ln|x| +c ,
3% 3 3 Not possible, x#+ 1, 1 € [0, 2]
6 4.
j_xd"‘_éln'x'” 4 J(2x+1) Sdx
0Q2x +1)’
3 j L de=-ln|2 - 3x| + ¢ 1
2 -3x 3 _ l[(2x+1)—2] _ 1[ 1 }
5 4 ex+1)’ |
4 |——dx=-In|3-5x|+¢
3-5x :_1(1_1):2
4\9 9

5 j—2(4+ 30 dr= -2 1n|4+3x| + ¢
3 5 Not possible, x #— 1

Exercise 7F

1
6 J( 3 _ 2 )dx=[1n|3x+4|—21n|x+1|]:)
5 , 3 0 3x+4 x+1
1 3x 1 27 1 3
1 ﬁ(3x+xz)dx=[2—xl:2—3—2+l =(In7 — 21n2) - (In4 — 2 In1)
=In7 —In4 — In4
=12-1+1 ;
=In~
_ 38 16
_? L esa ! )
. 7 J - deJ (1 + 4e¥)dx
2 -1 € -1
j 3Vax+1dx=3= ‘4’”31)2 -
f :[x_4e ]71
ERE =(1 - 4e") - (-1 — 4e)
=1[(4x+1)2} .
2 0 =2—-2+4e
€
1 2
=127-1=13
477D 8 JlO"dx: L[10°]
2 L 2 s 0 In10 0
3 J 2 de= e ] = 1 (100-1)
1 In10
= 2 (o5 — o4 = 20-¢) _ 9
;e e 36"  In10

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 7




Exercise 7H
1 y=x-x=x(-1)

Y

. area _l+i = 1sq. unit
10 10

2 y=x-2x-3=@(x-3)x+1)
A

\ |

10 X

= Jl(xz — 2x - 3)dx

=|:’§—x2—3x:|_1
:( _1+3)—(—9—9+9)

= 32 5q. units

3

1
J (@ — 2x — 3)dx:{’;3x2—3x}
-1 -1

=(;—1—3)—(—;—1+3)=—16

. 32,16 .
.. required area = ?+? = 16 sq. units

4 J; (e*-3)dx z[e" —Sx]3

In3
=e’-9-3+3In3
=e’+3In3-12

In3
e —3)dx=[e* —3x |™
jo ( ) * [ x:|0
=3-3In3-1
=—(3In3-2)
soarea=e’+ 3ln3-12 + 3ln3 -2
=e’+6ln3-14

|
wl L
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WORKED SOLUTIONS

5 y=x+32-32-7x+6
)/

-2
(¥ + 32— 352 — Tx + 6)dx
-3 }_2
-3

@+&+27 18)

+

x
5

et

( 2412+48-14- 12)

- 124 (- 10.35) =205
1

j (o* + 3x° — 3x* — 7x + 6)dx
2

1
2
7+3L_x3_7i+6x
5 4 2 )

:(1+3_1_7+6)—(—12.4) = 14.85
5 4 2

area = 2.05 + 14.85 = 16.9 sq. units

6 y=+4-x x—O x=4

f(4 x)zdx [_(4 x)ﬂ

—_“ — 42 :7
= 3(0 4) 3 sq. units

7 y=%+1 x=

X

A :ﬁ(x-z +1)dx :[—;HI
()

= 6.3 sq. units
8 y=2" x=1,x=2
fpu— [27],
1
= lwua-2n=2 i
_EM 2) 54 units
9 y=2e*1 -1 x=0,x=3
3
=J |2 — 1| dx = 3.32 sq. units
0

1
5,x=5

10 y=i x=-1,x=2

2
Azf U dy=[Ilx+21]
g x+2 -1
=1n4 — Inl = In4 = 2In2 sq. units

Worked solutions: Chapter 7




11 y=

T x=1,x=3

3
2 ) _ 3
Jl3_41dx—_4[1n|3 4x|]

= -2 (In9 - In1) = —;1n9 = —In3
. area = In3 sq. units
12 y=—x+ 62>+ x— 30 x-intercepts: =2, 3, 5

3
j (=2 + 622 + x — 30)dx
E 4 2 3
- |:_x+2x3+x—30x:|
4 2 ,

=(‘81+54+9—90)—(—4—16+2+60)
4 2

=—-51.75-42
=-93.75

S 4 2
J (- X+ 62+ x — 30)dx = [_z+2x3+’;—30x:|
3

5

3
=(625+250+25—150)—(—51.75)
4 2

=—-43.75+51.75=38
- area = 93.75 + 8 = 101.75 sq. units

x* 0<x<1
13 y=
2—-x 1<x<2

1 2
Area = J xdx +f (2 — x)dx
0 1

3 1 2 2
{16
3 0 2 1
:1+(4_2)_(2_1):5 sq. units
3 2] 6

14 y:{\/; 0<x<1

x* 1<x<2

1 1 2
Area =j x2dx +J x* dx
0 1

1 2
3 0 3 1

_2,8_1

3 3
= 3 sq. units

8_
3

Exercise 71
1 y=x+1 y=1,

r=\p=1a=[ -0ty 2017 | =20y

= 18 sq. units

2 y=Jx y=0, y=4

x=3
N 4
Azfyzdy:[y:| =54 5q. units
o 3], 3

y=10

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

3 y=vJd4-x y=0, y=2
=4 -x
x=4—y?

4 =L(4 — ) dy:|:4y_3’:|

3
0
=838 _-16 5q.units
33

4 y=4-x* y=3, y=4
A

AD\

=

>V

[ o
xX*=4-y
x=(-y)

a=2 a-yfoy=2 2a-]

4

3

e 0 O A s i
—?(0 1) ; sq.units

—_

- 1 -1 o _
5 Y=o VT2 y=2

1
_x.|_4:—2 x:4—i
2
y y

2 2
AIJ (4—1)dy= 4y+1}

1 ¥ y 11

2

2

:(8+;)—(2+2)

= 4% sq. units

Exercise 7J

2-x=—x
¥-x—-2=0

x-2)x+1)=0
x=2or—1

2
Area:J. 2-x+x)dx
-1

3 2 2
302
-1
(4—8+2)—(—2+1+1)
3 302

9 :
= - 5q. units

Worked solutions: Chapter 7




WORKED SOLUTIONS

2
A=f(16—x2—(x2—4x))dx
-2
y=x 4
=J(m—2ﬁ+4@dx
-2
4
1 X =|i16x—§x3+2x2}
-2
Py =@4_§f+3ﬂ—(32+f+8)
#@-D=0 = 72 sq. units
x=0orl 6 )
1 gl y =2
A= (xz—xs)dx:["_x:|
0 0
=", M units
3 ) y=xt-2x2
e ST T
y=4-x
X = 2x =24
¥ —4x*=0
2 0 * 2 —-4)=0
-2+ Px—-2)(x+2)=0
4-x=2-x x=0,2i2 2
v—-x—-2=0 A:J (sz—(XA—sz))dx:J (4x* — x%dx
x=2)(x+1)=0 5 2 5
x=—-1lor2 Jar & (2 = 5 B
2 2 _[3_5} ‘(T?)‘(T+?)
Area:f (4—x2—(2—x))dx:J (2 -2 + x)dx .,
- -1 128 .
= . t
=%sq. units  (see gn. 1) 15 9. units

7 23 +5xX%+x—2=8—4x— 20« — 84°
10x° + 252+ 5x—10=0
283 + 522 +x-2=0

x=-2,-1,

-1
Area = f (107 + 25x% + 5x — 10)dx

2

1
+j2ﬁwf—%%—%+NMx
1

-1
4 3 2
= SL_’_ZSX +5i_10x
2 3 2

-2
1

4 3 2 2
+[‘5x —2§”-5;+10x]

-1

=(5—25+;+10)—(40—%?+10+20)

2 3
+(—5—25—5+5)—(—5+25—5—10)
32 24 8 2 3 2
=20_10_ 305 20 _ 1265
(x—4)(x+2)=0 3 3 9% 3 9
x=4dor—2 = 13.2 sq. units (3 sf)

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 7




1
8 x4_4—m(x>0)

-4 +x)=1
P+ —dy—5=0

x=1.449
1.449
A=uf (1 —f+4%x=5@squmm
0 1+x
9 N
y=el¥-1 W/
0 X
0.4755 —
x=4

A= f (\/x — e+ 1) dx = 7.00 sq. units
0.4755

3
2a° =8
3
a=4
2
a=43
11 Y
y=x
o o 1 X
y=2-x
¥=2—-x
¥»*+x—-2=0
x+2)x—-1D=0
x=-2orl

A=ﬂﬁ@+f@—@m

3 2

a=[5] een] ey

0 1

5 .
= ¢ 9. units

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

13

WORKED SOLUTIONS

1

Area = ZJ e *dx
0
:2[—e”‘]:)
=2(-elt+ 1= 2(1—%) or 1.26 sq. units
)y
y-x3
1
Y x
0 1; X
1 2 3
A=Jx3dx+ 1ax
0

=3(1-0)+ 3 ~Inl

:é+

In3 sq. units

Exercise 7K
W) =t(t—4)

1

2

v(t)

distance = If(t2 — 4¢) dt|
0

W)=5+4—-~P=01+)0G -9

v(t)

TF

1
a distance = j (5 + 4t — )dr
0

1
=|:5t+2t2—t:|
3

=542-1_-20
3

(=R

m

W | —

Worked solutions: Chapter 7




5
b distance = j (5+4r—-£)de
1

6
+ |J(5+4t—t2)dt|
5

6
[ F+2t% - ] |:5t+2t2—t3]
5

(25+50 125 20+‘(30+72 72)

(25 +50— 125)

01— 30m
3

3

3 a(t)—l—e-zf 0<t<3

v()=t+ e‘2f+c

10)=0 0_, ==
_ 1

v(t)—t+Ee3 -

distance = J (r + ; o )dt
0

3
= [fz_lem_lt} =3.25m
2 4 2

0

4 v(H)=10+5e70

a a(f)=-2.5e%" <0 .. always negative
2
b distance = J (10 + 5e79%) dr
0
=26.3m

Exercise 7L
1 y=@x—-1P%-1=x—-2x

1 1
y= nJ (2 — 2x)dx= nJ (¢ — 423 + 44%) du
0 0

1

5 3

- L_x4+4x
5 3 0

= %7[ cu. units or 1.68 cu. units

2 y:1+\/;

v:nf(1+\/§)2dx:n2(1+2\/§+x)dx

:n[ﬁgxhj]z
_n(2+ (2\/_)+2) (4+§(2\E))

- 4?” (3 + 2 +/2) cu. units or 24.4 cu. units

2

_x —
y== x*=2y

2 2
= nj 2y dy =7r[y2]0 =47 cu. units
0

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

4 y=\2x-x" yP=2-2
2
v:nf(Zx—f)dxzn[xz_xS]z
1 3
1
=7z[(4—8)—(1—1ﬂ—2” cu. units
3 3 3

e
7

6 y=2\36-x" y'=* (36-x) = e

6 2 4 3 5
_ X _ X — L_L
v—nf0(4 144 ]dx ﬂ|:12 720:|0
= 7(18 - 10.8)

= 7.27 cu. units

1) = 16.1 cu. units

Exercise 7M
_ _ X
1l y=x y= Iy

5 ) 5,2
v:nf [xz—xjdx:nj 3 dx
2 4 2 4

5
3
= 7{’;} = 71'(125—2) = 1127: cu. units

i 4
2 Y
o\ 1 x
4
x—4=x—4x
x¥—5x+4=0
x=Dx—-4)=
x=1or4

y= nj (2= 42 — (x — 4))dx
= nf(x“— 8 + 16:° — x + 8x — 16)dx

= ﬂf(x“— 8+ 15x? + 8x— 16)dx
1

= ﬂ[i—Zx“ +5x° +4x° —16x}

1

:ﬁ[(mj‘l—512+320+64—64)—(;—2+5+4—16)}

1087
T cu. units

Worked solutions: Chapter 7




y2=2x

*=2x x(x—2)=0
x=0o0r2 y=0or2

<
1l
3
|
w‘%w
\€Ll|
| S—
Il

n(ﬁ_ﬁ)_&n cu. units

“ 201, 3 2/ 15

= 72'(8) - 71'(1) = % cu. units

12 5

X Review exercise

ji =ax + ( 1,2) (-2, 0) = stationary point

when x = 2dy—0 = 2a+ % 0
. b=8a (1)
(-2,0) 0=2a+2+c (2
(-1,2) 2=2+b+c  (3)
_(3)_9 _3a_b -
@-@-2=2-2 b=8a

—2:32i—4a:>—4:3a—8a:>—4=—5a
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WORKED SOLUTIONS

a:é b:g C:—Za—é:—,_&:ﬂ
5 5 2 5
2.2 32 24

_7x —_—— -

Y 5 50 5

b/

1
3 3
2 3 2 1_1 .
=|2x2-% | =2-"="5q. units
3 3 3

07459 3.1\49 X

3.1149 2
v:nf ((1+3x—x2)2—(2) )dx
0.7459 x

= 41.3 cu. units

-]

—_ 8}
VR
=
+
ol
|
xb‘_.
[N
=
1]

— &)
—
x®
+
®
(3]
|
®
NG~

= [ng —Sxé} = (2(4)% - 8(4)%) -(2-9)

= (64— 16) — (- 6) = 54

(3]

2
flsdx: [In|x—3|F =Inl- In2 = —In2
1%~

Q.

f Ly = ni1-ad];

11— x
=, (In |1 - 4e| —In3)

1 _
= -, (In(de - 1) - In3) = In %57

Worked solutions: Chapter 7




Review exercise
W)= —dt=1F—-4)=tt—2)(t+2)

1

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

v(t),

4:\’“‘

j B —4nde =

+2t2:|

=4-8=-4

3 . 3
J (f —4pdt = f—2t2]
2 4

=(il—18) (4)_7

2

*. total distance = 4+E = %m
W) =P —32+2
v(t)
10,2
0 7 t
(2,2)
1 1
J (B —32+2)dt —|:t—t +2t]
0 4 0
=l _1+42=23
4 4
2 . 2
j (F-32+2)dt :[;—r3+2t]
1 1

—(4-8+4)-(3]=

. total distance = +° =>m

4 4 2
4

B 0] B *
y—.’3c2—4+i2
X
x2—4+i:0
xZ

¥—-4x*+3=0

-1 -3)=0 x=+1,+/3

-5

WORKED SOLUTIONS

, V3
(x2—4+%)dx =[x—4x—3}
X 3 X 1

4—3):—4J§+2;)

3

J

= (3-43-5)-(1-

.. total area = 2(4\/3 - 230) 8J3 -4 sq units

f3x +6dx j3x2+dx x3—f+c

| o L e

c fl dx="11In |2 - 3x| +¢
2 —3x 3

(-

1

dx = Jza 4x)2dx__i“ f”‘)2+c
2

Q.

2
JVi-4x
=—+1-4x +c¢
J(ze“ 13 )dx = J(Ze” ve')dr
e +3e +c

1

X
= 23 4 3e3 4,o="2
3 3

x+2

2x—1i2x2 +3x

2x* — x
4x
4x — 2

2

2
. 2x  +3x :x+2+
2x -1 2x -1

2 2
j 2% ¥3% qy = J(x+2+ )dx
L 2x -1 2x -1

=[x;+2x+1n|2x—1|:|

2

1

=(2+4+1n3)—(%+2+1n1)

=2 +1n3
%
i —
\ho X
_ 1 . _
y—m .x+1—7

Worked solutions: Chapter 7




WORKED SOLUTIONS

y=3

[13- ) =trs1

=(n5-5)—(nl -1)
=In5-4

i

X

1 1
.. area = 4 — In5 sq. units V= ano(g’_x)z dx = anos—Zx dx
7 2z 25
"~ 2In3 [3 ]0
-2
= E B3 -1
. _ (8)
3

J e+ 1) dx = (x+l)2} 319
o -1 =87 ¢y units
5 5Q. units 9In3

J@

j(3ax 3x)dx=4

[w . }:

31—‘13:4

2

3

2 -4 PF=8 .r.a=2
2
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Worked solutions: Chapter 7




Answers
Skills check

1—
1-tan?@ cos?@ _ cos’0 —sin’0 .
1 a o= T o0 0 29=c0529—sm20
3 cos + sin
1+ tan“6 sin” 6 = cos20

sin’0

cos’@

1-tan’6

. €0s20 =

1+ tan’0

0 +tan @
b tan20=tan(0+0) =11 o

_ 2tand

I—tan2 2]

. tan20 = 2tan0

1-tan’0
f(x)=3e>—2x% f'(x)=6e*>—4x
g =@+ DInx?+2x+ 1)
=x+1D)Inx+D?=2x+1)In(x+1)
iy 2x+1) _
g(x)_m+21n(x+1) 24+2In(x+1)

N
c 9

x2

h(x)=" H(x)=

(x + 1)2xe* —e*

(2]

(x+ 1)2
e (xt+2x-1)
(x+1y

Exercise 9A

Proofs using differentiation from first principles

Exercise 9B

1 a y=cotx Y~ osc?x
dx
— dy _
b y=cscx a——cscxcotx
— o dy _
c y=sin3x d——3c053x
X

d y=tan(5x—3) %steCZ(Sx—3)

e y=cos(8-3x) jl=3sin(8—3x)

f y=csc(x_3) d—y=—lcsc("_3)cot("_3)
4 dx 4 4 4

g y= cot(7 2") d—yzicsc2(7_2")

dx 13 13
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WORKED SOLUTIONS

The power of calculus

2 a y=sin(x®-3) ¥=5x"cos(x’-3)

&

b y=cos(e’) % =—e"sin(e”)

c y=csc(x?+11) %:—Zxcsc(xz+11)cot(x2+11)
d y=cot(dx®—-2x?+7x+17)
jxl = —(12x% — 4x + 7) cscX(dx® = 2x2 + Tx + 17)

e y=tan (In(2x + 1)), dl:fsec (In(2x +1))
f y=sec (\/e”+l)
d—yzle"(e +1) 2 sec( e"+1)tan(\/e”+1)

el el )
N

_e' sin(\/e" +1)sec2(\/e" +1)
2(\/ex +1)

g y=sin(cos (tanx))

o

y

o —sec? x sin (tanx) cos (cos(tanx))

Exercise 9C
1 a y=(2x—-1)cosx
Y = cos x— (2x— 1) sinx
b y=(3x-x?sin2x
jxi: (3 — 2x) sin 2x + 2 (3x — x?) cos 2x
c y=e'“tanx

d - _ _
= el=secty — e tanx = e (sec? x — tanx)

dx
siny  d xcosx — sinx
d y= , Y- e
x dx x
e 2x +3 dy 2sin2x — 2(2x + 3)cos2x
sin2x dx sin’ 2x
tan x
f =
Y 2-x
1
L \/Z—xsec2x+l(2—x) 2tanxx 1
dx 2 2-x)

2(2 - x)sec’ x + tan x
3
2(2 - x)2

Worked solutions: Chapter 9




2 a

g
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T

y =sin 2x x=
dy _ —

=2c0s 2x = 20055—
y = cos 3x x=1%

12

d
Y = _3sin3x=-3sin " =3
dx 4 J2
y=tan (—x) = —tan x x =%”

= —sec’x = secz%”:_z

&l&

y=(x—2)sinx x=0

sinx + (x — 2) cos x
=sin 0+ (=2)cos 0 = -2

@Y -
dx

Y = -3 cosx+ 3xsinx
dx
=-3cosZ+3%sin% ="
2 2 2
— 2 _ 3x
y=x“tanx x—I
d
ay=2xtanx+xzsec2x
=37 tan 3—”)+9Lsec23’l
2 4
__ 3w, o
2 8

d
0 L =e*secxtanx + e*secx
=secO0tan0+sec0=1

y=e'secx x=

Y _p

:'2+ 2 vy —
y=sin* @+ cos*x=1 o

y="20_secp %zsecﬂtan,b’

sin f# d
2
y=21020 _ tan 40 = 4sec’ 40
1-tan’0
. 3p P
_sinp+sin2p 251n7cos7

cos p +cos2p 2C0537pCOS§

y=tan®2 D 3523
2 dx 2 2
y= (sin ¢ sin 2¢ — cos @) sec @
sin ¢ — cos ¢
_ ZSinz(p—l _sinzq)—cosz(p

sin @ — cos ¢ sin @ — cos ¢

__ (sin ¢ — cos @)(sin ¢ + cos @)
sin ¢ — cos @

. d .
y =sin @ + cos @ ﬁzcosw—sm(p

WORKED SOLUTIONS

Exercise 9D

1 a y=arccosx..x=Cosy
zx—yz—smy .'.%:—$
__ 1 __ 1
\/lfcoszy \/l—x2
fi=-

1-x

b f(x)=arcsin 3x, f'(x)=
1- 9x2

¢ f(x)=arctan (2x + 1), f(x)—i
l+(2x+1)

2

1+4x2+4x+1

f'(x)=

2x +2x+1

a y=2xarcsinx

Y- 2 L Darcsinx
dx 2
- X
b y — arccos x
pa

—X

A/ 2
dy _ V1-x —arccosx
dx 2

X

/ 2
—-x —\1—-x" arccos x
2 2
x \/l—x

c y=(2x+1)arctan x

gle

2x+1

2
1+x

d y=+1-x"arcsinx

Y _2arctanx +
dx

=N 8 oyl (l x) arcsin x

dy X arcsin x

dx 1—x2

e y=(4x2+ 1)arctan 2x

2
204x" +1

d—y=8xarctan2x+(x72)

dx 1+4x

Y _ 8xarctan 2x + 2

dx
a (arcsiny+arccosy) =L 1L _

- V1- X \/l—x2
b — (arctanx+ arctan (—x)) = S

1+x 1+x2

Worked solutions: Chapter 9




c (:C(Zarctanx—arcsin 2x )

xz +1
_ 2 [ GP+D2-2x(2x) 1
1+ (2 +1)? 45
(x2+1)2

2 (2-2¢0) (1)

1457 (x2+1)2 \/(x2+1)2_4x2
2 20-4Y) 0
142 (2D (1)

4 a x=siny
lzcosydl R A
dx dx  cosy

b x+y=tany
1+ % =sec’y ¥
dx dx

Y (sec2y— 1) = Y any = Y — cot2
dx(secy 1) 1:>dxtany 1:>dx cot?y
c x+sinx =y + cosy

d .
1+cosx=ay(1—smy) o G Lecosx

dx 1-siny
d esiny = xz
- d
esiny cosyayZZx Lo 2
dx ¢ ycosy
X
e Cosy=_ = ycosy=x
dy : — dy 1
a(cosy —ysiny)=1 .. Y=

dx  cosy — ysiny

f In(xy)=tan2y =Inx+Iny=tan 2y

Exercise 9E
1 a f(x)=tan3x P(0,0)
f'(x)=3sec?3x f'(0)=3
y=3x
b f(x)=sin(2x)—1 P(’;,y

yzsin(z”)—lzﬁ—l P(E,i—l)
3 2 372

S (x) = 2cos (2x) f’(”) =1

3
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d f(x)zln(tan(%))+2 P(s—”,y)

WORKED SOLUTIONS

c f(x):2cos(’zc)—e2" P(0, 1)

fl(x)= —sin(

y=-2x+1

)—2er -~ F(0)= -2

SRS

y:ln(tan”)+2=2 P(3l,2)
4 4

f (x) = cos (2x) PO, 1)
f'(x) = —2sin (2x), f'0)=0

equation of normal is x = 0

£ () = tan (4x) P(l’;,y)

y—tan4 1 P(m’l)

f'(x) = 4sec? (4x), f’(l’;) =4sec’ (Z) =8
=3l

-1 V3
=—x+-_+1
Y 8 128

f(x)zZe"sin(;) P(©0,5) y=0 P(0,0)
F(%) = e* cos (;) + 2e7 sin (;)

FO=1  y=-x

(%) =xcos (2x) - 3 P(g,y)
y=Tcosx-3=-%3 P(”,—”—3)

f'(x) = —2x sin (2x) + cos (2x)

N == Zi3=x_-=%
f(?)_ 1 y+2+3 x=2
y=x—-nm1-3
In(x)=tany P(1,0)
_ 2 . dy . dy_cos2y
—=sec’y-= . 2=
x dx dx X

AtP,%=1 y=x—1

Worked solutions: Chapter 9




4 y+y?=sin2x P(0,-1)
% (1 + 2y) = 2cos 2x

dy _ 2cos2x :l:—z
dx 1+2y -1

=1 =1,
y+1—2x y=ox 1

5 y=cos(x?
a (0.974, 0.583)
b y=cos(x?
& = —2xsin (x?)
x=0.97407123, jxl = —1.5833 ...
y —0.58264678 = —1.5833 (x — 0.97407123)
y=—158x+2.12
y= )
Y 2y =5.03136 ...
dx

y —0.58264678 = 5.03136 (x — 0.97407123)
y=15.03x—4.32

tan oc = 5.03136 ...

o=1.3746
tan f=1.5833 ...
B=1.00747

0=rn—-o- =0.760 rads
6 e’=sinx+1 P(-rm, 0)

ydy _ dy _ —cosx
€ —x— COSx dr - &
AtP, ¥ -1
dx e

Tangent: y=x+ 1
Normal: y=x—-7
Area = % X2 X1

2
=7

(-7, 0)

-

Exercise 9F
1 a f(x)=tanx f'(x)=sec’x
f7(x) = 2sec x sec x tan x = 2sec’® x tan x

1(%)=22V3 =83

WORKED SOLUTIONS

b f(x)=xsinx, f'(x)=sinx+ xcosx
f”(x) = cos x + cos x — x sin x
=2cosx — xsin x

f70)=2
c f(x)=(x*+1)cosx
f'(x)=2xcosx— (x*+ 1)sinx
f7(x) =2cos — 2xsinx — [+(x*+ 1)
cos x + 2x sin x]
= 2cos x — 4x sin x —(x? + 1) cos x
f70)y=2-1=1
d f(x)=+xcos?
1

1
() == Jxsin® +Lx 2cos®
'@ 2 2 2 2

—xsin ¥ + cos X
2 2

2x

4x

—Iisinl—cosl-i-sinf—cosl
2 2 2 2

4

=1 2sinl—2cost
4 2 2

:—1(sinl+cosl)
2 2 2

e f(x)=e*sin2x f'(x)=e*(2cos 2x + sin 2x)
f"(x) = e*(—4sin 2x + 2cos 2x + 2cos 2x + sin 2x)

= e* (4cos 2x — 3sin 2x)
r(z)=e'0-3=-3¢

f f(x)=2xsecx, f'(x)=2secx+ 2xsecxtanx
=2secx (1 + xtanx)
f"(x) = 2secx (tanx + xsec? x)
+ 2secxtanx (1 + x tan x)
f"(m)=-20+ m) +2(-1)(0) = -2«

a f(x)=cosx f'(x)=-sinx
f7(x)=—cosx fO(x)=sinx

—sinx, n=4k-3
—cosx, n=4k-2
M(x) = ’ keZ*
Fr®) sin x, n=4k-1 <
cosx, n=4k
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Worked solutions: Chapter 9




b g(x)=sin3x g'(x)=3cos3x
g”(x) = —9sin3x g®(x) = —27cos 3x

3"cos3x n=4k-3
g(n)(x) _ -3"sin3x n=4k-2 be 7t
-3"cos3x n=4k-1

3"sin3x n=4k

¢ h(x)=cos(ax+b) h'(x)=—asin (ax + b)
h”(x) = —a? cos (ax + b)
h®(x) = a® sin (ax + b)
—a"sin(ax+b) n=4k-3
—a"cos(ax+b) n=4k-2
a'sin(ax +b) n=4k-1
a'cos(ax+b) n=4k

K (x) = ke 7"

3 fW=sin2x a,=f""(%] n=1,2,3, ..

f7(x) =—4sin2x q, :f"(z)z_iz_zﬁ
fO(x) =—-8cos 2x a,=f® (%)
f,f ~22,-4\2
1 - - —
b~ (1+2-4-8+16+32-64

— 128 + 256 + 512)

_615 6152

V2 V2

4 a P(n):f(x)=sinx=f"(x) :sin(x+ﬂ),
n=0,1,2, .. ?

P(0): f (x) = sin x

Assume P(k):  f®(x) = sin(x + kzﬁ)

Prove P(k + 1) f¢+1(x) = Cos(x + k;)

- (x+k;+2)
=sin(x+(k+1)’2[)

-. P(k) = P(k + 1) and P(0) is true
.. by induction,

f(”)(x):sin(x+%), n=0,1,2, ..

b P(n): g(x) =cosx= g"(x) = sin(x+ (n+1)7r),
n=0,1,2,.. 2

P(0): g(x) = sm(ﬂg) = cos x

© Oxford University Press 201 2: this may be reproduced for class use solely for the purchaser's institute Worked solutions: Chapter 9

WORKED SOLUTIONS

Assume P(k): g ®¥(x) = sm( ot +2 1)7:)

Prove P(k+ 1) g **D(x) —cos(x+ (* +21)7r)

—sin|x+ D7 7
2 2

= sin(x + kD7 *22)”)

.. P(k) = P(k + 1) and P(0) is true
.. by induction,

g(”)(x)=sin(x+("+21)”) n=0,12,..

Exercise 9G
1y

}

250cm

] A\

100cm x—> 4cms™!

_V2tdo _ 4 . dO_ (0175057
5 dr 250 dr

the angle is decreasing at a rate of 0.0175 c¢s™!

2 i\
x 18km
A

<«

y -1 _ a1
25kl o/, 6 200ms™ = 12 kmmin

f

160ms = 9.6kmmin' g

a x=18-12t=>%¥=-12
dr

y:25—9.6t:>%: -9.6

z2=x2+ y? 2z——2xa+2y
t=05=x=12,y=20.2,

z=+/552.04 =23.4955...
23.4955 = 12(=12) + 20.2(-9.6)

. % = —14.4 km min~' =~ —240 ms"!

Approaching each other at 240 ms™!




b bearing =n+0

. rate of change of bearing = %
tand== = seczediz(ydi_xdl)yZ
y dr dr

t=1=x=6,y=154, tan0= S
154

2
sec29=1+(—6 ) — 6829
15.4 5929

6829 d6 _ 15.4(-12) — 6(-9.6)
5929 dr 15.42

Y =_0.466 cmin™’
dr

bearing is decreasing at a rate of 0.466 ¢ min™!

3 a T x—>95km/h

30m

C

% — 95000 mh™
dr

tan@ ="
30
sec’9df = 1 &
der 30 dr
x=0,0=0= sec? t9—1:>‘;‘t9 %
= 31.667 ch™!

=52.8 cmin~! or 0.880 cs™!
b After I sec, x = 2% = 26.338 .
3600

tan @ = 26-;38--- -0.8796... sec?0=1.7737 ...

1.7737...92 = 92000
' adr 30

% =1785.3 ¢/h = 29.8 c min™" or 0.496 cs~!

4 a
°]
5¢m 5¢m
7<—X —>
6cm
& = _0.05 cms™!
dt
d 5 do
G G0=2
sinf=>%
5
cosgdf =1dx
dr 5 dr
Atr=0, cosf = é
299 - 1x-0.05
dt
99— _0.0125
dt

.. angle is decreasing at a rate of 0.0125 cs™
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WORKED SOLUTIONS

6 = 30° when equilateral

. c0s30° ij _Ld 001

.. angle 260 is decreasing at 0.0231 cs™!
dy

— =-2cm’min™!
dr
y="27p ﬂ =4zxr’
3 dr
r=12, -2= 47[(12)2 dr &~ _ 1 emmin
) dr 2887

=-0.00111 cmmin™!
radius is decreasing at 0.00111 cm min™

A=4m? Y_gr Y
dr dt

r=4, -2=474PY =Y =1 cmmin!
e dr 32x

4 _ 8z(4)[ =L ] =~1 cm? min™",
dr 327
decreasing at 1 cm? min™!,

<« Xx—>

10km

R

% = 1025 kmh™!
do _ dx

2 -
sec’  — =
dt dr

x=38, tan@ =2 sec?f=1+16 =41
5 25 25

41do _ v _ 1
s s 1025=> =62.5ch”

‘jl—f =0.01761 cs™!
=0.995 degs™!
x=0,0=0,sec?0=1

i—— 102.5ch™ =0.028472 ... cs''=1.63 degs™!

<« x—>

2km Z4km

dx =75 kmh™!
dr

Z2=4+ 5

229 oy dx
dr dr

whenz=4,16=4+2 . x=+12
=12 (75)

& _ 753 _ 65 0kmh!
dr 2

Worked solutions: Chapter 9




b tanf=> sec’9df-1%
2 de 2 dr 5
x=+/12, tanf =43, sec29=1+(\/§) =4 1
4499 _75
de 2
%_7 9.375 ¢/h = 0.00260 c sec™!
= 0.1 degs™! (nearest tenth)
8 a
V4
X
e
10m
%: -1
o 5 ms
cosf =10

z 2

_sin@d? = ~10d=
dr 22 dr

z=20, cos@=22=1 sin?g=1-1=3,
20 2 4 4

sinezﬁ
3 do
2E——() E‘F =0.144 cs™
or 8.27 degs™
b 22=100+x?

2792 o

dr dr
z=20,2=300= x =103
20(5):10%%

dx _ 10 _ -1
E—ﬁ—S.W ms

40 _ 4z _ 7w o1
60 15
x*=75+75"—-2x7.5*"%cos 8

x*=112.5-112.5cos 6
205 = 112551004
‘When height is 5m, cosé = L =1

sinf=1-1=38
9

9
22

. sinf =22

2 =112.5-1125 (1) _75 x=53

10V3 ¢ =112, 5(”)(15) 1

dx_;r\/—

PN =1.28 ms™
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WORKED SOLUTIONS

Exercise 9H

a J‘sin3xdx = —%cosSx +c

b fcos(zxﬂ) dx =%sin(2x +D+c

c fsecZSxdx :étan3x+c

d fsecz(l —x)dx=—-tan(l —x) +¢

e fsin(5x3_l)dx=—zcos(5x3_1)+c

f fcos(3x7+2)dx=;sin(3x7+2)+c

a J(l — 2cos’x) dx = f— cos2x dx = —%sin 2x+c¢
b

J(l + tan’x) dx = Jseczx dx =tanx + ¢
c cos2x =1 — 2sin*x = sin’x = 5(1 —C0s2x)

fsinzx dx = lf(l — c0s2x) dx

l( —fs1n2x)+c
2

=Ly Llsin2x+c
2 4

d cos2x=2cos’x — 1 = cos’x = % (1 + cos2x)

Jcoszx dx = % J(l + cos2x) dx

—_

- x+;s1n2x)+c

N

=Lyt lsin2x+c
2 4

e f (1 - 2sin? (2x))dx = j cosdr dx = ! sindx+c

-l

f @ + 2 tan’(5x)) dx = j 2 sec?(5x) dx

=§tan5x+c

g J(l + tan?x)(1 — sin? x) dx = fseczx (cos?x) dx
= Jl dx=x+c¢
h J4 sin’x cos?x dx = fsinz(Zx) dx
=1 f(l — cosdx) dx

(x—lsin4x)+c = %x—%sin4x+c
4

N | —

Exercise 9l

a f(Zsinx — 3cosx) dx = —2cosx — 3sinx + ¢

b f(x2 —7sinx) dx = fx *+7cosx +c¢

Worked solutions: Chapter 9




Q.

-h

=

J‘(4e“ —%seczx) dx = 4e* —étanx+c
3

f(l—\/Zx +7sin3x)dx =x — 2?—%c053x+c
2
3

_2\/5)(2 7
3

5c053x+c

( S +sec? (g))dx In|x|+3tan* te

(o =f s e

:x—ln|x+1|+§cos%+c

N\m

—

(2 +551n2—cos)dx

23(
Y]

—10cos* —3sin* +¢
2 2 3

f(3-2x — 11sec? (11x)) dx

_3*216

e tan(11x)+c¢

Exercise 9J

1l a
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f'(x)=5-2cosx f(0)=
f(x)=5x—2sinx + ¢

0=c .. f(x)=>5x— 2sinx
f'(x) =4x — 6sin2x f(0) =1

f(x) =22+ 3cos2x + ¢

1=3+¢ c.c==2 f(x)=2x"+ 3cos2x—2

f'(x) = 3cosx —2sec’x f(%) = #
f(x) = 3sinx — 2tanx + ¢
#:E %+c c:%”
f(x)=3Sinx—2tanx_%
f'(x) = 32% = 2e*+ cosdx  f(0) =~
f(x) =2 = 2e"+ isin4x +c
-5==2+c¢ ..c=-3
f(x)=x3—Ze"+isin4x—3

sin3

f(x)—7+cos(3x) 4 f()=
f(x)=3n|x| + 3 L sin(3x) —4x + ¢

Si“:(l)sin3—4+c =4
3 3

flx)= 31n|x|+§sin(3x)—4x +4
' 7
f'=

f(x)="TIn3~4x| - 42" + 2" 4 ¢

—8x +4e*! f(;) =-1

WORKED SOLUTIONS

Lc=-2

f(x) :%ln|3—4x|—4x2 +262x—1 _2

-1=-1+2+c¢

f"(x) = 4sinx f’(’;) =0, f(0)=1

Sf'(x) = — 4cosx + ¢,

0==2+4+¢ ..¢=2

f'(x) = —4cosx + 2

f(x)= —4sinx + 2x + ¢,

S f(x)=—4sinx + 2x + 1

b f"(x)=1+cosx f'(0)=3, f(1)=—cos(l)
Sf'(x) = x + sinx + ¢,

3=¢ f'(x)=x+sinx+3

=g

2
f(x)z%—cosx+3x-|—c2

—cos(1) = % —cos(l)+3+¢c,c= —%

f(x)—fx —cosx+3x—%

c f'"x)=e+sin(l-x), f(1)=2, f(1)=2
f'(x) = — e+ cos(1-x) + ¢,
2==1+1+¢ ..¢=2
f'(x)=—e'*+ cos(l — x) + 2
f)=e—sin(l —x) +2x + ¢,
2=1+2+¢, .c¢=-1
f(x)=e"—sin(l—-x) + 2x —1

d f"(x)=e*+sin(2x) +x*—2x+ 1, f'(0)
—2f(0)=2
f(x)— e — % cos(2x) + ix“ - +x+c
2—5_5+C1 .'.61:2

f’(x)=%ez" —%cos(Zx)+%x4—x2+x+2

f)=Lter = Lsindx+ Loo— Lo+ 14 x4 ¢
4 4 200 3 2
2=l+c e =1
4 2 4
f(x)—lez"—lsi112x+ix5 Tl poxs?
4 20 3 2 4

Exercise 9K
’ (2x — sinx) dx = [xz +cos xfﬂ

3

1 a

T
3

7 R P
7 5 36 2
5

(5+cosx) dx =[5x +sin x]%
s

o
—

r
6

_ 5i+1)_(51+1) 7yl
2 6 2 3

Worked solutions: Chapter 9




(2]

J (2sec’x + 1) dx = [2tanx+x]4

(2+ ) (O)—2+%

3
X 1 _ x 3
L (e*+ 2sinx) dx —[e ZCosx]O

T

=E*-D-(1-2)=e

Q.

1
ll’ B
T

w

4

+

(@]

@]

w»
~——

(oW

I

4 T

J2(2x+ 3 cos6x) dx = [1 +1 sméx}

=

12 12
= L+1 _(L+O):2 1+l
In2

In2 2

In2 2

IR

s
5
(x%+ 2 sec?2x) dx = {’; +tan Zx}
- x
( 3
= 77[ +
1536

3
(o gr)- e
1536 768

j j(lées" + 9sin 3x) dx = 2¢™ —3c053x]g
0

=(2e% + 3) — (2 — 3) = 2e8"+ 4

Exercise 9L
1 a Jszinxzdx= —cosx* + ¢

3
J3x2 VxP+3 dx = %(x3 +3)2+¢

2 2
J (3_4x)el+3x—2x dx — el+3x—2x +c

d Jtanxdx: Jsmxdx

Cos x

=—Inlcosx|+c or In|secx|+¢

JZcos 2x e dx = e + ¢
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Wy

Exercise 9M

f3x2 (#— 1)dx = [;(xtnﬂ; =0-(g)=1

J3 2x
ox

=

N

w

H

(5}

g

=

(-

(2]

Q.

o

-l

g

S

WORKED SOLUTIONS

e f +c
fo In 2sin(2%) dx = —cos(2*) + ¢
f arcsin x dx - (arcsin x)? +¢

f arc tan 2x

% (arctan 2x)2 +c

fx cosx’dx = fsmx +c

fx Jx®—1dx = f(x —1)33+c

—(x —1)3 +c

2 _
f(x +2)e3x +12x-7 _ %e3x +12x-7 +c

f tan(5x +4) 4

:j sin(5x+4) 4,
5cos(5x + 4)

—ln|cos(5x+4)| +cor —1n|sec (Sx+4)|+¢

cos 3x
sin3x - 3% dx= > +¢
3In3
4
J‘Sln\/;dx = —4cosix +c
o
focos(S") dx = 5060 4 o
n
62 +e 1
f o 2xdx :—Elnle'z" e*|+¢
=

e
| x 3
arctan =
f3dx = %(arctan%)2 +c

9+x

f(x +x)cos(x +2x )dxzésin(x3+%x2)+c

f arcsin (2" “Ddy = Larcsin’(2x +1)+¢

’+1

dx = [1n|x2+1|]2 =

w

In10 — In1 =1n10

3 s
J cosx+/sinx dx = [ (sin x)z}

J e
e

e+1

(Inx) ] %(Ine3)2 —0=2

2

=[In(e" +1)] =In(e"*+1)—1In2 =ln%

j62tan2x dx =[~In(cos 2x)]0% = —In(%) =In2
0

Worked solutions: Chapter 9




Ll(x2 +x) cos(x + x )dx = 3[sm(x + 33/)1
1

3
[ vEeia =1{§(2"+1)3}
0

Exercise 9N

1 Jxe"dx = xe*— J *dx

=xet-e"+c
=ex—1)+c
2 J(Zx + 9) cosx dx

= (2x + 9) sinx —stinx dx
=(2x + 9) sinx + 2cosx + ¢

3 J(z — 5%) sinx dx

= —(2 — 5x) cosx — chosx dx

=(5x — 2)cosx — Ssinx + ¢

j(?)x— 1) e dx
=3x-1! e3"—Je3"dx

=1 (3x—l)e3"— ; e¥+c

=1 3"(396 2)+c
J(4x — T)et1dy

=%64H (4x—7) - [e* 'dx

_le4x 1

(4x—7) -1 e‘”‘ '+¢
=%e4"’1 (4x-8)+c¢
=e"(x-2)+c

6 Jmsin(Zx + 3)dx
2

—i (x + 3) cos(2x + 3)

+ ﬁ; cos(2x + 3) dx
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=2 (27-2J2)
dv

u=x —_—=¢"
dx

du =1 yp=er

dx

u=2x+9

ﬂ—cos

dx X

du =2

dx

v = sinx

u=2-"5

ﬂ—simc

dx

a3

dx

Yy = —COSx

u=3x-1

ﬂ— 3x

o ¢

du =3

dx

y="le¥

3

u=4x-—17

Q:e‘b‘_1

dx

du=g

dx

v=le4x71

y=x+3

o 2

& =sin(2x + 3)

dx

du = 1

dr 2

v=— lcos(2x + 3)
2

WORKED SOLUTIONS

- i(x +3) cos(2x +3) + %sin(Zx +3)+c

=3 - x)sin (:) + fsin(z) dx

=0B-x) sin(%)—4cos(%)+c

8 JxZ"dx
reo (2
In2 In2
_ 2°x 2 e
_2 (xln2 o,
(In2)*
J(l — )5 dx
_(-05" 4 B
In5 In5
_-w»5" s -,
In5 (In5)
- w+c
(In5)°
10 J(z")dx - 1f(z — )3 dy
7.3" 7
:l_—37x(27x)_ 3“dx]
7 In3 In3

_137@-2 3 e
In3 (ln3)

=
T

= M + c
7(n 3)°

Worked solutions: Chapter 9

u:3—x
v
g —cos(x)
4
du_ 1
dx 4
v=4sin [ x
4
= W _
u=x L 2
X
dl_l 1/:2
dx In2
u=1-x
dv _ -,
dx—S
du
oo 1
X
p=2
In5
u=2-x
dv _ Ay
dx_3
du — g
dx
_37*
" I3
X
u=4x dv_|(3
dx 5
du
7:4
dx




( (%))

Exercise 90
1 jxlnxdx= oy — dex
2 2
2 2
=X lnx-X +c¢
2 4

j(3x+2) In x dx
(3’2‘ +2lenx - j(32x+2)dx

2
(3" +2x)1nx——2x+c
2 4
3 J(I—x)lnxdx
2
:(x—lenx—j(l—x)dx
2 2
2 2
:(x—lenx—x+x+c
2 4
4 jxln(4x)dx
_7ln(4x) szx
:7111(4x)—j+c

%(2 In(4x)—1)+c

J(Sx —Z)In(’s‘)dx

:(S’CZ—Zx}ln(x)—w+2x+c
2 5) 4
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WORKED SOLUTIONS

J(s + 4x)In(3 + 4x)dx

Letu =3+ 4x, %=4

j(s + 4x)In(3 + 4x)dx = fulnu %du

= i|:”; Inu— ’i] + ¢ (using result from gnl)

= @Inu-T)+c
:%(zln(swx)—l)ﬂ

Lett=4-11x, ¥ =-11
dx

.5+ 7x= 5+ (4 t)= T

J(S +7x)In (4 —11)dx =—

=T 10 dr
11
=11 f(7t —83) In¢-dt u=Int
% =7t — 83
:1[(”—8& Jlnt d;
121 2 =
dt

-
o =

—831‘

(-]

2

-1 [7/—83rjlnt—7tz+83t]+c
121 2 4

:1:(;(4—1135)2 —83(4—11x))1n(4—11x)

—%(4—11x)2 +83(4—11x)]+c

_ (%(16—8835+121x2)—332+913x)1n(4—11x)
—Z(16—88x+121x2)+332—913x]+c
=1 [(847x2+605x 276)In(4 - llx))
121 2

817 x’'—759x +304}+c

8 szlnxdx u=Inx
dv
a—xz

:xslnx—fxzdx du _ 1
3 3 dx «x
y=%
3
x—lnx——+c




J(z — x+ ) In(3x) dx = 1n(3)
%=2—x+x2

_ . x2 x3 —
= [Zx =5t 3]In(Sx)

o504

2 3 2 3
:(Zx—x+x)ln(3x)—2x+x—x+c
2 3 4 9

Exercise 9P
jlogxdx u=logx &
dx
1 du 1
=xlogx — | ——dx cu = v=x
] In10 dx «xInl10
=xlogx -~
g In10
10 dx =1 ﬂ_l
g u=logx =
=xlogx— | — du _ 1 y=y
dx «xIna
=xlog,x—* +c¢
Ina
3 jarctanxdx u = arctan x
E =1
d 1
= xyarctanx — ;dx aMI , V=x
1+ I+x
=xarctanx—gln|1+x2|+c
4 jarccosxds 1 = arccos
LI
=
:xarccosx+fxdx du__ 1 p=x
/ 2 dx 2
I-x 1-x

1
:xarccosx—% 20-x%)2+¢

=xarccosx —\1—x> +¢

5 ij arctanx dx

u = arctanx
dv =2y
dx
du 1 —
= x? arctanx — R v=a
1+ 1+ x
= xarctanx — J - dx
1+ x
= xarctanx — x + arctanx + ¢
=(x*+1)arctanx —x+ ¢
szarcsinxdx u = arcsinx
dv
= x?
— du _ 1 x3
—xfarcsmx dx o p=*
3 34/1— x X 1- xZ 3
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WORKED SOLUTIONS

Lett=1-x % =—2¢
dx
- xdx="tdr
2
x¥=1-t

J\/: dx—f “(‘ )dt— (t2 t%)dt

1 3 3 1
:;1 2t2_gt2 +c=l ltz_tz +c
6 3 313

1
=ét5(t—3)+c —é\/l—xz(l—x2—3)+c
=§(x2+2)\/1—x2 +c

3
fxzarcsinx dx= %arcsinx + é(x2 +2N1-x* —¢

Exercise 9Q
sze"dx u=y e
dx
:xzex_fzxexdx %zzx v:ex
= x'e’ — 2xe' + 2" + ¢ %:2 y=e
dx
=ex(x2—2x+2)+c
2 j(x2+1)81mdx u:x2+1
% = sinx
= —(x¥*+ 1) cosx + focosxdx % =2y
v =—Ccosx
= —(x*+1) cosx + 2xsinx — u=2x
dv
J 2sinx dx &~ cosx
= —(«*+1) cosx + 2xsinx + % =2
2cosx + ¢ v = sinx
= (1 — x?)cosx + 2xsinx + ¢
j(Zx — x*)cosxdx u=2x—
% = cosx
(2x — )sinx + j (2 2psinadx o =2 - 2x
v = sinx
=(2x—F)sinx — (2x—2)cosx u=2x—2
+ JZcosxdx
= (2x — B)sinxy — (2x — 2)cosx du =
+ 2sinx +¢ dx
= (2x — x*+ 2)sinx + V= — COSX

(2 — 2x)cosx + ¢

Worked solutions: Chapter 9




J(I + x — P)erdx

=%(1+x—xz)e2"+
J(Zx—l);ez"dx

—(1+x x)e*
+ler-ner- JZ e dx

LA +x—x)e>+
2

l — 2x_l 2x
4(Zx De L€ +c

Je(x—xtx

1 1
2Tt
=%e"(2x—x2)+c

j(ZxZ + x + 3) cos (2x) dx

= % (2x* + x +3)sin2x —
;j(4x + I)sin2x dx

= %(sz + x + 3)sin2x —
;[21 (4x +1)cos2x +
jZ cos2x dx]

= (2 + x + 3)sin2x +
i (4x + 1)cos2x — %sian TIPS

u=1+x—x*
ﬂ— 2x
o ¢
d
T=1-2x
y=1e¥

2
u=2x-1
Q:lezx
dx 2
du _ o
dx
V:lezx

4
u=2x+x+3
ﬂ—cos(Zx)
dx

=4x+1
I%sin(Zx)
u=4x+1
& = sin2x
dl:4
dx
v=—%c052x

=%(2x2 +x+2)sin2x+%(4x+1)c052x+c

szsin(l — 2x)dx

= %xzcos (1-2x) -

jxcos (1-2x)dx
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u=x
% = sin(1 — 2x)
E =2x
-_ !

T2

cos (1 — 2x)
u=x
dv _ _
4, = cos(1 —2x)
du _
Pl
v=—sin(1- 2x)

WORKED SOLUTIONS

= %xzcos (1-2x)-
[—;x sin(1-2x) +

J;sin(l—Zx)dx]

= %xZCOS(I—Zx) +
%xsin(l - 2x) -

icos(l —-2x)+¢

:%(238 —1)cos(1—2x)+%xsin(1—2x)+c

dv _ R
Jf&‘dx u= xZ 373
du _ _i
TE J In3 PR
= u=2x Y- 3
1n3 (1113) i dx In3
u _ _ 3"
dx 2 v= 2
JZ 3" dx (In3)
(In3)°
:x23x -2x. 3 + 2.3 +c
In3 3’  (n3)’
[¥*(In3)’ - 2x1In3 + 2] + ¢
(1n3)
j(l-'_xs)ede u=1+x‘3%:e%
du _ P
a = 3x v=2e2

R

= 6x*

u =e
du x
—=12x v=2e2
dx

&l

:2(1+3c3)e§—f6x2e;dx

=2(1+2) e — 12222 +

jz4xe;dx
=2(1+x)er - 12¢e +  u=24x L=
48xe;—J48e;dx =24 yp=2e2
—2(1+2) e — 12222 +
48xe? — 96e2 + ¢
= e2[2x° — 1242 + 48x — 94]
+c
J(x3+x2) sinSx dx u=(0+ %)
dv _ .
a—sme
du = 32 + 2x
dx
v="lcos5x
5

Worked solutions: Chapter 9




= -1 (@ + x)cos5x + u=23x+2x
° @ =1 cossx
f(3x2 + 2%) é cos5x dx de 5
= 1 (@ + x®)cos5x + W = 6x+2
5 dx .
L 3%+ 22)sinS - = 55Sindx
f (6x+2) L sin5xd
= =1 (¥ + x®)cos5x + u=6x+2
1 ; . @ = L ginsy
E(3x2 + 2x)sindx + dv 25
é(éx +2) cos5x — du=6
6 cos5x dx v= 1 cos5x
125 25

= 1 (¥ + x®)cos5x +
5

(3 + 22)sin5x +

L(éx + 2) cosdx —
125

6 sin5x+ ¢

125
= é (=253° — 2522+ 6x + 2)
cos5x + é (75x% + 50x — 6)sin5x + ¢

10 jx“cosx dx

dv
u=x* —=cosx

dx
d _ .
=x“sinx—J4x3$inxdx au 4’ v =siny
= x*sinx + 4x°cosx —
jl 2x*cosx dx
= x*sinx + 4x3cosx — 12x%sinx
+ j 2dxsiny dx
= x*sinx + 4x3cosx — 12x%sinx
— 24xcosx + j24cosx dx
= x*sinx + 4x3cosx — 12x%sinx
— 24xcosx + 24sinx + ¢
= (x* — 12o2 + 24) sinx +
(4x® — 24x)cosx + ¢
11 Jﬁe”xdx u=2x %= e
d
au: SxA — l e2x
2
= 1yse2r — | 5,de2dy u="2x" dv _ e
2 2 2 dx
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WORKED SOLUTIONS

du 1 2
—=10x° y=_¢**
dx 2
=Lyser =2 yie> +J5x362"dx u=>5  dr=gex
2 4 Aa
d
Eu: 15362 y= Ie2x
. . . d
=lyer—xte" +2x% u=Dy? T=ex
2 4 2 2 dx
—jlzsxze“dx .
u
L=15x y=le”
_ 1 2 O 4oy D 3.9 _ 15 dv 5
= - = + = X - 2 2= e
5 xe 4x46 2x3e u=-x -=e
15
— Dyoer 4 fxez"dx
4 2
du 15 1 2«
- = — Y= 7e
dx 2 2
Useax 5 janzey S 3000 15 000 15 15
e I + = x . x4 = X — Y a2x
2x5e 2 x'e sze 4xze L Xe . €
2x
e
= (4x° — 10x* + 20x° — 3042 + 30x — 15) + ¢
Exercise 9R
1 jsinxe" dx u = sinx % =e*
du = Ccosx y=¢€*
dx
. d
= e*sin* — Jexcosx dx u=cosx d—v =
X
W= siny v=e
dx
= e*sinx — e*cosx — fsinxe" dx
2jsinxex dx = e*(sinx — cosx) + ¢
jsinxe"dx = %ex(sin x—Ccosx)+c
d
2 Jez"cosx dx u=e* é = COSx
du = 9ex v = sinx
dx
= eZsinx — jZez"sinx dx u=2e* % = sinx
du _
du _ 4o =
i 4e2~ VY= —Cosx
= e¥sinx + 2e*cosx — J4ez" cosx dx
SJez"cosx dx = e (sinx + 2cosx)
Jez"cosxdx = éez”(sin x+2cosx)+c

Worked solutions: Chapter 9




u = cos3x D et

3 jcos 3xe* dx
dx

du .
= = —38in3x , = Letr
v= e

dx
dr 40 — 1 adx — 3 dv _ 4
cos3xe* dx = te*cos3x wu=sin3x —=e
4 4 dx
3 gin3yedt du _ 9 0s3x = Lletr
+J4sm3xe dx &4 3x v 4€

. 9
= ie4"cos3x + %e4"s1n3x - Jlécosl’»xe“"dx

25

cos3xe¥dx = % (4cos3x +3sin3x)

Jcos?)xe‘*"dx = %“(4 cos3x +3sin3x) +¢

4 jsm(z") dx = fsian- e*dxu = sin2x dr — e
. dx

du —_ —X
— = vy=—€
o 2cos2x

iy _ d
= —e %sin2x + choste *dx u = 2cos2x d—v =—e*
X

du . R
i = 4sin2xv = —e
= —e*sin2x — 2e*cos2x — J4sin2xe"‘ dx

SJsmf" dx = —e™*(sin2x + 2cos2x)
e

x
e

‘,'jsian dx :%e’*(sin2x+2c052x)+c
Exercise 95
1 jx\/x+2dx u=x+2 dx=du
:J(u—Z)u;du
:J(uz—Zu;)du
:zug— :
5
_ 2 i
=u (Bu—-10)+c¢
3
:%(x+2)5(3x—4)+C
u=1-2x

x=, (1-u) dr=- du

2 j3x\/1 —2xdx
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WORKED SOLUTIONS

:_—S(IOu%—6u§)+c
60,

= (5-3u)+c
10

3

:%(;23‘);(2+6x)+c=—§(1—2x)3(1+3x)+c

3 ijZ\/3+4xdx u=23+4x
¥=,@=3) dr="1du

_(5,._ u?

—Jlé(u 6u+9)4du

5 s 3 1

= e (u2—6u2+9u2>du

:i(gu%—2u2+6u2)+c

64 \7 5

:$(10u2—84u§+210u%)+c

3

= (512 —42u+105)+¢
224

:% (5(9 + 24x+16x%) — 42(3 + 4x) + 105) + ¢

_G : 244’02 (24— 48x +80x%) +¢

4 x3Yx+3dx
=Ju=x+3dx=du
1 4 1
= J‘(u—3)u3 du (u® —3u®)du

1y 4
ul—Zud+c
4

~ | w

4

_3u5 .
—2—8(414 2D +¢

4
=%(x+3)§(4x—9)+c

u=x+1 dx = du

5 Jx2\4/x+ldx
x=u-—1
:J(u2—2u+l)u‘l‘du :j(u4—2u4+u4)du

13 9 5

= A Byt
13 9 5

5

=27 (4507 ~130u+117)+c¢
585

Worked solutions: Chapter 9




—%(x+l) (4524 — 130u + 117) + ¢

—%(x+l) (45x*—40x +32)+¢

jx3§/1_—xdx u=1-x dx=-du

x=1-u
1

:—J(1—3u+3u2—u3)u5 du

11 16

= —J(ué—&tg +3u” —u?)du

6 u 21
s+ 5y 5—15u +5u +c

5
6 11 16 21
=~ 5 45(616—-1008u+693u> —1761°) +¢

3696
=3 (- %) (616-1008(1— x) + 693(1—2x + x°)
-176(1-3x+3x> —x*))+c¢

_%(lzsﬂsoxﬂésxz+176x3)+c

Exercise 9T
1 Jcos3x dx = J (1 - sin?x) cosx dx

= J(cosx —sin’x cosx) dx

. I .3
=Ssmmx—-sin” x+c¢
3

2 Jcos4 xdx= J(cos2 x)? dx

- [ as

— j1+2c052;c+c052 2x dx

J( += c052x+— 1+C;’S4")dx

J( + Leos2x + 1 cos4x)dx
=3y
8

+ Lsin2x + Lsindx+c
4 32

3 Jsins(’s‘) dx = J (l—cosz(’s‘)J251n( ) dx

= J(sin"—Zcos”sin’%cos“xsin") dx
5 5 5 5 5

—5c08*+10cos®* —cos’ X +¢
5 3 5 5
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WORKED SOLUTIONS

j48 cos® (2x) dx = f48(c052(2x))3 dx
— J<48(1+C054x)3dx
2
= J6(1 +3cos4x+3cos’ 4x +cos’ 4x) dx

(6 + 18cosdx + 9(1 + cos8x)
+ 6cos4x(1 — sin?4x)) dx

= J(IS +24cosdx+9cos8x —6cosdxsin® 4x) dx

= 15x+6sindx+2sin8x—Lsin®4x +c¢
8 2

Exercise 9U

j\/4—x2 dx x=2sinf dx=2cos6dO
4-x*=4-4sin’0=4(1-sin’0) =4 cos? 6O

V4 —-x* =2cos0

J\/4—x2 dx = JZ cos0. 2 cosf do = J4 cos’0do

= JZ (1 +cos20)do

=20+ sin20+ ¢
=20+ 2sinOcosO + ¢

0= arcsm % cos0=1-sin’0 = 1—L _ V4«
4 2
J\/4—x2 dx =2arcsin§ + §\/4—x2 +c

dx x=secO dx=secOtan6do

1
\/xz—l
x> —1=sec? - 1= tan?0

Jx*—1=tan6

Jso=
=Jsec 0do
=InsecO+tan0 | +¢
= 1n|x+\/ﬁ|+c

jm dr x=3tan6 dx=3sec’0do
x4+ 9 =9(tan’6 + 1) = 9sec?6

Vx*+9 = 3secO
J\/xZ +9 dx = jS secO 3 sec?0 do

= J9 sec’0 = 9J sec Osec? 0do

secO tan6 dO

Using integration by parts:
u = sech ﬂ:secZQ
do

d

d—” =secOtand v = tan6
0

Worked solutions: Chapter 9




Jsec30 d0 = secO tan0 — fsec@ tan’6do
= sec6 tan6 — Jsec@ (sec?0-1)do
= secH tanf — Jsec2 0do+ Jsec@ do

ZJsec3 0dO =secOtanO + In| secO + tan0|

1
.'.jsec39 do= 5 secOtan0 + % InsecO+ tanO|+ ¢

.'.J\/x2 +9dx = % secOtan6 + % In| secO

+tanf |In+ ¢
+c

j\/x2+9dx=;x\/x2+9+zln
% xVx*+9 +%1n |\/x2+9 +x| +k

Vil 49 +x
3

dx x = 6sin6 dx = 6cos0do

J -

\J36—x* = 6c0s0

j 3 dx:J3.6c059d9: 3do
36— x> 6cos6

=30+¢
=3arcsin§+c

5 j3\/x2 —16 dx x=4secO dx=4secHtan0do
x*—16 =16 (sec’0—1) = 16 tan?6

Jx* =16 = 4 tanb
jS\/xz -16 dx = letanQAsecQtan@ de

= J488€C9 tan’0d6o

= f48sec0(sec2 0-1)do

= [(48sec’ @ —48secd) dO
(see qn. 3 for fsec39)

=48 (%sec@tan9—§1n|sec9 + tan9|)

—481n |secO + tanf| + ¢
= 24 secOtanO — 24 In |secO + tanf| + ¢

= 6xi J¥—16 —241n
X2 =16 —241n |x+ Vx* —16| + &

2
Xy N oIehy
4

N | W
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WORKED SOLUTIONS

5 = = 2
6 jmdx x=11tan0 dx=1lsec’0do

x*+ 121 = 121(tan?6 + 1) = 121sec®0

Jx® +121 = 11secO
5 — 5 5
jm dx JIISCCQ. 11sec’0do

:JSSCCGdQ

=51In]|secOd + tanf|+ ¢

— 51 VX' +1204x| 4
11

=5In a2 +121+x| + &

2 _9 _9
7 dex x—251n6 dx 2cos0d9

81 — 4x* = 81 — 81sin%0 = 81cos?0

\J81—4x* = 9cosO

2 - 29 -
dx = Zcos0 do= [1d6
JV81—43€2 * j’)cos@ ZCOS

=0+c

)
= arcsin ;x +c

8 j\/3x2 ~75 dr =3 (X' =25 dx

x = 5secO
dx = 5secOtan6 doO
x*— 25 = 25(sec’0— 1) = 25 tan’0

J\/3x2 —75 dx =3 JS tan6-5 secO tanf dO

=3 jZS secO tan’*0 do

=3 |25 secO (sec’0— 1) dO
(see qn 3 for jsec3 de)

=253 [ LsecOtanf + ! In|secO +tan 6|
2 2 +c
— InlsecO +tan 6|

= #(sec@tan@ —InlsecO +tanf|)+c

_ 253 (x V¥’ =25 _ In|x+\/’;2‘25|)+c

2 s 5

= %x\/xz -25 - # ln|x+\/x2 —25|+k

7 1
—l _dx=7| —d
j\/7x2+28 [j\/xz+4 *
x = 2tanf dx = 2sec’0 dO
x’+4=4(tan’ 0 +1)=4sec’

Vx*+4 =2sech

Worked solutions: Chapter 9




T dqy= L 5am?
j e dx ﬁstecQ sec’6do
= \/7 Jsec@ do

=\/71n |secO + tan Q| + ¢
:\/7111 Vel +4 +x
2

=J7 In |\/x2+4+x| +k

+c

Exercise 9V

1 7
p

0| x X

P(x, sinx)

A = (n—2x) sinx

Max. area = 1.12 when x = 0.71046

length = 7—2x=1.72

height = sinx = 0.652
2 A(l,-1) P (x, cosx)

AP = J(x—1)? +(cos x +1)’

Min. distance = 1.11 ( at the point (1.78, —0.025))
3 a

N R
N[ R

N[

A
In A AOC, angle AOC=7-«
area A AOC = % .10.10 sin (7 — )

=50sin a
Similarly, area AOB = 50sin
In A BOC, angle BOC = 27— 2a
area BOC = - 10.10 sin (27~ 207)
=-50 sin2a
. area ABC = 50 sina + 50 sina — (-50sin2 )
A (a) =100 sina + 50sin2a
=100 sina + 100 sinacosa
A (a) =100(1 + cosa) sina
b For maximum area, oo = 1.05

4 a =2 .15 we require t to be a minimum
gsin 20
0=0.785="7
b 6=0.7854 1=
cos 6

= 21.213m (nearest mm )
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WORKED SOLUTIONS

— ol Tt Tt
d@) = sm(z) + cos(z)

— 7 oos7) 7 gin(7*
v(t) = . cos(6) p s1n(6)
sin(”—t) e cos(”—t)

6/ 36 6

ca@)= _3—”62d(t)

2
-
a®)= 3%

.. acceleration is proportional to displacement.

b Max. speed = 0.740 ms™! when ¢ = 4.50s (velocity
in negative and a minimum at this time).

6 Min. height = 1.82m when x = 1.31m
-. the first pole is nearer to the point of minimum
height.

Exercise 9W

1 a Y,

AP
N

y = cos(x)

cosxdx = [sinx]2

H
o

= sin (‘7) _sin (-7)
= 1-0=-1
J3 cosx dx = [sin x]i =sin (%) —sin (?)

2

_5,
= 2+

3

.. total area=2+§

b % ¥ =sec’()

1
r 9 & X
i r

4
4
Area = ZJ secx dx
0

= 2[tanx]0%

=2tan " =2
4

Worked solutions: Chapter 9




y = 2sin(2x)

oy
ST
>

0
j sin2x dx =[- cost]

z
3

=—Cos 0+cos( 23”) =—1+(—1)=—%

3
P z
j 2 sin 2x dx =[—cos 2x]g
0
_ T _ 1 _1
=—cosZ+cos0 =——+1=—
3 2 2
area = 2

1

14 1
y=3 cos(3x)

3

JZ Lcos3xdy = 1[sm3x] -
573

18

(51n3i sin 5”) = l(—1—1) =-1
9 2 6/ 9

3 , 25
j Leos 3xdx = Ysin 3x]; :1(s1n27r sin 7
3 2 2

z 9 9
2
=10-(-1)=1
9 9
area = 1 + 1_5
6 9 18
e )/

J_24tan( Jdr= 8[ln‘sec
et

.
=8(1n2—1n(ﬁ))

e 5]
V3
= SInE = —81n\E = —41n(%)

area=4 In(g)
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WORKED SOLUTIONS

a

14 y = cos(x)
1

2
0

W[y
(ST
>

T

3
Area = j cosxdx—-=
6
0

s
=[sinx]? -2
sina]f -~
=sin® —-sin0-%

3 6
=
2 6
b A y=tan(2x)
V3
0 X
6 4

T

Area = ”f— fztan 2x dx
0

_m3 [llnlsec(Zx)q6
6 2 0
_mf l[ln‘sec” —In|sec 0|]
5 2 3
=m0 (In2-1n1)
:i 11n2
6
¢ )/
27 14
3
T T X
-7 Al
2
_ 38
sy T2
y = 3sin(x)
3sin* =333
2 2
sin":—‘/3
2 2
X__7
2 3
x=—_27%
3

Area—3( )3 37 -3

Worked solutions: Chapter 9




WORKED SOLUTIONS

d Iy 2.57915
7 5 Area:f , 34 =1.55
y=2005(2x—%) 24— o |251nx—62 —l|dx
14 y=\/§ = 8 :i
& v 4+x° Y 4
11 a0 z X :
6 24 6 a 8 =X =32=4x" +x*
i \/E 4+x 4
2cos(2 ——):
s X +4x*-32=0
2x-e=1 (x*+8) (x*-4)=0
2x:% =4, x=42 (2,1),(=2,1)
_ s 2
T b,c Area=f( LI —x)dx
Sn L\4+x 4
Area = 242cos(2x—5)dx—5—”(x/§) 8 A T
0 6 24 = [7 arc tan(f) _7}
. 2 2] 121,
N z\|*% 57
—[51n(2x—6)l) _Z(ﬁ) =(4 arctanl—%) - (4 arctan(—l)+§)
zsin(l)—sin(—l)—s’“/E :(42_2)_(_4£+2)
4 6 24 4 3 4 3
_\2+1_ 512 Pt
2 24 3
e tan*=1 i
3 5 Exercise 9X
gzg 1 a v= njzcosxdx :ﬂ[sinx]l?:ﬂ(sinﬁ—sinO)
x:E 0 2
2 - v=r
Area =L\f— 2 tan® dx 3 x
23 . 3 b v= nJ sec’x dx = z[tan x]* =7r(tan%—tan0)
% 0
=7 _|3] x _
243 |: n‘secﬁ :lo vor sr
=”—3(ln‘sec” —Inlsec 0|) c v= ﬂjhcoszx 2dx :% jb(l + cos2x) dx
243 6 z 5
=" _3In2 r O
PR ="\ x+Lsin2x
2.51327 2L 2 %
3 Area:jo (COSE_Coszx)dx =2.38 _7[_(57[+1 . 57[) (7[ 1. 7[):|
=22+ =sin2Z |- (£ +=sinZ
4 dl:seczx 2\ 6 2 3 6 2 3
dx _
. _x[s5t_\3 z_ﬁ} :ﬁ[zi_ﬁJ
(z,l)ay:z 2l6 4 6 4l 203 2
. (7B
Tangent:y—l=2(x—2) —”(3 4)
y:2x—5+1 d v= nﬁa sin’x dx =’2’j3(1 — cos2x) dx
if y=0, Zx:%—l o W e
) =2 x—lsian}
x:E—, 2_ 2 %
4 2 )
B _ (M_lsinw)_(ﬂ_lsmn)}
Area =J4tanxdx—l(1) 2l\3 273 ) 3 27
2 \2 _
0 _7|2r ﬁ_£+73}
=[In|secx]! —i=ln‘sec%—lnlsec OI—i 2L3 4 3 4
_z(£+£)
zlnx/_—iZ%InZ—— 2\3 2
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2 a v:njsinzydy:ZJ(I—cosZy)dy

1

I O
—E[y 2s1n2y}0
:”[(l—lsinZ)—O}
2 2
=£(1—lsin2)
2 2

b y=arcsinx, 0<x<
=x=siny, 0<y<

5 —

(S S

v= njzsinzy dy = % Jz(l — cos2y) dy

0 0

y =sin(x)

z
32

14
y = sin(2x)

v= nr(sin2 2x — sin’x) dx
0

3
j (l—lcos4x—l+10052x)dx
o \2 2 2 2

= ’zfja(COSZx — cosdx) dx

. . 5
= f[ls1n2x —ls1n4x}
202 4 .

zﬁ[lsinzi_lsini”]
212 3 4 3

:%(£+ﬁ):3ﬂﬁ

4 8

16

y = arctan x

T
231442 %

v= 7TJ<. ((arctanx)z—(eg—l)z)dx:2.35
d y=arctanx=x2 + 1 x = tany

y=e —le =y+1x=3In+1)

y= nj  (Gln (y + 1)?— tan?) dy = 4.18
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WORKED SOLUTIONS

Exercise 9Y

(x—4yY+(@y+3yl=4

(y+3¢P=4-(x—4)y
y+3=44—(x—4)
y=-3+4—(x-4)

v=a ((-3-Va—G—ay) ~(5+JaGay) Jax
= nf(u 4—(x—4)2)dx

= 127[J 4—(x—4) dx

Letx — 4 = 2sin6 dx = 2cos6 doO

x=2=sinf=-10=-"

x=6=sinf=1=0=

4—(x—4)* =2cosd

NMN‘

y= 127rj2 2c0s02cos0do

NERRIE]

=24r | (1 + cos26)do

- 247{9 +1sin 29}1

y = 247

2 (x—4)yY+(+372=4

(x—4)7?=4-(y+ 3)?
x—4=%4-(y+3)
x=4+4-(y+3)

p= nL ((4+\/4—(y+3)2 ) —(4—Ja-(y+3y )) dy
= ﬂf_116\/4—(y+3)2 dy

Lety+ 3 =2sinf dy=2cos0dO
y=-5=sinf=-1=0= 7§

T

y=—1=sinf=1=0= 5

J4-(y+3)* =2cosb

z

v= 167:J2 2c0s02cos60dO = 327%(see qn.1)

Worked solutions: Chapter 9




WORKED SOLUTIONS

3 ) ay=9 2 siny+e*=1=cosy-y +e”*-2=0.
,_ —2e™
/; =Y " cosy
T T T T — A —2 —
$ 219 12 8% =m=y(0)=_15=-2
27 T:y-0=-2(x-0)=y=-2x
P=9—x 3 sec’?xdx =[tanx]: = tanm — tan%
3 z 4
:ﬂJ(g_xZ)dx =tanm—1=2[£fl]
. 2 2
3T B _ _ i
:”[936_::3} = tanm — 1 =3 lztanm—\/gzm—E
7 4 a J(Zx—S)ezxdx = Let2x —-5=u 2dx=du
27-2)—|27+% o = 1 _
3 e*dx = dv 26 =7,
y=236n Zx—Sezx _ |exdx = (x _ E)e2x _ lCZx +c
2 2 2
4 Y =(x = 3)e* +¢
34 , b
M+ 9y7 =36 dv = cosxdx | sign
1_
/\, u=x2-5 v = sinx +
}Qi 12/3%
2x —COSX -
34 2 —sinx +
4 +9y =36 (x2—Sx)cosxdx:(xz—Sx)sinx
2= - .
y =4 +2xcosx —2sinx +c;

V=T f (4—7 )dx
) [ o3
3 3
= ﬂ[4x—4x}
27 |,

= 7[(12-4)— (-12 + 4)] = 167

5 x2=9—Zy2,v=7rJ (9—9y2)dy
_ 3.5
_”[9y 4yL
7[(18 — 6) — (18 + 6)] = 24~

Review exercise
f(x)=(2x+3)sinx 5
= f'(x)=2sinx+(2x+3)cosx

X

1 a
A=

b g(x)=e"cos3x

= g'(x)=e*cos3x+e"-(—sin3x)-3
=e" (cos3x —3sin3x) 2

=H(x) = seczx x 241 Jtanx - (-2x7)

_ x-2sinxcosx

2x° cos® x
_ x—sin2x

2x° cos” x
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6 Thecurve y=e

:(xz —5x—2)sinx+2xcosx+c

dv = eXdx | sign
u = cosx v =geX +
=3sin3x e -
-9cos3x e +

fe" cos3xdx = e*cos3x + e*3sin3x

- 9Je"cos3x dx.
10 [e* cos3xdx = e* cos3x + 3e* sin3x
= je"cos3x dx = %(cos3x + 351n3x)

1d2:7_d-ﬂ
dr dt

:>——\/_ 0.2= */_cmz/s

2x-1

is given.
y ZxI:y 2x1‘2
m=y(x)=e*"2=T:y—y =m(x—x,)
y=2e""(x—x)) + y, =

y =2e""x-2e"" x, + e’
0

62”‘>‘1(—2x0 +1)=0=>x, = 1

2
T:y=2x

Worked solutions: Chapter 9




1

b j2(62x—1 _ Zx)dx _ Bezx—l 42 :
0
1
2

1

c jz((e“‘l)2 ~(2x))dx = ”J (e — 4x?)dx

0

1
_ 71.[1643(—2 _ éxs]z
4 37,

- ﬂ(l _1 _%): (e?-3)m

4 6 4de 12¢*

7 Let x =3cos0 = dx =-3sinfdO, 0= arccos(gj

J9 - x> = /9 - 9cos’ 6 = 3sin6
f\/9 ¥y = —9Jsin29d9 - 9J =2 de

— _9[% : sir;ZO]

sm[arccos ]cos(arccos[gn - garccos(g) +c

N o

2

= §\/9 - %arccos(gj +c
8 a y,
1 ,//
/
10 / 1 4 X

b yzln(Zx):x:%ey, x=1=y=In2

Tl -
B _1 5 In2
- ”[y 8¢ y]o
- ﬂ(l 2 _ 4;1) (81n2-3)
8 8
9 a SZJthZJ 5e 3dr =5 —%e%]
1 _2k
s
b 11ms—11rn(15 15(=,'23k]:15—0:7.5m
== 2
10 x°y’ = cos(zx) = 2xy° + x?3y%y’ = —sin(7x) - 7

21(=1 +12-3(=1) - m,. = —sin(z) - 7
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WORKED SOLUTIONS

Review exercise

1 We need to find the zeros of the second derivative

of the function y = x*sin2x, -1 < x <1. We
store the variables a and b and then to find the
y-coordinates of the points of inflexion we input
those values of x in the original function.

\ 3ix}=cen 'J'.i'.L"ll".1lf'J.'1:; ].rlllr-.l'
1-0.76, -2 529
\ |J.}1/n smz-ﬂ
&
I—N -:? f
\ Mlx)=x= sinl 2-x) \"
e : X\
A\
1
a» & &7 |
1.2
#ilal 057674 |
riial ]
f}'b] 0.57674
|
3-*?:-]

So the points of inflexion are
(-0.760, —0.577), (0, 0) and (0.760, 0.577).
sin x

y3=cosx = 3y?y' =—sinx = y' =-— =
y

When x =1= y’ = cosl = y =3/cosl = 0.814

sinl
=- -0.423
" 3R/cos’1

T:y—-0814=-0423(x -1) =
y=-0.423x +1.24
Checking:

First we find the explicit form of the curve and
graph it on a GDC. y* = cosx = y = /cosx

y=—0.42c+]1 24

{1.02814)

7 e T s e, OO e, W

fllx)m 3 cosly)

Worked solutions: Chapter 9




WORKED SOLUTIONS

3 Find the value of g, 0 < a < 1, such that 5 First we graph the functions and identify the region.
j Y dx = 0.2709 Then we find the point of intersection between
A the curves and store the x-coordinate to a variable
‘ called d.

V1-x? <
=0.2709 Jo"’m

v=n| (cos’x—(e"—1)")dr =131

j L dx =[arcsinx] = arcsing — arcsin a2
@

We use a GDC to solve this equation, ¢ = 0.500.

The result can be obtained directly on a calculator
by using numerical integration.

nSolveEmll. W) -zin J]E::I-'.'l E?D?.a] fﬁ':x'l- - b S {6,601 .|
{ Wl - . 0 835
0 499843 ha iy .
- e 4 ] %
1 o4 e
n"bc-l\'e‘n]nt{ _x,rz,r =0} 2'.'-'09.:1 > ol s x|
= - el
\ ljl—x" ! | - Py o
0 499348 ' _ ~ 1 1
——p §
i 15{x)=e™41
29|

5 d 1.31065 |
10km w | st} Jix
9 - O
0 |

X tan€  tan54°
tand =10 = sec2g . 49 = 10 . dx

X dr x dr =

2 2 2 2 ° 120
dv _ _x'sec’@ dO _ 727 -sec” 54 . —_0.267 km™ ]
dr 10 dr 10 180

—X
tan|54°)

(7 265425280054)% [secl542))% =

1B00
| 0 .‘Mué.!_
0. 266646258 108096 3600 959 985
|
5|

So the speed of the plane is 960 km/h.
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