Exponential and Logarithmic Functions - CHAPTER 7

m EXPONENTS

In §5.3.3 and §5.3.4 we looked at the exponential function, f(x) = a*, a >0 and the logarithmic
function, f(x) = log,x, a >0 and considered their general behaviour. In this chapter we will

look in more detail at how to solve exponential and logarithmic equations as well as applications
of both the exponential and logarithmic functions.

7.1.1 BASIC RULES OF INDICES

We start by looking at the notation involved when dealing with indices (or exponents).
The expression

axaxax...xda
~=— 71 times —»

can be written in index form, a” , where n is the index (or power or exponent) and « is the base.
This expression is read as “a to the power of n.” or more briefly as “a to the n”.

For example, we have that 35 =
index).

3 x 3 x3x3x3 sothat 3 is the base and 5 the exponent (or

The laws for positive integral indices are summarised below.

If a and b are real numbers and m and n are positive integers, we have that

Law Rule Example
1. Multiplication [same base] caMmx gt = gnh+n 34 %36 = 34+6 = 310
m
2. Division [same base] ca =gt = El-; = qgnh—n 79 +75 = 79-5 = 74
a
3. Power of a power [same base] ~ : (a”)" = g™ *" (23)5 = 23x5 =215
4. Power of a power [same power] : g x b = (ab)m 34 %74 = (3 x 7)4 =214
m m 3
5. Division [same power] g pm o= (i.;’ - (%) 53.73 = <§>
6. Negative one to a power S (1) = J I ifnisodd (=1) (-1)
1 1 ifniseven (=1)2 = (-1)* = =1

There are more laws of indices that are based on rational indices, negative indices and the zero
index. A summary of these laws is provided next.
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Law

1 Fractional index Type 1
- [nth root]

Rule

cal" = 1fa, nEN.
Note: if n is even, then a = 0.

Example

813 = 3/8 =2

(=273 = 3/-27 = -3
if nis odd, then a ER.

s qmnin = 11/071

Note: if n is even, then a™ =0
if nis odd, then a ER.

2. Fractional index Type 2

1634 = 4/163 = 8

o :a*'=l,a=0 21 =1-0s
3. Negative index a 2
a*”:%,a#O,nEN 3‘2=3l2=$
4. Zero index ca® =1,a=0 120 = 1
Note: 0" = 0,n=0
We make the following note about fractional indices:
m 1
As’ﬂ=mx%=}lxm,wehavethatf0rb20 i. br o= no= (pmyn = Afpm
n
m Lem N
i, bno=pn "= (bn) = (3/b)"
m
Then, If b=0,then b" = ’k/b_m = (’L/Z)m,mEZ,nEN

m
If b <0, then b"

o = (b)), mEZ, n€E{1,3,5,...}

m Simplify the following

2\ 2 n+1 2
<4i) x(2x3y)3 (b) u

@5 3

22
@) (‘5‘—;‘4) x (2:%y) =

4252 %2
52y4><2
_ 16x*
T 258
128
25

3n+14+32  3(37+3)
3 - 3

x23x3x3y1x3

(b)

x 8x9y3 =37+3

x4+9y3—8
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m Simplify the following

4x?(oy ) x4yt
ATV ) b L
@ (=2x2)3(y2)2 (b) x 1yt
@ 4x2(—y )2 A4x2xylx2 22
(=2x2)3(y2)2  —8x2X3xy2x2  2xby4
oy
T 2x6-)
6
T2t
1.1
—1 4 -1
i e (TR PR
xly- 1 Xy 1 x oy
Xy
=y+x
m Simplify the following
n-3 o gn+1 (a!/3 x p1/2)-6
@ g ®) 3a%50
adb
2n=3 y gn+1 2n—3x(23)n+1 on=3y23n+3
@ oo T 22Ty (22)2-n | 21y p4-2n
2n—3+(3n+3)
= 22n—1+(4-2n)
24n
T
= 24n-3
l><—6 lx—6
® (a3 x b2 43 xp? _a2xb
4/,8p9 - 1 B 9
a’b (atb)? a’bt

32
—ag22xp 4
21

—atbh 4

21
a*b4
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Exencises XK

Simplify the following
@  (3) <@y
@ (3 <@
@ ¥
Simplify the following
@ X ®)
@ s ©
Simplify the following
@ () @)
2
@ gn 2 73: +
® e
Simplify M

(xm)(n+ 1)y2 '

()
e
(h)

1 22x

(67"
(xy)°

64 x°
(b)
(e)

(h)

&iy%L
3a? 8a®
<%§f)2x 12y°
4y2 8x4

47+2_16

(©

®

32n % 27 x 24371

2w 42n+1
21-n
x4n?+n

(xn+1)(n—1)

()

®

®

162y+l

2n+1+22
2

374249
3

() 1

82y+1

27n+ 2
7T
(©
®

®

Simplify the following, leaving your answer in positive power form

(=3%4) x 32
N
x 2+ 2x7!
d roTar
@ x4 x2
Simplify the following
—1)2 4 (y2)-1
@ G0
xX2+y

(@ (x2-1)'x(x+1)

Simplify the following

(a) Sn+l_§n-1_179 y 5n-2

(b)

(e)

(b)

(e)

(b)

9y2(—x-1)-2
2727
(=2)3 x 273
(x-1)2x 22

(x¥?)2+2y
1+2yx*
(x-1)73
(x+1)1(x2-1)2

(©)

®

(©)

®

a*~Yxa’¥"ixa*=* (c)
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252n x 5l-n
(52)"
22n+1 g 4-n
(2m)
(39)(3**+1)(3%)
(34)?

(—a)’x a3
(b-1)2b-3

(x+h)!1—x!
h
y(x )2+ x!
x+y




