i

B ;’w X+iq, ~ h\ |

DN Nn

(a) Show that the points A (4, -1, -8) and B (2, 1, -4) lie on the

\ 2 -1
BN - line / with equation r = [ 1] + t( 1].
—4 2

(b) Find the coordinates of the point C on the line / such that
AB = BC. [6 marks]

(a) Find the vector equation of line / through points P (7, 1, 2)
and Q (3, -1, 5).

(b) Point R lies on / and PR = 3PQ. Find the possible
coordinates of R. [6 marks]

a (a) Write down the vector equation of the line / through the
point A (2, 1, 4) parallel to the vector 2i — 3j + 6k.

(b) Calculate the magnitude of the vector 2i — 3j + 6k.

N = /=

(c) Find the possible coordinates of point P on [ such
that AP = 35. [8 marks]

Solving problems with lines

fh In this section we will use vector equations of lines to solve
problems involving angles and intersections.

We will also see how vector equations of lines can be used to
describe paths of moving objects in mechanics.

7 Worked example 14.5
) R

[ 4 1 4 -1
Find the acute angle between lines with equations r = [ 1] + t[—l] and r = [ IJ + 7&[ 4].

—2 3 2 1
/
| ° a-b 4
;. We know the formula for the angle between two * cos=—-= ¢
do . |allb] ]
f vectors (see Section 13D) 1
1 * 1
Draw a diagram to identify which two vectors a® ::
}_ and b make the required angle i
3
‘
{4
if qi

|
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continued . . .

@

The two vectors are in the directions of the two *
lines. So we take a and b to be the direction
vectors of the two lines

()
We can now use the formula to calculate ®
the angle

The angle found is obtuse; the question asked for®
the acute angle

3
1—4+3 <
cos =
(1+1+9)V1+16 +1
2
Jivhe
6=982° 1

acute angle =180° - 96.2° = £1.8°

The example above illustrates the general method for finding an

angle between two lines.

KEY POINT 14.2

The angle between two lines is equal to the angle between

their direction vectors.

Now that we know that the angle between two lines is the angle
between their direction vectors, it is easy to identify parallel and

perpendicular lines.
KEY POINT 14.3

Two lines with direction vectors d, and d, are:
e parallelif d, =k d,
e perpendicular if d,+d, =0.

Parallel and
perpendicular

<1 vectors were covered <[

in Sections 13B
and 13E.
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Worked example 14.6

Decide whether the following pairs of lines are parallel, perpendicular, or neither:

. (2)..(4 2 1

i 1 (@ r=|-1[+A|-1| and r=| O |+p| -2

- 5 L 2 3 -3
1+

B 0 2) 2 1

z- (b) r= 0J+7{1J and r:[1]+t[ 0

= 1 1 2 -3

2 4 -2 -10
(c) r=[—l]+t[—6] and r:[ 0]+{ ISJ
5 2 3 -5

, o 4 i
‘\ Is d, a multiple of d,? (a) If (_1J - k[_zJ then
...| o & 2

{ 4=kx1=>k=4
1
—1=kx{-2)=>k=—
(-2)=k=3
- 4;&1
2

E .. They are not parallel.
4 ®

o 4 1
Is d-d, =02 [—1] [—2J=4+2—6=O

S 2)\=3
.: / .. The lines are perpendicular.
D)
e s d) a multiple of d,2° 2 1
1 b 1| 1|=k| 0] then
i 1 )

2=kX1=k=2
1=k X O impossible

i .. They are not parallel.

Is d,od, =08 [2\(1]
1 O|=24+0+6=6#0
2J 5

.. The lines are neither paral[el nor perpendicular.

- A HM""\—-.»A_.-\.A.. A A e tnn A A -“‘M—-.A..A.A.. A A tenitngn s o o Bne A

1 B
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continued . . .

()
Is d, a multiple of d,2°

| 6=kxBok=-2
5

2:I<><(—5)=>l<=—g
L 5

. The lines have parallel directions.

Check to see if they are the same *

. O
line

Point (=2 does not lie on the first line:

5
24+4t="2=t=-
—1—61;=O=>1;=—é

They are not the same line.
.. The lines are parallel.

\“"““—AMMJ e -“‘I‘I‘me

l c\\._hf"‘%__h‘_‘_u"_umh—.__h‘u‘mf .

\_

We will now see how to find the point of intersection of two
lines. Suppose two lines have vector equations r, =a+ Ad, and
r, = b+ ud,. If they intersect, then there must be a point which
lies on both lines. Remembering that the position vector of a
point on the line is given by the vector r, this means that we
need to find the values of A and L which make #, = r,.

In two dimensions, two straight lines either intersect or are
parallel. However, in three dimensions it is possible to have two
lines which are not parallel but do not intersect, as illustrated by
the red and blue lines in the diagram. Such lines are called skew
lines.

With skew lines we will see that we cannot find values of A and
W such that i =1, -

|
© Cambridge University Press 2012 / 14 Lines qnc@anes i pace I@
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Worked example 14.7

@
We need to make r, = r,*

P )
If two vectors are equal, then all their®
components are equal

Solve two simultaneous equations in two **
variables. Use eqn (1) and (3)
(as subtracting them eliminates 1)

We need to check that the values of A and *
u also satisfy the second equation
otherwise the lines do not actually meet

The position of the intersection point is
given by the vector r, (or F; - they should
be the same)

@
Make r, = r,*

Find the coordinates of the point of intersection of the following pairs of lines.

0 1 1 4 —4 1 2 2
@)r={4]+4}]Mﬂr:[ﬂ+ufd] @)r:[ q+tb]zmdr—[q+k(%]
1 1 5 -2 3 4 1 2

"FHE

O+A 1+ 4u
S —4+2k =|3-2u
5-21

O+A=1+4u
=1-4+2A=3-21
| 1+A=5-2u
[ A—4pu=1 ()
=20 +2u=7 (2)
| A+2u=4  (3)

myzx5+2x%:7

.. the lines intersect

{3

The lines intersect at the point (3, 2, 4)

RERVEUEE

t—-2A=6 0
=< t+3h=-2  (2)
14t—2%=—2 (%)

l s Y VRO T W FRV VI ISV w eRevnDr W FNV PRIV SRR W
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W = 3

continued . . .

We can find tand A from eqgn (1) and (2) ¢

We need to check that the values
found also satisfy the third equation

()
This tells us that it is impossible to find t*
and A to make r, = r,

—

&
Nand(2)=>A=-=t=—
(hand(2)=h=-2Z 2=

—_~
™
N
N
X
I
)

I
O ®
N———
I

|\1

N

'8

I

N

“—“'"L A ihda s

The two lines do not intersect.
s s p P

14

EXAM HINT

You can use your calculator to solve simultaneous
equations.

See Calculator sheet 6 on the CD-ROM.

Vector questions often ask you to find a point on a given line

which satisfies certain conditions. We have already seen how we
can use the position vector r for a general point on the line, and
then use the condition to write an equation for A.

Worked example 14.8

3) 1

0 1

(b) Hence find the shortest distance from A to .

perpendicular to the direction vector of |

¢%
0

Line [ has equation r = _1J +A| —1 | and point A has coordinates (3, 9, -2).

(a) Find the coordinates of point B on I so that AB is perpendicular to I.

(c) Find the coordinates of the reflection of the point A in /. ]

Draw a diagram. The line AB should be ¢

See Worked
<l example 14.4. <l

¥

(2

(2)
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= ) & - _‘__ " 1. -; -=- r*".;?- e i I_ T 'QI - -i ..
continued . . .
We know that B lies on |, so its position vector is** _ 3+ A
given by the equation for r OB=r=|- _%
LAB=| A=A |- 9= -10-A
A (-2 A+2

Now find the value of  for which the two lines
are perpendicular

()
Use value of A in the equation of the line to give ®
the position vector of B

The shortest distance from a point to a line ¢
is the perpendicular distance AB. Again, use
AB=b-a

The reflection A lies on the line (AB). Since <®
BA, = AB and they are also in the same

direction, BA, = AB

1
-1
1

[‘“iiﬂ[ J-

=(A)+{(10+X)+(A+2)=0

> Ai=—4

{3

o B has coordinates (-1, 3, —4)

=

—4

A
(c)
B
A
BA = AB
:>a1—}g=ﬁ

(33
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Worked example 14.8(c) illustrates the power of vectors. As

vectors contain both distance and direction information, just .* Inhl 8.9.6t tl_h © d
one equation ( BA, = AB ) was needed to express both the fact % Eeﬁ: I\sNroo,r;.
that A, lies on the line (AB) and that BA, = AB. "yector is a useless

We have already mentioned that vectors have many survival, or offshoot from

quaternions, and has never
been of the slightest use to
any creature”.
(Quaternions are a
You are probably familiar with the rule that, for an object special type of number
moving with constant velocity, displacement = velocity X time. linked to complex
If we are working in two or three dimensions, the positions numbers.)
) . They are now one of

of points also need to be described by vectors. Suppose an .

biect h tant velocit din time £ from th the most important tools
object has constant velocity v and in time ¢ moves from the in physics. Even great
point with position a to the point with position r. Then its

mathematicians cannot
displacement is r —a, so we can write: always predict what will

applications, particularly in physics. One such application is
describing positions, displacements and velocities. These are all
vector quantities, since they have both magnitude and direction.

|
r—a=vt be useful!

This equation can be rearranged to r = a + tv, which looks very

much like a vector equation of a line with direction vector .

This makes sense, as the object will move in the direction given

by its velocity vector. As ¢ changes, r gives position vectors of (
different points along the object’s path. j

ﬁ-ﬁd

W

, and the
r—a|. -

Note that the speed is the magnitude of the velocity, |v
distance travelled is the magnitude of the displacement,

KEY POINT 14.4

For an object moving with constant velocity v from
an initial position a, the position at time ¢ is given by
r(t)=a+tv

CS

The object moves along the straight line with equation
r=a+tv.

MR

The speed of the object is equal to | v|.

When we wanted to find the intersection of two lines, we had
to use different parameters (for example, A and W ) in the two
equations. If we have two objects, we can write an equation for
r(t) for each of them. In this case, we should use the same ¢
in both equations, as both objects are moving at the same time.
For the two objects to meet, they need to be at the same place
at the same time. Notice that it is possible for the objects’ paths
to cross without the objects themselves meeting, if they pass
through the intersection point at different times.

B T 7

- LN
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Worked example 14.9

Two objects, A and B, have velocities v, =6i+3j+k and vy =—-2i+ j+7k. Object A starts
from the origin and object B from the point with position vector 13i — j + 3k. Distance is
measured in kilometres and time in hours.
(a) What is the speed of object B?
(b) Find the distance between the two objects after 5 hours.
(c) Show that the two objects do not meet.
4 1
1 Speed is the magnitude of velocity * @)
|vs |=22 + 17 +72 = /B4
So the speed of Bis 7.35km/h. )
S d
We need an equation for the® (b) {
i position of each object in Using r(t)=a+tv:
\¢ terms of t ra(t)=t(Gi + 3] +k)
re(£) =130 — j+ Bk + t(=2i + j+ 7k)

'rk We can then find the position of* When t = 5: b
B - each object when t=5 r, = 30i +15] + Bk i
| ry = 3i+4j+ 38k {
il The distance is the magnitude of*

G % o, |Fy — 1| =N272 1 + 532
\ = 44.0km
'/ If the two objects meet then ¢ (©) d
r, (1) = ) If r (t) = ra(t): :
; 6r=13-2t=>t=2
I_ St=—l+t=>t=—1
; t=3+7t=t=-1 !
\
The three coordinates are not equal at the same }

. } time, so the objects do not meet. J
.' TN e WO NP S
B\ y

1
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. Exercise 14B

1. Find the acute angle between the following pairs of lines,

giving your answer in degrees.

5 2
(a) G) r=|-1|+A|2| and r=
2 3
4 2
(ii) r=[0|+A| -1| and r=
2 1
2 -1
(b) i) r=|0]|+t| 0| and r=
1 0
6 -1
(i) r=|6|+t] 0| and r=
2 3

N O = O = -

W W =

+H

+1

+s

+s

2. For each pair of lines, state whether they are parallel,
perpendicular, the same line, or none of the above.

o

1 3
© r=|5]+Al3
1

. _. Qnérldg%Unrver?| res 201

_ZJ

0 2 0 2
@ r=|o +»[_1] andl—(0]+u{ 1]
1
4 2
®) r=|1 { ]and r—{1]+t[
2 1
1
2 1 1
d) r=|2 ( ] andr—[—1]+s[—1J
1 3 10 3
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Determine whether the following pairs of lines intersect and, if
they do, find the coordinates of the intersection point.

6 -1 2 2
(a) (1) r= 1J+7\{ 2] and r:[ 1]4_”[_2]
2 1 14 3
4 1 6 3
(i) r= —1J+7»[ 2] and r:[_2]+u[_4]
2 —4 0 0
1 -1 —4 5
(b) (1) r=|2|+t IJ and r—[ —4]4—5(1]
3 2 ~11 2
4 2 -1 1
(ii) r=|0 |+ OJ and r:[ 2]4_5(_2}
2 1 3 -2

4 2
Line [ has equation ¢ = [ 2} + }{4] and point P has

~

-1 2
coordinates (7, 2, 3).

Point Clies on  and PC is perpendicular to /. Find the
coordinates of C. [6 marks]

Find the shortest distance from the point (-1, 1, 2) to the line

1 -3
with equation r = [OJ + t[ IJ. [6 marks]
2 1

=5 -3
Two lines are given by [, :r = [ 1} + K[ 0] and

10 4
3 1
L:r=[ Of+u| 1]
-9 7

I, and I, intersect at P, find the coordinates of P.
(3] Show that the point Q (5, 2, 5) lies on /,.

(@) Find the coordinates of point M on /; such that QM is
perpendicular to ;.

Find the area of the triangle PQM. [10 marks]
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7. In this question, unit vectors i and j point due East and
North, respectively.

A port is located at the origin. One ship starts from the
port and moves with velocity v, = (3i+4) kmh™..

Write down the position vector at time ¢ hours.

At the same time, a second ship starts 18 km north of
the port and moves with velocity v, =(3i—5j) kmh.

Write down the position vector of the second ship at
time ¢ hours.

Show that after half an hour, the distance between the
two ships is 13.5 km.

Show that the ships meet, and find the time when this
happens.

How long after the meeting are the ships 18 km apart?
[12 marks]

8. Attime t =0, two aircraft have position vectors 5j and 7k.
The first moves with velocity 3i —4j+ k and the second
with velocity 5i+2j—k.

(a)

(b

—~
(@)
~

a Find the distance of the line with equation r = [—2 +Al2

)

~_

Write down the position vector of the first aircraft at
time t.

Show that at time ¢ the distance, d, between the two
aircraft is given by d* = 44t — 88t + 74.

Show that the two aircraft will not collide.

Find the minimum distance between the two aircraft.
[12 marks]

1 2

2 1

from the origin. [7 marks]

0 1
m Two lines with equations | .y = [_1J + 7{ 5} and
2 3

2 -1
L:r= (21 + t[ l] intersect at point P.

\)os

(a) Find the coordinates of P

(b) Find, in degrees, the acute angle between the two lines.
Point Q has coordinates (-1, 5, 10).
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(c) Show that Q lies on L,
(d) Find the distance PQ.

(e) Hence find the shortest distance from
Q to the line [,. [12 marks]

5 2
Given line [ : ¢ = [1]+7{—3J and point P (21, 5, 10):
2 3

(a) Find the coordinates of point M on [ such that PM is
perpendicular to L

(b) Show that the point Q (15, -14, 17) lies on L

(c) Find the coordinates of point R on
I, such that |PR|=|PQ|. [10 marks]

0 2

2 1
L:r= (—1] + u(l] and intersect at point P.
0 2

2 1
Two lines have equations [ :r = [—1] + 7{—2J and

(a) Show that Q (5, 2, 6) lies on L,

(b) Risa point on [, such that | PR|=| PQ|. Find the possible
coordinates of R. [8 marks]

_43@ ~ Topic 4: Vectors

Other forms of equation of a line

You know that in two dimensions, a straight line has equation of
the form y = mx +c¢ or ax +by = c. How is this related to the vector
equation of the line we introduced in this chapter?

Let us look at an example of a vector equation of a line in two

3
dimensions. A line with direction vector (2) passing through

1 3
the point (1, 4) has vector equation r = ( 4] + 1(2). Vector r is

the position vector of a point on the line; in other words, it gives
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