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OPENING PROBLEM

Around 1260 AD, the Kurdish historian Ibn Khallikan recorded the following story about Sissa ibn
Dahir and a chess game against the Indian King Shihram.

\
@ King Shihram was a tyrant king, and his subject Sissa ibn Dahir wanted to teach him

how important all of his people were. He invented the game of chess for the king, and
the king was greatly impressed. He insisted on Sissa ibn Dahir naming his reward, and
the wise man asked for one grain of wheat for the first square, two grains of wheat for
the second square, four grains of wheat for the third square, and so on, doubling the
wheat on each successive square on the board.

The king laughed at first and agreed, for there was so little grain on the first few
squares. By halfway he was surprised at the amount of grain being paid, and soon he
@ realised his great error: that he owed more grain than there was in the world.

Things to think about:

a How can we describe the number of grains of wheat
for each square?

b What expression gives the number of grains of wheat
for the nth square?

¢ Find the total number of grains of wheat that the king
owed.

To help understand problems like the Opening Problem, we need to study sequences and their sums
which are called series.

NUMBER SEQUENCES

In mathematics it is important that we can:

e recognise a pattern in a set of numbers
e describe the pattern in words
e continue the pattern.

A number sequence is an ordered list of numbers defined by a rule.

The numbers in a sequence are called the terms of the sequence.

Consider the illustrated tower of bricks: 1st row - | |

The first row has 3 bricks. %:.g ;gg R - | | | | |
The second row has 4 bricks. .

The third row has 5 bricks. o | | . | | | |
The fourth row has 6 bricks. \
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If we let wu, represent the number of bricks in the nth row, then u; = 3, us = 4, uz = 5, and
Ug — 0.

The pattern could be continued forever, generating a sequence of numbers.

4 . )
The string of dots
indicates that the pattern

e listing the terms: 3,4, 5,6, 7, .... | continues forever.

There are many ways to describe the sequence, including:

e using words: “The sequence starts at 3, and increases by 1 each
time”.

e using the explicit formula wu, = n 4+ 2 which gives the nth
term or general term of the sequence in terms of n.
We can use this formula to find, for example, the 20th term of
the sequence, which 1s ugg = 20 + 2 = 22.

e a graph where each term of a sequence is represented by a dot. A u,
The dots must not be joined because n must be an integer. 61 o
]
441 o
O

21

n
() | | : : >

o 1 2 3 4

" Example 1 <) Selt Tutor

Describe the sequence: 14, 17, 20, 23, .... and write down the next two terms.

The sequence starts at 14, and each term is 3 more than the previous term.

The next two terms are 26 and 29.

THE GENERAL TERM OF A SEQUENCE

The general term or nth term of a sequence 1s represented by a symbol with a subscript, for example
Up, 1y, t,, OF A,.

{u,} represents the sequence that can be generated by using wu,, as the nth term.

Unless stated otherwise, we assume the first term of the sequence 1s u;, and that the sequence 1s defined

for n € Z*. Sometimes we might choose for a sequence to start with ug, particularly if n represents
the number of time periods after the start of an experiment or investment.

You can use technology to help generate sequences from a formula. |

GRAPHICS
CALCULATOR
INSTRUCTIONS

EXERCISE 5A

1 Write down the first four terms of the sequence if you start with:
a 4 and add 9 each time b 45 and subtract 6 each time
¢ 2 and multiply by 3 each time d 96 and divide by 2 each time.

2 The sequence of prime numbers is 2, 3, 5, 7, 11, 13, 17, 19, .... Write down the value of:

a u b u- c Uin.
2 5 10
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Consider the sequence 4, 7, 10, 13, 16, ....
a Describe the sequence in words. © Write down the values of w1 and u4.

¢ Assuming the pattern continues, find the value of ug.
Find the first four terms of the sequence defined by the explicit formula wu,, = 2n + 5.

A sequence is defined by the explicit formula w,, = 3n — 2. Find:
a uy b us € uo7.

Consider the number sequence —9, —6, —1, 6, 15, ....

a Which of these 1s the correct explicit formula for this sequence?
A u,=n-10 B u, =n°—10 C u,=n>-10
b Use the correct formula to find the 20th term of the sequence.

Write a description of the sequence and find the next 2 terms:

a 8,16, 24, 32, .... b 2,5,8, 11, ... ¢ 36, 31, 26, 21, ....

d 96, 89, 82, 75, .... e 1,4, 16, 64, ... f 2,6, 18, 54, ...

g 480, 240, 120, 60, .... h 243, 81, 27, 9, .... i 50000, 10000, 2000, 400, ....
Describe the sequence and write down the next 3 terms:

a 1,4,9, 16, ... b 1,8, 27, 64, ... ¢ 2,6, 12, 20, ...
Find the next two terms of the sequence:

a 9b, 91, 87, 83, .... o 5, 20, 80, 320, .... ¢ 1, 16, 81, 256, ....

a 2,3,5 7,11, ... e 2,4,7, 11, ... f 9,8 10,7, 11, ...
Evaluate the first five terms of the sequence:

a {2n} b {2n — 3} ¢ {2n+ 11}

d {3—4n} e {n?+2n} f {27}

g {6x(3)"} h {(=2)"} 15— (=2)"}

RESEARCH THE FIBONACCI SEQUENCE

Leonardo Pisano Bigollo, known commonly as Fibonacci, was born in Pisa around 1170 AD. He
is best known for the Fibonacci sequence 1, 1, 2, 3, 5, 8, 13, 21, .... which starts with 1 and 1,
and then each subsequent term of the sequence 1s the sum of the preceding two terms.

Can we write a formula for the general term w,, of the Fibonacci sequence?

Can the Fibonacci sequence be written using a formula which connects successive terms of the
sequence”?

Where do we see the Fibonacci sequence in nature?

a Calculate the ratio of consecutive terms of the Fibonacci sequence 2, 2, 2, £, 13 and so

on. Where appropriate, round your answers to 5 decimal places.
b What do you notice about the values in a?

¢ Research the golden ratio and 1ts connection with the Fibonacci sequence.
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P ARITHMETIC SEQUENCES

An arithmetic sequence 1s a sequence 1n which each term differs from the previous one
by the same fixed number. We call this number the common difference d.

A sequence is arithmetic < U411 — u, = d forall neZ".

An arithmetic sequence can also be referred to as an arithmetic progression.

For example:

e the tower of bricks in the previous Section forms an arithmetic sequence with common difference 1

e 2 5,8, 11, 14, .... 1s arithmetic with o 30, 25, 20, 15, 10, .... 1s arithmetic with
common difference 3 since common difference —5 since
5b—2=3 25 —30 = -5
8—5=3 20 — 25 = -5
11 —8 =3, and so on. 15— 20 = —5, and so on.

The name “arithmetic” 1s given because the middle term of any three consecutive terms 1s the arithmetic
mean of the terms on either side.

If the terms are a, b, ¢, then b—a=c—b {equating common differences}
2b=a+c

b — a—+c

which 1s the arithmetic mean.

THE GENERAL TERM FORMULA

[f we know that a sequence is arithmetic, we can use a formula to find the value of any term of the
sequence.

Suppose the first term of an arithmetic sequence 1s u; and the common difference is d.
Then wo =u; +d, w3 =wu; +2d, wug =u; +3d, and so on.

Hence wu, =u;+(n—1)d
N’

T

term number the coefficient of d is
one less than the term number

For an arithmetic sequence with first term u; and common difference d,
the general term or nth term is u,, = u; + (n — 1)d.

Consider the sequence 2, 9, 16, 23, 30, ....
a Show that the sequence 1s arithmetic. b Find a formula for the general term w,,.
¢ Find the 100th term of the sequence.
d Is I 828 il 2341 a term of the sequence?

a 9—-2=7, 16—-9=7, 23—-16=7, 30—-23=7
The difference between successive terms 1S constant.
the sequence 1s arithmetic with u; =2 and d = 7.
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b Up =u1 + (n—1)d

LU, =2+T(n-—1)
L U, =TN—09

d | Let u,=828

n—H = 828
m = 833
- n=119

828 1s a term of the sequence,
and 1n fact 1s the 119th term.

€ Uy = 7(100) — 9
= 695

i Let

w, = 2341
m — 5 = 2341
n = 2346
n = 3352
But n must be an integer, so 2341
1s not a member of the sequence.

EXERCISE 5B.1

1 Decide whether these sequences are arithmetic:

a 7,15, 23, 31, 39, ....
¢ 41, 35, 29, 23, 17, ....

b 10, 14, 18, 20, 24, ....
d 6,1, —6, —11, —16, ....

2 State the first term u; and common difference d for these arithmetic sequences:
b 4,3, 10, 17, 24, ...
d —6, —15, —24, —-33, ....

a 5,9 13,17, 21, ...
¢ 23,18, 13,8, 3, ...

3 For each of these arithmetic sequences:

I State u; and d.

Il Find the formula for the general term wu,,.
il Find the 15th term of the sequence.

a 19, 25, 31, 37, ...
d 31, 36, 41, 46, ....

b 101, 97, 93, 8§89, ....

e 95, —3, —11, —19, ...

4 Consider the sequence 6, 17, 28, 39, 50, ....

a Show that the sequence is arithmetic.

¢ Find the 50th term.
e Is 761 a member?

¢ 895, 11, 123, ...

f a,a+d, a+2d, a+ 3d, ...

b Find the formula for its general term.

d Is 325 a member?

5 Consider the sequence 87, 83, 79, 75, 71, ....

a Show that the sequence 1s arithmetic.

¢ Find the 40th term.

b Find the formula for its general term.

d Which term of the sequence 1s —2977

6 A sequence 1s defined by wu,, = 3n — 2.

a By finding w,1 — u,, prove that the sequence 1s arithmetic.

b Find wy and d.

7 A sequence 1s defined by wu,, =

a Prove that the sequence 1s arithmetic.

¢ Find the 57th term.
d What 1s the largest term of the sequence that is smaller than 450? Which term is this?

71 —Tn

b Find u; and d.

¢ Find Urs.

d For what values of n are the terms of the sequence less than —2007?
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8 Consider the arithmetic sequence 36, 351, 34%,

a Find u; and d. ® Which term of the sequence is —307?
9 An arithmetic sequence starts 23, 36, 49, 62, .... Find the first term of the sequence to exceed
100 000.

10 A sequence is defined by the formula w; = —12, upy1 =u, +7, n > 1
a Prove that the sequence 1s arithmetic. b Find the 200th term of the sequence.

¢ Is 1000 a member of the sequence?

11  What can you say about uq and d for an arithmetic sequence if:

a all of the terms are even b all of the terms are odd?

<) Self Tutor

Find k£ given that 3k + 1, k, and —3 are consecutive terms of an arithmetic sequence.

Since the terms are consecutive, k — (3k+ 1) =—-3 —k  {equating differences}
k—3k—1=-3—k
—2k—1=-3-k
—14+3=-k+2k
k=2

12 Find k given the consecutive arithmetic terms:

a 32, k, 3 b £k, 7,10 c k, 2k—1, 13
d £k 2k+1, 8—k e 2k+7, 3k+5, 5k —4 f 2k+18, —2—k, 2k+2
g k k% k*+6 h 5 k k*—8
Example 4 %) Self Tutor
Find the general term u,, for an arithmetic sequence with us =8 and wug = —17.
uz = 8 cooup +2d =8 e (1) {using wu,, =u; + (n — 1)d}
ug = —17 Soou+7d = —17 e (2)

We now solve (1) and (2) simultaneously:
—uq — 2d = —8 {multiplying both sides of (1) by —1}

uy + 7d = —17
. 5d = —25 {adding the equations}
. d=-5
So, in (1): uy +2(—5) =8 Check:
u; — 10 =8 ug = 23 — 5(3)
oup = 18 =23 — 15
Now 1w, =wuy + (n—1)d =8 V

C. Uy =18 —=5(n—1) ug = 23 — 5(8)
LUy, =18 —5n+5 = 23 — 40

Uy = 23— Dn = —17 Vv
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13 Find the general term u,, for an arithmetic sequence with:
d U7 = 41 and U1z = 1 ( o Uy = —2 and u19 = —12%

¢ seventh term 1 and fifteenth term —39

d eleventh and eighth terms being —16 and —11% respectively.

o) Self Tutor

Insert four numbers between 3 and 12 so that all six numbers are in arithmetic sequence.

Suppose the common difference 1s d.
the numbers are 3, 3+d, 3+2d, 3+3d, 3+4d, and 12

3+ 5d = 12
5d = 9
— 9
d=2=18

So, the sequence 1s 3, 4.8, 6.6, 8.4, 10.2, 12.

14 Insert three numbers between 5 and 10 so that all five numbers are in arithmetic sequence.

15 Insert six numbers between —1 and 32 so that all eight numbers are in arithmetic sequence.

16 a Insert three numbers between 50 and 44 so that all five numbers are in arithmetic sequence.
b Assuming the sequence continues, find the first negative term of the sequence.

) Self Tutor

Example 6

Ryan 1s a cartoonist. His comic strip has just been bought by a newspaper, so he sends them the
28 comic strips he has drawn so far. Each week after the first he sends 3 more comic strips to the
newspaper.

a Find the total number of comic strips sent after 1, 2, 3, and 4 weeks.

® Show that the total number of comic strips sent after n weeks forms an arithmetic sequence.
¢ Find the number of comic strips sent after 15 weeks.

d When does Ryan send his 120th comic strip?

a Week I 28 comic strips b Every week, Ryan sends 3 comic strips, so
Week 2: 28 +3 =31 comic strips the difference between successive weeks 1s
Week 3: 31+ 3 =34 comic strips always 3. We have an arithmetic sequence
Week 4: 34+ 3 = 37 comic strips with u; = 28 and common difference d = 3.

¢ u, =uy +(n—1)d

:28——(1’1—1))(3 u15:25+3><15
= 20+ 3n = 70
After 15 weeks Ryan has sent 70 comic strips.
d We want to find n such that u, = 120
20+ 3n = 120
3n = 95
n = 31%

t.t :g‘: y
Ryan sends the 120th comic strip in the 32nd week. P b ﬁﬂfﬁ@
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17 A luxury car manufacturer sets up a factory for a new model vehicle. In the first month only 5 cars
are made. After this, 13 cars are made every month.

a List the total number of cars that have been made by the end of each of the first six months.
b Explain why the total number of cars made after n months forms an arithmetic sequence.

¢ How many cars are made in the first year?

d How long is it until the 250th car 1s made?

18 At the start of the dry season, Yafiah’s 3000 L water tank 1s full. She uses 183 L of water each
week to water her garden.

a Find the amount of water left in the tank after 1, 2, 3, and 4 weeks.
b Explain why the amount of water left in the tank after n weeks forms an arithmetic sequence.
¢ When will Yafiah’s tank run out of water?

APPROXIMATIONS USING ARITHMETIC SEQUENCES

In the real-world questions we have just seen, exactly the same number of items 1s added or subtracted
in each time period. We can therefore use an arithmetic sequence to model the number of items exactly.

Most real-world scenarios will not be this exact. Instead, random variation may give us a sequence
where the difference between terms 1s similar, but not the same. In these cases we can use an arithmetic
sequence as an approximation.

For example, the table below shows the total mass of people in a lift as they walk 1n:

n (people) 1 2 3 il 5 6
Mass (kg) | 86.2 | 147.5 | 210.1 | 298.4 | 385.0 | 459.8

No two people will have exactly the same mass, so the total mass of people will not form an exact
459.8

arithmetic sequence. However, since the average mass of the people is ~ 76.6 kg, a reasonable

model for the total mass would be the arithmetic sequence wu,, = 76.6n.

EXERCISE 5B.2

1 Halina 1s measuring the mass of oranges on a scale. When
there are 8 oranges, the total mass 1s 1.126 kg.

(1"'-.

, Qs
{, e

(999

a Find the average mass of the oranges on the scale.

b Hence write an arithmetic sequence for wu,, the
approximate total mass when n oranges have been
placed on the scale.

\ ﬁﬁ s J

2 Nadir has placed an empty egg carton on a set of scales. Its mass 1s 32 g. When the carton 1s filled
with 12 eggs, the total mass of eggs and carton 1s 743 g.

a Find the average mass of the eggs in the carton.

b Hence write an arithmetic sequence for u,,, the approximate total mass when n eggs have been
added to the carton.

¢ For what values of n 1s your model valid?
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3 A farmer has 580 square bales of hay in his shed with total mass 9850 kg.
The farm has 8 yards of animals. Each day, the farmer feeds out 2 bales of hay to each yard.

a Write an arithmetic sequence for the number of bales of hay remaining after n days.

b Write an arithmetic sequence which approximates the mass of hay remaining after n days.

4 Valéria joins a social networking website. After 1 week she has 34 online friends, and after 9 weeks
she has 80 online friends.

a Find the average number of online friends Valéria has made each week from week 1 to week 9.

b Assuming that her total number of online friends after n weeks forms an arithmetic sequence,
find a model which approximates the number of online friends after n weeks.

¢ Do you think 1t 1s a problem that the common difference in your model is not an integer?
Explain your answer.

d Use your model to predict how many online friends Valéria will have after 20 weeks.

5 A wedding reception venue advertises all-inclusive venue hire and catering costs of €6950 for
50 guests or €11 950 for 100 guests.

Assume that the cost of venue hire and catering for n guests forms an arithmetic sequence.
a Write a formula for the general term wu,, of the sequence.
b Explain the significance of:
I the common difference Il the constant term.
¢ Estimate the cost of venue hire and catering for a reception with 85 guests.

A geometric sequence is a sequence in which each term can be obtained from the
previous one by multiplying by the same non-zero number. We call this number
the common ratio r.

GEOMETRIC SEQUENCES

Up +1
Un

A sequence is geometric < — 1 forall ncZ™.

A geometric sequence can also be referred to as a geometric progression.

For example:

o 2 10,50, 250, .... 1s a geometric sequence as each term can be obtained by multiplying the previous
term by 5.
The common ratio is 5 since 5} = 22 = 23 =5

e 2 —10, 50, —250, .... 1s a geometric sequence with common ratio —5.

The name “geometric” is given because the middle term of any three consecutive terms is the geometric
mean of the terms on either side.

b .
If the terms are a, b, ¢ then - = % {common ratio}
a
b* = ac
b= *+/ac where +/ac 1s the geometric mean.
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THE GENERAL TERM FORMULA

Suppose the first term of a geometric sequence 1s u; and the common ratio 1s r.

Then wo = w1 7. Uz = w172, us = usr>. and so on.
2 17, 3 177, 4 17,

Hence 1w, = uq r”xl

/

term number The power of 7 1s one less than the term number.

For a geometric sequence with first term w; and common ratio r,

the general term or nth term is wu, = wr" 1.

<) Self Tutor

Consider the sequence 8, 4, 2, 1, %,

a Show that the sequence is geometric. b Find the general term wu,,.

¢ Hence find the 12th term as a fraction.

1
1

Consecutive terms have a common ratio of %

I‘—‘IbilH

_ 1 1
2 2

the sequence 1s geometric with u; =8 and r = %

b u, =u;r" !
Uy = 8(%)11_1 or  up,=2°x (271
= O g o
_ 23—}—(—11—{—1)
_ 24—“!1

EXERCISE 5C

1 State the first term uy and common ratio r for these geometric sequences:

a 5,15, 45, 135, .... b 72,36, 18,09, ...
¢ 2, 8,32, —128, ... d 6,-2, 2, -2, ..

2 For the geometric sequence with first two terms given, find b and c:

a 2,6,b,c, .. o 10, 5, b, ¢, .... ¢ 12, —6,0,c, ....

3 For each of these geometric sequences:
I State u; and r. Il Find the formula for the general term u,,.

i Find the 9th term of the sequence.

a 3,6, 12, 24, ... b 2,10, 50, .... ¢ ol2, 256, 1283, ....

d 1,3,9,27, .. e 12,1827, ... ¢ L, 11
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4 a Show that the sequence 5, 10, 20, 40, .... 1s geometric.
© Find u,, and hence find the 15th term.

5 a Show that the sequence 12, —6, 3, —%, ... is geometric.

b Find wu,, and hence write the 13th term as a rational number.

6 Show that the sequence 8, —6, 4.5, —3.375, .... 1s geometric. Hence find the 10th term as a
decimal.
7 Show that the sequence 8, 42, 4, 242, ... is geometric. Hence show that the general term of
T 1

. -——=n
the sequence 1s wu,, =22 2 .

4

8 A sequence is defined by the formula w; = 57, Uptl = 3 X U,, N =

a Show that the sequence is geometric and find the common ratio.
b Find the 10th term of the sequence.

¢ How many terms of the sequence are not integers?

) Self Tutor

k—1, 2k, and 21 — k are consecutive terms of a geometric sequence.
Find k.

1.

Since the terms are geometric,
2k 21 — k
k—1 2k
4k® = (21 — k)(k — 1)
co4k? =21k — 21 — k%2 + k
c Bk —22k+21=0
s Bk=7)(k=3)=0

{equating the common ratio r}

k={or3
Check: 1f k=L thetermsare: 2, %, 2. v {r=T7}

If k=3 thetermsare: 2,6,18. v {r=3}

4 N
You could also

solve the equation
using technology.

. /

9 Find £ given that the following are consecutive terms of a geometric sequence:

a k, 3k, 54 b 1000, 4k, k ¢ 7.k 28

d 18, k, 2 e k 12, % ik, 20, 2k
9

g k 3k 20—k h & k+8, 9k

10 The first three terms of a geometric sequence are £ — 1, 6, and 3k.
a Find the possible values of k.

b For each value of k, find the next term in the sequence.
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Example 9

A geometric sequence has uo = —6 and wus = 162. Find 1its general term.
Uy = ur = —6 ... (1)
and us = uir* =162 ... (2)
uyrd 162
Now = =— {@=+(D)
r = —27
r=+—27
SoT=—
Using (1), uy(—3) = —6
R A = 2
Thus u, =2 x (—3)"*

11 Find the general term wu,, of the geometric sequence which has:

a ug =24 and u; = 192 b u3 =8 and ug = —1

C ’IL7=24 and u15=384 d ’LL3=5 and U7 =

Example 10

o) Self Tutor

Find the first term of the sequence 6, 61/2, 12, 12v/2, .... which exceeds 1400.

The sequence is geometric with u; =6 and r = /2
U, =6 x (v/2)"1
We need to find n such that w,, > 1400.

Using a graphics calculator with  Y; = 6 x (v/2)N(X — 1), El Hatiegfiorn]) (d/cReal

we view a table of values: Y1=6x (J_2)?1 (x—-1)

15 768
16 1086.1

17 IEEEE

18 2172.2

A Y GRAPHICS
Eﬂ:’:: CALCULATOR (FORMULA YN IEP EDIT J(GPH

LYY INSTRUCTIONS

The first term to exceed 1400 1s w17 = 1536.

12 a Find the first term of the sequence 2, 6, 18, 54, .... which exceeds 10 000.

b Find the first term of the sequence 4, 4+/3, 12, 124/3, ....  which exceeds 4800.
¢ Find the first term of the sequence 12, 6, 3, 1.5, .... which is less than 0.0001.

Dl GROWTH AND DECAY

We now turn our attention to applications of geometric sequences. We observe geometric sequences
when a quantity increases or decreases by a fixed percentage of its size each time period.

Typical examples are in short term population growth models, and in longer term models of radioactive
decay.
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For most real-world situations, we have an initial condition corresponding to time zero. This may be
an 1nitial investment or an 1nitial population. We therefore allow a “zeroeth” term 1wy to begin the

scqucence.

For situations where there is growth or decay in a geometric sequence:

U, = Ug X 1"

where wug = mnitial amount

r = growth multiplier for each time period

n = number of time periods

u,, = amount after n time periods.

Example 11

The initial population of rabbits on a farm was 50. The population increased by 7% each week.
il 30 weeks?

a How many rabbits were present after: I 15 weeks

b How long will it take for the population to reach 5007

) Self Tutor

up =50 and r = 1.07

There were 138 rabbits.

Casio fx-CG50

[l [HathlDegormi) (dic]Real

Eq:50x1.07"=500
x=34.03238381

Lft=3500

Rgt=500

the population after n weeks 1s u,, = 50 x 1.07".
d I uys = 50 X (107)15 ~ 137.95

b We need to find when 50 x (1.07)" = 500.

TI-84 Plus CE

MORMAL FLOAT AUTO REAL DEGREE MP
SOLUTION IS HARKED *

Ii Uz — 50 X (107)30 ~ 380.61

There were 381 rabbits.

1

Sox1.07°=500

m X=34,032383810995
bound={-1e99., 199}
sE1-E2=0

So, 1t will take approximately 34.0 weeks.

TI-nspire

*nzaved w

nSr:-lve(SU-lil_U?]x=5DDJ:u:)

There 1s a fixed percentage increase each week, so the population forms a geometric sequence.

34 0324

EXERCISE 5D

1 A nest of ants initially contains 500 individuals. The population is increasing by 12% each week.

a How many ants will there be after: I 10 wee

ks

i 20 weeks?

® How many weeks will it take for the ant population to reach 20007

2 The animal Eraticus 1s endangered. Since 2005 there has only been one colony remaining, and in
2005 the population of that colony was 555. The population has been steadily decreasing by 4.5%

per year.

a Estimate the population in the year 2020.

© In what year do we expect the population to have declined to 507
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3 A herd of 32 deer is to be left unchecked in a new sanctuary.
[t 1s estimated that the size of the herd will increase each year

by 18%.
a Estimate the size of the herd after:
I 5 years il 10 years.
© How long will 1t take for the herd size to reach 50007

L An endangered species of marsupials has a population of 178. However, with a successful breeding
program it is expected to increase by 32% each year.

a Find the expected population size after: I 10 years il 25 years.
o Estimate how long it will take for the population to reach 10 000.

5 Each year, a physicist measures the remaining radioactivity in a sample. She finds that it reduces
by 18% each year. If there was 1.52 g of radioactive material left after 4 years:

a Find the initial quantity of radioactive material.

b How many more years will it take for the amount of radioactive material to reduce to 0.2 g?

6 Each year, Maria’s salary is increased by 2.3%. She has been working for her company for 10 years,
and she currently earns €49 852 per annum.

a What was Maria’s salary when she joined the company?
b If she stays with the company for another 4 years, what will her salary be?

"3 FINANCIAL MATHEMATICS

At some stage in life, most people need to either invest or borrow money. It is very important that
potential investors and borrowers understand these procedures so they can make the right decisions
according to their circumstances and their goals.

When money is lent, the person lending the money 1s known as the lender, and the person receiving the
money 1s known as the borrower. The amount borrowed is called the principal.

The lender usually charges a fee called interest to the borrower. This fee represents the cost of using the
other person’s money. The borrower must repay the principal borrowed as well as the interest charged
for using that money.

The rate at which interest 1s charged 1s usually expressed as a percentage of the principal. This percentage
i1s known as the interest rate, and it is an important factor when deciding where to invest your money
and where to borrow money from.

The total amount of interest charged on a loan depends on the principal, the time the money is borrowed
for, and the interest rate.

COMPOUND INTEREST

When money 1s deposited in a bank, it will usually earn compound interest.

After a certain amount of time called the period, the bank pays interest, which 1s calculated as a percentage
of the money already in the account.

[t 1s called compound interest because the interest generated in one period will itself earn more interest
in the next period.
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For example, suppose you invest $1000 in the bank. The account pays an R G R
interest rate of 4% per annum (p.a.). The interest is added to your investment [ each year. ]
each year, so at the end of each year you will have 100% + 4% = 104% of

the value at its start. This corresponds to a multiplier of 1.04. \

After one year your investment is worth $1000 x 1.04 = $1040.

After two years it 1s worth After three years 1t 1s worth
$1040 x 1.04 $1081.60 x 1.04
— $1000 x 1.04 x 1.04 — $1000 x (1.04)* x 1.04
— $1000 x (1.04)7 — $1000 x (1.04)*
= $1081.60 ~ $1124.86
Observe that: ug = $1000 — 1nitial mnvestment
up = ug X 1.04 = amount after 1 year
us = ug % (1.04)° = amount after 2 years
uz = ug X (1.04)° = amount after 3 years
u, = ug X (1.04)" = amount after n years

So the amount 1n the account after each year forms a geometric sequence!

: : . . . e N
The value of a compound interest investment after n time periods is The common ratio
_ for this sequence is
tn = up(l + )" r=(1+4).
. Coee g 4 J
where wug 1s the initial investment \

and ¢ 1s the interest rate per compounding period.

) Self Tutor

$5000 is invested for 4 years at 7% p.a. interest compounded annually.

a What will it amount to at the end of this period?

b How much interest has been earned?

a The interest 1s calculated annually, so n =4 time periods.
ug = ug X (14+14)*
= 5000 x (1.07)*  {7% = 0.07}
~ 6553.98
The investment will amount to $6553.98 .

b The interest earned = $6553.98 — $5000
— $1553.98
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EXERCISE 5E.1

1

Lucy invested £7000 at 6% p.a. interest compounded annually. Find the value of this investment
after 5 years.

What will an investment of £3000 at 4.8% p.a. interest compounded annually amount to after
3 years?

€2000 is invested for 4 years at 2.87% p.a. interest compounded annually.
a What will it amount to at the end of this period?

b How much interest has been earned?

How much compound interest is earned by investing €20 000 at 4.2% p.a. over a 4 year period?

How much compound interest is earned by investing $8000 at 2.9% p.a. over a 3 year period?

o) Self Tutor

£5000 is invested for 4 years at 3% p.a. interest compounded quarterly.
Find the value of the investment at the end of this period.

N
Quarterly means

4 times per year.
: : \ Y,
There are n =4 x 4 = 16 time periods. \\

Each time period the investment increases by 7 = %% = 0.75%.

the amount after 4 years is w15 = up X (1 + ‘i)lﬁ

— 5000 x (1.0075)*  {0.75% = 0.0075}
~ 5634.96

The investment will amount to £5634.96 .

6

$20 000 is invested at 4.8% p.a. interest compounded quarterly. Find the value of this investment
after:

a 1 year b 3 years.

a What will an investment of €30 000 at 5.6% p.a. interest compounded annually amount to after
4 years?

b How much of this is interest?

How much interest is earned by investing $80000 at 4.4% p.a. for a 3 year period with interest
compounded quarterly?

Jai recently inherited $92 000. He decides to invest it for 10 years before he spends any of it. The
three banks in his town offer the following terms:

Bank A:  5%% p.a. compounded yearly.

Bank B: 5%% p.a. compounded quarterly.
Bank C: 5% p.a. compounded monthly.

Which bank offers Jai the greatest interest on his inheritance?
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Example 14

o) Self Tutor

How much does Ivana need to invest now, to get a maturing value of $10000 in 4 years’ time,
given interest at 8% p.a. compounded twice annually? Give your answer to the nearest dollar.

The 1nitial investment ug 18 unknown.

There are n =4 x 2 =8 time periods.

: : : : . 3
Each time period the investment increases by 7 = ?} = 4%.

E  WetiDedforn]) (dFc]fea

Now ug =wug x (1+1)° 10000+ (1.04)°
10000 = ug x (1.04)°  {4% = 0.04} - 7306.90205
10 000
Uy = o ~ 7306.90
[vana needs to invest $7307 now.

10 How much does Habib need to invest now, to get a maturing value of £20000 1n 4 years’ time,
given the money can be invested at a fixed rate of 7.5% p.a. compounded annually? Round your
answer up to the next pound.

11 What initial investment is required to produce a maturing amount of $15000 in 60 months’ time

given a guaranteed fixed interest rate of 5.5% p.a. compounded annually? Round your answer up
to the next dollar.

12 How much should I invest now to yield $25 000 in 3 years’ time, if the money can be invested at a
fixed rate of 4.2% p.a. compounded quarterly?

13 What itial investment will yield ¥4 000000 in 8 years’ time 1f your money can be invested at
3.6% p.a. compounded monthly?

INFLATION

Inflation 1s the general increase in the price of goods and services over time. Inflation reduces the
purchasing power of your money, because a fixed amount of money will buy less goods and services
as prices rise over time.

Inflation needs to be taken into account when setting investment goals. For example, suppose you see a
painting that you would like to buy, and it costs $5000 today. If it takes you 3 years to accumulate the
$5000, the price of the painting is likely to have increased in that time. So, you will need to accumulate

more than $5000 to purchase the painting.

To find how much you need to accumulate, you must index the value of the painting for inflation.

) Self Tutor

Georgia would like to purchase a painting that 1s currently worth $5000. She makes monthly
deposits into an investment account, so that she can purchase the painting in 3 years’ time.

If inflation averages 2.5% per year, calculate the value of the painting indexed for inflation for
3 years.

To index the value of the painting for inflation, we increase it by 2.5% each year for 3 years.

indexed value = $5000 x (1.025)?
= $5384.45




SEQUENCES AND SERIES (Chapter 5) [19

EXERCISE 5E.2

1 If inflation averages 3% per year, calculate the value of:
a $8000 indexed for inflation over 2 years
b $14000 indexed for inflation over 5 years
¢ $22500 indexed for inflation over 7 years.

2 Hoang currently requires $1000 per week to maintain his
lifestyle. Assuming inflation averages 2% per year, how
much will Hoang require per week for him to maintain his
current lifestyle 1n:

a 10 years’ time o 20 years’ time

¢ 30 years’ time?

3 A holiday package 1s valued at $15 000 today.

If inflation averages 2% per year, calculate the value of
the holiday package indexed for inflation over 4 years.

THE REAL VALUE OF AN INVESTMENT

To understand how well an investment will perform, we can consider its final value in terms of today’s
purchasing power. We call this the real value of the investment.

We have seen that to index a value for inflation, we multiply its value by the inflation multiplier each
year. So, to consider the final value of an investment in today’s dollars, we divide 1ts value by the
inflation multiplier each year.

Gemma invested $4000 in an account for 5 years at 4.8% p.a. interest compounded half-yearly.
Inflation over the period averaged 3% per year.

Example 16

a Calculate the value of the investment after 5 years.

© Find the real value of the investment by indexing it for inflation.

a Thereare n =5 x 2 =10 time periods.

: : : : 4.8
Each period, the investment increases by ¢ = 2% = 2.4%.

the amount after 5 years is w19 = ug X (1 + i)m
= 4000 x (1.024)1°

~ 5070.60
The investment will amount to $5070.60 .
5 _
b real value x (1.03)° = $5070.60 (nflation reduces
real value = $5070.60 the real value of
(1.03)" L an investment.

= $4373.94
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EXERCISE 5E.3

1 Ernie invested $5000 in an account for 3 years at 3.6% p.a. interest compounded quarterly. Inflation
over the period averaged 2% per year.

a Calculate the value of the investment after 3 years.

b Find the real value of the investment by indexing it for inflation.

2 Gino invested €20 000 in an account for 4 years at 4.2% p.a. interest compounded monthly. Inflation
over the period averaged 3.4% per year.

a Find the value of Gino’s investment after 4 years.

b Find the real value of the investment.

3 Brooke invested $4000 in an account that pays 3% p.a. interest compounded half-yearly for 6 years.

a Calculate the final value of the investment.

b How much interest did Brooke earn?

¢ Given that inflation averaged 3.2% per year over the investment period, find the real value of
the investment.
d Discuss the effectiveness of the investment once inflation has been considered.

DEPRECIATION

Assets such as computers, cars, and furniture lose value as time passes. This 1s due to wear and tear,
technology becoming old, fashions changing, and other reasons.

Depreciation is the loss in value of an item over time.

Mathematically, depreciation i1s similar to compound interest. In the case of compound interest, the
Investment increases by a fixed percentage each time period. For depreciation, the value decreases by a
fixed percentage each time period.

' ' — —d)" r N
The value of an object after n years is u,, = ug(1 — d) e e
where wuq 1is the initial value of the object for this sequence is
and d 1s the rate of depreciation per annum. = (1 - d)-<

An industrial dishwasher was purchased for £2400 and depreciated by 15% each year.

a Find its value after six years. ® By how much did it depreciate?

a ug=ug X (1—d)° b The depreciation = £2400 — £905.16
= 2400 x (0.85)°  {15% = 0.15} = £1494.84
~ 905.16

So, after 6 years the value 1s £905.16.
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EXERCISE 5E.4

1 A lathe is purchased by a workshop for €2500. It depreciates by 20% each year. Find the value of
the lathe after 3 years.
2 A tractor was purchased for €110 000, and depreciates at 25% p.a. for 5 years.
a Find its value at the end of this period.
b By how much has it depreciated?

3 Suppose I buy a laptop for ¥87 500 and keep it for 3 years. During this time it depreciates at an
annual rate of 30%.

a Find 1its value after 3 years.

© By how much has the laptop depreciated?

L A printing press costing $250000 was sold 4 years later for $80000. At what yearly rate did it
depreciate in value?

USING TECHNOLOGY FOR FINANCIAL MODELS

To solve more complicated problems involving financial models, we must use technology.

Most graphics calculators have an in-built finance program that can help with finance problems. This
1s called a TVM Solver, where TVM stands for time value of money.

The TVM Solver can be used to find any variable if all the other TI-84 Plus CE
variables are given. For the TI-84 Plus CE, the abbreviations used R L
are: N=0
17=0
e N represents the number of compounding periods M=
e % represents the interest rate per year EE?El
e PV represents the present value of the investment Sﬁ? BEGIN

e PMT represents the payment each time period

e [V represents the future value of the investment
b Casio fx-CG50

e P/Y is the number of payments per year g
Compound Interest

e (/Y isthe number of compounding periods per year

e PMT : END BEGIN lets you choose between payments at
the end of a time period or payments at the beginning of a
time period. Most interest payments are made at the end of
the time periods.

Click on the icon to obtain instructions for using the finance program on your
calculator.

GRAPHICS
CALCULATOR
INSTRUCTIONS

When calculating compound interest using electronic technology, notice that:

e The initial investment is entered as a negative value, because that money 1s moving from you to the
bank. The future value is the money you receive at the end of the investment, so F'V 1s positive.

e NV represents the number of compounding periods, not the number of years.

e [ 1s always the percentage interest rate per annum.
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Example 18

o) Self Tutor

Sally invests $15 000 in an account that pays 4.25% p.a. compounded monthly. How much is her
investment worth after 5 years?

N=5x12=60, 1% =4.25, PV =-15000, PMT =0, |[g
C Int t
P/Y =12, C/Y =12 Compound Tnteres
1% =4.25
FV ~ 18544.53 PV =-15000
PMT=0
Sally’s investment is worth $18 544.53 after 5 years. 544- 52848 o
s n (1% JCPV J(PMTJCFV I
There are 5 x 12 = 60
. compounding periods.

) Self Tutor

Halena is investing money in a term deposit paying 5.2% p.a. compounded quarterly. How much
does she need to deposit now, in order to collect $5000 at the end of 3 years?

Example 19

N=3x4=12, I%=5.2, PMT =0, FV =5000, P/Y =4, C/Y =14

PV ~ —4282.10 0
* Compound Interest
Thus, $4282.10 needs to be deposited. n =12

[% =5.2
PV =-4282.098569

PMT=0
FV =5000
P/Y=4
n (1% JCPV J[(PMTJCFV

EXERCISE 5E.5

1 Enrique invests 60 000 pesos at 3.7% p.a. compounded annually. Find the value of his investment
after 6 years.

2 1 deposit $6000 in a bank account that pays 5% p.a. compounded monthly. How much will T have
In my account after 2 years?

3 When my daughter was born, I deposited €2000 in a bank account paying 4% p.a. compounded
half-yearly. How much will my daughter receive on her 18th birthday?

4 Kenneth sold his boat for $8000, and deposited the money in a bank account paying 5.6% p.a.
compounded quarterly. How much will Kenneth have in his account after:

a J years o 8 years?

5 Drew invested €5000 in an account paying 4.2% p.a. interest compounded monthly:.
a Find the amount in the account after 7 years.

® C(alculate the interest earned.
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6 Calculate the interest earned on an investment of £13000 for 4 years at 7% p.a. compounded
quarterly.

7 How much would you need to invest now in order to accumulate $2500 in 5 years’ time, if the
interest rate is 4.5% p.a. compounded monthly?

8 You have just won the lottery and decide to invest the money. Your accountant advises you to

deposit your winnings in an account that pays 6.5% p.a. compounded annually. After four years
your winnings have grown to $102917.31. How much did you win in the lottery?

9 Donald bought a new stereo for $458. If it
depreciated in value by 25% p.a., find its value
after 5 years.

-
To use the TVM Solver
for depreciation, I will

be negative.

.

Example 20

o) Self Tutor

For how long must Magnus invest $4000 at 6.45% p.a. compounded half-yearly, for it to amount
to $10000?

1% = 6.45, PV =—4000, PMT =0, FV =10000, P/Y =2, C/Y =2

N =~ 28.9 0 [ornd) GEnd
, L Compound Interest
So, 29 halt-years are required, which 1s 14.5 years. n =28.86783747

1% =6.45

PV =-4000

PMT=0

FV =10000

P /Y=2 J
n_ 1% JLPY J(PMT

10 A couple inherited $40 000 and deposited i1t in an account paying 4%% p.a. compounded quarterly.

They withdrew the money as soon as they had over $45000. How long did they keep the money in
that account?

11 A business deposits €80 000 1n an account that pays 5%% p.a. compounded monthly. How long will
it take before they double their money?

12 Farm vehicles are known to depreciate in value by 12% each year. If Susan buys a quadrunner for
$6800, how long will it take for the value to reduce to $1000?

Iman deposits $5000 in an account that compounds interest monthly. 2.5 years later, the account
has balance $6000. What annual rate of interest has been paid?

N =25x12=30, PV =-5000, PMT =0, FV =6000, P/Y =12, C/Y =12

I% ~ 7.32 0
_ _ Compound Interest
The interest rate is 7.32% p.a. n =30

1% =7.310068
PV =-5000
PMT=0

V. =6000
P/Y=12

[ n 1% JCPV J[PMT]
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13 An investor has purchased rare medals for $10 000 and hopes to sell them 3 years later for $15 000.
What must the annual percentage increase in the value of the medals be, in order for the investor’s

target to be reached?

14 1 deposited €5000 into an account that compounds interest monthly. 3% years later the account has

balance €6165. What annual rate of interest did the account pay?

15 A young couple invests their savings of $9000 in an account where the interest is compounded
quarterly. Three years later the account balance 1s $10493. What interest rate has been paid?

16 A new sports car devalues from L£68500 to £26380 over 4 years. Find the annual rate of

depreciation.

There are many situations where we are interested in finding the sum of the terms of a number sequence.

A series 1s the sum of the terms of a sequence.

For a finite sequence with n terms, the corres;

The sum of this series is  S,, = w1 +us + us -

For an infinite sequence the corresponding series is

bonding series 1S uq + ug + ug + .... + uy,.
-....+u, and this will always be a finite real number.

Uy +ug +uz + ... +Up + ....

In many cases, the sum of an infinite series cannot be calculated. In some cases, however, 1t does

converge to a finite number.

SIGMA NOTATION

U1 + U + us + ug + .... +u,  can be written more compactly using sigma notation or summation

notation.

The symbol ) is called sigma. It is the equivalent of capital S in the Greek alphabet.

We write u; + us +u3z +uq4 +.... +u, as

Tt

TL
> uy .
k=1

E ug reads “the sum of all numbers of the form u;, where k=1, 2, 3, ...., up to n”.

k=1

Example 22

Consider the sequence 1, 4, 9, 16, 25, ....

a Write down an expression for 5,,.

b Find S, for n

=1, 2, 3, 4, and 5.

a S, =1°"4+2°+3°+4°+ ... +n?
{all terms are squares}

= Y k?
k=1

b S =1
Sp=1+44=

Ss—=1+4+9=14

Sy=1+4+9-

- 16 = 30

Ss=1+4+9-

-16 + 25 =99
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Expand and evaluate:
! 1
i (k+1) b ) 7
k=1 k=1
7 5 ¢
a > (k+1) b > =
k=1 k=1
— 243 4+44+54+6+T+8 =3 titst it m
You can also use technology to evaluate the sum of a series in sigma | [+ “Unsaved w

notation. Click on the icon for instructions.

GRAPHICS
CALCULATOR
INSTRUCTIONS

PROPERTIES OF SIGMA NOTATION
i (ar + by) = i ap + i by,
k=1 k=1 k=1

T T n
If cisaconstant, » car =c > ar and ) c = cn.

EXERCISE 5F

1 Consider the sequence of composite numbers 4, 6, 8, 9, 10, 12, 14, 15, 16, ....
Find:

d 53 b S5 C 812
2 Suppose a sequence has 5S4 = 13 and S5 = 20. Find the value of wus.
3 Consider the sequence u,, = l.
Tl

a Write down the first 5 terms of the sequence.

b Find S, in rational form.
¢ Find the values of n such that S, > 3.

L For each of the following sequences:
I Write down an expression for S,,.
i Find Sf_f,.
a 3,11, 19, 27, ... b 42, 37, 32, 27, ... ¢ 12,6, 3, 1%,

d 2, 3, 43,62, ... e 1,1, % 2, .. f 1,827, 64, ...
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5 Expand and evaluate:

3 6 4

a Y 4k b Y (k+1) ¢ > (3k—5)
k=1 k=1 k=1
0 5!

d > (11— 2k) e > k(k+1) f> 10 x 281
k=1 k=1 k=1

6 For u, =3n—1, write wu; +uo +usg+.... + ugg using sigma notation and evaluate the sum.

7 Show that:
a » c=cn b > car=c) ay ¢ > (ap+bp)=)> ar+ > b
k=1 k=1 k=1 k=1 k=1 k=1

_ Example 24

T
a Expand ) 2k then write the expansion again underneath but with the terms in the reverse

k=1
order.

b Add the terms vertically, and hence write an expression for the sum §,, of the first n even
integers.

a > 2k=24+ 4 + 6 +..4+(2n—-2)+2n
k=1
or 2n+(2n—-2)+2n—-4)+...+ 4 + 2
b 2> 2k=2n+2)+2n+2)+(2n+2)+ ...+ (2n+2) + (2n + 2)

=L —n@n+2)
= 2n(n+1)

mn

Y 2k=n(n+1)
k=1

Tl
8 a Expand ) £k then write the expansion again underneath with the terms in the reverse order.
k=1

© Add the terms vertically, and hence write an expression for the sum 5,, of the first n integers.

¢ Hence find a and b such that " (ak + b) = 8n” + 11n for all positive integers n.
k=1

9 Write an expression for the sum of the first n positive odd integers.

10 Giventhat > k= n(ﬂ; D and Y k* = 7 , write > (k+1)(k+2) in simplest
k=1 k=1 k=1
form.

Check your answer 1n the case when n = 10.
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An arithmetic series 1s the sum of the terms of an arithmetic sequence.

ARITHMETIC SERIES

For example: 21, 23, 25, 27, ...., 49 1s a finite arithmetic sequence.

21 +23 4+ 25+ 27+ .... +49 1s the corresponding arithmetic series.

SUM OF A FINITE ARITHMETIC SERIES

Rather than adding all the terms individually, we can use a formula to find the sum of a finite arithmetic
series.

[f the first term 1s wq, the final term 1s u,,, and the common difference is d, the terms are
uy, w1 +d, uy+2d, ..., (u,—2d), (u, —d), u,.

oS =ur + (ug +d) + (ug +2d) + ... + (up — 2d) + (uy, — d) + uy,
But S, =u, + (u, —d)+ (u,, — 2d) + .... + (u1 + 2d) + (u1 +d) +uy;  {reversing them}

Adding these two equations vertically, we get:

25, = (u1 +up) + (U +up) + (g +up) + oo + (ug +up) + (w1 + uy) + (ug + uy,)
—_-— - - - ———{ —_—___—_—_—

n of these
2S5, = n(uy +u,,)

T

S, = E(ul +u,) where wu, =u;+(n—1)d

The sum of a finite arithmetic series with first term v, common difference d,
and last term u,,, 1S

Ly — g(ul + uy,) or S, = 2(211,1 + (n — 1)d).

Find the sumof 4+ 7+ 10+ 13+ .... to 50 terms.

The series 1s arithmetic with w1 =4, d =3, and n = 50.
Now S, = g(zul + (n —1)d)

S50 = 2 (2 x 4 + 49 x 3)
= 3875

You can also use technology to evaluate series, although for some
calculator models this 1s tedious.

GRAPHICS
CALCULATOR
INSTRUCTIONS
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EXERCISE 5G
1 Find the sum of the arithmetic series 2+ 6 + 10+ 14 + 18 4+ 22 + 26 + 30:
a by direct addition b using S, = %(ul + up)
¢ using S, = 2(2*&1 + (n—1)d).

2 Find the sum of:
a 7T+9+11+13+.... to 10 terms b 3+7+11+15+.... to 20 terms
C % 53I5%+8+.... to 50 terms d 100493486+ 79+ .... to 40 terms
e (—31)+(—28)+ (—25)+ (—22) +.... to 15 terms
f 50+ 484 +47+ 454 + ... to 80 terms.

Example 26

Find the sumof —-6+1+4+8+ 15+ .... + 141.

The series 1s arithmetic with v, = —6, d =7, and w, = 141.

First we need to find n.

Now wu,, = 141
. Ul T (?’l — ].)d = 141 USiﬂg Sn _ E(ul 4 T,Lﬂ),
—6+T7(n—1) =141 2
7(n—1) = 147 Soo = 5 (—6 + 141)
on—1=21 — 11 x 135
n = 22 — 1485
3 Find the sum of:

a >+8+11+14+....+ 101 b 37+33+29+25+....+9
¢ 50+ 492 + 49 + 482 + ... + (—20) d 8+ 105+ 13+ 155 +.... + 83

4 Consider the arithmetic sequence 9, 15, 21, ...., 69, 75.

a Find the common difference d.
b Find the number of terms in the sequence.

¢ Find the sum of the terms in the sequence.

5 Evaluate these arithmetic series:

a S (2 +5) b S (k- 50) c i(%)

k=1 k=1

Check your answers using technology.

6 An arithmetic series has seven terms. The first term 1s 5 and the last term 1s 53. Find the sum of
the series.

7 An arithmetic series has eleven terms. The first term 1s 6 and the last term 1s —27. Find the sum of
the series.
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8 A bricklayer builds a triangular wall with layers of bricks as

shown. If the bricklayer uses 171 bricks, how many layers did
he build?

9 Vicki has 30 days to train for a swimming competition.
She swims 20 laps on the first day, then each day after that
she swims two more laps than the previous day. So, she swims
22 laps on the second day, 24 laps on the third day, and so on.

a How many laps does Vicki swim on:
I the tenth day il the final day? e —

© How many laps does Vicki swim in total?

10 A woman deposits $100 into her son’s savings account on his first birthday. She deposits $125 on
his second birthday, $150 on his third birthday, and so on.

a Calculate the amount of money she will deposit into her son’s account on his 15th birthday.

b Find the total amount she will have deposited over the 15 years.

11 A football stadium has 25 sections of seating. Each section has 44 rows of seats, with 22 seats in
the first row, 23 in the second row, 24 in the third row, and so on. How many seats are there in:

a row 44 of one section © each section ¢ the whole stadium?
12 Find the sum of:
a the first 50 multiples of 11

b the multiples of 7 between 0 and 1000
¢ the integers from 1 to 100 which are not divisible by 3.

13 The sixth term of an arithmetic sequence 1s 21, and the sum of the first seventeen terms is 0. Find
the first two terms of the sequence.

" Example 27 | ) Self Tutor

An arithmetic sequence has first term 8 and common difference 2. The sum of the terms of the
sequence 1s 170. Find the number of terms in the sequence.

The sequence 1s arithmetic with u; =8 and d = 2.

Now S, =170, so g(ml + (n—1)d) = 170

2(16 +2(n—1)) =170

8n+n(n—1) =170
c.onf+Tn—170 =0
(n+17)(n —10) =0
n=10 {as n >0}

there are 10 terms in the sequence.

14 An arithmetic sequence has first term 4 and common difference 6. The sum of the terms of the
sequence 1s 200. Find the number of terms in the sequence.
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15 An arithmetic sequence has u; =7 and S; = 17.

16

17

19

20
21

22

23
24

a Find the common difference of the sequence.
b Find n such that S,, = 242.

Consider the arithmetic sequence 13, 21, 29, 37, .... How many terms are needed for the sum of

the sequence terms to exceed 10007

14+3+5+7+ ...

a Write a formula for the nth term w,,.

Consider the series of odd numbers

2

L3

b Prove that the sum of the first n odd integers is n

n(n

: . 1
Prove that the sum of the first n integers 1s ) .
Three consecutive terms of an arithmetic sequence have a sum of 12 and a product of —80. Find

the terms.

Hint: Let the termsbe = —d, =, and z + d.

The sum of the first 15 terms of an arithmetic sequence is 480. Find the 8th term of the sequence.

Five consecutive terms of an arithmetic sequence have a sum of 40. The product of the first, middle,
and last terms 1s 224. Find the terms of the sequence.

: : : 3 11
The sum of the first n terms of an arithmetic sequence 1s n(3n + ).

a Find 1its first two terms. b Find the twentieth term of the sequence.

Find 3—-5+7—-9+11-134+15—....

Let
a

to 80 terms.

U, = 3+ 2n.

For n =1, ..., 4, plot the points (n, u,) on a graph, and draw rectangles with vertices
(n, un), (n+1, uy), (n,0), and (n+ 1, 0).

Explain how S,, relates to the areas of the rectangles.

Using your sketch, explain why: i

ACTIVITY 1

Unp41 = Unp + 2

i Sﬂ_|_1 = Sn + Up+1.

STADIUM SEATING

A circular stadium consists of sections as illustrated, with aisles in between. The diagram shows the
13 tiers of concrete steps for the final section, Section K. Seats are placed along every concrete step,
with each seat 0.45 m wide. The arc AB at the front of the first row 1s 14.4 m long, while the arc

CD at the back of the back row 1s 20.25 m long.

1 How wide is each concrete step? 20.25 m
: C
2 What 1s the length of the arc of the back of Section K
Row 1, Row 2, Row 3, and so on?
3 How many seats are there in Row 1, Row 2,
Row 3, ...., Row 13? AY 14.4 m
& How many sections are there in the stadium? Row'1
5 What is the total seating capacity of the frm
stadium? /[ to centre
;[ of circular
6 What is the radius r of the “playing surface™? stadium
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THEORY OF KNOWLEDGE

The sequence of odd numbers 1, 3, 5, 7, .... 1sdefinedby wu, =2n—1, n=1, 2, 3, 4, ...

By studying sums of the first few terms of the sequence, we might suspect that the sum of the first

n odd numbers is n?.
S| = 1= 1=12
Sy = 14+3= 4=2°
Sg = 1+3+5= 9=23°
Si= 14+34+5+7=16=4"
Ss=1+3+5+7+9=25=05°

But 1s this enough to prove that the statement 1s true for all positive integers n?

1 Can we prove that a statement 1s true in all cases by checking that it 1s true for some specific
cases’?

2 How do we know when we have proven a statement to be true?

In the case of the sum of the first n odd integers, you should have proven the result in the last
Exercise using the known, proven formula for the sum of an arithmetic series.

However, in mathematics not all conjectures turn out to be true. For example, consider the sequence
of numbers u,, = n? + n + 41.

We observe that:
u; = 12 + 1+ 41 = 43 which is prime
us = 2% + 2 4+ 41 = 47 which is prime
us = 3° + 3 + 41 = 53 which is prime

uy = 4% + 4+ 41 = 61 which is prime.
From this, we may conjecture that n° +n + 41 is prime for any positive integer n.
In fact, n® +n + 41 is prime for all positive integers n from 1 to 39.

However, wsg = 40% 4+ 40 + 41 = 412, so wuag is composite.

Suppose we place n points around a circle such that when we connect each point with every other
point, no three lines intersect at the same point. We then count the number of regions that the circle
is divided into.

The first five cases are shown below:
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From these cases we conjecture that for n points, the circle is divided into 2”1 regions.

Draw the case n = 6 and see if the conjecture 1s true!

3 Is it reasonable for a mathematician to assume a conjecture 1s true until it has been formally
proven’?

A geometric series 1s the sum of the terms of a geometric sequence.

FINITE GEOMETRIC SERIES

For example: 1, 2,4, 8, 16, ...., 1024 1is a finite geometric sequence.

14+24+4+84+16+.... + 1024 1s the corresponding finite geometric series.

If we are adding the first n terms of an infinite geometric sequence, we are then calculating a finite
geometric series called the nth partial sum of the corresponding infinite series.

If we are adding all of the terms 1n an infinite geometric sequence, we have an infinite geometric series.

SUM OF A FINITE GEOMETRIC SERIES

If the first term is u; and the common ratio is r, then the terms are: wy, uir, uir?, uirs, ..., ugr™ L.

So, S, =u + wr + wr? + wrd + ...+ wr" 2 + urn!
U9 us U4 Up—1 Up,

For a finite geometric series with r # 1,

w(r™ — 1 u1(1 — r"
S = 1( ) or S, = 1( )
r —1 1 —r7r
Proof: If S, =ui +uir+ ulrz + ul?"?’ + oo ‘ul?””_2 + ’ul?’”_l (*)

then 7S, = (u1r +uir? + uir® +ur® + ... Furr™ ) +ugr”
rSp = (Sp — u1) +urr™ {from (x)}

rS, — S, = ur" — uy

Sp(r—1)=wu (r" — 1)

S — up(r™ —1) or uy (1 —7r"™)
r—1 l1—1r

provided r # 1.
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In the case » =1 we have a sequence in which all terms are the same. The sequence 1s also arithmetic
with d =0, and S, = un.

) Self Tutor

Find the sumof 24+6-+ 18 4+54+ .... to 12 terms.

The series 1s geometric with w1 =2, r=3, and n = 12.

S - uy(r™ — 1)
r—1
2(312 -1
S13 = ( ) — 031 440
3—1
Example 29 o) Self Tutor
: e N\
Find a‘formula for S,,, 1 the sum of the first n terms of This answer cannot be
the series 9—-3+1— 35+ ... simplified as we do not
know if n 1s odd or even.
\ y,
The series 1s geometric with w7 =9 and r = —%. \
g ur (1 —r") 9(1 — (_;:1;)“)
" 1—r 4
3
27 1
Sﬂ — I(l — (_E)n)

EXERCISE 5H
1 Findthesum 34+6-+ 12+ 24 + 48:

a by direct addition b using S, = XU - D
-
2 Find the sum of the following series:
a 24+6+184+54+.... to 8 terms © 54+104+20+4+40+.... to 10 terms
¢ 124+6+3+1.5+.... to 10 terms d VT+7+7V7+49+.... to 12 terms
e 6—3+15—32+.... told terms f1-—Zs+35— 55+ to20 terms
3 Find a formula for S,,, the sum of the first n terms of the series:
a V3+3+3vV3+9+.... b 124+6+3+ 11 +....
¢ 0.9+ 0.09+ 0.009 + 0.0009 + .... d 20—-10+5—25+ ...
L A geometric sequence has partial sums S; =3 and Sy = 4.
a State the first term w;. © Calculate the common ratio r.
¢ Calculate the fifth term us of the series. d Find the value of Ss.

5 Evaluate these geometric series:

10 12 9 25
a 33 x 2k b 3 () ¢ S 6x (—2)F
k=1 k=1 k=1
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6 At the end of each year, a salesperson is paid a bonus of $2000 which 1s always deposited into the
same account. It earns a fixed rate of interest of 6% p.a. with interest being paid annually. The total
amount in the account at the end of each year will be:

A; = 2000
Ay = A1 x 1.06 4 2000
Ag — AQ x 1.06 + 2000 and so on.

a Show that Az = 2000 + 2000 x 1.06 + 2000 x (1.06)%.
b Show that A4 = 2000[1 + 1.06 + (1.06)* + (1.06)].

¢ Find the total bank balance after 10 years, assuming there are no fees or withdrawals.

7 Answer the Opening Problem on page 102.

8 Paula has started renting an apartment. She paid $5000

rent in the first year, and the rent increased by 5% each
year.

a Find, to the nearest $10, the rent paid by Paula in the
4th year.

b Write an expression for the total rent paid by Paula
during the first n years.

¢ How much rent did Paula pay during the first 7 years?
Give your answer to the nearest $10.

- 1,1 ,1, 1 1
9 Consider S, =35+ 3+ 35+ 75 +F
a Find 57, 59, S3, S4, and S5 1n fractional form. 1
b Hence guess the formula for .S,,.
T
¢ Find S,, using S, = w(d—r ). >
1—r 11_6

Comment on S,, as n gets very large. 1

e Explain the relationship between the given diagram and d. =
1

10 A geometric series has second term 6. The sum of its first three terms is —14. Find its fourth term.

) Self Tutor

A geometric sequence has first term 5 and common ratio 2. The sum of the first n terms of the
sequence 1s 635. Find n.

The sequence is geometric with u; =5 and r = 2.

S — up(r' —1)
r—1

~ 5(2n —1)
2—1

—5(2" — 1)
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To find n such that S,, = 635, we use a table of values with Y; =5 x (2" X —1):

&l

Casio 1x-CG30 T1-84 Plus CE HP Prime

[Math|[Deg]Norm1] [d/c]Real ?gg;‘;";%%%}rﬂyﬁﬂcﬁgh DEGREE MP M Function Numeric View es49)

Y1=5X(2"(x)—-1)
X ¥1

S- =635, so n=1717.

FORMULA DERP IR EDIT

4 7B
5 155
5] 315
7

WD 00 = 0N U LE G D
WO oo~ on|un| b apa|—

hE{mrﬂ More | Go To

11 A geometric sequence has first term 6 and common ratio 1.5. The sum of the first n terms of the
sequence 1s 79.125. Find n.

12

13

14

Find n given that ) 2 x 3¥~1 = 177146.

k=1

Consider the geometric sequence 160, 80, 40, 20, ....

o
C

Find, in decimal form, the 8th term of the sequence.
Find the sum of the first 8 terms of the sequence.
How many terms are required for the sum of the terms to exceed 319.9?

Felicity 1s offered a new job, and 1s given two salary options to choose from:

Option A: $40000 in the first year, and 5% extra each subsequent year.
Option B: $60000 in the first year, and $1000 more each subsequent year.

b

[t Felicity believed that she would work for 3 years in this new job, explain why Option B
would be best for her.

Write down an expression for the amount of money earned in the nth year 1f she selects:

I Option A il Option B.
Find the minimum length of time Felicity would need to work before the amount of money
earned per year from Option A exceeds that of Option B.

Felicity decides that the best way to compare the two options is to consider the tofal income
accumulated after the first n years in each case. If T4 and T’ represent the total income earned
over n years for Options A and B respectively, show that:

i Ty =800000(1.05™ — 1) dollars i Tg = 500n* 4+ 59 500n dollars
The graph alongside shows T4 and 1T’z graphed A total oraph 1
against n. income (9) oraph 2

I Which graph represents 7’4 and which graph
represents 17

il Use technology to find the coordinates of the
point P, where T4 and T'p intersect.

il Hence write down a time interval, in whole
years, for which Option B provides the

greater total income. n (years)

L
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BN INFINITE GEOMETRIC SERIES

To examine the sum of all the terms of an infinite geometric sequence, we need to consider

up (1l —1r")

1 —7r

Sn = when n gets very large.

If || > 1, the series is said to be divergent and the sum becomes
infinitely large.

For example, when »r =2, 1+2+44+8+16+....
large.

is infinitely

If || <1, orin other words —1 < r < 1, then as n becomes
very large, r™ approaches 0.

|| is the size of 7.

If || > 1 then

r< —1or r>1.
e

This means that S,, will get closer and closer to 1“’1 . T
— T
o0
If |r|< 1, an infinite geometric series of the form  uy + u1r +ur? +.... = > uyrk—1
k=1
will converge to the limiting sum S = 1“'1 :
— T

Proof:

Suppose the sum of the corresponding infinite series is

S =wuy +ur+urd +urs + ... (%)

rS = uyr + ugr? +urd +ugrt + ...

S.oorS=8—u {comparing with (%)}
5! (‘T" — 1) = —Uu
S = lul {provided r # 1}
— 7

This result can be used to find the value of recurring decimals.

3

If the first term is u; and the common ratio is r, the terms are wy, uir, uir?, uire, ....

Write 0.7 as a rational number.

U7= 7 | 7 | 7 | 7 |
| 10 " 100 ' 1000 ' 10000 ' °°°°

1S an infinite geometric

series with u; = % and r = %.
7
S o ur 10 L Z
_ 1

1—17r 1— 15 9
7_ T
0.7=3

EXERCISE 51
1 a Explain why 0.3 = 130 | 130 | 103[}0 | 1s an infinite geometric series.

b Hence show that 0.3 =

3 L
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2 Write as a rational number:
a 04 b 0.16 ¢ 0.312

Al

3 Use S= to check your answer to Exercise SH question 9 d.

1 —r

4 Find the sum of each of the following infinite geometric series:

a 18+12+8+ 3+ ... b 189-63+21—-0.7+....
5 Find:
o0 3 oo 5 k
a ) G b > 6(—%)
k=1 k=0

6 The sum of the first three terms of a convergent infinite geometric series is 19. The sum of the
series 1s 27. Find the first term and the common ratio.

7 The second term of a convergent infinite geometric series 1s %. The sum of the series 1s 10. Show
that there are two possible series, and find the first term and the common ratio in each case.

8 Thesequence =z, x—2, 20— 7, ... 1S geometric.

a Find z.
b Does the sum of the corresponding infinite geometric series converge? Explain your answer.

9 O When dropped, a ball takes 1 second to hit the ground.

It then takes 90% of this time to rebound to its new
0 height, and this continues until the ball comes to rest.

a Show that the total time of motion is given by

Y Q 1 +2(0.9) +2(0.9)* +2(0.9)% + ....

Ly ® b Find S,, for the series in a.

| ¢ How long does it take for the ball to come to rest?

ground
S A N A N S —

10 When a ball is dropped, it rebounds 75% of its height after each bounce. If the ball travels a total
distance of 490 cm, from what height was the ball dropped?

11 a Explain why 0.9 =1 exactly.

9 1
, then S, =1 .
10m 10m

¢ On a graph, plot the points (n, u,) and (n, S,) for n=1, 2, ...., 10. Connect each set of
points with a smooth curve.

b Show that if wu, =

X /3., k—1
12 Find z if 3 (_) —4
k=1 \ 2

ACTIVITY 2

Click on the icon to run a card game for sequences and series. CARD GAME
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YON KOCH'’S SNOWFLAKE CURVE

)

V

<\/

} -ﬂ -

In this Activity we consider a limit curve named after the Swedish mathematician Niels Fabian

Helge von Koch (1870 - 1924).

To draw von Koch’s snowflake curve we:

start with an equilateral triangle, C}

divide each side into 3 equal parts

on each middle part, draw an equilateral triangle
delete the side of the smaller triangle which lies on (4. 4/\_

/\

DEMO

The resulting curve 1s Cs. By repeating this process on every edge of (s, we generate curve Cs.

We hence obtain a sequence of special curves C', Csy, C3, Cy, ...

limiting case when n 1s infinitely large.

and von Koch’s curve 1s the

Your task 1s to investigate the perimeter and area of von Koch’s curve.

What to do:

a Suppose C has perimeter 3 units. Find the perimeter of C'5, C3, Cy, and Cs,.

becomes / \ so 3 parts become 4 parts.

Hint:

b Remembering that von Koch’s curve 1s C,,, where n is infinitely large, find the perimeter
of von Koch’s curve.

2 Suppose the area of Cy is 1 unit?.

a Explain why the areas of Cy, C3, C4, and C5 are:

Ag — 1——% lll‘lit52
Ay =1+2]1+%

(

-

9

)?] units*

Az =1+

As =1

W= =

1

1+ 5] units®
2+ (%) +(3)°] units®.

b Use your calculator to find A,, where n =1, 2, 3, 4, 5, 6, and 7, giving answers which

are as accurate as your calculator permits.

¢ What do you think will be the area within von Koch’s snowflake curve?

3 Is there anything remarkable about your answers to 1 and 27

& Investigate the sequence of curves obtained by adding squares on successive curves from the

middle third of each side. These are the curves C;, Cs, (5, ....

shown below.
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THEORY OF KNOWLEDGE

The German mathematician Leopold Kronecker (1823 - 1891)
made important contributions in number theory and algebra.
Several things are named after him, including formulae, symbols,
and a theorem.

Kronecker made several well-known quotes, including:

“God made integers; all else is the work of man.”

“A mathematical object does not exist unless it can be
constructed from natural numbers in a finite number of steps.”

Leopold Kronecker

1 What do you understand by the term infinity?

2 If the entire world were made of grains of sand, could you count them? Would the number
of grains of sand be infinite?

3 There are clearly an infinite number of positive integers, and an infinite number of positive
even integers.
a Construct an argument that:

I there are more positive integers than positive even integers
li there is the same number of positive integers as positive even integers.

b Can the traditional notions of “more than™, “less than”, and “equal to” be extended
to infinity?

Consider an infinite geometric series with first term v, and common ratio r.

U]

If |r| <1, the series will converge to the sum S = —
— T

4 Can we explain through intuition how a sum of non-zero terms, which goes on and on
for ever and ever, could actually be a finite number?

In the case r = —1, the terms are uy, —wy, 1, —uq, ....

If we take partial sums of the series, the answer 1s always u; or 0.

5 What is the sum of the infinite series when r = —1? Is 1t infinite? Is it defined?

Substituting r = —1 into the formula above gives S = % Could this possibly be the

answer?

REVIEW SET 5A

1 Consider the number sequence 5, 9, 11, 12, 15, 19. Find:
d U9 b Ug C 84.

2 Identify each sequence as arithmetic, geometric, or neither:
a 7,-1,-9, -17, ... b 4, -2,1, —1, ... ¢ 1,1,2,35,8, ..
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10

11

12

13

14

15

Find £ 1t 3k, £ — 2, and k£ + 7 are consecutive terms of an arithmetic sequence.

A sequence is defined by wu,, = 6(%)n_1 .
a Prove that the sequence 1s geometric. b Find u; and r.
¢ Find the 16th term of the sequence to 3 significant figures.

Determine the general term of a geometric sequence given that its sixth term is %6 and 1ts tenth

200

term 18 ===.

Insert six numbers between 23 and 9 so that all eight numbers are in arithmetic sequence.

An arithmetic series has nine terms. The first term 1s —2 and the last term 1s 54. Find the sum
of the series.

Theodore 1s squeezing the juice from some lemons. When he has squeezed 6 lemons, he has
collected 274.3 mL of juice.

a Find the average amount of juice collected from each lemon.

b Hence write an arithmetic sequence u,, which approximates the amount of juice collected
from squeezing n lemons.

¢ Predict the amount of juice collected from squeezing 13 lemons.

Find the sum of each of the following infinite geometric series:

a 18—12+8—.... b 8+4v2+4+ ...
Find the sum of:

a 7+11+15+19+....+99 b 35+331+32+30% +....+20
Each year, a school manages to use only 90% as much T
paper as the previous year. In the year 2010, they used (e PR} g ::-
700000 sheets of paper. = ,'é & i’-} vy

a Find how much paper the school used in the years 1513 M :

2011 and 2012. e
-
b How much paper did the school use in total in the ';_5;3 - | ¥ iea

—y

decade from 2008 to 2018?

=
NS

.r-ij‘_'_'(:l
v
‘_‘

Write a formula for the general term u,, of:
a &6, 83, 80, 77, .... o2 L2 ¢ 100, 90, 81, 72.9, ....

4° <2 6° 7°
Hint: One of these sequences 1s neither arithmetic nor geometric.

Expand and hence evaluate:

7 4 1.1
a > k? b ) —
kzl k:]. k T 2
e . 3n%+5n n
The sum of the first n terms of an infinite sequence 1s > forall ne Z™.
a Find the nth term. b Prove that the sequence is arithmetic.

£12500 is invested in an account which pays 4.25% p.a. interest. Find the value of the
investment after 5 years if the interest 1s compounded:

a half-yearly b monthly.
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16

17

19

20

23

24

25

26

27

Jana invests €6000 in an account which pays 5.2% p.a. interest compounded quarterly for
6 years. Use technology to find:

a the future value of the investment b the interest the investment will earn.

4 years ago, Chelsea invested some money in an account paying 6.5% p.a. interest compounded
quarterly. There is currently $6212.27 in the account. How much did Chelsea invest originally?

For how long must I invest £4000 at 8% p.a. compounded monthly if it is to amount to £10 000?

If inflation averages 2.5% per year, calculate the value of:
a €6000 indexed for inflation over 4 years
b €11200 indexed for inflation over 7 years.

Georgina invested $20000 in an account which paid 6.2% p.a. interest, compounded monthly
for 3 years. Inflation averaged 1.87% per year over this time.

a Calculate the future value of the investment.
b Find the real value of the investment.

Show that 28, 23, 18, 13, .... 1s an arithmetic sequence. Hence find u,, and the sum S,, of its
first n terms 1n simplest form.
Consider the arithmetic sequence 12, 19, 26, 33, ....

a Find the 8th term of the sequence.

b Find the sum of the first 10 terms of the sequence.

¢ The sum of the first n terms 1s 915. Find the value of n.

A truck is purchased for $135000. It depreciates at 15% p.a. for 5 years.
a Find the value of the truck at the end of this period.
b By how much has it depreciated?

a Determine the number of terms in the sequence 128, 64, 32, 16, ...., 5%
b Find the sum of these terms.

The sum of the first two terms of an infinite geometric series i1s 90. The third term 1s 24. Show
that there are two possible series, and that both series converge.

After years of decline in his health, Tim has now realised that smoking is unhealthy. Until now,
he has regularly smoked 120 cigarettes each week. To help him quit, he 1s determined to reduce
this amount by 5 cigarettes every week from now on.

a Explain why the number of cigarettes Tim smokes each week will form an arithmetic
sequence with u; = 115. State the common difference for the sequence.

b How many weeks will it take before Tim has smoked his last cigarette?
¢ Find the total number of cigarettes Tim will smoke before he successfully quits.

A competition offers three options for the first prize, each of which pays the winner a monthly
sum for 24 months.

Option 1: $8000 per month.

Option 2: $1000 in the first month, then each successive month pays $600 more
than the previous month.

Option 3. $500 in the first month, then each successive month pays 20% more than
the previous month.
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Calculate the total prize value for Option 1.

b For Option 2:

I Write down the amount won in each of the first three months.
li Calculate the total amount won over the 24 month period.

¢ For Option 3:

I Write down the amount won in each of the first three months.
ii Calculate the total amount won over the 24 month period.

d Which option is worth the greatest amount of money overall?

e The amount won in the first month under Option 3 1s to be altered so that the total prize
over 24 months is $250000. Calculate the new initial amount, giving your answer to the
nearest cent.

28 Consider the infinite geometric sequence 160, 80+/2, 80, 40/2, ....
a Write the 12th term of the sequence in the form kv/2 where k € Q.

b Find, in the form a + bv/2 where a, b € Z:
I Sio il the sum S of the infinite series.

REVIEW SET 5B

1 Evaluate the first five terms of the sequence:
a {(1)") b {12+ 5n) c { : }

2 A sequence is defined by wu,, = 68 — dn.

Prove that the sequence 1s arithmetic.

Find u; and d.
Find the 37th term of the sequence.

O A O o

State the first term of the sequence which 1s less than —200.

3 a Show that the sequence 3, 12, 48, 192, .... 1s geometric.
b Find w, and hence find wy.

K a Find the general term of the arithmetic sequence with wy; =31 and w5 = —17.
b Hence find the value of wsy4.
5 Consider the sequence 24, 23%, 22%,

a Which term of the sequence 1s —36?

b Find the value of wus3s.
¢ Find Sy, the sum of the first 40 terms of the sequence.

6 Find the sum of the first 12 terms of:
a 3+9+15+21+.... b 24+12+6+3+....

7 Consider the sequence 24, a, 6, ....

Find the value(s) of a if the sequence is:

a arithmetic b geometric.
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13

14

15

16
17

19

Stacy runs a hot dog stand at a local fair. On the first day she served 25 customers and made
£60 profit. On the second day she served 43 customers and made £135 profit.

a Assuming that her profit from serving n customers forms an arithmetic sequence, find a
model which approximates the profit from serving n customers.

b Explain the significance of the common difference and the constant term in your model.

¢ On the third day, Stacy served 36 customers. Use your model to estimate her profit.

Find the first term of the sequence 5, 10, 20, 40, .... which exceeds 10 000.

A ball bounces from a height of 3 metres and returns to 80% of its previous height on each
bounce. Find the total distance travelled by the ball until it stops bouncing.

Find the final value of a compound interest investment of €8000 after 7 years at 3% p.a. with
interest compounded annually.

$7000 is invested at 6% p.a. compound interest. Find the value of the investment after 3 years
1f interest 1s compounded:

a annually b quarterly ¢ monthly.

a Find k given that 4, k, and k® — 1 are consecutive terms of a geometric sequence.

b For each value of k, find the common ratio of the sequence.

Seve 1s training for a long distance walk. He walks
for 10 km 1n the first week, then each week thereafter
he walks 500 m further than the previous week. If he
continues this pattern for a year, how far does Seve
walk:

a i1n the last week b 1n total?

Find the sum of the infinite geometric series:

14 , 4 , 8
a 121 —-1.1+1—.... b F+3+57+ -
Find the first term of the sequence 24, 8, %,, %,, ....which 18 less than 0.001 .

Vnay deposits 200000 rupees 1n an account that compounds interest half-yearly. 6 years later,
the account has balance 250 680 rupees. Use technology to calculate the annual rate of interest.

Frederik invests €5000 at 5.8% p.a. compounded monthly. Use technology to find how long it
will take to amount to €12 000.

Richard sold his car for $7500. He invested the money

in an account paying 3.7% p.a. interest compounded -

quarterly for 8 years. Inflation averaged 3.1% per year |

over this period. ///( Fdha ?;1(;
“% :

e [

a Find the future value of Richard’s investment. ‘ DD“’
b Find the real value of Richard’s investment. O~H S '

D),

i~.'. 0\
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20
21

22

23

24

26

27

A photocopier bought for $9800 will depreciate by 26% each year. Find its value after 5 years.

Evaluate:
8. /31— 3k 15 3 0 k—1
3 ( 2 ) b S 50(0.8)" ¢ > 5(2)

A geometric sequence has ug =24 and wuy, = 768.
a Determine the general term of the sequence.
b Find the sum of the first 15 terms.

The nth term of a sequence is given by the formula w,, = 4n — 7.

a Find the value of uqy. b Explain why the sequence is arithmetic.

¢ Evaluate w5 + w16 +ui7 + ... + usp.

Ena currently has £7800. She wants to buy a car valued at £9000. If she puts her money in
an account paying 4.8% p.a. compounded quarterly, when will she be able to buy the car?

In 2004 there were 3000 1guanas on a Galapagos i1sland. Since then, the population of 1guanas
on the island has increased by 5% each year.

a How many iguanas were on the 1sland in 20077

b In what year will the population first exceed 10 000?

oo
a Under what conditions will the series > 50(2z —1)*~! converge? Explain your answer.
k=1

b Find 5 502z — 1)*! if 2 =0.3.
k=1

Michael is saving to buy a house and needs $400 000.

a Three years ago, he invested a sum of money in an account paying 6.5% p.a. interest
compounded half-yearly. This investment has just matured at $100000. How much did
Michael invest three years ago?

b Michael decides to reinvest his $100 000 lump sum into an account for a period of n years
at 6.0% p.a. interest compounded annually.
Copy and complete the table below showing the value V,, of Michael’s investment after

n years.
n (years) 0 1 2 3 4
V., ($) | 100000 | 106000 [ 112360

¢ Write a formula for V,, in terms of n.

d Michael also decides to start an additional saving plan, whereby he deposits $6000 into
a safe at the end of each year. Write down a formula for S,,, the amount of money in
Michael’s safe after n years.

e The total amount of money Michael has for his house after n years is given by
T, =V, +5,. Calculate the missing values in the table below.

n (years) 0 1 2 3 4
T, ($) [ 100000 | 112000 | 124 360
f After how many whole years will Michael have the $400 000 needed to buy his house?
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L a 2 distinct irrational roots b 2 distinct rational roots

¢ 2 distinct rational roots d 2 distinct irrational roots

e no real roots f a repecated root

5 a,¢c,d and f
6 a A=16—4m - + !t -
I m=4 Hnm<4 m m >4
b A=9—-8m - + .;l;. ~
3
i m =3 i m< 2, m#0 i m > 3
¢c A=9—4m - {L — e
4
i m =2 i m<2, m#0 i m > 2
EXERCISE4E —
1 a xz=3o0r2 b r=—2o0r—7
c r =4 d no real solutions
e r=0250r —1.5 f r~1.29 or —1.54
g r~1.29 or —1.09 h z~8.36 or —0.359
2 ax=1or -7 o r=150r —2.5
¢ x=3.5o0rl.8 d z~1.18 or 2.82
e r~ —227o0r 1.77 f no real solutions
g x~ 1.54 or —0.869 h =~ 1.39 or 0.360
I =z~ 4.18 or —5.99
3 ax=-3o0r—4 b r=1or -3
¢ r~ 1.85 or —4.85 d xr~0.847 or —1.18
e = —0.5 f no real solutions
f a r=-3,0,bor3 b z~-—-1.13 c r =23, 2, or —4
d z=1 e r=0.5, =0.618, or —1.62
f =~ 4.36, 0.406, or —2.26
5 a no real solutions o x~1.34 or —3.17
¢ x=1or—1 d no real solutions
6 a r=0,~1.73,0or —1.73 b z~ —0.811
C = =t2
EXERCISE 4F T
1 a xz=—-2o0r3 O = —2o0r3
2 ax=321 b z=0387or—-1.72 ¢ x=246
d xr=5.17 e z==1.520r283  x=356o0r —1.30
3 a xz~-—-1.59 b r~ —0.861, 1.24, or 16
¢c r~ —2.62 d z~ —0.572 or 0.821
e v~ —2.24 or 2.34 f £~ —0.577 or 0.577
4 a 1 x=1lord 1 =3 1l no rcal solutions
b i k>-7 n k=-7 i k< -7

REVIEW SET 4A I
1 a z=+V19 b z=-30or7 ¢ x=0o0r2V2

2 a no real solutions b mz% c x=11+ 2
3 ax=0o0r—-2 h:ﬂ:—3nr% c x=-—5H, —1,0rb6
I a:.:::{)ur% b zr=50r—1 ¢ x = —3
5 axz=-50r4 b xz=2o0r3 cz=—-2or7
d z=1o0r3 E:EZ%DI'—Q f z=—-6or9
6 axz=3+vV5 baz=1+£vV2 ¢z=-2+-

V2

7T+ 41
7 a = > b no real solutions
—1 + /37
T — -

8 a z°—-9=0, z=+3
b 222 +2—-3=0, z=1or -2

2
C 3:1:'2—:{:'—2:0, mzlﬂr—§
9 a A =49, 2 distinct rational roots b = = —% ﬂI‘%
10 A= -7 no real roots
12 aa'::%,l,ﬂr—Q bm=2,%,ﬂr0
¢ x=4,3,0or —5H d ~ 1.84 or —6.92
12 a =~ 2.81 b v~ 1.73 C r~ —1.84
REVIEWSET4B
1 azz=0 bﬂ::—% c r=+3+4
_ .3 __ 5 1 3
2 ﬂ;’C—iE D = —18& CL’E—EDFE
3 ap=0 qg#0 b z=0or z=0, y#0
¢ no solutions
4 HLEZUGI‘% b xr=00o0r4 ¢c x=1orb6
d = -2 e r=—20r6 f::c:—%urZ
—5 4+ /5
5 a r=15o0r —4 b == 2\/_ c:ﬂ:Qnr—%
6 We obtain (x — 2)?2 = —1 which has no solutions.
—5+4/13 —11 ++/145
7 a x= b =z =
2 6
-2+ 14
I —
5!
8 a A =0, 1root(repeated)
b A =41, 2 distinct irrational roots
¢ A = —11, no real roots
9 9 9
9 d m—g I TTL{:E C m}g

10 a | = +6

r = —6orb6
c i k>0 i k=20 i k<0
1M a z~2.77or —1.27 b =~ 3.70 or —2.70
c r~ —3.83 or 1.83
12 a z=25,0,0r —3 o =~ 4.93, 0.814, or —1.74
C

r~ 2.39 or 0.449
13 a =~ 2.81 b »r~1.85 ¢ r~ —2.15 or 3.58

EXERCISE 5A N—

1 a 4,13, 22, 31 o 45, 39, 33, 27 ¢ 2,6, 18, b4
d 96, 48, 24, 12
2 a us =3 b us =11 ¢ ujp = 29
3 We start with 4 and add 3 each time.
€ ug = 25

d
b u1 =4, uqg =13
Ul

i =7, u2 =9, uzg =11, uqg = 13
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a up =1 b us = 13 € u27 =79 10 b U200 = 1381 € no
6 a B b uog = 390 11 a wp and d are even © w7 1s odd and d is even
7 a The sequence starts at 8, and each term is 8 more than the | 12 a k = 17% b k=14 ¢c k=5 d k= %
previous term. The next two terms are 40 and 48. e k=7 fk=-4 g k=-20r3 h k=—-1or3
o The sequence starts at 2, and each term 1s 3 more than the 11
prcvimi term. The next two terms are 14 and 17. 13 @ un=06n-1 b un=—gn+ 5
¢ The sequence starts at 36, and each term is 5 less than the ¢ up = —5m+ 36 d un = —%ﬂ + %
previous term. The next two terms are 16 and 11. 14 5 61 71 83 10
d The sequence starts at 96, and each term is 7 less than the oA A
previous term. The next two terms are 68 and 61. 15 —1, 3%5 8%:- 13%:- 17%* 22%= 27%& 32
e The sequence starts at 1, and each term 1s 4 times the previous 16 a 50, 48%, 47, 45%, A4 b uszs = —1
term. The next two terms are 256 and 1024.
f The sequence starts at 2, and each term is 3 times the previous 17 a Month 1: 5 cars Month 4: 44 cars
term. The next two terms are 162 and 486. Month 2: 18 cars Month 5: 57 cars
g The sequence starts at 480, and each term is half the previous Month 3: 31 cars Month 6: 70 cars
term. The next two terms are 30 and 15. © The total number of cars made increases by 13 each month.
h The sequence starts at 243, and each term is one third of the So, the common difference d = 13.
previous term. The next two terms are 3 and 1. ¢ 148 cars d 20 months
I The sequence starts at 50 000, and each term is one fifth of | 18 a Week 1: 2817 L  Week 3: 2451 L
the previous term. The next two terms are 80 and 16. Week 2: 2634 L  Week 4: 2268 L
8 a Each term 1s the squarc of the term number; 25, 36, 49. © The amount in the tank decreases by the same amount
b Each term 1s the cube of the term number; 125, 216, 343. (183 L) each wecek.
¢ Each term is n(n + 1) where n is the term number; ¢ in the 17th week
30, 42, 98, EXERCISE 5B.2 N
9 a 79,75 b 1280, 5120 ¢ 625, 1296 1 a 140.75 ¢ b w, — 140.75n
d 13,17 e 16, 22 f 6,12
2 a 5925¢ 0 un = 32+ 59.25n c 0<<ng12
10 a 2,4,6,8, 10 b —1,1,3,5, 7 980
¢ 13, 15, 17, 19, 21 d —1, -5 -9, —13, 17 3 @ un =2580—16n ° un = 9850 — Sgn
e 3? 8, 15:. 24!‘ 35 i 2:‘ 4} 8, 16, 392 i a b5.75 online friends pcr week b u, = 28.25 4+ 5.75n
g 3, % , %, % : 1% h —2 4, —8. 16, —32 ¢ No, the model is only intended to estimate the number of

online friends. We can simply round to the nearest whole
number.

d 143.25 =~ 143 online friends
Un = 1950 + 100n

© | Catering is €100 per guest.
il The venue hire is €1950 (with O guests).

i 17, 11, 23, —1, 47

EXERCISE 5B.1 N

1 a arithmetic © not arithmetic ¢ arithmetic

d not arithmetic

2 a uy =25, d=4 b uy=—-4, d=7 ¢ €10450
¢ up =23, d= — d ug = -6, d= —
ur = 23, > ur = =6, J EXERCISE 5¢ o
3 d I up = 19, d==6 i up, =6m—+ 13 1 au=>5 r=3 bu1:725r:%
11 u15:103 1
. - C up1 =2, r=—4 1:!1,{,1:65?-:_§
b i w1 =101, d= -4 N u, = 105 — 4n
i uis = 45 2 ab=18, c=54 b b=2%, c=1%
— _ 1
¢ iu =8 d=12% i u, =1in 461 ¢ b=3 c=-l3
= L L mm . _1
d i u =31d=5 i w, = 5n + 26 o T ur=2 r=5 I up =2 X 5"
e iwuy =5 d=—8 i w, =13 — 8n C iulzﬁlQ,T:% i up =512 x 21—n
il uys = —107 il ug = 2
f iw—a d=d i up=a+ (n—1)d d Twu=1r=3 i u,=3""1 i ug=6561
i wis = a4 14d e iu=12, r=32 i up =12 x (2)"1
h au =6 d=11 b u,=1ln—5 i g = S
¢ usg = 545 d YEs, uzg = 325 € no 26
5 a u; =87, d=-4 b u,=91—4n o lui==% r=-2 i up=(-2)"""1
¢ ugo = —69 d ugy il ug = 16
6 b up = 1, d=3 ¢ us7 = 169 d U150 = 448 h a uyp =5, r=2 b Hn=5><2ﬂ’_1, u1s = 81920
1
7 bu =32 d=—-% ¢ up=-227 dn>68 Soauw =12 r=-—3
_ 1yn—1 3
8 a u; = 36, dz—% b uigo 9 wuvgo2 = 100006 o un—12>{(—§)” > U13 1024
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6 up =8, r=—=. uig~ —0.601

7 ur=8 r=Js Hint up = 23 x (272 )1

& a uﬂ—l_l—sxw—:?), r=23 bulgzzglﬁ
Un Usn
¢ 3 terms
9 a k=6 b k=22 ¢ k=+14 d k==+2
e k=436 f k=48 g k=2 h k=—-2o0r4
10 a k= —-3or4d b For k= -3, nexttermis%.
For k = 4, next term 18 24.
11 a u, =3x2""1 b u,=32x(—5)""!

or un = 10 x (—V2)17 "

c Up =3 x (vV2)" 1 d
or up =3 x (—v2)" !

12 a ug = 13122 b uia = 29163 ~ 5050
_ _3
€ U1s 35 768 0.0000916

EXERCISE 5D N

1 a | 1553 ants il 4823 ants b ~ 12.2 weeks
2 a ~278 b year 2057

3 a 1 =~=T73deer Ii = 167 deer b =~ 30.5 years
F a i = 2860 il =~ 184000 b =~ 14.5 years
5 a ~336¢ b =~ 10.2 more years

6 a €39712.41 pa. b €54599.05 p.a.

EXERCISE 5E.1 N——

1 £9367.58 2 £3453.07 3 a €2233.58 b €233.58
L €3577.67 5 $716.38
6 a $20977.42 b $23077.89
7 a €37305.85 b €7305.85
g8 $11222.90 9 Bank A 10 £14977
11 §11478 12 $22054.85 13 ¥3000340
EXERCISE 5E.2
1 a $8487.20 b $16229.84 ¢ $27672.16
2 a $1218.99 b $1485.95 ¢ $1811.36
3 §516236.48
EXERCISE 5E.3 N
1 a $5567.55 b $5246.43
2 a €23651.79 b €20691.02
3 a $4782.47 b $782.47 ¢ $3958.90
d The investment has not been cffective. The real value of
the investment after 6 years 1s less than what was originally
invested.
EXERCISE 5E.4
1 €1280 2 a €26103.52 b €83896.48
3 a ¥30013 b ¥57487 h 24.8%

EXERCISE 5E.5 N

1 74614.60 pesos 2 $6629.65 3 €4079.77

 a $9452.47 b $12482.59

5 a €6705.48 b €1705.48 6 £4159.08 7 $1997.13

8 $80000 9 $108.69 10 2 years 9 months
11 13 years 3 months 12 15 years 13 14.5% p.a.
14 6.00% p.a. 15 5.15% p.a. 16 21.2% p.a.
EXERCISE 5F

1T a S3 =18 o S5 =37 ¢ Si2 = 153 2 us =7

3 al 3, 22,2 b Sy=2 ¢ n>1l1
T
4 a i Sp=) (8k—05) i S5 =95
k=1
T
b i S,= ) (47— 5k) i S5 = 160
k=1
¢ 0 Sp=>) 12(5)k1 i S5 =234
k=1
d i Sp=) 2(2)k1! i S5 =262
k=1
- S 1 .o 15
e |Sr_.1,:Z:2;E_1 1] S5Zlﬁ
k=1
T
f i Sh=) k° i S5 = 225
k=1
5 a24 b 27 c 10 d 25 e 168 f 310
20
6 Song = Z(3k—1)=610
k=1
8 a 1+ 2+ 3 4+ ..+ n—-1)+n
n+n—-1)4+nNn—-2)+.... + 2 +1
b 5, = o+l ¢ a=16, b=3
9 Sn=)> (2k—1)
k=1
L 2 +6n+ 11
10 Z(k+1)(fc+2):ﬂ'(” T ),,
k=1 3
10
> (k+1)(k+2) =570
k=1
EXERCISE 5G e
1 a,b, ¢ 128
2 a 160 b 820 ¢ 30873 d —1460
e —150 f —740
3 a 1749 b 184 ¢ 2115 d 14104
h a d=6 b n=12 ¢ Si2 =504
5 a 160 b —630 ¢ 135 6 203 7 —1155
8 18 layers
9 a i 38laps i 78 laps o 1470 laps
10 a $450 b $4125
11 a 65 seats b 1914 seats ¢ 47 850 seats
12 a 14025 b 71071 ¢ 3367
13 w1 =56, us = 49 14 8 terms
15 a d=3 o n=11 16 15 terms

b S5, = ;(ul-l—un):g(lﬂ—Qn—l):nz

18 Hint: S, — g(gul + (n—1)d)

= 2(2}( 1+ (n—1)x1), and so on
19 10,4, —2 or -2, 4,10 20 ug = 32
21 2,5,8, 11,14 or 14, 11,8, 5, 2
22 a u1 =17, us =10 b ugp = 64 23 Sso

— —80
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b
C

Aun
12 (4,11)
(3,9) 4
g
2.7,
(1,5),
4
0 7l
0 1 5 3 4 5

Sn 1s the sum of the areas of the first n rectangles.
I The left side of each rectangle increases in length by
2 units from the previous rectangle, u,+1 = un + 2.

ii The area of the (n + 1) th rectangle is wyn41.
Sn+1 18 the sum of the areas of the first n rectangles

and the (n + 1) th rectangle, Sn+1 = Sn + Un+1.

EXERCISE 5H NE——

1
2

- O~ n =&

10

13
14

EXERCISE 51

1

2
A

a,b 93
3069
a 6560 b 5115 ¢ =55 ~24.0
g 32769 ~
d ~ 189134 e g5 ~ 4.00 f ~ (0.585
3+3
a Sp="— (V3" =1) b S, =24(1-($)")
¢ Sp=1-—(0.1)" d Sp=2(1-(-3)")
a u3p =3 b*rz% CHE,ZE—%T d55=4%—§
a 3069 b 222 ~ 4.00 ¢ —134217732
¢ $26 361.59
a The number of grains of wheat starts at 1, and each square
has double the number of grains of the previous square.
b u, =271
¢ (2% — 1) ~ 1.84 x 109 grains of wheat
a $5790 b S, =100000((1.05)™ —1) ¢ ~ $40710
_ 1 _ 3 _ T __ 15 _ 31
a S1=35, S2=%, Ss3=3, Sa=13 Ss=%5
2" — 1 1y 27—1
b 5, = o ¢ Sp=1—(3)"= o
d as n—o00, S, — 1
e As n — oo, the sum of the fractions approaches the area
of a 1 x 1 unit square.
u4:§0r54 1T n=5 12 n=11
a usg = 1.25 b Sg = 318.75 ¢ 12 terms
a In 3 years she will earn $183 000 under Option B, compared
with $126 100 under Option A.
b i A, =40000x(1.05)""1 ii B, = 59000+ 1000n
¢ ~ 13.1 years
e 1 graph 1 represents T4, graph 2 represents 1T'g

b

i P(22.3, 1580000)
B

It is geometric with u, =

i 0< n< 22

3. and r = ==. and we are

10 10°
adding all the terms. Therefore it is an infinite geometric
Series.

=3
Using a, S_l_ml_%:% 03 =1
10
T 4 e . 16 210 . 104
H4 b 14.175

2

5 al b 42 6 up =9, r=32
7 uy =8, ?"z% and w1 = 2, r:%
8 a x=4o0r—1
b When z = 4, r:% and |%‘fil.
.. the series converges with S = 8.
When = —1, r=3 and |3| £ 1.
the series 1s divergent so 1t does not converge.
9 b S,=19—-20(0.9)" ¢ 19 seconds 10 70 cm
g _ 9 9 9 R SR
11 a 0.9 = 1—D+m—|—m+.... which 1s geometric with
ulz% and 1*:1—1{]
9
09=8=—-=1
1 — L
10
C Au,/S, .
1 o o o o+ o
u'.ri'
0 - ——0—P 11
o 1 2 3 4 5 6 7 & 9 10
12 =z =+

2

REVIEW SET 5A N

2
3
5
6
8
9
1

1

12

13

14

16
17

19
20

21

22
23

24
25

a uo =9 b ug =19 ¢ Sy =37

a arithmetic, d = —8 b geometric, r = —% ¢ neither
k=—4 h b u =6, r=35 ¢ u~0.000183
un =% x 271 or —2 x (=2)"!
23, 21,19, 17, 15, 13, 11, 9 7 Sg =234

a ~ 45.7T mL b u, =~ 45.7n ¢ ~ 594 mL

a 10¢ b 16+8V/2 10 a 1272 b 3024

a 2011: 630000 sheets, 2012: 567 000 sheets

b =~ 5630000 sheets —

a u, = 89 — 3n buﬂ=n+3

"

C
b
a

$4800

un = 100(0.9)" 1

1 +4+9+16+ 25+ 36 + 49 = 140
4 5 6 T _ 99
3tatsT6~ 20

up=3n+1 15 a £15425.20

20
€8180.46 b €2180.46
18 11 years 6 months

b €13313.28
b $22822.20

b £15453.77

€£6622.87
$24076.91

Un =33 — 5n, Sp = %(61 _ 5n)

u1 = 54, fr=§

|7
For

For

b S10 =435 C
b $75099.78

b 12971 ~ 255.998
2

or uy = 150, r=—F

< 1 1n both cases, so the series will converge.
2, S =162.

3
_ _ 2 _ 1
U1 = 15[}, T = — > S = ]‘DTF

ug = 61 Tn = ]_5
$59900.22

17 terms

ui = 54, r =
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26

27

28

a The number of cigarettes Tim smokes decreases by 5 each
week, with 115 in the first week. The common difference
d = —5.
24 weeks
$192 000
I $1000, $1600, $2200

I $500, $600, $720
Option 3 e $636.97

a 2v2 b i Sy0=310+155v2

¢ 1380 cigarettes

i $189600
i $196 242.12

B an O o OT

ii 320 + 1602

REVIEW SET 5B N

1 1 1 1 _1
1 a 3,35 55 37> 313 o 17, 22, 27, 32, 37
4 4 2 4
¢ L3557
2 b u =63, d= -5 ¢ ugy = —117
d usq = —202
3 aur =3 r=4 b u,=3x4""1 ug = 196608
L a u, =73 — 6n b ugzqe = —131
5 a ugy = —36 b uzs =—13 ¢ Si0 = 375
6 a Sio =432 o Si2 = 1§52§5 ~ 48.0
7 a a=15 b a=12o0or —12
8 a up= %n — %
b Stacy makes ~ £4.17 per customer. The setup fee for the
stand ~ £44.17.
¢ ~ £105.83
9 w2 = 10240 10 27 metres 11 €9838.99
12 a $8337.11 b $8369.33 ¢ $8376.76
13 a k=423 b When k=243, = Y3
When k= -2 r— _¥3
14 a 35.5 km b 1183 km
1331 98
15 a 5355 ~0.634 b = ~6.53
_ 8 _ ~
16 w11 = 75553 ~ 0.000406 17 3.80% p.a.
18 182 months (15 years 2 months)
19 a $10069.82 b $7887.74 20 $2174.63
~ 64
21 a 70 b =~ 241 ¢ 5= ~ 0.0341
22 a up =32 x 27! b Si5=245751
23 a 33 b The difference between terms is constant.
¢ 1328
24 after 3 years 25 a =~ 3470 i1guanas b year 2029
26 a 0<xz <1 (werequire |2z —1|<1) b35%
27 a $82539.08
b
n (years) 0 1 2 3 4
Vi ($) [100000]106000|1123601119101.60|126247.70
¢ V, = 100000 x (1.06)™ dollars
d S,, = 6000n dollars
e
n (years) 0 1 2 3 4
Ty ($) 1100000(112000(124 360|137 101.60(150247.70
f 19 years

EXERCISE 6A N———

1 a =524 cm b ~12.4 cm

2 a =5H7.2mm b ~17.5 cm ¢ ~ 33.5 cm
d ~10.2cm e ~40.5m f ~ 138 cm

3 ~41.4 cm k =~ 68.5 mm

5 a ~ 133 cm? b ~ 106 mm? ¢ ~ 9.62 m?
d =~ 58.5 cm? e ~ 120 m? f ~ 192 cm?

6 =~ 5.26 cm 7 =~ 21.5cm

8 a ~191lm b ~6.04 ms™!

9 a 8\/§ ~ 11.3 mm b 87(1+ \/5) ~ 60.7 mm
¢ 128 mm?

10 ¢ r=0.98m, 6 =~ 585 d ~1.29 m
EXERCISE 6B.1 N

1 a 413.34 cm? b 5.7802 m? ¢ 78 mm?
2 a ~112cm? b ~ 14.9 cm? ¢ ~ 392 m?
3 a ____,{,.1: :
1 -- | T25cm
.;-\""': ----- T surface area — 37.5 cm?
b H
3 cm
14 cm
surface area = 356 cm?
C
2.8 cm 6.2 cm
10.6 cm surface area ~ 181 c¢m?
4 a 1440 cm? b =~ 51.6 cm? ¢ ~ 181 m?
5 a 23814 cm?
b ‘ 34 cm 5
area = 2754 cm
81 cm
| 34 cm CAAE om?
919 em area = cm
‘ 34 cm 5
T— arca = 2550 cm
‘ ‘ 34 ¢cm — 5
arca ~ cm
V27 297 cm
¢ =~ €540
6 $239.10 7 a 26940 cm? b ~ 407 m?

8 ~ 2310 cm?
9 a (10z? + 12z) cm? b (1+ v3)z2 cm?

EXERCISE 6B.2 Nm——

1 a ~1005.3cm? b =~ 145.3 cm? ¢ ~ 188.5 cm?
d =~ 549.8 m?2 e ~ 1068.1 cm? f =~ 63.6 km?

2 =~ 84.8 cm?

3 a =~ 2210 cm? b =~ 66.5 m? ¢ ~ 14800 mm?
d =~ 12.1 cm?

hH a ~ 19.4 m? b ~ $883.38 ¢ ~ $21201
a s~ 5.39 b ~ 46.4 m? ¢ ~ $835.24
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