(c) Letn=2in part (b). Then

. p—
3 sinxsin(2r - 1)x =1 24X

r=1 2
. . . . 1 —cosdx
< sinxsinx +sinxsin3x = T
1—cosdx

&> sin? x +sinxsin3x = .

Therefore, solve

I —cosdx

1
0 4

1

© cosdx=—

O<x<nm=0<4dx<4n

The graph shows there to be four solutions:

One solution is cos™ l =)
2 3
3
Another is 21 — e _20
3 &

Then, adding 27 to these gives two more
solutions in [0, 4x]:

E+21rt=7—Tc
3

(d) Letn=5and x :% in part (b). Then

gsin(%]sin[(zr— 1)%] = M

2

. nm.® . m.3® . mw. .5t . mw.,In . m.
=>smgsmg+smgsm?+51n—sm—+sm—sm—+sm—sm—

.nf . n . 3n . 5m ., In . 9n
= 8Sin—| SIn—+sIn—+sin— +s8in— + sIn—
5] 5 5 5 5

. .3 .5t . Im . 9n
:>smg+5m—+51n—+sm—+sm?:0

7 VECTORS

Mixed practice 7

1. (a)

(b)

(-1)x p-2x1
2x1-3xp
3x1-(-1)x1

axb=

-p=2
=|2-3p
4

(or =(p+2)i+(2-3p)j+4k)

If @ x b is parallel to ¢, then @ x b = L¢ for some
constant A.

—p—=2 2
So|2-3p |=A|22
4 8

The third component gives 4 =8\ = A = %

And the first component gives
—-p—2=2A
fopis=a—3

Check these values in the second equation: 2 — 3p
=11 =22), as stated.

91 l-—cos2n
2

15 Worked solutions



2. If point D lies on the line, its position vector d satisfies

I -1 I-A
d=|-1[+X] 1 [=]|-1+A| for some value of A.
5 -2 5-2A
1-A 3 —2-X
nAD=d—a=|-1+%|-| 2 |=]| 3+)
5-2A -1 6-2A

For AD to be parallel to the x-axis,

1

E):}L 0 for some scalar L
0
—2-A n
ie. | -34+A[=[0
6-2X% 0
=3+A=0
:{mzx_o

Both equations are satisfied when A = 3.

3. Vectors @ and b are perpendicular if

ab=0
sinBcosO + cosBsin20 =0
& sinBcosO + cosB(2sinBeosO) = 0

& sinBcosB(1+2cosh) =

<sinf=0 or cos®=0 or c058=—%

0=0,m,2m, —,—,—,—
3 3
4-3 1
4, (a) AB=b-a=|1-1]|=|0
3-1 2
3-3 0
AC=c-a= g+l1-1|=|g
g+1-1 q

A vector perpendicular to both AB and AC is

Oxqg-2q 24
ABXAC=|2x0-1xgq|=| —¢
Ixg—-0x0 q

(b) The area of triangle ABC is
{iems
5]AB x AC|=6+2

SN G g = 1242

15 Worked solutions

(c)

(a)

()

e =(12\/5)2

14-4><2:ﬁ=4_S
6 3

=gt =
.'.q:4\/§

n is parallel to ABx AC

So the equation of the plane is

-n 1

=a-
2 3
1 i

—2x7y+z=—-6—1+1

2x+y—2=06
4
d:ﬁé:q—p: %
5

Then, using r = a + Ad with @ =p and the d found
above, we get the vector equation

3 —4
r=|-1|+x] 2
2 5
0
FI\TI:m—p= -3
-1

So the angle 8 between [ and (PM) satisfies

-4 0
2 |--3
d-PM g )|
cosf=———==
jal|PM]|  Vi6+4+25V0+9+1
-1
Tasio
. 0 =cos™ 121.2°
(=)

But since we are asked for the acute angle,
itis 180° — 121.2° = 58.8°,



(c) Let the shortest distance from M to the line be x.

From the diagram,

X X

sin58.8° = —

“[eM] VIO

s x=+/10sin58.8°=2.70

—4-(-1)) (-3
BC=e—b=| 1-4 |=|-3
3-1 2

For ABCD to be a parallelogram, we must have
AD=BC.

C(-4,1,3) D
B(-1,4.1) A(3,0,2)
AD=d-a
—=d=AD+a

=BC+a
-3 3 0
=|-3|+|0|=|-3
2 2 4

i.e. coordinates of D are (0, -3, 4).

o |
(@) (i) AB=b-a=|1-(-1)|=|2
o =]

(=1 <
AC=c—a=|1-(-D|=| 2
5-3

2x2—(=1)2 6
ABXAC=|(-D(=D)-1x2|=| -1
12— 2(-11 4

(ify For the plane ABC:

r-nm=a-n
x\ (6 1 6
yl|-|-1|=]-1}]-1

4 4 3 4
=6x—y+4z=19

9 6
by () r=|2[+A]-1
5 4
x
(ii) Writing 7 =| ¥ | in the equation of part (b)(1):
4
x 9 6 x=9+6A
y|=|2|+A[-1|=3 y=2-4
Z 5 4 z=5+4\

Substituting these expressions into the
equation of the plane from part (a)(ii):

6(9+6A)—(2—=A)+4(5+4L1)=19
S 54+36A-2+A+20+16A=19
< 530 =-53
e h=-1
Substituting A = —1back into the equation of the line:
x=9+06A=3
y=2-A=3
z=5+4r=1

i.e. the foot of the perpendicular, N, has
coordinates (3, 3, 1).

M
3-9 -6
(i) MN=n-m=|3-2|=| 1
1-5) (-4
So the height, &, of the o
pyramid is A "'—l
N

h=|MN|
= J(=6) +12 +(-4) =53 B

The area, A, of the (triangular) base is
l— —
A=—|ABx AC|
2
= %,,‘63 + (—1)2 +4?  (using part (a)(i))
1

=—4/53
ZJ_

15 Worked solutions



Therefore the volume, V, of the tetrahedron is

Vi= lAh
3
)
= %(z 8.83)

(c) The angle, 0, can be found from the right-angled
triangle MNB.

92 i
BM=m-b=|2-1|=]|1
5-2 3

N s

sin@ =

\Eﬁ|_\/72+12+32

PSP CE TR
s B =sin @ 71.4

@  p-q=|plla|cos60°

x+2x+4:\/ll+22+22\/x3+x2+4x%
:>3x+4:\/§x/2x2+4x%
:>3x+4=%\12x2+4

= (3x+4)’ :%(2x2+4)
=>9x2+24x+16:§(2x3+4)
= 18x> +48x+32=9x2+18
=0 +48x+14=0
Soa=9,b=48, c=14.

(b) From GDC, x =—-0.3096... or —5.0236...

Let 6 be the (acute) angle between vector g and
the z-axis. Then

X 0
x|-[0
cosh = 2 [
Ve 24402102+ 12
- 2

=0.977 or 0.271
28=12.3% of T4.3°

15 Worked solutions

(i) aa= |a[2 and b-b= |b\2. Since PQRS is a
rhombus, |a| = |b| and therefore a-a=b-b.
N |

(i) AB-BC:(laJr—-b - -l—b—la

2 2 2 2
1 1 1

=—a~b——a-a+fb-b~lb-a
4 4 4 4

:i{a-b—b-a)ﬁ-%(b-bfa-a)

=l(a-b—a-b} since ab = b-a
and bb =a-a
=0
Therefore AB and BC are perpendicular.

ABCD is a rectangle because AB and BC
are perpendicular. (But since

|A—B‘2: lcx-+i1‘7 . la:+lb and
2 2 2 2

2 1
= ~b—la : lb—la are not necessarily
2 2 2 2

equal, ABCD is not necessarily a square.)

B¢

4-1 3

BA=a-b=|1-5|=|-4
21 1
A-1 A—1

BC=c-b=|A-5|=[A-5
3-1 2

If there is a right angle at B, BA - BC = 0.

3 A-1
ie.|—4||A=5]|=0
1 2

3A-1)-4(A-5)+1x2=0
©3IN-3-4A+20+2=0
=Ah=19



1.

(b) AD=2DC
=d-a=2(c-d)

=3d=2c+a
19 -+ 42
=2{19|+]|1|=]39
3 2 8
14
=d=|13

8
3

So the coordinates of D are (14, 13, _%J.

A normal to the plane 2x + 3y —4z=5isn, =

A normal to the plane 6x — 2y —3z=41isn, =| -2 |.

The angle between the planes, 0, is the same as the
angle between the normals.

So

cosf = T
L"||n2
2 6
3 (-2
~ ) B
CJ4+9+16V36+4+9
18
2949

18
. B=cos!| —— [=61.5°
(7\/29]

12.

13.

(a)

(b)

(a)

If (=1, 3, 3) lies on /, then there exists a A such that

-1 -2 1
5 0= 3 [+A] 2
3 1 -1
—1==2+A - (1)
5=3+20 - (2)
3=1-1 - (3)

MH=r=1 Q=A=1; B)=r=-2.

There is no consistent value of A, so A does not
lic on .

Since B lies on /, its position vector is

-2 | -2+ A
b=| 3 [+X]| 2 |=|3+2A | for some value of A.
1 -1 I-A
-2+ A —1 —1+A
Therefore AB=|3+2A [-| 5 [=] -2+2)
1-2A 3 —2-A

Since AB is perpendicular to /,

—1+A 1
-2+2A || 2 |=0
—2-A -1
S -1+A—-44+4A+2+A=0
S 6A=3
@K:l
2

Substituting back into the expression for b gives

-2+A -1.5
b=|3+2L|=| 4
1-A 0.5

So the coordinates of B are (—1.5, 4, 0.5).

X
Putting r =| y | in the equation of the line:
z
x 1 1 x=1+t
yi =1+t 1 |[=qy=-1+1
Z 3 3 z=3+3¢

Substituting each of these expressions into the
equation of the plane:

(141)=3(=1+1)+(3+31)=17
S 14+14+3-3t+3+3t=17

< t=10
15 Worked solutions



Then, substituting ¢ = 10 back into the equation
of the line gives:

x=1+t=11
y=—14+1t=9
z=3+3t=33

50 Q has coordinates (11, 9, 33).

(b) A direction vector of the line - 1 = 2-y —
3 3 7 3
is| 7 |
3

So the equation of the line through Q in the same

11 3
directionis r=| 9 [+¢]|7
33 3

(c) The angle between /; and /, is the angle between
their direction vectors:

1 3
1|17
3)13
cosf =
VI+1+9/9+49+9

19

~ o7

19
LO=cos!| ——|=45.6°
(m \167)

14. (a) Equating the x, y and z components of /, and /:

3A=9+2p
5h=15
A=3-u

From the second equation, A = 3; then, from the
third equation, p = 0.

Checking these values in the first equation:
3L =9=9+ 2y, so the lines do intersect.

To find the coordinates of the point of intersection,
substitute A= 3 into the equation for /, (or substitute
p =0 into the equation for /) to get (9, 15, 3).

(b) The angle between /, and /, is the angle between
their direction vectors:

3 2

o
VO+25+1J4+0+1

cos =

]
N

15 Worked solutions

(c)

(d)

(e)

(f

.0 =cos™! (—J =67.8°
5

Velocity vectoris v=| 5 [cms™!
[

Speed is the magnitude of velocity, so

3
speed =([ 5 || =v9+25+1=5.92cms™!
1

At time ¢, the position of the
3

e firstflyisr=¢|5
I

9 2
® secondflyisr=|15|+1] O
3 -1

From part (a), both flies pass through the point
(9, 15, 3), but the first fly is there when 7 =3
and the second one when t = 0. As there can be
only one possible intersection point of these two
straight line paths, the flies do not meet.

They are at the same height when their
z-coordinates are the same:

t=3—-tt=1.5

Substituting 7 = 1.5 into the two position vector
expressions above gives:

3 45
®  firstfly:r=¢|5|=|75
1 1.5
9 2 12
® secondfly: r=|15|+15| 0 |=| 15
3 -1 1.5

i.e. the coordinates of the two flies are (4.3, 7.5, 1.5)
and (12, 15, 1.5) when they are at the same height.

The distance between them is

d=(45-12) +(75-15] +(15-1.5)
=/1125=10.6cm

The displacement vector from the first fly to the
second fly is
92t 3t 91
15 |—=|5t|=]|15-5¢
3t t 3-2¢



The distance d between the flies at time ¢
therefore satisfies

9—¢
& =|[15-51
33t
=(9-2) +(15-5¢) +(3-2)
= 3151801 + 3022

Using a graph on the GDC (or by differentiation),
the minimum value is > =45, i.e. d=6.71 cm.

Going for the top 7
1. @ |a+28 =|b— 24
& (a+2b)-(a+2b)=(b-2a)-(b-2a)
o laf +4a-b+4[b]" =|b]' —4a-b+4|af
e l+4a-b+4=1-4a-b+4 (using |a|=b|=1)

<8a-b=0
Sa b=0

(b) Because a-b =0, the vectors @ and b are
perpendicular, so the angle between them is 90°.

2. (a) AsAlieson/, its position vector satisfies

1 1 I+A
a=|3|+A|-1|=| 3—A | for some value of A.
| 2 1+2A

As B lies on [,, its position vector satisfies

wn

1 5+p
b=|-1|+u|l|=| =1+p |for some value of p.
—6 3 -6+ 3u

S+ I+A L—A+4
~AB=| —1+p || 3-2 |=]| p+r-4
—6+3p 1424 3u-20-7

Since AB is perpendicular to /,,

n—-A+4 1
u+A—4 |[-1]=0
3u-22-7) 12

e (u-A+4)-(u+r-4)+2(3u-21-7)=0
& 6L —6A—6=0
sp-i=1

(b) Since AB is perpendicular to [,

w—h+4 1

p+i—4 [-11]|=0

3u—-2A-7)\3

& (u-A+4)+(p+r—-4)+3(3u-20-7)=0
<1 -6A-21=0

< 1 —6A =21

(c) Solving the two equations in (a) and (b)
simultaneously using the GDC gives p=3,A =2,

L, W 5
L AB=|3+2-4|=|1
9-4-+7) |2

The shortest distance is |TB| =25+1+4 = «/ﬁ

(a) Eliminating x and y from the last equation:
x=2y+z=0 ()
3x-z=4 - (2)
x+y—z=k --(3)
x=2y+z=0 ---(1)

@-3x(sb6y—4z=4 ()
®=0) |3y—2z=+k 4 (5)
x—=2y+z=0 ---(1)
6y—4z=4 e (4)
22— | 0=2k—-4 - (6)

Hence the system does not have a unique solution
(as the last equation has no variables left in it).

(b) There are no solutions unless 2k — 4 =0, i.e. k=2,
When k = 2, there are infinitely many solutions:

Let z =1t. Then, from equation (4):

6y—4dt=4
4+4r 2 2
==+
6 3 3

From equation (1):

x=2y+t=0
2.2 4 1
SX=—t+2 =+ =t ==+t
3 3 3. 3
a 1
3 3
Therefore the equation of the lineis r=| 5 [+1| 3 |
0 1
1
The two planes share a common normal, n=| -2 |,
and so are parallel. 3

15 Worked solutions




To find the (perpendicular) distance between the two
parallel planes, consider the distance of each from the
origin along this normal.

The equation of the line through (0, 0, 0) along the

1
normal is r = A| -2 |,

3
=k
i.e. any point on this line has 4 y=—2A
z=3A

This line intersects the plane x — 2y + 3z =7 when

A—2(=2X)+3(3%)=7
o 4h=7

@k:l
2

g 1 : ; ; :
Substituting A = 5 back into the equation of the line:

3 3

so the coordinates of the point of intersection are

143
2 2

Hence the distance between plane I, and the origin is

d, =\/[;~0)2+(4ﬁ0)2+(%-0]1 %\/ﬁ

15 Worked solutions

Now we repeat the same process for the other plane
(which is on the opposite side of the origin as the RHS is
negative). The equation of the line through (0, 0, 0) along
the normal intersects the plane x — 2y + 3z =-21 when

A —=2(=20)+3(30)=-21
& 140 =21

3
oh=-=
2

Substituting A = —% back into the equation of the line:

3 9

so the coordinates of the point of intersection are

-3
2 2

Hence the distance between plane I, and the origin is

d, —\/(z J2+(30)2+[20J2 =%Jﬁ

Therefore, the distance between the two planes is

o+ dy =18 + 21 =214

8 COMPLEX NUMBERS

Mixed practice 8

25
(a) In polar form, z = 2¢'3, 50

LA S
2=|2e3 | =de 3 =4e 3
o
2?=|2e3 | =8e » =8eP*=§
2n

LA i#n 2n
z“—[Ze SJ =16e 3 =16e 3

(b) Im

Z 8 Re




21. (a) Unique solution: « is any real number;
x=14-2a,y=4a—-15,z=9-2a

Infinitely many solutions: a = 3;

X% -7 2
v =17 [+A] -5
z 0 1
SEQUENCES AND SERIES
1. (a) -86 (by 660
2. (a) 6.5 (b) 33rd term
(c) 24ordl
3. -0.609
4, 128 or 384
5 a=8,i"=g
2
6. (a) a~%,r:4
(b) 9th term (c) 10
7. (a) 3,7 (b) 54
8. (a) $32619 (b) $1511552
(c) 13th year (d) 27
9. (a) $185 (¢) 56
10. (@) 1.77147m
(b) 1lth (c) 57m
11. (b) k=25 (c) 28 years
TRIGONOMETRY
1. a=3.b=2
2
) : i
.f(X)e[7,3]
5, 20
4
10. —\/E
6
11. —ﬂ
4
12.

Answers

(b) Unique solution: a#3;x=-7,y=17,z=0.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,
23.
24.
25.

1.

& N o ;

8t Sm 2n m 4w In

X=—— -

9’ 9’

979799
m 5m 25m 2971 _237: 191

3636736 "36° 36" 36

_©mw2r 5t 7n 4w S lln

0=-1.89, -0.464, 1.25, 2.68

_21t41t
33

R=2,0= E; minimum value 2
6 5

R= m, o = 0.540, maximum point (0.540, m)
6.75cm

23.2

21.2m

VECTORS

(a) m:%(cfa) (b) QT’:—;:(C—a)

-16

(@ | -8 (b) 46 =9.80

(a) | 6 (b) —| 6

(@) r=|1|+A|2
2 5

(b)y (-3,5,12)

The lines do not intersect (they are skew).

x+5y—-2z=5

2x—13y—-5z=-25

(a) (0,5,13) (b) 15x+6y+z=43
4 0

r=[—-4(+Al1
0 1



1 11. (1,-1,3)

12, 48.2°
13. 79.5°
14. 67.1°
' 1 3
15, @ 0,:|-2|,m,:|=
-5 <
| (b) 58.5°
16. Y230 303
5
2 3
7411
17. (a) r=|-3|+A|l-1 (b) f
1 1
7
18. g\/€=2.36

19. (a) +/53=7.28ms"
(b) 7.90°
20. Speed =517 =20.6kmh™!

COMPLEX NUMBERS

1. z=-3-4i

2. z=1-2i

1

3. Im(z)=-—=

m(z)=-1
4

. 7 .
b =l+iorz=—-—1
(b z 2=7"3

5
5. z=l—-1or z=——
3

2n

8. () z=v2e'h, =263 ()
-2,-31

10. a=2,b=-3,¢=20

By =21 St =1

12.  4cos’Bsin® —4cosBsin’0

=2.11

(©) 1253 =87.4m

13.

14.

15.

17.

18.

19.

20.

5.

10.

11.

12

13.

(a) cos’O+ 5icos*B0sin® —10cos*Bsin? O —
10icos® Bsin® 0 + ScosBsin? 0 +isin’ 0

(b) (i)
(ii) 16cos’0—20cos* 0+ 5cos0

16sin° 0 —20sin* 0 + 5s5in 6

(a) co0s30=cos*0—3cosOsin’6
sin360 = 3cos? Osin6 —sin’ 6

i(cos39+3cose)
(a) A=5B=10

(b) 1 lsil156+§sinZ»8+105'1118 +c
1645 )

T
(@) |z=8, argz= —3

n St
§iHE

(b) 2e79,2¢

9, Zel?
2,-2,2i, 21
Im
2i
-2 Re
=
~2i

n . ITn . lln Jin Sm
i

P i

. ;
== = i == ==
e 12,64,312,el2,e 4=e 12

DIFFERENTIATION

+ 3xcos3x —sin3x
22

2xer

x=-43

12 —18x2
(x2+2)3

1
—In3
(c) 2n

12
y—e 2= ?—2()(—2) ore?x—12y+12e712 - 2e2 =)

-1.26
1

2
(0, 5), (0, -2)

F=3-29 (-3
4xy(y =3P +x+1

Answers



