Sequences and Series - CHAPTER 8
m ARITHMETIC SEQUENCES & SERIES

8.1.1 ARITHMETIC SEQUENCES
A sequence is a set of quantities arranged in a definite order.
1,2,3,4,5,6,.ccnee. -1,2,-4,8,-16....1, 1,2,3,5,8,13....

are all examples of sequences. When the terms of a sequence are added, we obtain a series.
Sequences and series are used to solve a variety of practical problems in, for example, business.

There are two major types of sequence, arithmetic and geometric. This section will consider
arithmetic sequences (also known as arithmetic progressions, or simply A.P). The characteristic
of such a sequence is that there is a common difference between successive terms. For example:

1,3,5,7,9,11, ... (the odd numbers) has a first term of 1 and a common difference of 2.
18,15,12,9,6, ... has a first term of 18 and a common difference of —3 (sequence is decreasing).

The terms of a sequence are generally labelled u, u,, us, uy, ...u, . The ‘nth term’ of a sequence

is labelled u,, . In the case of an arithmetic sequence which starts with a and has a common

difference of d, the nth term can be found using the formula:

u, = a+(n-1)d whered = u,—u, = uy3—u, = ...

PLEL XN

For the sequence 7, 11, 15, 19, . . ., find the 20th term.

In this case a = 7 and d = 4 because the sequence starts with a 7 and each term is 4 bigger
than the one before it,i.e.,d = 11 — 7 = 4. Therefore the nth term is given by

u, =T7+(n-1)x4
Thatis, u, = 4n+3

LUy = 4x20+3 =83 [n = 20 corresponds to the 20th term]

s0-nc-offi g

.(AMPI.Em , , .
An arithmetic sequence has a first term of 120 and a 10th term of 57. Find
the 15th term.

The datais: @ = 120 and whenn =10, u,, = 57 [i.e., 10th term is 57].
This gives, u;, = 120+ (10-1)d = 57 < 120+ 9d = 57
nd = -1

=e--=-e-

Using u, = a+(n—1)d,wethenhave u, = 120+ (n—1)x(-7) = 127-7Tn.
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Therefore, whenn =15, u;5 = 127-7x 15 = 22.

m An arithmetic sequence has a 7th term of 16.5 and a 12th term of 24. Find
the 24th term.

In this instance we know neither the first term nor the common difference and so we will
need to set up equations to be solved simultaneously.

The data is: u; = a+6d =165 —(1)
U, =a+1ld =24 —(2)

We first solve for ‘d’: 2)-(1): 5d =75<d=15
Substituting into (1): a+6x15=165<a =175
To find the 24th term we use the general term u, = a+ (n—1)d with n=24:

Uy, = 75+(24-1)x 15 = 42

m A car whose original value was $25600 decreases in value by $90 per

month. How long will it take before the car’s value falls below $15000?

The values can be seen as a sequence: $25600, $25510, $25420 etc.
In this case a = 25600 and d =25510 — 25600 = —90 so that:

u, = 25600 + (n—1) x (-90)

n

= 25690 - 90n
= 15000 = 25690 — 90n
< 90n = 25690 — 15000
<n = 118.777

The car will be worth less than $15000 after 119 months

Using a Graphics Calculator
Most graphic calculators have an automatic memory facility (usually called Ans) that stores the

result of the last calculation as well as an ability to remember the actual calculation. This can be
very useful in listing a sequence.

m List the arithmetic sequence 5, 12, 19, 26.......
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The sequence has a first term of 5. Enter this and press
ENTER or EXE.

The common difference of the sequence is 7 so enter + 7. Ans+7
The display will show Ans + 7 which means ‘add 7 to the
previous answer.

From here, every time you press ENTER (or EXE), you
will repeat the calculation, generating successive terms of
the sequence.

AN —
WNWOVN Ul

However, the TI-83 is much more sophisticated than this. It is possible to set up a sequence rule
on the TI-83. To do this we use the MODE key to switch to Seq mode and this changes the
Equation editor screen from Y= to a sequence version (instead of the usual function form).

There are three sequence forms; u(n), v(n) and w(n) , which can be accessed on the home
screen using the 2nd function key with 7, 8 and 9 respectively. Once these equations are defined
we can plot their sequence graph.

We now consider Example 8.2, where we obtained the sequence u, = 127 —7n and wished to

determine the 15th term.

Flebl Flokz Flotz uc1ss

aMin=1 22
G aB1Z27-Tel [ |

uiniinsB
A=
uinkina=
G =
winMing=

Horiz G-T

Setting into sequence mode Define sequence equation Use 2nd key “7’ to call up u.

We can also use other features of the TI-83. For example, set up the sequence in a table format:

THELE SETUF Py L
Tblstart=11 1 0 |
aThl=1 : 11z

Irndrrt * ; ih8

Derend: 5 CE

i e
7 7B
Jutra=128
We can plot the sequence:

LWIIHOOL W IHDOOL
afin=1 TPlotster=1
aMax=16 amin=01
PlotStart=1 mmax=10
FlotSter=1 mecl=1
“min=-1 ‘Ymin=-1
Hmax=1A Vmax=138

JHscl=1 VY=cl=18

The TI-83 has many features that can be used with sequences. Become familiar with all of them.
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Exercises (XK

10.

1.

12.

13.

14.

(a)  Show that the following sequences are arithmetic.
(b)  Find the common difference.
(¢)  Define the rule that gives the nth term of the sequence.

i. {2,6,10,14, ...} ii. {20,17,14,11, ...}
iii. {1,-4,-9,...} iv. {05,10,15,20,...}
v. {y+1,y+3,y+5,...} Vi. {x+2,x,x-2,...}

Find the 10th term of the sequence whose first four terms are 8, 4,0, 4.
Find the value of x and y in the arithmetic sequence {5, x, 13,y,...}.

An arithmetic sequence has 12 as its first term and a common difference of —5. Find its
12th term.

An arithmetic sequence has —20 as its first term and a common difference of 3. Find its
10th term.

The 14th term of an arithmetic sequence is 100. If the first term is 9, find the common
difference.

The 10th term of an arithmetic sequence is —40. If the first term is 5, find the common
difference.

If n+5,2n+ 1 and 4n — 3 are three consecutive terms of an arithmetic sequences, find n.
The first three terms of an arithmetic sequence are 1,6, 11.

(a) Find the 9th term.
(b)  Which term will equal 1517

Find x and y given that 4 — M3, %, y and 2./3-2 are the first four terms of an
arithmetic sequence.

For each of the following sequences

(a) u, =-5+2n,n=1. (b) u, =3+4(n+1),n=1.
determine

1. its common difference

1. its first term

The third and fifth terms of an A.P are x + y and x — y respectively. Find the 12th term.

The sum of the fifth term and twice the third of an arithmetic sequence equals the twelth
term. If the seventh term is 25 find an expression for the general term, u,, .

For a given arithmetic sequence, u, = m and u,, = n.Find
(a) the common difference.
(b) u

n+m-*
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8.1.2 ARITHMETIC SERIES

If the terms of a sequence are added, the result is known as a series.

The sequence: 1,2,3,4,5,6,...

gives the series: 1+2+3+4+5+6+...

and the sequence: -1,-2,-4,-8,-16 ...

gives the series: ED+E2D)+ D+ )+ (-16)+ ...

[or—1-2-4-8-16—...

The sum of the terms of a series is referred to as S, , the sum of n terms of a series.

n?e
For an arithmetic series, we have
S

W= U FUyt Uzt tu,

a+(a+d)+(a+2d)+............ +a+(n-1)d

For example, if we have a sequence defined by u, = 6 +4n, n =1, then the sum of the first 8

terms is given by

Sy = witiptust .ty SelEtan, m 1. 5]
=10+ 14+ 18+ ... +38 slo. 4 18 22 ze.
=192 Cla 14 13 22 Z6.
- sumill

192
Again, the screen display of the TI-83 shows how readily we can u

obtain the sum. Once the sequence has been stored as a List, use the
sum( operation to obtain the answer.

There will be many cases in which we can add the terms of a series in this way. If, however, there
are a large number of terms to add, a formula is more appropriate.

There is a story that, when the mathematician Gauss was a child, his teacher was having problems
with him because he always finished all his work long before the other students. In an attempt to
keep Gauss occupied for a period, the teacher asked him to add all the whole numbers from 1 to
100.

‘5050’ Gauss replied immediately.

It is probable that Gauss used a method similar to this:

1 2 3 4 5 6 .. » 96 97 98 99 100
100 99 98 97 9% 95 ... » 3 4 3 2 1
101 101 101 101 101 101 ... , 101 101 101 101 101

Adding each of the pairings gives 100 totals of 101 each. This gives a total of 10100. This is the
sum of two sets of the numbers 1 + 2 + 3 + ... + 98 + 99 +100 and so dividing the full answer by 2
gives the answer 5050, as the young Gauss said, 5050.

It is then possible to apply the same approach to such a sequence, bearing in mind that the
sequence of numbers must be arithmetic.
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Applying this process to the general arithmetic series we have:
a a+d a+2d ... a+(n-3)d a+(n-2)d a+(n-1)d
a+(n-1)d a+(n-2)d a+(n-3)d ... a+2d a+d a

Each of the pairings comes to the same total.
Here are some examples:  1st pairing: a+[a+(n—-1)d] = 2a+(n-1)d

2nd pairing: (a+d)+[a+(n-2)d] = 2a+(n-1)d
3rd pairing: (a+2d)+[a+(n-3)d] = 2a+(n-1)d

B =nx[2a+(n-1)d]
That is, 28, = n[2a+ (n—1)d]

Giving the formula, for the sum of n terms of a sequence

There are n such pairings so S + S,

S, = g[2a+(n— 1)d]

This formula can now be used to sum large arithmetic series:
Find the sum of 20 terms of the series 2+ 1+4 +7 + 10 +. . .

We have the following information: ¢ = u; = -2 andd = u,—u; = 1-(-2) =

Then, the sum to n terms is given by S, [2a +(n-1)d]
So that the sum to 20 terms is given by

SZO

7[2x(—2)+(20—1)x3]

10[—4 + 19 x 3]
530

Find the sum of 35 terms of the series — = —

ool

We have the following information: a = u; = —g andd = uy,—u; = - 1 <—§) -1 .

Then, with 1 = 35 we have S5 = §-2§[2x—§+(35—1)ﬂ - 17.5[—§+34xﬂ

5
= 135§
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8.8
_ An arithmetic series has a third term of 0. The sum of the first 15 terms is —
300. What is the first term and the sum of the first ten terms?

From the given information we have: uy = a+2d =0 —(1)
& S5 = %[2a+ 14d] = -300

ie., 15a+105d = -300
sa+7d=-20 -(2)
The pair of equations can now be solved simultaneously:
(2)=(1): 5d = 20=d = 4
Substituting result into (1) we have : a+2x-4=0<a=38
This establishes that the series is 8 + 4 + 0 + (—4) + (=8) +. ..

So the first term is 8 and the sum of the first ten terms is S, = 129[16 +9x-4] = -100.

ﬂ12_4 H] :1:1@
Using the TI-83 we have, using the ?eq e
generalterm u, = 8+ (n—1)x—-4 = 12-4n I{:I:ES?}L? 4+ 8 L.
w4 4 -2 -1.
=umLA 2
-188
L]

m A new business is selling home computers. They predict that they will sell
20 computers in their first month, 23 in the second month, 26 in the third and so on, in arithmetic
sequence. How many months will pass before the company expects to sell their thousandth
computer.

The series is: 20 + 23 + 26 + .....

The question implies that the company is looking at the total number of computers sold,
so we are looking at a series, not a sequence.

The question asks how many terms (months) will be needed before the total sales

reach more than 1000. From the given information we have: a =20,d =23 — 20 = 3.

Therefore, we have the sum to n terms given by S, = 3[2 x20+(n—-1)x3]

= g[3n +37]
Next, we determine when S, = 1000: g[3n +37] = 1000 < 3n%+37n = 2000
< 3n2+37n-2000 = 0
We solve for n use either of the following methods:
Method 1: Quadratic formula Method 2: Graphics Calculator Solve function
_ =37 % /372 -4 x 3 x -2000 solue(IX2+37X—-20
n= 7 %3 00, X, 20>
20.37941486

20.37 or (-32.7)
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Method 3: Table of values

Flekl FlekZ Fleks THELE SETUFR by Limd

aMin=1 Thlstart=01 T} BiD
I'iu'::-'.'}E:-'.-':E:-?+3?}f"2 IaLbl:l . sk in Egg

AFAL: L0 = Eh _—

utniiniB |Oerend: MR A=k i 1ngn <— 55, {1000
Saalmh= ] izi8

pinMina= L | 108
= w=21

Notice that we have entered the expression for S, as the sequence rule for u(n). In fact, the series

itself is made up of terms in a sequence of so-called partial sums, often called a sum sequence.
That is, we have that {S,, S, S5, ...} = {15, 33,54, ...} forms a sequence.

The answer then, is that the company will sell its thousandth computer during the 20th month.

Exencises [ X7

Find the sum of the first ten terms in the arithmetic sequences
(a {1,4,7,10,...} (b) {3,9,15,21,...} (o) {10,4,-2,....}.

For the given arithmetic sequences, find the sum, §,, , to the requested number of

terms.

(a) {4,3,2,...}yfor n=12

(b) {4,10,16,...}forn=15
(c) {29,3.6,43,...}forn=11

Find the sum of the following sequences:
(@ {5,4,3,...,-15}

by {3,9,15,...,75}

(¢ {3,5,7,...,29}

The weekly sales of washing machines from a retail store that has just opened in a new
housing complex increases by 2 machines per week. In the first week of January 1995, 24
machines were sold.

(a) How many are sold in the last week of December 19957

(b) How many machines did the retailer sell in 1995?

(©) When was the 500th machine sold?

The fourth term of an arithmetic sequence is 5 while the sum of the first 6 terms is 10.
Find the sum of the first nineteen terms.

Find the sum of the first 10 terms for the sequences defined by
(a) u, = —-2+8n (b) u,=1-4n

The sum of the first eight terms of the sequence {Inx, Inx2y, Inx3y2, ...} is given by
4(alnx + blny) . Find a and b.
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8.1.3 SIGVIA NOTATION

There is a second notation to denote the sum of terms. This other notation makes use the Greek

letter 2 ... as the symbol to inform us that we are carrying out a summation.

In short, E ... stands for ‘The sum of .. .".

n
This means that the expression 2 W = Uy +uy+uz+...+u, +u,.

i=1
For example, if u; = 2+ 5(i— 1) ,i.e.,an A.P with first term a = 2 and common difference d = 5,

the expression S, = E [2+5(i—1)] would respesent the sum of the first n terms of the
i=1

sequence. So, the sum of the first 3 terms would be given by

3
S; = E [2+5(i-1)] [2+5(1-1)] + [2+5(2-1)] + [2+5(3-1)]
i=1 i=1 i=2 i=3
= 2 + 7 + 12

= 21

Properties of }

n n n
1. E is distributive. That is, 2 [u;+v;] = 2 u;+ 2 v;.
i=1 i1 =1

n

n
2. > ku; = kY u;  for some constant value k.

i=1 i=1

n
3. E k = kn ,i.e., adding a constant term, k, n times is the same as multiplying k by n.

i=1

m Given that u; = 5+ 2i and that v; = 2-5i find

1000

5
@ Yy ® > [2u;-v] © > [Su+2v]

i=1 i=1 i=1

5
(a) Eui = uytuytuytuy+us =[5+2]+[5+4]1+[5+6]+[5+8]+[5+10]
i=1
=7+9+11+13+15
=55

5 5 5 > >
S TS YIRS RIS S
“ i=1

i=1 i=1 i=1
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5
NOW,ZEul- =2x55 =110

i=1

5 5 5 5
and Evi = E(Z—Si) = 2(2)—521' = 2x5-5[1+2+3+4+5] [Using properties]
i=1 i=1 i=1 i=1
=-65
5
Therefore, E [2u;-v;,] =110 - (-65) =175
i=1
1000 1000
© S 5u+2v]= T [5(5+2i)+2(2-50)]
i=1 i=1
1000
2 [25+10i + 4 —10i]
i=1
1000
2 29
i=1

=29000 [ie.,29x1000]

In this example we have tried to show that there are a number of ways to obtain a sum. It is not
always necessary to enumerate every term and then add them. Often, an expression can first be
simplified.

Exﬁgs [[XEJ - miscELLANEOUS QUESTIONS

1. Find the twentieth term in the sequence 9, 15,21, 27,33, ...
2. Fill the gaps in this arithmetic sequence: -3, _, , _, , ,12.

3. An arithmetic sequence has a tenth term of 17 and a fourteenth term of 30. Find the
common difference.

9 . .
for an arithmetic sequence, find the first term and the

4. Ifus= T% and u,y, = -1 %-(-)

common difference.
5. Find the sum of the first one hundred odd numbers.

6. An arithmetic series has twenty terms. The first term is —50 and the last term is 83, find the
sum of the series.

7. Thirty numbers are in arithmetic sequence. The sum of the numbers is 270 and the last
number is 38. What is the first number?

8. How many terms of the arithmetic sequence: 2,2.3,2.6,2.9, ... must be taken before
the terms exceed 100?
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Brian and Melissa save $50 in the first week of a savings program, $55 in the second
week, $60 in the third and so on, in arithmetic progression. How much will they save in
ten weeks? How long will they have to continue saving if their target is to save $5000?

A printing firm offers to print business cards on the following terms:
$45 for design and typesetting and then $0.02 per card.

@) What is the cost of 500 cards from this printer?

(ii)  How many cards can a customer with $100 afford to order?

A children’s game consists of the players standing in a line with a gap of 2 metres between
each. The child at the left hand end of the line has a ball which s/he throws to the next
child in the line, a distance of 2 metres. The ball is then thrown back to the first child who
then throws the ball to the third child in the line, a distance of 4 metres. The ball is then
returned to the first child, and so on until all the children have touched the ball at least
once.

12.

13.

14.

- -
2metres 2metres 2metres 2metres

(a)  If atotal of five children play and they make the least number of throws so that only
the leftmost child touches the ball more than once:
i. What is the largest single throw?
ii. What is the total distance travelled by the ball?
(b)  If seven children play, what is the total distance travelled by the ball?
(¢)  If n children play, derive a formula for the total distance travelled by the ball.
(d)  Find the least number of children who need to play the game before the total
distance travelled by the ball exceeds 100 metres.
(e) The children can all throw the ball 50 metres at most
i. What is the largest number of children that can play the game?
ii. What is the total distance travelled by the ball?

Find each sum,
100 100 51

@ Sk ® S (2k+1) © 3 (Bk+5)

k=1 k=1 k=1

If u; = -3+4i and v; = 12-3i find

i
10 10

10
(a) 2 (u;+v;) (b) 2 Bu; +4v)) (©) E u;v;

i=1 i=1 i=1

(a)  Show that for an arithmetic sequence, u, = S, —S,_, , where u, is the nth term

and §, is the sum of the first n terms.

(b) Find the general term, u, , of the AP given that E u; = g(3n -1).

i=1
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m GEOMETRIC SEQUENCES & SERIES

8.2.1 GEOMETRIC SEQUENCES

Sequences such as 2, 6, 18, 54,162, .. . and 200,20, 2,0.2, ... in which each term is obtained by
multiplying the previous one by a fixed quantity are known as geometric sequences.

The sequence: 2,6, 18, 54,162, . .. is formed by starting with 2 and then multiplying by 3 to get
the second term, by 3 again to get the third term, and so on.

For the sequence 200, 20,2,0.2, . .., begin with 20 and multiplied by 0.1 to get the second term,
by 0.1 again to get the third term and so on.

The constant multiplier of such a sequence is known as the common ratio.
The common ratio of 2, 6, 18, 54, 162,.... is 3 and of 200, 20, 2,0.2,......itis 0.1.

The nth term of a geometric sequence is obtained from the first term by multiplying by
n—1 common ratios. This leads to the formula for the

. LD
nth term of a geometric sequence: u, = axr*-! wherer = — = ... =
u u
1

and 7 is the term number, a the first term and 7 is the common ratio.

Find the tenth term in the sequence 2, 6, 18, 54, 162, . ..

The first term is a = 2. The common ratio r = 3 = g = % and n, the required term, is 10.
Use the formula to solve the problem: u, = axrt-!
U = 2x300-1)
=2x3°
= 39366

Find the fifteenth term in the sequence 200, 20,2,0.2, ...

In this case,a =20, r = 220—00 = % = 0.1 andn=15.

Using the general term u,, = a x r"~ !, the 15th term is given byu,s = 200 x 0.1(15-1)
= 200x0.114
= 2x 1012
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. . 11 11
Find the eleventh term in the sequence 1, TR
11 11 . -1/2 1
The sequence 1, TR . has a common ratio of r = — =5

(11-1)

Using the general term u,, = a x r"~!,we have u,

e
)"

=~ 0.000977

Many questions will be more demanding in terms of the way in which you use this formula. You
should also recognise that the formula can be applied to a range of practical problems.

Many of the practical problems involve growth and decay and can be seen as similar to problems
studied in Chapter 7.

m A geometric sequence has a fifth term of 3 and a seventh term of 0.75. Find

the first term, the common ratio and the tenth term.

From the given information we can set up the following equations:
us = axr* =3 -(1)

& u, = axr® =075 -2

As with similar problems involving arithmetic sequences, the result is a pair of
simultaneous equations. In this case these can best be solved by dividing (2) by (1) to get:

6
axrt 073 2 025 = 205
axrt 3
1 4
Substituting results into (1) we have: a(:§> =3<a =48
Therefore, the 10th term is given by u, = 48x(x05)% = :33—2

There are two solutions: 48,24, 12,6, . .. (for the case r =0.5) & 48,-24,12,-6,...(r=-0.5).

m Find the number of terms in the geometric sequence:

0.25,0.75,2.25, . .., 44286.75.
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The sequence 0.25,0.75,2.25, . .. ,44286.75 has a first term ¢ = 0.25 and a common ratio

ro= 8—32 = 3 .1In this problem it is n that is unknown. Substitution of the data into the
formula gives: u, = 025x3(-1) = 44286.75
The equation that results can be solved using logarithms (see Chapter 7).
025 x 3(n=1) = 44286.75
~30=1) = 177147
< log;e3t"~1 = log 10177147 Or, by making use of the TI-83
< (n-1)log,p3 = log,177147  [zoluet, 2ok ia-1
144286, 75 H. 50
log ,177147 12
eon-1= —" —— ]
log 43
~n—-1=11
<n =12

m A car originally worth $34000 loses 15% of its value each year.

(a)
(b)
©)

(a)

(b)

(©

Write a geometric sequence that gives the year by year value of the car.
Find the value of the car after 6 years.
After how many years will the value of the car fall below $10000?

If the car loses 15% of its value each year, its value will fall to 85% (100% — 15%) of its
value in the previous year. This means that the common ratio is 0.85 (the fractional

equivalent of 85%). Using the formula, the sequence is: u, = 34000 x 0.85(2~1)
i.e. $34000, $28900, $24565, $20880.25, . . .

The value after six years have passed is the seventh term of the sequence. This is because
the first term of the sequence is the value after no years have passed.

u,; = 34000 x 0.85% = 12823 or $12823.

This requires solution of the equation 10000 = 34000 x 0.85":

10000 = 34000 x 0.85"
0.85" = 0.2941 Or, by making use of the TI-83
10g 15(0.85") = log ,0.2941 zalvel 34555*-: =
nlog 1,0.85 = log ,0.2941 s 7. SIh04E564
log 10.2941
n-1=—=10""
log,,0.85
n=753

This means that the car’s value will fall to $10000 after about 7 years 6 months.
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.(AMPLE
EHe]] The number of people in a small country town increases by 2% per year. If

the population at the start of 1970 was 12500, what is the predicted population at the start of the
year 20107

A quantity can be increased by 2% by multiplying by 1.02. Note that this is different from
finding 2% of a quantity which is done by multiplying by 0.02.

The sequence is: 12500, 12500 x 1.02, 12500 x 1.022 etc. with a = 12500, r = 1.02.

It is also necessary to be careful about which term is required. In this case, the population
at the start of 1970 is the first term, the population at the start of 1971 the second term, and
so on. The population at the start of 1980 is the eleventh term and at the start of 2010 we
need the forty-first term:

uy, = 12500 x 1.0240

=~ 27600
In all such cases, you should round your answer to the level given in the question or, if no such
direction is given, round the answer to a reasonable level of accuracy. In this question, the

original population appears to have been given to the nearest 100 and so it is hardly reasonable to
give a higher level of accuracy in the answer.

=e--=-e-

Using a Graphics Calculator

As with arithmetic sequences, geometric sequences such as 50,25, 12.5, ... can be listed using a
graphics calculator. For this sequence we have ¢ = 50 and r =0.5, so, u, = 50(0.5)"~!

We first set the MODE to Seq and then enter the sequence rule:

E F'1r-i-1l:5|. F‘1;t2 Flots n_ | uted
aMin= .
e BOECL 53 " |5
uintinB ¢ |5k
= B LEezE
e 7 PRz
S = =1
u,
Plot of sequence:
. n
Exencises (XX )
1. Find the common ratio, the 5th term and the general term of the following sequences
11 2.2 2
(a 3,6,12,24,... (b) 3,1,§,§,... © 2 555 125
a a
d -1,4,-16,64,... (e) ab, a, b5 §3) a2, ab, b2, ...
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10.

1.

Find the value(s) of x if each of the following are in geometric sequence
(a) 3,x,48

5 1
(b) E: X, i

The third and seventh terms of a geometric sequence are 2 and 12 respectively.

(a) Find the 10th term.
(b)  What term is equal to 3072?

A rubber ball is dropped from a height of 10 m and bounces to reach 2 of its previous

height after each rebound. Let u,, is the ball’s maximum height before its nth rebound.

(a) Find an expression for u,, .

(b) How high will the ball bounce after its 5th rebound.

(c)  How many times has the ball bounced by the time it reaches a maximum height of
6250
1296

The terms k + 4, 5k + 4, k + 20 are in a geometric sequence. Find the value(s) of k.

A computer depreciates each year to 80% of its value from the previous year. When
bought the computer was worth $3000.
(a) Find its value after
i. 3 years
ii. 6 years
(b)  How long does it take for the computer to depreciate to a quarter of its purchase
price.

The sum of the first and third terms of a geometric sequence is 40 while the sum of its
second and fourth terms is 96. Find the sixth term of the sequence.

. . .35 . . .
The sum of three successive terms of a geometric sequence is > while their product is

125. Find the three terms.

The population in a town of 40,000 increases at 3% per annum. Estimate the town’s
population after 10 years.

Following new government funding it is expected that the unemployed workforce will
decrease by 1.2% per month. Initially there are 120,000 people unemployed. How large an
unemployed workforce can the government expect to report in 8 months time.

The cost of erecting the ground floor of a building is $44,000, for erecting the first floor it
costs $46,200, to erect the second floor costs $48,510 and so on.

Using this cost structure

(a) How much will it cost to erect the Sth floor?

(b)  What will be to total cost of erecting a building with six floors?
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8.2.2 GEOMETRIC SERIES

When the terms of a geometric sequence are added, the result is a geometric series.
For example:
The sequence 3, 6, 12,24,48, . .. gives rise to the series: 3+ 6+ 12+ 24 +48 + . ..

and, the sequence 24, —16, 10%, —7%, ... leads to the series 24 — 16 + 10% - 7% + ...

Geometric series can be summed using the formula that is derived by first multiplying the series
by r:

S a+ar+ar?+ard+............+ar" 3 +arn-2+arn-!

n

rxS, = ar+ar’>+ard+ ... +ar*3+ar"-2+ar"-'+ar"
S,—rxS, = a—ar" (subtracting the second equation from the first)

S,(1=r) =a(l-r")

a(l-rm)
S ==——"
" 1-r
. . a(rn-1) . .
This formula can also be written as: S, = ——T " 1. It is usual to use the version of the
r—

formula that gives a positive value for the denominator. And so, we have:

The sum of the first n terms of a geometric series, S, , where r = 1 is given by

—rh —
Sn=c%rL2,|r|<l orSn=a—(rrn_—ll—),|r|>1

8.18
_ Sum the following series to the number of terms indicated.

(a) 2+4+8+16+... 9 terms.
(b) 5-15+45-135+ ... 7 terms.
(c) 24+18+%+%+... 12 terms.
(d) 20-30+45-67.5+... 10 terms.

(a) Inthiscasea=2,r=2and n=9.
Because r = 2 it is more convenient to use:

S, = a(r'—1)
r—1
_2(2%°-1)
o= =33
= 1022

Using this version of the formula gives positive values for the numerator and denominator. The
other version is correct but gives negative numerator and denominator and hence the same
answer.
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(b) a=5,r=-3andn=7.

_a(l-r") _a(rm-1)
R e =TT

_ 50 -(=3)") or _5((=3)-1)
YISO Y ETEET

= 2735 = 2735

(©) a=24,r=075andn=12.

s, = a(l—rm)
1-r
12
24(1—(5) | iy
g = 4 This version gives the positive values.
12 =

-(3

92.95907

(d a=20,r=-15andn=10.

s, = a(l—-rm)
1-r
g = 20(1 - (~1.5)10)
10 1-(-15)
= —453.32031

When using a calculator to evaluate such expressions, it is advisable to
use brackets to ensure that correct answers are obtained. For both the
graphics and scientific calculator, the negative common ratio must be
entered using the +/— or (—) key.

Other questions that may be asked in examinations could involve using both formulas. A second
possibility is that you may be asked to apply sequence and series theory to some simple problems.

m The 2nd term of a geometric series is —30 and the sum of the first two terms

is —15. Find the first term and the common ratio.

From the given information we have: u, = =30..ar = =30 —(1)
2 _

S, = _15_~“M =—15 —(2)
r—1

The result is a pair of simultaneous equations in the two unknowns. The best method of
solution is substitution:

ﬁ(rz_ 1)

_ _ 2 _

From (1): a = =20 . Substituting into (2): - = 15« 3021 _ 5
r r—1 r(r-1)
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300+ D<) |
"A1 =

= 1)

< -30(r+1) = -15r
< -30r-30 = -15r
<r = -2
-30 _ -30
a=—=—7-=15
4 r -2
The series is 15 — 30 + 60 — 120 + 240 — . . . which meets the conditions set out in the question.

m A family decide to save some money in an account that pays 9% annual

compound interest calculated at the end of each year. They put $2500 into the account at the
beginning of each year. All interest is added to the account and no withdrawals are made. How
much money will they have in the account on the day after they have made their tenth payment?

The problem is best looked at from the last payment of $2500 which has just been made
and which has not earned any interest.

The previous payment has earned one lot of 9% interest and so is now worth 2500 x 1.09 .
The previous payment has earned two years’ worth of compound interest and is worth
2500 x 1.092 .
This process can be continued for all the other payments and the various amounts of
interest that each has earned. They form a geometric series:
Last payment First payment
2500 + 2500 x 1.09 + 2500 x 1.09% + ...... + 2500 x 1.09°
The total amount saved can be calculated using the series formula:

_a(rr-1)
Su = r—1
S - 2500(1.0910—1)
10~ 1.09-1

= 37982.32

The family will save about $37,982.

Exencises [ 1]

1. Find the common ratios of these geometric sequences:
(a 7,21,63,189,... (b) 12,4,%,;,... (©) 1,-1,1,-1,1,...
d  9,-3, 1,—%, é . (&) 6480100125, ..(f)  27.-18,12,-8 .. ..
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10.

1.

Find the term indicated for each of these geometric sequences:

(a) 11,33,99,297,... 10thterm. (b) 1,0.2,0.04,0.008, .. .15th term.
8 27 81
(c) 9, -6, 4, EEREEE 9th term. (d 21,9, ERPTRERE 6th term.
1 1 3 9
(C) —g, _4_‘-’ —1—6, —6—4 g 6th term.

Find the number of terms in each of these geometric sequences and the sum of the
numbers in each sequence:

(@  4,12,36,...,236196 (b) 11,-22,44,...,704
6561

_ —10-5 —

() 100,-10,1,...,-10 (d) 48,36,27,... 7557
1 9 81 6561 o

© 2% T 0R () 100,10,1,...,10

Write the following in expanded form and evaluate.

Lok S i 2y
o SE w3 0 3()
k=1 i=1 j=1
4 6
@ T3 @ Y2
s=1 t=1

The third term of a geometric sequence is 36 and the tenth term is 78,732. Find the first
term in the sequence and the sum of these terms.

A bank account offers 9% interest compounded annually. If $750 is invested in this
account, find the amount in the account at the end of the twelfth year.

When a ball is dropped onto a flat floor, it bounces to 65% of the height from which it was
dropped. If the ball is dropped from 80 cm, find the height of the fifth bounce.

A computer loses 30% of its value each year.

(a) Write a formula for the value of the computer after n years.

(b)  How many years will it be before the value of the computer falls below 10% of its
original value?

A geometric sequence has a first term of 7 and a common ratio of 1.1. How many terms
must be taken before the value of the term exceeds 1000?

A colony of algae increases in size by 15% per week. If 10 grams of the algae are placed in
a lake, find the weight of algae that will be present in the lake after 12 weeks. The lake will
be considered ‘seriously polluted” when there is in excess of 10000 grams of algae in the
lake. How long will it be before the lake becomes seriously polluted?

A geometric series has nine terms, a common ratio of 2 and a sum of 3577. Find the first
term.
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12. A geometric series has a third term of 12, a common ratio of —% and a sum of 32% . Find

the number of terms in the series.

13. A geometric series has a first term of 1000, seven terms and a sum of 671% . Find the

common ratio.

14. A geometric series has a third term of 300, and a sixth term of 37500. Find the common
ratio and the sum of the first fourteen terms (in scientific form correct to two significant
figures).

15. A $10000 loan is offered on the following terms: 12% annual interest on the outstanding
debt calculated monthly. The required monthly repayment is $270. How much will still be
owing after nine months.

16. As aprize for inventing the game of chess, its originator is said to have asked for one grain
of wheat to be placed on the first square of the board, 2 on the second, 4 on the third, 8 on
the fourth and so on until each of the 64 squares had been covered. How much wheat
would have been the prize?

8.2.3 COMBINED A.Ps AND G.Ps

There will be occasions on which questions will be asked that relate to both arithmetic and
geometric sequences and series.

.(AIUIPI.EEHI . . .
A geometric sequence has the same first term as an arithmetic sequence.
The third term of the geometric sequence is the same as the tenth term of the arithmetic sequence
with both being 48. The tenth term of the arithmetic sequence is four times the second term of the
geometric sequence. Find the common difference of the arithmetic sequence and the common
ratio of the geometric sequence.

© When solving these sorts of question, write the data as equations, noting that a is the same for
I both sequences. Let u, denote the general term of the A.P and v, the general term of the G.P.
: We then have:

; U =a+9d = 48,v; = ar? = 48,
0 ic., a+9d = ar? = 48 —(1)
n Uy =4v,=a+9d =4ar - (2)

(1) represents the information ‘The third term of the geometric sequence is the same as the tenth
term of the arithmetic sequence with both being 48°.

(2) represents ‘The tenth term of the arithmetic sequence is four times the second term of the
geometric sequence’.

There are three equations here and more than one way of solving them. One of the simplest is:

From (1) a + 9d = 48 and so substituting into (2) : 48 = dar < ar = 12 —(3)
Also from (1) we have: ar? = 48 < (ar)r = 48 —(4)
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Substituting (3) into (4): 12r =48 <=r =4
Substituting result into (1): ax16 =48 < a = 3
Substituting result into (1): 349d =48<=d =5

The common ratio is 4 and the common difference is 5.
It is worth checking that the sequences are as specified:

Geometric sequence: 3, 12,48
Arithmetic sequence: 3, 8, 13, 18,23, 28, 33, 38, 43,48

Exencises [ X%

Consider the following sequences:

Arithmetic: 100, 110, 120, 130, ...

Geometric: 1,2,4,8,16, ...

Prove that:

The terms of the geometric sequence will exceed the terms of the arithmetic sequence
after the 8th term.

The sum of the terms of the geometric sequence will exceed the sum of the terms of the
arithmetic after the 10th term.

An arithmetic series has a first term of 2 and a fifth term of 30. A geometric series has a
common ratio of —0.5. The sum of the first two terms of the geometric series is the same as
the second term of the arithmetic series. What is the first term of the geometric series?

An arithmetic series has a first term of —4 and a common difference of 1. A geometric
series has a first term of 8 and a common ratio of 0.5. After how many terms does the sum
of the arithmetic series exceed the sum of the geometric series?

The first and second terms of an arithmetic and a geometric series are the same and are
equal to 12. The sum of the first two terms of the arithmetic series is four times the first
term of the geometric series. Find the first term of each series. If the A.P has d = 4.

Bo-Youn and Ken are to begin a savings program. Bo-Youn saves $1 in the first week $2 in
the second week, $4 in the third and so on, in geometric progression. Ken saves $10 in the
first week, $15 in the second week, $20 in the third and so on, in arithmetic progression.
After how many weeks will Bo-Youn have saved more than Ken?

Ari and Chai begin a training program. In the first week Chai will run 10km, in the second
he will run 11km and in the third 12km, and so on, in arithmetic progression. Ari will run
Skm in the first week and will increase his distance by 20% in each succeeding week.

(a)  When does Ari’s weekly distance first exceed Chai’s?

(b)  When does Ari’s total distance first exceed Chai’s?

The Fibonacci sequence: 1,1,2,3,5,8,13,21, ... in which each term is the sum of the
previous two terms is neither arithmetic nor geometric. However, after the eighth term (21)
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the sequence becomes approximately geometric. If we assume that the sequence is

geometric:

(a) What is the common ratio of the sequence (to four significant figures)?

(b)  Assuming that the Fibonacci sequence can be approximated by the geometric
sequence after the eighth term, what is the approximate sum of the first 24 terms of
the Fibonacci sequence?

8.2.4 CONVERGENT SERIES

If a geometric series has a common ratio between —1 and 1, the terms get smaller and smaller as n

increases.
The sum of these terms is still given by the formula: S, = a(ll——r”)’ r=1
-r
For—l<r<1,r”—>0a3n—>oo=>5n=1L'
-r

If |r| < 1, the infinite sequence has a sum given by S, = IL .
-r

This means that if the common ratio of a geometric series is between —1 and 1, the sum of the

. . a . .
series will approach a value of —— as the number of terms of the series becomes large i.e., the

series is convergent.

m Find the sum to infinity of the series

(a) 16+8+4+2+1+...
8 16

®) 9-6+d-Z+2—...

(a) 16+8+4+2+1+...

Inthiscasea=16,r=1:>Sw= a =£=32
2 1-r 1_1
2
8 16
b —6+4—-+—=—
(b) 9 + 3+9
a=9r=-2=5 =-% -9 _s54
3 1-r . 2
-(-3)

There are a variety of applications for convergent geometric series. The following examples
illustrate two of these.

rational number.

Use an infinite series to express the recurring decimal 0.462 asa
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0.462 can be expressed as the series:  0.462 + 0.000462 + 0.000000462 + . . .

or 462 + 462 + 462 +
1000 © 1000000 ~ 1000000000 =~
. . . . _462 1
This is a geometric series with a = 000" = 1000
462 462
1000 1000 _ 462
It follows that S,, = —— = = = 262
offows that 3. = 775 T 999 999

I- 1000 1000

m A ball is dropped from a height of 10 metres. On each bounce the ball

bounces to three quartes of the height of the previous bounce. Find the distance travelled by the
ball before it comes to rest (if it does not move sideways).

The ball bounces in a vertical line and does not move 10m
sideways. On each bounce after the drop, the ball moves both 7 5m
up and down and so travels twice the distance of the height of i
the bounce.
. 3 3\2
Distance = 10 + 15+ 15 x i + 15 x (Z) + ...
All but the first term of this series are geometric a = 15,r = i
. 15
Distance = 10+ S, = 10+ —3 =70m
1-2
4
Exchises [
1. Evaluate:
. 1 " 3 9 27
27+94+3+=+... - =+ ———=—+...
® oot @ 10 100 1000 '
(iii) 500 + 450 + 405 + 364.5 + ... @iv) 3-0.3+0.03-0.003 +0.0003 ...
2. Use geometric series to express the recurring decimal 23.232323... as a mixed number.
3. Biologists estimate that there are 1000 trout in a lake. If none are caught, the population

will increase at 10% per year. If more than 10% are caught, the population will fall. As an
approximation, assume that if 25% of the fish are caught per year, the population will fall
by 15% per year. Estimate the total catch before the lake is ‘fished out’. If the catch rate is
reduced to 15%, what is the total catch in this case? Comment on these results.
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Find the sum to infinity of the sequence 45, -30, 20, . . .

The second term of a geometric sequence is 12 while the sum to infinity is 64. Find the
first three terms of this sequence.

Express the following as rational numbers

(@ 0.36 b 0.37 () 2.12

A swinging pendulum covers 32 centimetres in its first swing, 24 cm on its second swing,
18 cm on its third swing and so on. What is the total distance this pendulum swings before

coming to rest?

P . .27 .
The sum to infinity of a geometric sequence is > while the sum of the first three terms is

13. Find the sum of the first 5 terms.

1

E,

Find the sum to infinity of the sequence 1 + J3,1,

(@ Find i. E (=), | <1. ii. E (=), | <1.
i=0 i=0
. 1, 1, 1,
(b) i Hence, show that In(1 +x) = x— SRRt x| <1
.. . 1 1 1
ii. Using the above result, show that In2 = 1 — 3 + 377 + ...
(a Find i. 2 (=2, |4 <1. ii. E (=22, |t <1.
i=0 i=0
. 1, 15 1,
(b) i Hence, show that arctanx = x — ¥ + SX0 - Fx +..., 02 <1
. . T 1 1 1
ii. Using the above result, show that = = 1 - 3 + 577 + ...

Exﬁgs [[®XJ - MISCELLANEOUS QUESTIONS

2k + 2,5k + 1 and 10k + 2 are three successive terms of a geometric sequence. Find the
value(s) of k.

142+3+...+10

1+l+1+ +L
2 4 77512

Evaluate

Find a number which, when added to each of 2, 6 and 13 gives three numbers in
geometric sequence.
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4.

10.

1.

12.

13.

14.

15.

16.

Find the fractional equivalent of

(a) 238 (b))  4.62 () 041717...
Find the sum of all intergers between 200 and 400 that are divisible by 6.

Find the sum of the first 50 terms of an arithmetic progression given that the 15th term is
34 and the sum of the first 8 terms is 20.

Find the value of p so that p + 5, 4p + 3 and 8p — 2 will form successive terms of an
arithmetic progression.

For the series defined by S, = 3n2—11n, find 7, and hence show that the sequence is

arithmetic.

How many terms of the series 6 + 3 + % + ... must be taken to give a sum of 11% ?

Ifl+2x+4x2+... = i,ﬁndthevalueofx.

Logs of wood are stacked in a pile so that there are 15 logs on the top row, 16 on the next
row, 17 on the next and so on. If there are 246 logs in total,

(a) how many rows are there?

(b)  how many logs are there in the bottom row?

The lengths of the sides of a right angled triangle form the terms of an arithmetic
sequence. If the hypotenuse is 15 cm in length, what is the length of the other two sides?

The sum of the first 8 terms of a geometric series is 17 times the sum of its first four terms.
Find the common ratio.

Three numbers a, b and ¢ whose sum is 15 are successive terms of a G.P, and b, a, ¢ are
successive terms of an A.P. Find a, b and c.

The sum of the first n terms of an arithmetic series is given by §, = ’w .
(a) Calculate S; and S,.

(b) Find the first three terms of this series.
(c) Find an expression for the nth term.

An ant walks along a straight path. After travelling 1 metre it stops, turns through an angle
of 90° in an anticlockwise direction and sets off in a straight line covering a distance of
half a metre. Again, the ant turns through an angle of 90° in an anticlockwise direction and
sets off in a straight line covering a quarter of a metre. The ant continues in this manner
indefinitely.

. . . 63
(@) How many turns will the ant have made after covering a distance of % metres?

(b) How far will the ant ‘eventually’ travel?
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. _a ; _ —kx (o = _l &
5.1 = % 6010 (b) h = ko x 10+ (0) 16.82% () k = xlog(}m)
EXERCISE 8.1.1
Li (D)4 t, = 4n-2ii. (b)=3(c) 1, = —3n+23 iii. (b)=5 (c) 1, = —Sn+6 iv. () 0.5
(©)t,=05n v.(b)2(c)t, = y+2n—1vi.(b)-2(c)t, = x—2n+4 2.-28 3.9,17 4.-43
5.7 6.7 7.-5 8.0 9. (2) 41 (b) 31st 10. 2,./3 M. () 1.2 ii. <3 (b)i.4ii. 11

12. x-8y 13.1, = 5+l39(n—1) 14. (a)-1(b)0

EXERCISE 8.1.2
1. (a) 145 (b) 300 () =170 2. (a) —18 (b) 690 (c) 70.4 3. (a) —105 (b) 507 (c) 224 & (a) 126
(b) 3900 (c) 14th week 5. 855 6. (2) 420 (b) 210 Z.a = 9,b = 7

EXERCISE 8.1.3

1. 123 2.-3,-0.5,2,4.5,7,9.5,12 3.3.25 4.a=3 d=-0.05 5. 10000 6. 330 7.-20
8. 328 9. $725,37wks 10. i. $55 ii. 2750 1. (a) (i) 8m (ii) 40m (b) 84m

(c) Dist=2n2-2n = 2n(n-1) (d) 8 (e) 26 players, 1300m 12. (a) 5050 (b) 10200 (c) 4233
13. (a) 145 (b) 390 (c) -184514. (b) 3n-2

EXERCISE 8.2.1

1 1 1
T@r=2us=48u,=3x2"1 (0)r=3u=5u,= 3x(-)

1 2

1
©r=zus = ==

n-1
= 2x(§> () r = —4,us = —256,u, = —1 x (—4)1-

b

! 4y = abx@)"’l 0Or= g,us = Z—:,u = azx(a)"fl 2. (a) =12

©r=qfus =13

(b) - 3. (a) £96 (b) 15th 4. (a) u, = 10 x (b) 3888 =4.02 (c)n=>5 (4 times)
1000 « (E)”’ '> 1990656
169 5 74225

8.2.5,5,10 or 10,5,2.5 9. 53757 10. 108 952 11. (a) $56 156 (b) $299 284

=5 (2)”“ 15625

5.-2, g 6. (a) i. $4096 ii. $2097.15 (b) 6.2 yrs 7. (u,, = =471.16

EXERCISE 8.2.2
. Lo 1 2 , S0 (o 256
L@30) 5 ©-1(d) -3 (©)1.25 () -3 2.()216513 (b) 1.6384x 100 (¢) 253
729 81

) 5= (@) —

5201 To53 3+ (@) 11:354292 (b) 7:473 () 8:90.90909 (d) 85 172.778 (c) 5:2.256

) o 127y 63 130
(013 LI @ () 52 (0) 22 (©) 3

7.9.28cm 8.(a) V, = V(;x0.7" (b) 7 9. 54 10. 53.5gms; 50 weeks. 11.7 12.9
13. -0.5,-0.7797 14.r=5, 1.8 x 1010 15. $8407.35
16. 1.8 x 10! or about 200 billion tonnes.

(d) 60 () g 5. 4; 118096 6. $2109.50

ANSWERS - 32

EXERCISE 8.2.3

1. Term 9 AP = 180, GP = 256. Sum to 11 terms AP = 1650, GP =2047. 2.18.3.12 4. 7,12
5. 8 weeks (Ken $220 & Bo-Youn $255) 6. (a) week 8 (b) week 12 7. (a) 1.618 (b) 121379
[~121400, depends on rounding errors]

EXERCISE 8.2.4
1. (i) 82—1 (ii) % (iii) 5000 (iv) i—(l) 2. 23;—; 3. 6667 fish. [Nb: 1,5 < 1. If we use n = 43 then
ans is 6660 fish]; 20 000 fish. Overfishing means that fewer fish are caught in the long run. [An

alternate estimate for the total catch is 1665 fish.] 4. 27 5. 48,12,3 or 16,12,9 6. (a) % (b) ;—;

L 191 121 4 1-(-t) 1 1-(-2)" 1
© 55 7-128cm8. 5 9.2+3J§1o. T 1.————-1H2 T

EXERCISE 8.2.5

2560 10
1.3,-02 2. 3 3. 3

43 458 413
4. (a) IR (b) 99 (©) 390 5.9900 6. 3275 7.3

8.1, =6n-14 9.6 10. - é 11.1.121i.26 12.9,1213. £2 14. (5,5, 5), (5,10, 20)
15. (2)2,7 (b)2,5,8 (c)3n-116.(a)5(b)2m

EXERCISE 8.3

1. $2773.08 2. $4377.63 3. $1781.94 4. $12216 5. $35816.95 6. $40349.37 7. $64006.80

8. $276971.93, $281325.41 9. $63762.25 10. $98.62, $9467.14, interest $4467.14.
Flat interest = $6000 11. $134.41, $3790.44, 0.602% /month (or 7.22% p.a)

EXERCISE 9.1

1. acm becm ccm A B C
1 3.8 4.1 1.6 67° 90° 23°
2 81.5 98.3 55.0 56° 90° 34°
3 32.7 47.1 339 44° 90° 46°
4 1.61 30.7 30.7 3° 90° 87°
5 2.3 2.74 1.49 57° 90° 33°
6 48.5 77 59.8 39° 90° 51°
7 44.4 81.6 68.4 33° 90° 57°
8 2.93 13.0 12.7 13° 90° 77°
9 74.4 94.4 58.1 52° 90° 38°
10 71.8 96.5 64.6 48° 90° 42°
11 233 34.1 24.9 43° 90° 47°
12 43.1 43.2 2.3 87° 90° 3°
13 71.5 80.2 36.4 63° 90° 27°
14 335 34.1 6.5 79° 90° 11°
15 6.1 7.2 3.82 58° 90° 32°
16 29.1 30 7.3 76° 90° 14°
17 29.0 29.1 2.0 86° 90° 4°
18 345 88.2 81.2 23° 90° 67°
19 24.0 29.7 17.5 54° 90° 36°
20 41.2 46.2 21.0 63° 90° 27°
21 59.6 72.9 41.8 55° 90° 35°
22 543 6.8 4.09 53° 90° 37°
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