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We saw in the last section that we can factorise polynomials

by comparing coefficients. For example, if we know that 1
(x+2) is one factor of x> +2x? + x + 2, we can write -
x* +2x% + x+2 = (x+2)(ax? + bx + c) and compare coefficients 1~
to find that the other factor is (x% +1). :;--..

e

If we try to factorise x* +2x* + x + 5 using (x + 2) as one
factor, we find that it is not possible; (x +2) is not a factor
of x* +2x? + x + 5. However, using the factorisation of
x*+2x? 4+ x + 2 we can write:

N

42 +x+5=(x+2)(x>+1)+3

The number 3 is the remainder - it is what is left over when we
try to write x* + 2x? + x + 5 as a multiple of (x + 2). In the last
section we saw that factorising is related to division. In this case,
we could say that:

L1 “‘
X +2x*+x+5
—————— =(x?+1) withremainder 3 0
x+2
This is similar to the concept of a remainder when dividing { =
numbers: for example, 25 =3x 7 + 4, so we would say that 4 is 3
the remainder when 25 is divided by 7. _

We can find the reminder by including it as another
unknown coefficient. For example, to find the reminder when
x* +2x* + x+5 is divided by (x +2), we could write

CQ

x*+2x* +x+5=(x+2)(ax* +bx+c)+R

then expand and compare coefficients. This is not a quick task.
Luckily there is a shortcut which can help us find the reminder
without finding all the other coefficients. If we substitute in a
value of x that makes the first bracket equal to zero, in this case
x =-2, into the above equation, it becomes

F =

3=(0)(ax> +bx+c)+R

so R = 3. This means that R is the value we get when we

substitute x = —2 into the polynomial expression on the left. Fill-
in proof sheet 6 on the CD-ROM, ‘Remainder theorem, shows

you that the same reasoning can be applied when dividing any

polynomial by a linear factor. This leads us to the Remainder

theorem.

M T =

o 7\__‘_' /
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KEY POINT 3.2
The remainder theorem
The remainder when a polynomial expression is divided by

(ax —b) is the value of the expression when x = —.
a

!
1
\
)
1

Find the remainder when x*+2x+7 is divided by x + 2.

1
Use the remainder theorem by rewriting the * (x+2)=(x-(-2)) ;
. divisor in the form (ax - b)... \
A .. then substitute the value of x (obtained from <* Whenx =—2:(-2)° +2x(-2)+7=-5 ¢
A X = é) into the expression when x = = So the remainder is —5 1
a a Al po—— i WOV W Y i .
Q I\ W,
\
il If the remainder is zero then (ax — b) is a factor. This is
C summarised by the factor theorem.
L-: KEY POINT 3.3
The factor theorem
i b
g 2 ( If the value of a polynomial expression is zero when x = —,
I then (ax —b) is a factor of the expression. a

+q. Worked example 3.5

o Show that 2x — 3 is a factor of 2x> —13x% +19x — 6.
5 1
To use the factor theorem V\%e o When x = > 4
need to substitute in x =— 3 2 \
2 Zx(éj —15@) +19x(§)—6
2 2 2
F
442 {
—_ >
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continued . . .

Therefore, by the factor theorem, (2x —3) is a factor of _
2x% —15x* +19x - G.

AF,r,f“AA,r P o MO _ VOGP G _ VY yy G ona S Mo

We can also use the factor theorem to identify a factor of an
expression, by trying several different numbers. Once one factor
has been found, then comparing coefficients can be used to find
the remaining factors. This is the recommended method for
factorising cubic expressions on the non-calculator paper.

Worked example 3.6

Fully factorise x* + 3x? —33x — 35.

When factorising a cubic with no obvious & When x =1 the expression is —64 J
factors we must put in some numbers and When x = 2 the expression is —&1 ]
hope that we can apply the factor theorem When x = —1 the expression is O

Therefore x +1is a factor.
We can rewrite the expression as .‘ll x° +3x% —33x — 35 A
(x +1)x general quadratic and compare =(x+1)(ax? + bx +¢) b

coefficients = ax® +(a+b)x? +{b+c)x+o

a=1,b=2,c=-35 i
X% +3x% —33x — 35 =(x+1)(x? + 2x — 35)

The remaining quadratic also factorises & =(x+7)(x +7)(x 5)

| e —— s A A ]

. ‘ v

If the expression is going to factorise easily then you only
need to try numbers which are factors of the constant term.

A very common type of question asks you to find unknown
coefficients in an expression if factors or remainders
are given.

© Cdmbrldge Unlversny Press 2012 Polynomlo 5 |
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3
x*+4x? +ax +b has a factor of (x — 1) and leaves a remainder of 17 when divided
by (x — 2). Find the constants a and b.
y Apply factor theorem ." when x =1: /
/ 144+a+b=0 3
- Satb=-5 M
1 £ Apply remainder theorem .°. when x=2: r
\ &+16+2a+b=17 )
) & 2a+b=-7 2
1 ' §
. Two equations with two unknowns can & 2)-
be solved simultaneously a=-2
A b=-3
i Pt s pa AP N e
B N -

QL
h . Exercise 3B
1. Use the remainder theorem to find the remainder when:

L: (a) (i) x*+3x+5 isdividedby x+1

(ii) x*>+x—4 isdivided by x+2
: (b) (i) x*—6x>+4x+8 isdividedby x—-3
22 [i (ii) x*—7x%*+11x is divided by x -1
| () (i) 6x*+7x*—5x*+5x+10 is divided by 2x+3
(x (i) 12x*—10x*+11x* -5 is divided by 3x —1

(d) (i) x? isdivided by x+2
(i) 3x* is divided by x —1

2. Decide whether each of the following expressions are
factors of 2x* —73 —3x + 2.

(a) x (b) x-1
(c) x+1 (d) x-2
() x+2 ) x—%
(2) x+% (h) 2x—1

() 2x+1 G) 3x-1

1
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3. Fully factorise the following expressions: z
(@) i) x*+2x2—x-2 (i) x*+x*?—4x—4
(b) (i) x*—7x2+16x—12 (ii) x*+6x2+12x+8 =
(c) i) x*-3x*+12x—10 (ii) x*—2x*+2x-15 ~
(d) () 6x*—11x>+6x—1 (i) 12x>+13x>—37x—30 1=
?‘"--.
® a 6x° +ax? + bx +8 has a factor (x + 2) and leaves a Fe
remainder of —3 when divided by (x — 1). 2 .
Find a and b. [5 marks]
x>+ 8x% + ax + b has a factor of (x — 2) and leaves a
remainder of 15 when divided by (x — 3).
Find a and b. [5 marks] =
a The polynomial x* + kx — 8k has a factor (x — k). Find the
possible values of k. [5 marks] w

The polynomial x? — (k + l)x —3 has a factor

(x—k+1). Find k. [6 marks] 7
5 o
a x3 —ax* —bx +168 has factors (x — 7) and (x — 3). -
(a) Find a and b. s
(b) Find the remaining factor of the expression. [6 marks]

CQ

g x3 +ax® +9x+b hasa factor of (x — 11) and leaves a
remainder of —52 when divided by (x + 2).

(a) Find a and b.

(b) Find the remainder when x* +ax? +9x +b is divided

F

by (x —2). [6 marks]
f(x):x3+ax2+3x+b. fx) is. just a P
name given to the
The remainder when f(x) is divided by (x + 1) is 6. Find ]> expression. You will ~[>
the remainder when f(x) is divided by (x —1). [5 marks] learn more about
this  notation in }’
The polynomial x* —5x + 6 is a factor of chapter 5.
2x* —15x2 + ax + b. Find the values of a and b. [6 marks]

+=

/
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Exercise 3B

1.

11.

Y ® N u B

(@) () 3 (i) -2
(b) () -7 (ii) 5
(c) (i) —2 (i) —4
(d) G) -8 (i) 3
(a) No (b) No
(c) Yes (d) Yes
(e) No (f) Yes
(g) No (h) Yes
(i) No (j) No
(@) () Nox—

(i) (x+1)(x- 2)( )

(
(
(b) () (x-2)(x-
(i) (x+2)°
(
(

x+1

X
U)
~—

(@ ()
(i) (x—3)(x*+x+5)
(@ () (x-1)(2x-1)(3x—1)
(i) (x+2)(4x+3)(3x—5)

x—1)(x? —2x+10)

a=1,b=-18
a=-44,b=48
k=0,4

(a) a=2,b=59 (b)(x+8)
(@) a=-12,b=22 (b) 0
14

a=37,b=-30

Exercise 3C

1. (@) (@) Y

1

23

82& Answers =

—35

(b) ()

180\

(ii) Y

12

() ()

Y
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