8 Roots of polynomial equations

And the equation will come at lase,
LOUIS MACNENCE

Roots of a quadratic equation
If z and [ are the roots of a quadratic equation, f{x) = ax’ + bx + ¢ = 0, then
the equation must be of the form

fix) = kix — a)dx — f) for some constant &
Therefore, we have

kKix-alx-fM=ax* +bx+c¢

= k(xX*-[x+flx+af)=ax’ +bx+¢
Equating the coefficients of x* gives: k=ua
Equating the coefficients of x gives: —kiz+ f)=5
And equating the constants gives: kafi=¢

Therefore, we obtain

:'.-:4—,|‘J’=—E and afi =
a
Or

. b s
The sum of the roots is —— and the product of the roots is —.
a a

Example 1 In the equation 3x* — Tx+ 11 =0, find

a) the sum of the roots
b) the product of the roots.

SOLUTION
a) Usingx+ fi = — i we have
o
Sum of the roots, 2 + fi = __T = +%

b) Using xfi = €. we have
o

Product of the roots, xff = ?
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CHAPTER B ROOTS OF POLYNOMIAL EQUATIONS

Conversely, we may write the quadratic equation as

[
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x? — (sum of roots)x + (product of roots) = 0

Example 2 Find the equation whose roots have a sum of 1 and a product
of =4, .

SOLUTION
Using x? — (sum of roots)x + (product of roots) = 0, we have

x!=dx=2=0 or 2x*=x=5=0

Example 3 The equation 3x* +9x — 11 = 0 has roots x and f. Find the
equaiion whose roots are x + § and .

SOLUTION
From 3x* + 9x — 11 =0, we have

1+p=-3 and =ﬂ=—?'

.
The sum of the new roots is: u+ﬁ+uﬂ=—3—%=—:;_}

The product of the new roots is:  (x+ ff) x afi = -3 = -Jil: 11

Therefore, the new eguation is
f+?x+ 11=0 or 3:+20x+33=0

Example 4 The equation 4x° + 7x — 5 = 0 has roots 2 and . Find the
equation whose roots are x° and ﬁl.

SOLUTION

From 4x° + 7x — 5 = 0, we have

s | L

x+_ﬁ=—% and aff = -

The sum of the new roots is
o+ = (x+ Y = 2af
Substituting the above values in the RHS, we obtain
1
o] 3 ? 5 39
=) 2x-2=2
o ( 4) T3 16

The product of the new roots is 2*f° = (2ff)°. Substituting the value for
zff, we obtain

1 _(_5\_25
(2ff) —( 4)—16

Therefore, the new equation is
- 89 25

X =—x+==0 or 1682 -=89x+25=0
16 16
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ROOTS OF A CUBIC EQUATION

Roots of a cubic equation

In a similar manner, if =, f# and 7 are the roots of a cubic equation,
ax’ + bx* + ex + d = 0, then we have

ax® + by 4 ex +d = kix — a)x — fix - y)
= ax +h ex+d sk = (2 + F 4+ a7+ (2ff + fy + ya)x — 2fiy]

; . . . h
Equating coellicients of x° gives: 2+ fi+ 7 =—~—
i

Equating coefficients of x gives: afi+ fiy + y2 = £
il

And equating the constanis gives: zfiy = — d
it

Example 5 Find the cubic equation in x which has roots 4, 3 and -2

BOLUTHON
The sum of the roots is
x+f+y=44+3+(~-2)=35
The sum of the roots taken two at a ume 1s
afi+fy+ra=4xI+3x -24+(-2x4)=-2
The product of the roots is
afiy =4 x3x -2=-24
Therefore, the equation is

Mo 2x+ M4 =0

Example 6§ The cubic equation x' + 3x* — 7x + 2 = 0 has roots z. f. 7.
Find the value of 2® + fi* + 4%

SOLUTION

From the cubic equation, we have

a+fity==3
afi+ iy +yx=-7
rfly = =2

We now expand (x + § + 7)° to obtain
L+ AP =+ 49 - 2af + fiy + 2)
Substituting the values, we oblain
oy = (=3 -2%x-T=23
Therefore, we have

2+ =23

AFEAEAEEEEAE NN EREEEEREEEEREEEN A

148



CHAPTER 8 ROOTS OF POLYNOMIAL EQUATIONS

Roots of a polynomial equation of degree n

From the properties of the roots of a quadratic equation and of a cubic equation,

we see that in a polynomial equation of degree n, ax” 4+ bx"~' + ex" "2 4 ... =10,
the sum of the roots is -2 and the product of the roots is given by
a

First term
since the last term is the product of —zx, —fi, =y, =4, ....

Example 7 The roots of fix) = 4x* + 6x* — 3" + 7" — llx - 3 =0 are
a, B, 7. 6 and &.

a) Find the product of the five roots.
b) 1) Show that x = | is a root of the equation.

i) Hence show that the sum of the roots other than 1 15 - g

-

L

L

L

u

L

L ]

L]

[ ]

L]

L 1

w

E SOLUTION

. . b 6 3

= &) The sum of all five roots, =, f, 7, d and ¢, 1s =i
s bB) I) When x = 1, we have

: f1)=4+6-3+7—11-3=0

. Therefore, lrom the factor theorem, x = 1 is one root of the
- equation.

[ ]

. il) The sum of all five roots is -% (from part a). That is.

: 3

E z+_ﬂ+}'+ﬁ+r=-5

. Putting £ = 1, we have

L |

" 3 5
. ::+ﬂ+;-+:‘i+l=—§ = z+_ﬂ'+-;+=5=—§
:

[ ]

Therefore, the sum of the other four roots is — 'i'

Example 8 The equation z* + (3 + i)z + p = 0 has a root of 2 — 1. Find
the value of p and the other root of the equation.

SOLUTION
Since 2 — i is a root, = = 2 — i satisfies the equation. Therefore, we have
QR-iP+@3+)2-)+p=0
= p==104+5

The sum of the roots, z+ ff = -E. is —(3 + i). Therefore, the other root is
a

-3+i)-Q2-i)=-5
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Exercise BA

1

EXERCISE 8A

Write down the sum and the product of the roots of each of the following equations.
o) X +3x—T=0 B) ¥ —llx+5=0 ¢) ¥ +5x—-4=0

d) I +1lx+2=0 @) x+2=2> )2 =7 - 4x
X

Write down the cquation whose roots have the sum and the product given below.
a) Sum 7; product 15 b} Sum —3; product +5

g) Sum =2; product —4 d) Sum =3; product —11

If 2, f§, 7 are the roots of the equation x* — 5x + 3 = 0, find the values of

a) x+ fi+7 b) o & [ 47 ¢ x+fil 47

The equation 22 (7= 2i)iz + g = 0 has a root of | +1. Find i) ithe value of ¢ and ii) the other
root of the equation,

The equation 3z° = (1 - 1)z + ¢ = 0 has a root of 3 + 2i. Find # the value of  and i) the other
root of the equation.

Given that x, ff, y are the roots of the equation x* + x° + 4x = § = 0, find the cubic equation
whose roots are fly, ya and =/, {(WIEC)

Given the cubic equation x' — 7x 4 ¢ = 0 has roots «, 2x and f, find the possible values of g.
{WIEC)

The equation 3x* — Sx + 6 = 0 has roois z and . Without solving the given equation, find an
equation with iteger coefficients whose roots are (z + fi) and 2f. (EDEXCEL)
The roots of the equation x* — 3x* — 3x — 7 =0 are z, f and 7.

a) Find the value of & + f* + %,
b) Show that

1z f
x 1 p|=0  (NEAB)
gy
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CHAPTER 8 ROOTS OF POLYNOMIAL EQUATIONS

Equations with related roots

If x and J are the roots of ax® + bx + ¢ = 0, then we can obtain the equation
whose roots are 2x and 2f by making a substitution for x.

First, we express ax” + bx + ¢ = 0 as
alx —alx—-f)=0

which gives
a(2x — 20)(2x — 20) = 0

We obtain the required equation, whose roots are 22 and 2ff, by putting
¥ = 1x, which gives

aly = 2a)(y - 2f)=0
Hence, replacing x by % gives an equation whose roots are twice those of the

original equation.

Example 9 Find the equation whose roots are 3x and 3f, where x and ff
are the roots of the equation 2x* — 5x +3 = 0.

SOLUTION

Replacing x by % in 2x* — 5x + 3 = 0, we obtain an equation in y whose

roots for Jj- are the same as those for x: that is, 2 and . Hence, the roots
for y will be 3z and 3.
Therefore, the required equation is
2(2)-3(3) +2-0
= 2y —15v+27=0
If the equation is to be expressed in terms of x, it would be
27 - 15x+27=0

Example 10 Find the equation whose roots are o, f°, +*, where 2. f8, 7
are the roots of 3 = 7T + 1lx = 5=0.

SOLUTHOM

Replacing x by /¥ in 3x’ = 7x* + llx -5 = 0, we obtain a, fi, y as the
roots for /7. Hence, the roots for y are 2%, f°, ¥

Therefore, the equation in /¥ is

Y =W+ 1M =-5=0
= g+ F=Tr+5
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EXERCISE a8

Squaring both sides, we have

917 4 6617 + 121y = 49y + 70y + 25
Therefore, the required equation is

9 L AT + 51y =25=0

Exercise 8B

1

10

11

12

The roots of the equation x° + Tx - 1l = 0 are x and fi. Find the equation whose roots are 2x
and 26,

The roots of the equation x* — 15x + 7 = 0 are 2 and fi. Find the equation whose roots are 32
and 3.

The roots of the equation 3x' — 4x° + 8x — 7 = O are 2, f and 7. Find the equation whose roots
are 2o, 2ff and 2y,

The roots of the equation x* — 3x% = 1lx+ 5 = O are z, f and 7. Find the equation whose roots

‘ .
are i. ‘II— and =,
707 2

The roots of the equation 2x* 4 3x + 17 = 0 are z and #. Find the equation whose rools are

and .

The roots of the equation 3x* - 7x + 15 = 0 are z and §. Find the equation whose roots are «°
and #°.

The equation 2x° + Tx + 3 = 0 has roots x and f. Find the equation whose roots are

a) 2x.2f b} =, % ) o« d) x+2.8+2

|

The equation 3x° + 9x — 2 = 0 has roots z and f. Find the equation whose roots are

a) 42,48 b) % f—: ¢) =, d) -3 03

The roots of the equation x° + 3x° + 3x+ 7 = 0 are 2, § and 1. Find the equation whose roots
are

a) 3x.3f,3; b) o, g a+3.f+3y+3

The roots of the equation x* + 33" + 73" = llx + | = O are , ff, y and 4. Find the equation
whose roots are 3z, 3fi, 3y and 34,

i .
The equation x <+ 2 + = = 0 has roots z and f#. Find the equation whose roots are 52 and 5.
X

The reots of the quadratic equation x* — 3x + 4 = 0 are z and §. Without solving the equation.

: . . . I | N
find a quadratic equation, with integer coellicients, whose roots are — and E (EDEXCEL)
x
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CHAFPTER 8 ROOTS OF POLYNOMIAL EQUATIONS

Complex roots of a polynomial equation

If = = x + 1y is a root of a polynomial equation with real coefficients, then
Z = x —iyis also a root of the polynomial equation, where = is the conjugate
of z (see page 3).
Proof
Suppose = is a root of the polynomial
2"+l 12" a2 Ay =0

Then, taking the conjugate of both sides, we have

A" +dy 1V 4a, 2" 4 +ag=0

Using z; + z; = Z; + I3, we obtain

G2 + @y 2"V @y 22" 4. ..+ =0
And using I 5; = 5] 53, we obtain

G+ 8y 1Vt a, 27 2+, . +G=0

which gives
L+ 8@+ a4 2@ T+ 4T =0
Since all the a; are real, @ = ;. Therefore, we have
an(Z) +ay 1@+l =0

Hence, # is also a root of the polynomial.

The complex roots of a polynomial with real coefficients always occur in
conjugate complex pairs.

Note We found in Example 8 (page 150) that when a gquadratic equation does
not have real coefficients, the roots are not conjugate complex pairs. (In
Example 8, they are 2 — i and -5.)

Example 11 Show that 4 — i is a root of the polynomial equation
)= -62+2+34=0

Hence find the other roots.

SOLUTION

To prove that z =4 —iis a root, we prove that f(d - i) =0. If z=4 - i is
a root, then =z = 4 + 1 is also a root, since the roots occur as conjugate
complex pairs.

Next, we find the quadratic with real coefficients which is a factor. We
then divide f(z) by this quadratic to find the other factor.
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COMPLEX ROOTS OF A POLYNOMIAL EQUATION

Substituting z =4 —iin f{z) = ' — 627 + 2 + 34 = 0, we have
f4—iy=@—if -4 —i) +@-i)+34
=52-4N1 -+ 481 +4 -1+ M
=0

Therefore, 4 —iisarootof fiz) == — 622 + =+ 34 = 0. Hence, 4 +1 is
also a root,

If z = (4 +1) and z — (4 — i) are factors of the polynomial, so is
F—(@+Dz—(@—i)]=2—8+17

Dividing =} — 62° + z 4+ 34 = 0 by z* — 8z + 17, we obtain
(2)=( -8z +17}z+2)

Therefore, the three roots of fiz) == — 62 +z+ 34 =0ared +i,4—1i
and -2,

Example 12 Show that 2 + 1 is a root of the polynomial equation
()= - 122 + 6222 - 140+ 125 =0
Hence find the other roots.

SOLUTION

As in Example 11, to prove that = = 2 + i is a root, we prove that
fi2+i)=0.1fz=2+1iisaroot, then z = 2 —i 15 also a root,

Next, we find the quadratic with real coefficients which is a factor. We
then divide f(z) by this quadratic to find the other factors.

Substituting z = 2 +iin f(z) = z* = 122 + 6227 = 140z + 125 = 0, we have
R4+i)=Q+1)' =122+ +622+ i) — 140(2 +i) + 125
= —7 4+ 24i — 24 — 132i + 186 + 248i — 280 — 140i + 125
=0

Therefore, (2+1isarootof f{z) =24 = 1227 4+ 6222 = 140z 4+ 125 = 0.
Hence, (2 — 1) is also a root.

If z = (2+1) and z — (2 —1) are factors of the polynomial, so is
[2-Q@+ilz-Q2-i)=2-4z+5

Dividing z* — 12z* + 6227 — 140z + 125 by =* — 4z + 5, we obtain
f(z) = (2 = 4z + 5)(=* = 8z + 25)

Using the quadratic formula, we find that the roots of =* — 82+ 25 =10
are 4 = 3i.

Therefore, the four roots of f(z) = z* — 1227 + 62 — 140z + 125 = 0 are
244,20, 4+ 3iand 4 - 3i.
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CHAFPTER 8 ROOTS OF POLYNOMIAL EQUATIONS

LA R A AR R R RRSdRRRRRRRRRRRRRR R RIRTRERORDRIEROORIANERARRSRUTRIRTRRARRAREURINRTNTRTRERNTDOSROPRORTEDYE!

Example 13 The roots of the equation fix) = 2x' — 3x° + Tx - 19 =0 are
a, ff and 7. Show that

a) there is only one real root
b} the real root lies between x =2 and x = 3
¢} the real part of the two complex roots lies between — 1 and — §.

SOLUTION

To show that a cubic equation has only one real root, we find the values
of f{x) at its turning points. Hence, we will be able to see which of the
following curves 1s f{x).

¥ L L'

a-1+

\

¥

0 X l_)\-/ x

Note When the values of fix) at iis turning points are of opposite sign,
fi{x) = 0 has three real roots.

a) To find the values of fix) at is turning points. we differentiate v}
flx) =20 -3+ Tx - 19
fx) =6 —6x+7
Hence, we have
6 —6x +7 =0

t_ﬁiﬁﬁ—lﬂ
T 12

That is, I"(x) = 0 has no real roots. Hence, the cubic f{x) has no
turning points, which means that fix) = 0 has only one real root.

=

b) We find that
fi2)=—1 and f(3)=+29

So, f(x) has opposite signs at x = 2 and x = 3 and is continuous for
2 = x = 3. Therefore, the real root of f{x) = 0 lies between x = 2 and
x=3

¢} Let the three roots of the equation be x, f, 3, where = is a real number
between 2 and 3, and f and y are complex numbers.

Since the roots of a polynomial with real coefficients oceur in conjugate
complex pairs, ff and y are conjugate complex numbers, which we will
represent by p -+ ig and p - ig.
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EXERCISE &C

Usinga+f+y=— E we find
a

T

x+f+7=:

[ ]

which gives
a+p+ig+p—ig=

= Ip==—-u

P | Lad B2 ] tas

Singe 2 < 2 < 3, we therefore have

; 3
~3<ip<s-2

b | e

3 1
LA, T .
= S<Pp< -7

= —E{ {—l
PR

Hence, the real part of each complex root lies between — § and — 1.

Exercise 8C

1 Solve the equation x* — 5x' + 2x* — Sx -+ 1 = 0, given that i is a root,

2 Solve the equation 3x* — ' + 2x° — 4x — 40 = 0, given that 2i is a root.

3 Determine the number of real roots of the equation 2x° + 2% = 3,

4 Determine the number of real roots of the equation 2x* — Tx + 2 =0,

5 Determine the range of possible values of & if the equation x' + 3 = k has three real roots,
6 One root of the equation =¥ — 52" + 132° — 162 + 10 = 0 is | + i. Find the other roots.

7 a) Show that one root of the equation z* + 527 — 56z + 110 =01is 3 + i,
b) Find the other roots of the equation.

8 a) Show that one root of the equation * — 2% +62° + 222 + 13 =015 2 - 3i.
b} i} Find the other roots of the equation.
1) Hence factorise =* — 2% 4+ 6= + 222 + 13 into two quadratics, each of which has real
coefficients.

9 The polynomial f{z} s defined by
flzy=*-22+32-2:42

a) Verify that 1 is a root of the equation {(z) = 0.
b) Find all the other roots of the equation fiz) = 0. (EDEXCEL)

10 Given that 2 + 1 is a root of the equation 3x* — 145" + 23x = 10 = 0, find the other roots of the
equation. (WIEC)
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CHAPTER 8 ROOTS OF POLYNOMIAL EQUATIONS

11 One of the complex roots of 2=* — 1327 4+ 3327 — 80z — 50 = 0 is (1 = 3i), where i* = 1.
i) State one other complex root.
il) Find the other two roots and plot all four on an Argand diagram. (NICCEA)

12 Given that 31 is a root of the equation 3z° — 527 + 27z — 45 = 0, find the other two
roots. (OCR)

13 a) Verify that = = 2 is a solution of the equation = — 8z° +22: —20=0.
b) Express z* — 827 +22- — 20 as a product of a linear factor and a quadratic factor with real
coefTicients. Hence find all the solutions of = — 8% + 22z — 20 = 0. (SOA/CSYS)
14 Two of the roots of a cubic equation, in which all the coefficients are real, are 2 and 1 + 31.
0 State the third root.
i) Find the cubic equation, giving it in the form =* + az* + bz + ¢ = 0. (OCR})
15 Verify that z = | +i is a solution of the equation =* + 167 — 34z + 36 = 0.
Write down a second solution of the equation.
Hence hind constants x and f§ such that

167 —Mr+36=(F —az+a)z+ ) (SQACSYS)

16 The roots of the equation 7x — 8x% + 23x + 30 = O are a, 3, .
a) Write down the value of 2 + f + 7.
b) Given that 1 + 2i is a root of the equation, find the other two roots. (NEAB)
17 Derive expressions for the three cube roots of unity in the form re”. Represent the roots on an
Argand diagram.
Let @ denote one of the non-real roots. Show that the other non-real root is er’. Show also that
l+w+w =0
Giiven that
a=p+q f=p+qo
where p and q are real,

p+ qut

-

i) find, in terms of p, zff + fy + y2
i) show that afiy = p* + ¢°
iii) find a cubic equation, with coelTicients in terms of p and g, whose roots are «, fi, 7.
(NEAB)

18 The polynomial f(z) has real coefficients and one root of the equation f(z) = 0 is 5 + 4i. Show
that 22 — 10z + 41 is a factor of f(z).
Given now that
f(z) = 2% — 10z* + 412% + 1622 — 160z + 656,

solve the equation f{(z) = 0, giving each root exactly in the form a + ib. {OCR)
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