CHAPTER 3 FUNCTIONS

Exercise 3E

Throughout this exercise, the domain of each function is the set of real numbers unless specifically
stated otherwise.

1 Given f(x) = 2x + 1, g(x) = x? and h(x) = X evaluate each of the following.
X

a) f(3) b) 2(2) ¢) hg(2) d) fg(-3) e) gf(1) f) gh(-2)
g) hf(4) h) ff(5) i) ge(—3) i) hh(12) k) fgh(2) 1) hfg(4)

2
2 Given f:x — 3x — 1, g2x — x* and h: x — =, write down and simplify expressions for each of
X
the following.

a) fg(x) b) gf(x) c) fh(x) d) hg(x) e) gg(x) f) (x)

3 Functions f and g are defined by
fix—x*+3 gx—>x+35

a) Write down and simplify expressions for i) fg(x), ii) gf(x).
b) Hence solve the equation fg(x) = gf(x).

4 Functions h and k are defined by

h:x—>i kix—=x4+35
X

a) Write down an expression for hk(x), and hence solve the equation hk(x) = 1.
b) Write down an expression for kh(x), and hence solve the equation kh(x) = 6.

5 Given f(x) = x* and g(x) = 2x + 5, solve the following equations.

a) fg(x) =9 b) gg(x) =21

6 Given
fixi=2* xel 1<xgs and glx)=2x+5 xcR

find an expression for the composite function gf(x). State the domain and range of gf(x).

7 Functions p and q are defined by
pra=s3024¢1, xeR 02 and Gx st =2, xR

Find the composite function gp(x) and state its range.

8 Given

! ,xeER, x=4
x—3

fix—x*+4, xeR and gx—

find an expression for the composite function gf(x) and state its range.
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INVERSE FUNCTIONS

Functions g and h are defined by

gx—x*+3, xeR and hx—|x-35 xeR
a) Write down an expression for hg(x) and state its range.
b) Write down an expression for gg(x) and state its range.
Given

fix)=vx+1,xeR, x>0 and gx)=x% xR
a) find an expression for fg(x) and state its range
b) find an expression for gf(x) «.d state its range.
Functions h and k are defined by h(x) = 3x + 5, and k(x) =2 — x.
a) Write down and simplify expressions for hh(x) and kk(x).
b) Hence solve the equation hh(x) = kk(x).
Functions f and g are defined by

fix—x+1, xeR and gx=sxt =3 xR
a) Show that fg(x) + gf(x) = 2x* + 2x — 4.
b) Hence solve the equation fg(x) + gf(x) = 0.

Given f(x) = x* + 3, g(x) = 2x + @ and fg(x) = 4x? — 8x + 7, calculate the value of the
constant a.

Functions p, q and r are defined by

2
I
=

and q:x — 2 and X —
x+1 3 24+ x?

pix—
Given pq(x) = r(x), find the value of the constant b.

Functions f and g are defined for all real numbers and are such that g(x) = x> + 7, and
2f(x) = 9x* + 6x + 8. Find possible expressions for f(x).

a) Given f(x) = ax + b, and f¥)(x) = 64x + 21, find the values of the constants ¢ and b.
b) Suggest a rule for f")(x).
[Note: for f3)(x) read fff(x).]

Inverse functions

nsider the function f defined by f(x) = x + 3 with

3

}\ v ,Sj

ge of f ! : i main of f!
Rang !, the inverse function o

fl4)=1 f15)=2 and f '(6)=3
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EXERCISE 3F

Eliminating y gives

2x+1
¥
b
x(x+2)=2x+1
XX—-1=0
(x—DE+1)=0 )
Solving gives x = 1 or x = —1.
When x =1, y = I and when x = —1, y = —1. Therefore, the coordinates of

the points of intersection of the graphs of fand f ! are (1, 1) and (—1, —1).

Zwo useful techniques for sketching the graph of an inverse function are as
lows.

* Reflect the graph of the function f in the line y — x.

» Sketch the graph of y = f(x), turn the page over and then turn it through
70" clockwise. What you see through the page is the graph of the inverse
function. (Note that (i) a reflection in the y-axis followed by a rotation
through 90° clockwise is equivalent to a reflection in the line y = x, and
11) a reflection in the x-axis followed by a rotation through 90"
anticlockwise is equivalent to a reflection in the line y = x.)

Exercis_e 3F |

“=roughout this exercise, the domain of each function is the set of real numbers unless specifically
2ted otherwise.

Find the inverse of each of the following functions.

a) fix—3x+2 by fix—5x—1 ¢) fix—4—-3x
2 3 2 3
d fix— =, x#0 ej fix — .| ) fix— , XF 2
% x—1 2—3x &
g fix—s . , X # =2 h) fix — &8 5 B8 i) f:x%—Bx g X5
24 x 5—x 2x+1 “
: 1 X 3
DEix—14+—, x#£0 Ky fx—3+——, x# -1 Dfix—2—— x+#—4
) o ¥ ) fix= i # ) e #

2 Find the inverse of each of the following functions, and state the domain on which each inverse
s defined.

a) fx)=x, xR, x>2 b) f(x) = ;xeR, x30
24+ x

6 ) =ve—=2, »eR, x5 3 ditg=3l =L azecR lexred

&) f(x) = v2x 73, x€R, x> 11 f =t x 61 Banas
X

g) f(x) :(x-|-2)2+3, xeR, x=-2 h) fix)=x*+1, xeR
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CHAPTER 3 FUNCTIONS

i) flx) = -I’): xeR, x>3 DIx)=v3—x, xeR, x<2
k) flx) =(x =345 xR, 4<x<6 D fx)=5—vx+3, xeR, x>-3

3 Givenfix—3x—4, xR,

a) find an expression for the inverse function £ !(x) a
b) sketch the graphs of f(x) and £ !(x) on the same set of axes
c) solve the equation f(x) = f !(x).

4 a) Sketch the graph of the function defined by
fix)=10-2x, xeR, x=0

b) Find an expression for the inverse function f !(x), and sketch the graph of f (x) on the
same set of axes.
¢) Calculate the value of x for which f(x) = f!(x).

5 A function is defined by f(x) = x* — 6, x € R, x > 0.

a) Find an expression for the inverse function £ '(x).
b) Sketch the graphs of f(x) and f (x) on the same set of axes.
¢) Calculate the value of x for which f(x) = £ '(x).

6 a) Sketch the graph of the function defined by
fix—>x—-2%xeR x=2

b) Find an expression for the inverse function f'(x), and sketch the graph of f~(x) on the
same set of axes.
¢} Calculate the value of x for which f(x) = f'(x).

7 The functions f and g are defined by
fix—=2x—-5, xR and gx—T7—4x, xR

a) Solve the equation f(x) = g(x).
b) Write down expressions for f '(x) and g '(x).
¢) Solve the equation f'(x) = g '(x), and comment on your answer.

8 The function h with domain {x:x > 0} is defined by h(x) = %
X+

a) Sketch the graph of h and state its range.
b) Find an expression for h !(x).
¢) Calculate the value of x for which h(x) =h I(.w;).

9 Functions f and g are defined by
fix—3x+1, xeR and gx—x—2, xR

a) Write down and simplify an expression for the composite function fg(x).
b) Find expressions for each of these inverse functions.

)l et i) (f) ()
¢) Verify that (fg) '(x) = g 'f 1(x).
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EXERCISE 3F

The function g is defined by g(x) =2x> -3, x€R, x>0

a) State the range of g and sketch its graph
b) Explain why the inverse function g~! exists and sketch its graph

¢) Given also that h is defined by h(.x) V5x+2, xeR, x = —%, solve the inequality
gh(x) = x.

Functions f and g are defined by
fix—2x+3, xcR and g:x—:»%,xeﬂ%,x;él
x

a) Find an expression for the inverse function f~!(x).
b) Find an expression for the composite function gf(x).
¢) Solve the equation f'(x) = gf(x) — 1.

et ) :TL, x CR, %20, w1
a) find expressions for i) ff(x) i) fff(x) iiii) f{‘”(x)

[Note: £9(x) = [f(x)] ]
b) Hence write down expressions for i) 1(x) i) f(l")(x) iiii) fi=e0) (x)

Functions g and h are defined by

g(x):%,xéﬂ%, X3 and h(x) =x*+4, xeR, x>0
Find
a) an expression for the inverse function g!(x)
b) an expression for the composite function gh(x)
c) the solutions to the equation 3g !(x) = 10gh(x) + 9.

Functions f and g are defined by

1 2
f: ; ,xeR, x#£-3 and (X —> ,xeR, x#£4
Y—>x—|—3 v 7 e x—4 § e
a) Show that fg: x — & —A ,xE[R,x;éE.
3x—10 3

b) Find an expression for (fg)!(x).
Given f: x — —|—b xER x£0, x£5, x# *m—, and ff(x) = f~!(x), prove that the
constants a and b satisfy the equation a + #* = 0.

ax -+ b

, X €R, x#—é b0, wilh
d @

The function f is defined by f(x) =

a) Prove that if @ + d = 0, then f(x) = r‘(x).
b) Prove that if @ + d # 0 and (¢ — d)* + 4bc = 0, then the graph of y = f(x) intersects the
graph of y = f!(x) in exactly one point.



Exercise 3E
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Exercise 3F
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3 5 3 X X 2+ x
1) - a ,x#i - oo k)3_x,x¢4 I)éxis,x-,:@Z 2a) Vx,xeR x>4 b) 2x,¥6R,0<x<-§-

3—-2x 2 4 2—-x

2,
2 ¢) 2+xLxeR x>1 d) _H L XxeER, 2<x <47 e l——g’-,xER,xBS f)L, [R_£<x<—£
¥ g x+3 5 2
2g) 24+vVx—3,xeR x=3 h) vx LxcR i) 2“‘*1,xeR,o<x<1 D3-xfxeRxz=1
X

T 2 ; x+4 10
2k 34+vVe-5xeR6=x<14 D (x-5)" -3 xeR x5 3 )»-——,xeR c)2 4b) L xeR, x <10 c)———
5a) vyx+6,xeRx>-6 €3 6b)2+/x,xeR, x>0 c)4 S,xER;7;x,xER
7 ¢) 1. froma)f(2) g2 1 8a)0<h(x)-g—j— b} h'(x) = fﬂ xcRx#0 ¢ 1 9a)3x—5
9 b) i) V'L'ﬂ"l..\'eﬁ i x+2,xeR o 12 3 ,xcR 10 a) g(x)= -3 b) g exists because g is one-to-one ¢) x = —

1 a) ""'i,xe,:% b) - I LxeRx#—1 ) £v2 123)i)1~£r€ﬂ%\ L0 i) x, xR i) - k. erR%wc;él
2 Ax+1) X ]

12 b) |)1-~-'1 xeR, x#£0 ii) : xeR x#1 i) x,xeR 133)3+§, > xeR, x>0 ¢) 1,3
1—x % T 1
10x—4 5.
14 By = R, x#—
! a1 rER Y 3
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