Proving trigonometric identities

Consider the following identity:
tan & + cot 6 = sec 0 cosec 0

Substituting different values of 0 into the LHS and RHS will show this identity
to be true for those particular values of 0. However, this does not prove the
identity for all values of 6. Identities can be proved by using other simpler
1dentities which we know to be true for all values of 0. For example, we know
that the following identities are true for all values of 6.

e tanf = sin 9

cosf
sin®@ + cos2f = 1
1 4 tan’6 = sec?d
1 + cot?0 = cosec?d

The general method for proving an identity is to choose ecither the LHS or the
RHS (usually whichever is the more complicated) and show, by using known
identities, that it can be manipulated into the form of the other. However, two
alternative techniques are to show that

e LHS—RHS=0 or

Once the proof is completed, we write QED, which stands for the Latin ‘Quod
Erat Demonstrandum’ — “Which was to be proved’.
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PROVING TRIGONOMETRIC IDENTITIES

=xample 10 Prove the identity tan § - cot § = sec § cosec .

SOLUTION
LHS =tan 0 + cot ¢

_ sng , cosd
cosf)  sin0

= 9
_ sin“0 + cos?0

sinfcosf
1
sin fcos @
1 1
X —
sinfl cos6
= cosec sec) = RHS QED

(since sin*0 + cos?6) = 1) .

Il

Example 11 Prove the identity
(1 —sinf + cos 0)* = 2(1 — sin 0)(1 + cos 0)
SOLUTION
LHS = (1 — sin 0 + cos#)(1 — sin § + cos ()
=1-2sin60+ 2cos 0+ sin’8 + cos*0 — 2sin H cos 0
=2-2smb+2cosf — 2sinfcosf (since sin’6 + cos’0 = 1)
=2(1 —sin0 + cos 6 — sin 0 cos #)
= 2(1 —sin)(1 + cos0) = RHS QED

Example 12 Prove the identity
LABAE oo 63 sl
1 —smé@

SOLUTION
2

sin f I, &
+
(0056 cos())
<sin0+1>3
cos
(1 + sin 0)?
cos2()
_ (1 +sing)’
1 —sin%0
(1 + sin )
(1 +sin0) (1 —sin)

_ l—l-sin():
1 —sinf)

RHS

[l

LHS  QED
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CHAPTER 14 TRIGONOMETRY |
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Prove each of the following identities.

1 sinftan @+ cos 0 = secd 2 cosech + tan 6 sec § = cosec # sec*
3 cosecl — sin @ = cot f cos 0 4 (sinf+cos6)* — 1 =2sinfcosd

5 (sin § — cosec f)* = sin*0 + cot?f — 1

(=]

(sec +tan 0) (sec — tan ) = 1
7 tan®f + sin®0 = (sec 0 + cos §) (sec & — cos 0) 8 secf + cot’8 = cosec*d + tan*0

9 (sinf + cos0) (1 — sin cos ) = sin*0 +cos’d 10 tan*0 + tan’ = sec’d — sec*0

_ i)
11 cos*f — sin*d = cos?6 — sin®f 12 sinf + cosf 51_—2M
sin — cos @
13 S +1+_Cosgz2cosec9 14 —@LECOSH
1 +cosf sin f cotf +tan
15 1 L 1 = 161—3111{9z 1
1 +tan?0 1+ cot?f cosf secl +tan @
17 tanf +cotf _ : 1 18 sec*f — cosec = ——M? —igo8 Y
sec +cosec  sinf +cosf sin” 0 cos*0
19 /(sec20 — 1) + +/(cosec?d — 1) E—.—l— 20 S ¢ 4 o8 — 25 |
sin @ cos 6 V(L +cot?d) /(1 +tan’6)
91 /11— s%nﬂ _ cect —tan® 9 1 +sinfd+cosf _ 1 —smG.-i—cosG
1 4+sind cos B 1 —sin@
5 T 3 3 o Y 2 =
93 /tan 0 + sin 0 — 1320 /1+sin0 roq _ 1A 8q i cot’0 _ 1 Tsm Hcc\\ :
cotf) —cos b 1—cos# 1 +tan?0 1+ cot?8 sin f cos ¢
o g 2 _ 2001 _ o
sgp SI0 0 — cos’ < 1.4 adncoeh *06 tot?f(sec 0 — 1) _ sec A(1 — sin 8)

sin @ — cos 1 +sinf 1 +secé
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