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Advanced exercise
(a) Show that, if tan?¢ = 2tan¢ + 1, then tan2¢ = —1.

(b) Find all solutions of the equation
tanf = 2 + tan 36

which satisfy 0 < 6 < 27, expressing your answers as rational
multiples of 7.

(c) Find all solutions of the equation the equation

cotf = 2 + cot 36

which satisfy
37 s

o< .
2 SV<3
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Before you proceed you should give this question a go.

This is an advanced question (good prep for paper 3 and for students
whose aim is to get 7 on the finals).

You're probably not yet familiar with questions of this level of difficulty, so

don't feel discouraged. A good time limit for this questions is 30 minutes.
Even if you look at the solutions, try to do the steps yourselves.
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Part (a)

We want to show that:
tan2¢ = —1

given the assumption that tan® ¢ = 2tanf + 1.
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Part (a)

We want to show that:
tan2¢ = —1

given the assumption that tan® ¢ = 2tanf + 1.

We start from the left hand side:

2tan ¢ 2tan ¢ 2tan ¢

LHS =tan2¢ = = = =—1=RHS
M2 s 1= (Rangtl)  —2tand

L]
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]
Part (a)
We want to show that:
tan2¢ = —1

given the assumption that tan® ¢ = 2tanf + 1.

We start from the left hand side:

2tang 2tan ¢ _ 2tan¢

LHS = tan2¢ — - _ _
SN = s T 1 Qunor1)  —2tane

—1=RHS

O

The second step is the formula for tan2¢ and the third step is the use of
the assumption that tan® ¢ = 2tan @ + 1.
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Part (b)

We want to solve:
tanf = 2 4+ tan 360

for 0 < 60 < 2.
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Part (b)

We want to solve:
tanf = 2 4+ tan 360
for 0 < 60 < 2.

We will start by deriving the formula for tan 36:

tan 36 =tan(f + 20) =
_ tanf +tan20

"1 _tanftan20
tan 6 + 2tanf

o 1-tan26
- 2tanf
1—tan 01_t3n29
_tanf(1 —tan®@) +2tanf  3tanf —tan36
1—tan260 —2tan26¢ 1 —3tan26
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Part (b)

So we get the following equation:

3tanf — tan36

tanf =2
an + 1 —3tan24
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Part (b)

So we get the following equation:

3tanf — tan36

tanf =2
an + 1 —3tan24

Multiplying both sides by 1 — 3tan? 6 and rearranging we get:

2tan30 — 6tan®0 +2tanf +2 =0
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Part (b)

So we get the following equation:

tanf — 2+ 3tanf —tan36
1—3tan26
Multiplying both sides by 1 — 3tan? 6 and rearranging we get:
2tan®f — 6tan?f +2tanf +2 =0
Dividing by 2 and setting tan0 = t, we get:

t3-3t2+t+1=0
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Part (b)

So we get the following equation:

3tanf — tan36

tanf=24 —— ———
an + 1 —3tan24

Multiplying both sides by 1 — 3tan? 6 and rearranging we get:
2tan30 — 6tan?H 4 2tanf+2 =10
Dividing by 2 and setting tan0 = t, we get:
23t +t+1=0

and one obvious solution to this polynomial is t = 1.
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Part (b)

So we can factor out (t — 1) and using synthetic division we get:

332t +1=(t—1)(t> -2t —1)
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Part (b)

So we can factor out (t — 1) and using synthetic division we get:
332t +1=(t—1)(t> -2t —1)

So
(t—1)(t?—2t—1)=0

gives tanf = 1 or tan’f = 2tanf + 1.
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|
Part (b)

So we can factor out (t — 1) and using synthetic division we get:
332t +1=(t—1)(t> -2t —1)

So
(t—1)(t?—2t—1)=0
gives tanf = 1 or tan’f = 2tanf + 1.

. . : 5
The first equation has solutions 6 = % org="2"

4
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Part (b)

The second equation reduces to tan20 = —1 by part (a) and this has
solutions:

3m T 117 157
0= g 9—§ or 0—? or 0—?

So finally the solutions to

tanf = 2 4+ tan 360

are

g [T 37 Tm b lr 150
487874 87 8
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Part (c)

The last part is a piece of cake if you remember the formula that allows
you to change a function into a co-function.
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Part (c)

The last part is a piece of cake if you remember the formula that allows
you to change a function into a co-function.

We want to solve:
cotf =2 + cot 360

3
for 6 satisfying —g << g
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Part (c)

The last part is a piece of cake if you remember the formula that allows
you to change a function into a co-function.

We want to solve:
cotf =2 + cot 360

3
for 6 satisfying T o<

2 2
. . . . . 7T
Everything is aligned perfectly if we just set 6 = 5~ Q.
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Part (c)

The last part is a piece of cake if you remember the formula that allows
you to change a function into a co-function.

We want to solve:
cotf =2 + cot 360

3
for 6 satisfying —g << g

Everything is aligned perfectly if we just set 6 = g — ¢. We get the

equation:
cot<72T —qﬁ) = 2+cot(3<72T —¢>>

with 0 < ¢ < 27.
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Part (c)

71'
Now we of course have cot(2 gb) tan ¢ (after all this is the reason

T
we've used the substitution 6 = —

2
Now let’s look at c0t< ( >>
cot<3 <72r - d))) = cot(2 - (3¢5+7T)> = tan(3¢ + m) = tan 3¢
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Part (c)

71'
Now we of course have cot(2 gb) tan ¢ (after all this is the reason

T
we've used the substitution 6 = —

2
Now let's look at c0t< ( >>

cot<3 <72T - ¢>> = cot<2 - (3¢+w)> = tan(3¢ + ) = tan 3¢

So we end up having to solve:

tan¢ = 24 tan 3¢
with 0 < ¢ < 27.
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Part (c)

7T
Now we of course have cot(2 gb) tan ¢ (after all this is the reason

T
we've used the substitution 6 = —

2
Now let's look at cot< ( >>

cot<3 <72T - ¢>> = cot<2 - (3¢>+7r)> = tan(3¢ + ) = tan 3¢

So we end up having to solve:

tan¢ = 24 tan 3¢
with 0 < ¢ < 27. We already did this in part (b), so we know that:

é 7w 37 7m 57 11w 157w
4’8847 8° 8
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Part (c)

Remember that we set 6 = g — ¢, so of course ¢ = T_ 0, which gives:

T 7w 37 7m 57 11w 157w
4884787 8

and we get that:

gl 1m fm 3 3w
8 8 47 8’84

and these are the solutions to the equation

cotf =2+ cot 360

for 0 satisfying —3; <0< g
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In case of any questions you can email me at T.J.Lechowski@gmail.com.
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