
Batory AA HL Short Test 7 May 8, 2020

Name:

1. (4 points) Consider the following infinite series:

lnx+ (lnx)2 + (lnx)3 + ...

(a) Find the values of x for which the series converges.

We have a geometric series with u1 = ln x and r = ln x. An infinite
geometric series converges it |r| < 1. So we must have:

| lnx| < 1

which is equivalent to

−1 < lnx < 1

and this gives:

1
e
< x < e

(b) Find the value of x for which the sum of the series is 1.

For a convergent geometric series S∞ =
u1

1− r
. So in our case we have:

lnx
1− lnx

= 1

which gives lnx =
1
2

, so x =
√
e.
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2. (5 points) Let α ∈
π, 3π

2

 with tanα =
2
3

. Calculate:

(i) sinα

Using the identity tanα =
sinα
cosα

, we get that cosα =
3
2

sinα. Substituting
this into Pythagorean identity we get:

sin2 α +
9
4

sin2 α = 1

Which gives sinα = ± 2√
13

and since we’re in III quadrant sine is nega-

tive so sinα = − 2√
13

(ii) sin 2α

Using the above we calculate that cosα = − 3√
13

, so we have:

sin 2α = 2 sinα cosα =
12
13

(iii) sin 3α

sin 3α = sin 2α cosα + sinα cos 2α

So we need to calculate cos 2α.

cos 2α = 1− 2 sin2 α =
5
13

So now we have:

sin 3α = sin 2α cosα + sinα cos 2α = − 46
13
√

13
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3. (5 points) Find the following limits:

(a) lim
x→∞

2x2 + 2x+ 1
1− x2

lim
x→∞

2x2 + 2x+ 1
1− x2

= lim
x→∞

x2(2 + 2
x + 1

x2 )
x2( 1x2 − 1)

=
2
−1

= −2

(b) lim
x→3

x2 − 4x+ 3
x2 − 5x+ 6

lim
x→3

x2 − 4x+ 3
x2 − 5x+ 6

= lim
x→3

(x− 3)(x− 1)
(x− 3)(x− 2)

=
2
1

= 2

(c) lim
x→0

√
4 + x− 2

x

lim
x→0

√
4 + x− 2

x
= lim
x→0

(
√

4 + x− 2)(
√

4 + x+ 2)
x(
√

4 + x+ 2)
= lim
x→0

x

x(
√

4 + x+ 2)
=

1
4

(d) lim
x→−∞

√
x2 + 3x− 3x
x+ 1

lim
x→−∞

√
x2 + 3x− 3x
x+ 1

= lim
x→−∞

|x|
√

1 + 3
x − 3x

x(1 + 1
x)

= lim
x→−∞

−x(
√

1 + 3
x + 3)

x(1 + 1
x)

=
−4
1

= −4

(e) lim
x→0

sin2(2x)
x2

= lim
x→0

sin(2x)
x

2 = lim
x→0

2× sin(2x)
2x

2 = 22 = 4
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4. (6 points) Consider the function

f(x) = lnx+ ln(x− 1)− ln(x2 − 1)

(a) Find the domain of f(x).

We need to have x > 0 and x − 1 > 0 and x2 − 1 > 0. So in the end we
get that the domain is x > 1.

(b) Write f(x) in the form ln
 x

x+ a

, where a is a constant to be found.

Combining logarithms we get:

f(x) = lnx+ln(x−1)−ln(x2−1) = ln
x(x− 1)
x2 − 1

 = ln
 x(x− 1)

(x+ 1)(x− 1)

 = ln
 x

x+ 1


so a = 1.

(c) Find the inverse of f(x).

We have:

y = ln
 x

x+ 1


which gives:

ey =
x

x+ 1

Solving for x gives x =
ey

1− ey
. So f−1(x) =

ex

1− ex
.


