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Introduction:

In mathematics | enjoy the challenge of solving testing Maths puzzles, as this involves not
only sharp logical thinking but also a degree of creativity, and even sometimes a leap of
imagination: coming at a problem from different angles, is often required to find the
solution. Due to my interest in working on such puzzles, | started doing more research on
mathematical puzzles, which would interest me. During my Research | came up with
Sun-Tsu and his puzzle: “Find a number which when divided by 3 leaves a Remainder of 1
and when divided by 5 leaves a Remainder of 2 and when divided by 7 leaves a
Remainder of 3.” which he proposed around 400 AD. Similar puzzles were also found in
old manuscripts on the Indian subcontinent, leading to the Chinese Remainder Theorem

appeal to me even more, due to my indian origin.

Before researching the method to solving Puzzles like the one Proposed by Sun-Tsu, |
tried to solve the puzzle on my own, using mathematical knowledge gained through the IB
Higher Level syllabus. | tried using the remainder theorem and the division algorithm to
create simultaneous statements, but that did not help me in any way to solve this problem.
| then tried to simply solve the problem by Trial and error, which took me a very long time

to get 52, which was later found out to be one of the infinite number of answers, possible.

Almost 1000 years after Sun-Tsu proposed this puzzle, a way of solving these kinds of
puzzle was proposed. The method solves the puzzle in such a way that these puzzles deal
with the simultaneous solution of linear congruences in different moduli. Even though this
puzzle could be solved by using trial and error, the Chinese Remainder Theorem is one of
the general methods that allow to solve such puzzles. To understand how to solve this

problem it is important to understand linear congruences and modular math. The Chinese

" Blythe, Peter. "The Chinese Remainder Theorem."
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Remainder Theorem is very interesting as it is a general method of solving a specific type

of puzzles.

A

The aim of this exploration is to explore the Chinese Remainder Theorem and to solve

Sun Tsu'’s puzzle using this method.

Background Theory:
Modular Math:

When we divide an integer a by an integer b, we get:
a ;
7 = QRemainder R

But sometimes, as we are only looking for the Remainder R and not the quotient Q, we

can use the modulo operator and state this as:

amodb=R

As in Sun Tsu's puzzle we are only looking at the Remainders and trying to use these to

solve the puzzle we can state the question as:

xmod3=1
xmodS5=2

xmod7=3

Where x is the number that we are tying to find. But as 0 is a mulitiple of any integer, we

can also state that:

Imod3=1
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Because, when we divide 1 by 3, we get a quotient of 0 and a Remainder of 1.

1 +3 =0 Remainder1

Due to this we can say that:

xmod3=1mod3=1

xmod5=2mod5=2
xmod7=3mod7=3

Congruences:

The definition of a congruence is that two integers a and b are the same modulo m, if they

leave the same Remainder when divided by m. This is written as;

a= b (mod m)
Example:

Let a be equal to 26 and let b be equal to 11
26=5x5+1 11=5x2+1 .. 11=26(mod5)

26-11=15=3x5

This means that 5 is a factor of 26-11 which is written as:

5 126-11

Many examples like the one above have shown that:
a=b(modm) < mla-b
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Using the idea of Linear congruences, Sun Tsu's puzzle can be stated in a different way. It

can be stated as:

x=]1 (mod 3)
x=2(mod5)
x=3(mod7)

where x is the number that we are trying to look for. To solve this problem, we need to

solve the linear congruences simultaneously.

The Chinese Remainder Theorem:

The Theorem states that if m1, mz, ms,...m: are positive and only have a common factor of

1, then the system of congruences

x=a, (mod m), x=a, (mod my), x = a, (mod ms),..., x = a (mod m,)

has a solution modulo
M=m xm xm_ X...Xm
1 2 3 r

The Solution of the system of the linear congruences is then equal to:

X = alMlxl + azsz2 + 4113M3x3 +...+ aerxr (mod M)

To be able to do this M: has to be calculated:

M,=l

my
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and x: is the solution of the linear congruence:
M x =1 (modm,)

as the final solution is a linear congruence, we know that there isn't just one answer to

these kinds of questions. There are infinitely many which all have the form:
x=xo+kxM,kE.'3"

where xois the smallest positive answer possible. The Chinese Remainder Theorem only
works for integers that only have a common factor of 1, meaning that the integers have to

be coprime.

Solving Sun Tsu’s Puzzle:

Now using the Chinese Remainder Theorem we can solve Sun Tsu's puzzle:

x=1(mod3) x=2(mod5) x=3(mod7)

M=3x5%x7=105
M =35 M, =21 M, =15

35x =1 (mod 3) —3I35x, -1 —3170-1—3I35x2-1 —x =2

21x, =1 (mod 5) —5121x, -1— 5121 -1— 3121 x1 -1 — x, =1
15x3=1 (mod 7) —7115x; -1 — 7115 -1— 7115 %1 -1 —x3=1
x=1x35%x2+2x21x1+3x%x15x1 (mod 105)

x =157 (mod 105)
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As 157 is not the smallest answer this can be simplified to:

x=52 (mod 105)
x=152 or157 or 209 or 261 and etc

x=52+105k, k€

We can check whether this result is true:
52mod3 =1 52mod5=2 52mod7=3

As all of the statements above are true, so the solutions to the puzzle are also found to be
true. This shows that the Chinese Remainder Theorem can be used to solve Sun-Tsu's

puzzle, but this is of course not enough to prove that Chinese Remainder Theorem works.

ncryption The Chi R inder Theorem:

One of the most common applications of the Chinese Remainder Theorem is ifs use in
encryption. The Theorem is used for secret sharing. This is when a secret is distributed
amongst a group of people and the secret can only be used when all of the shares of the
secrets are constructed together. On their own the shares of the secrets are of no use.
When the Chinese Remainder Theorem is used for secret sharing, the secret is shared as
a congruence and the secret can be recovered by using the Remainder Theorem to
retrieve the secret. It is possible that a distinct number of shares can be used to retrieve
the secret, but the number of shares depends on the congruences themselves and how

they have been calculated to fit together, to form a value.
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Example?:
Lets assume the shares of the secret 1000, is equal to:

x=10(mod11)
x=12 (mod 13)
x=14 (mod 17)

using the Theorem the secret x is recovered as:

M=11x13x17=2431
My =221 M,=187 M;=143
221x =1 (mod 11)—111221x -1—111221 -1— 111221 x 1 “l—x=1
187x, =1 (mod 13)—13| 187x, -1 —1311496 -1— 131187 x 8 -l—x,=8
143x, =1 (mod 17)—17| 143x, -1—111715-1—111143x 5 -l—x =5

x510x221xl+12x187x8+14x143x5(mod2431)

x=30172 (mod 2431)
=1000
The Theorem allowed us to recover the desired secret but if only 2 congruences would
have been used, then: x=10 (mo d1 1)
x=12 (mod 13)

M=11x13=143
Ml =221 M, =187

13.7c1 =1 (mod11) —-llll?:xl -1— 11178 -1—111 13x6-1——.x] =6
11x, =1 (mod 13)— 13| 13x,-1—13165-1 —13I11 x 6 -1 —x,=6

# Taken from V., Sarad A. "Applications 1o Chinese Remainder Theorem."
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x=10x13x 6 +12x11 x 6 (mod 143)

x=1572 (mod 143) =142
#1000

Using only two of the congruences we are not able to retrieve the secret, but we are able

to find out that the secret x is equal to:

x=142 +143k, k€ 7+

This gives us an infinite range of numbers:
x=142 or 285 or 428 or 571 or 714 or 857 0r 1000. ..

Due to this, this method of secret sharing is a safe method of encryption as it allows data
connected to numbers to be encrypted very well, such that it is hard to encrypt it without

having access to a certain number or maybe even all of the shares.

Evaluation:

The Chinese Remainder Theorem, can be seen to be an important and useful theorem in
Number Theory, mainly due to its use in Encryption. It is also an efficient way to solve
puzzies such as the one proposed by Sun-Tsu, as the Theorem allows to obtain a range of
solutions in a very short amount of time, compared to the time it can take to obtain only
one of the solutions by using the method of Trial and error. The existence and uniqueness
of the Chinese remainder theorem can be proven, but since this proof is at a higher level
than the aimed level of this report, the proof has not been locked into. This report solved
Sun-Tsu's puzzle using the Chinese Remainder Theorem, showing that for this particular
puzzle the theorem works. As already stated, the Theorem has been proven to be true,
which indicates that the Chinese Remainder Theorem is an accurate, validated and

reliable result. Sadly this Theorem only works for integers that are comprime, thereby
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AN

limiting the usefulness of this Theorem, as it cannot be used for all integers. It would be
interesting to look into whether someone was able to modify the Chinese Remainder
Theorem such, that any integers can be used or such that the integers do not have to be

coprime.

nclusion:

The Theorem allowed us to solve the puzzle proposed by Sun-Tsu and we were able to
obtain an infinite range of values. The Chinese remainder theorem is a useful theorem of
the number theory, but even though it is a very theoretical result it does have its
applications in the practical world. The most important application of the Chinese
remainder theorem is that in Encryption and the theory behind the Chinese remainder
theorem allows secret sharing to be safe and that the “secret” cannot be accessed without
access to all shares. It is interesting to see how a theorem that is so ancient, still has its

useful applications in our modern society.
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