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OPENING PROBLEM

At an antiques fair, Bernard purchases a clock for £500
and a vase for £400. The clock increases in value by 5%
each year, and the vase increases in value by 7% each year.

Things to think about:

a What is the value of each item 1 year after purchase?

b Can you write a formula for the value of each item
t years after purchase?

Which item 1s more valuable 15 years after purchase?

d How can we determine when the items are equal in value?

We have seen previously how exponents are used to indicate when a number 1s raised to a power.

- 2 =2x2x2 =8

For a positive integer exponent, the exponent tells us 52 _ oy o A
how many of the base are multiplied together. 1 - e o

20 =2 = 2

Any non-zero base to the power 0 is defined as 1, to 50 _ 1 _q
give consistency to the exponent laws. N B

o—1 _ 1 — 1

For a negative integer exponent, we take the reciprocal L, ° 1 f

of the corresponding positive integer power. 27 = > % 2 — 1

23 — L — 1

2 X2 X2 3

In this Chapter we give meaning to exponents which are rational, allowing us to start filling in the
gaps between the integer exponents. This will allow us to consider exponential functions for which the
variable appears in an exponent.

'RATIONAL EXPONENTS

Using the definition a™ = a X a X .... X a, the laws of exponents such as a” x a™ = a™™"™ can be
proven for any integers n and m.

For a positive base a, we choose to define a raised to a rational exponent so that the laws of exponents
still hold.

1
So, for any a > 0, notice that a2 X a

and /a X \/a

1
2

b | =

1
Ll
2 =a'=a {exponent laws}

a
a also.

1 1 1
Likewise, a® X a® X a® =a' =a

and </a x Ja x Ja=a also.

b | =

va and a® = Ja

By direct comparison, we conclude that a

1

In general, a~ = {/a where /a reads “the nth root of a” for n € Z*.
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1
We can now determine that {/a™ = (a")"

T

™’

a” = VYam™ for a>0, n€ZT, meZ

__Example 1

Write as a single power of 2:
1
a /2 b — ¢ /4
V2 = V4
1 :
a V2 b — C V4
; 5 o
— 25 - i — (22) 3]
)3 _ 92%3
_2z 2
— 2 - — QE
EXERCISE 2A
1 Write as a single power of 2:
1 1
a /2 b — ¢ 2v2 d 42 e —
V2 7 V2 V2 7
f 2x /2 g — h (v2)? - i —
V2 V16 V8
2 Write as a single power of 3:
1 1
a /3 b — ¢ V3 d 3v3 e —
V3 7 V3 V3 e
3 Write in the form a”, where a is a prime number and k is rational:
a V7 b /27 ¢ V16 d /32 e /49
1 1 1 . 1 . 1
i 3/5 8 = L 5 I3 I =
V7 V27 16 /32 V49
L Write in the form x*, where k is rational:
1 o 1
a /x b =z C NG d z°\/x e -
5 Use your calculator to find, correct to 3 significant figures:
)
3 3
a 3 b 4 5 ¢ /8 d /27 e L GRAPHICS
37 CALCULATOR
INSTRUCTIONS
6 Write without rational exponents:
1 1 2 3 :
a 538 b 3 2 ¢ 32 d m? e x2
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o) Self Tutor

Without using a calculator, write in simplest rational form:
4 2
a 83 b 27 3
4 _2
a 83 b 27 3
2 _2
- (23 - (37
_ 23:"5' {({LTTL)TL —{Imﬂ} _ 3:’{_%
p— 24 — —4
= 16 5

7 Without using a calculator, write in simplest rational form:

3 2 2
2 3 4

b | Lo

a 4 b 8§ ¢ 16 d 25
f 4 2 g 9 2 h 8 3 i 27 s

2

e 32°

2
3

i 125~

7 | ALGEBRAIC EXPANSION AND FACTORISATION

We can use the standard rules of algebra, together with the laws of exponents, to simplify expressions

containing rational or variable exponents:

a(b+ c) = ab+ ac
(a + b)(c + d) = ac + ad + bc + bd
(a + b)(a — b) = a? — b?

({1—|—b)2 — a? + 2ab + b?

o) Self Tutor

1

=z 2Xxz2+x 2Xx2r2—x 2x3x 2 {each term is multiplied by z 2}
=z! + 220 — 327! {adding indices}
=z+2— S

i

EXERCISE 2B
1 Simplify:

1 1 o 1 3

a 2 xXx 2 b 12 X1 2 ¢ 1’ X 2
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2 Expand and simplify:
a z%(x°+ 222+ 1) b 27(2" +1) ¢ z2(zx2+x 2?)
1 3 1 1
d 7%(7% + 2) e 3%(2—377%) f z2(x2 +222 +3x 2)
g 277(2% +5) h 57%(5%% + 5%) iz 2(2?+x+22?)
1 1
i 373" +5+377) k = 2(22%2 —x +5x2) | 22%(2% — 3 —272%)
_ Example 4 <) Self Tutor
Expand and simplify:
a (2*4+3)(2*+1) b (7 +777)?
a (2% 4+ 3)(2* + 1) b (7% +77%)2
=2"x2"+2°4+3x2°+3 = (T +2x T x 7%+ (777)?
=27 +4x2" 43 =7 42 x 70+ 772
— 72;1‘: 4924 7—2I
3 Expand and simplify:
a (2% —-1)(2* 4+ 3) b (3 +2)(3* +5) ¢ (5" —2)(5" —4)
d (2% + 3)? e (3% —1)2 f (45 +7)°
g (2 +2)(x2 —2) h (2% +3)(2* — 3) i (x2 +2 2)(z2 —x 2)
2
i (11? + E) k (7:1: . 7—:1:)2 l (5 . 2—:1:)2
X
"~ Example 5 ) Self Tutor
Factorise:
a 2n+3 4 9on b 2n—l—3 + 8 c 23n 4+ 22n
a 2" 4n b 2" 438 ¢ 2m 42
_ 2n23 4+ i _ 2n23 + 8 _ 22n2n + 22n
= 27(2% 4+ 1) = 8(2") + 8 = 2°"(2™ + 1)
=2"x9 =8(2" +1)
& Factorise:
a 5% +5° b 3"*2 43" ¢ T4
d 5°*tl 5 e 6% —6 f 4712 _ 16
4 2211 o 21’1—1—3 I 21’1—I—1 + 21’1—1 i 4ﬂ—l—1 1 2211—1
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o) Self Tutor

Example 6

Factorise:
a 4*-9 b 9% +4(3%)+4
& 47 —9
= (2%)% — 37 fcompare a® —b° = (a + b)(a —b)}

= (27 +3)(2° — 3)

b 9% +4(3%) + 4
= (3%)* +4(3*)+4  {compare a* + 4a + 4}

= (3% +2)° {as a® +4a+4=(a+2)%}
5 Factorise:
a 9* -4 b 4* — 25 ¢ 16 —-9°
d 25—4* e 9% —4~ f 47 +6(2°)+9
g 94+ 10(3%) + 25 h 4% —14(2%) + 49 I 25" —4(5%) + 4
6 Factorise:
a (2*’")2 — 2% — 2 b (3““')2’r + 3% —6 ¢ 4% —T7(2%) + 12
d 4% +9(2%) + 18 e 4% — 2 — 20 f 9% 4+9(3%) + 14
g 9" +4(3*%)—5 h 25% 5% —2 i 49% — 77+l 4 19
Example 7 ) Self Tutor
Simplify:
6" b =
e 6™
63'1 6?’1 4?’!: 4?1
a — or — b — or —
3?’1 3‘?1 6TL 6?‘-!-
. 2?13?6 {6\ - 2)621'1 _[4\T
g - (5) 213N - (E)
— 2?1 — 2?’1 2?1 9\ T
— — — (E)
7  Simplity:
i) a b n T
2 1 o 20 ¢ & a ¢ &
G 2a 2b 20m g
6 24k 5N+ 1 . pnt 1
: ga Sy " 5n '
Example 8 %) Self Tutor
Simplify:
i) T m+2 _ om m+3 m
3"+ 6 b 2 2 e 2 + 2
371 2m 9
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3n gn 2m—|—2 _om 2’”1—|—3 M
h .'3_; ° 2m ¢ Q_I-
B 3" 4 9n3n B 2m22 _om B 2m23 4 om
3n 2m 9
31 +2m) (4 -1) _ 2M(84T)
3 21 9,
8  Simplify:
6’ 4 2™ b 2™ 4+ 127 8 4 4™m
2 2 2m
19 _ 3T 61 4 121 5*ra—|—1 — 5N
d e f
3L 1427 4
511,—}—1 _ 5N h AN _ on _o9n _ 211—1
S 5" mn ! XL
9 Simplify:
— 1 1
a 2"(n+1)+2"(n—1) b 3“(”6 )—3“(”2 )

An exponential equation is an equation in which the unknown occurs as part of the

index or

For example:

exponent.

2" =8 and 30 x 3 =7 are both exponential equations.

"o EXPONENTIAL EQUATIONS

There are a number of methods we can use to solve exponential equations. These include graphing, using
technology, and by using logarithms, which we will study in Chapter 3. However, in some cases we

can solve the equation algebraically.

If both sides of an exponential equation are written as powers with the same base numbers,
we can equate indices.

So, if a® = a* then = = k.

For example, if 2% =8 then 2% = 23,

Thus x = 3, and this 1s the only solution.

Example 9

Solve for x:
Tr o __ T 1
a 2* =16 b 3-'-2_f
15 r+2
a  2°=16 b 3t2-= L
QI:24 3$—|—2:3—3
z =4 T+2=-3

Once we have the
same base, we
equate the indices.

é )

J
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EXERCISE 2C
1 Solve for z:
a 2 =32 b 5% =25 ¢ 3% =281 d 7™ =1
e 3" =31 f 27 =12 g 5% =15 h 471 =64
- L - £ - H H - — &l ___ 1
2072 =L j 3t = o 77 =343 I 5173 7
Example 10 o) Self Tutor
Solve for x:
a 4°=38 b 9772 =2
a 47 =8 b 9°7% = 3
(22):1; _ 23 (SZ)m—Q _ 3—1
92¢ _ 93 92(x—2) _ g—1
20 = 3 2(x — 2) = —1
L T=3 2 —4 = —1
20 =
T =3
2 Solve for x:
s r 1 xr 1 r 1
a 8 =32 b 4% =3 ¢ 9% =55 d 25" = ¢
e 27% = % f 16" = % g 4*12 =128 h 251—% = 1%5
| 44— -1 j 9773 =27 k (1) =38 | (1) =27
m 81° = 27-° n (1) =32 o (1) =49 p (3)"" =243

3 Solve for z, if possible:

3 42;{:4—1 _ 81—:{:

d 3*+t2 x 9T =27
4 Solve for x:
a 3Ix22=24

—x __ 4

O 7x2% =28
4% (3)" =36

¢ 27 x 87T =1

2

f (%)F X 20% = 1%5

¢ 4x3%2 =12
f 5x(3)" =20

Solve for z: 47 4+ 2% —20 =0
4* + 2% —20 =0
(2%)% +2% —20 =0 {compare a* + a — 20 = 0}
(2% — 4)(2* +5) = 0 {a®*+a—20=(a—4)(a+5)}
2" =4 or 2" =
0= {2 cannot be negative}
T =
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5 Solve for x:

a 4% —6(2*)+8=0 b
d 9 =3"+6 e
g 3°—1=6(3"9) h
i 4(9%) —35(3%) =9 ]
ke 3%*~1 =3% + 18 |

Check your answers using technology.

6 Solve simultaneously:

4* =8Y and 9Y =

47 — 2% —2 =0

25¢ — 23(5%) — 50 = 0
2(4%) — 5(2%) +2 =0
4=+ 4 2 = 9(2%)

¢ 97 —12(3%) +27 =0
497 +1 = 2(7%)

1 / GRAPHICS

r+3 .
4T + 2 2 = (G55 CALCULATOR
3%/ INSTRUCTIONS

243
3T

We have already seen how to evaluate a” for any n € Q.

But how do we evaluate a™ when n € R, so n is real but not necessarily rational?

To answer this question, we can study the graphs of exponential functions.

The most simple exponential function has the form y = a® where a > 0, a # 1.

For example, y = 2* 1is an exponential function.

We construct a table of values from which we graph the

function:

AY

r| —-3|-2|-1]0]1

e [

1 1

As x becomes large and negative, the graph of y = 2%
However, 1t never
touches the x-axis, since 2* becomes very small but never

approaches the z-axis from above.

ZCI0.

So,as = — —oo, y — 0.

[l I
WL/

g
-3 =2 -1 1 2 3 =

y = 0 1s theretore a horizontal asymptote. \

Plotting y = a” for x € Q suggests a smooth, continuous curve. This allows us to complete the curve
for all =z € R, giving meaning to a” for irrational values of .

INVESTIGATION 1

In this Investigation we examine the graphs of various families of exponential
functions. You can use the graphing package or your calculator.

What to do:

1 a State the transformation which maps y =a* to y = a” + k.

GRAPHS OF EXPONENTIAL FUNCTIONS

GRAPHING
PACKAGE

b Predict the effect, if any, this transformation will have on:

I the shape of the graph
lli the horizontal asymptote.

Il the position of the graph
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(o]

 a O o

Check your predictions by graphing y = 2%, y =24+ 1, and y = 2" — 2 on the same
set of axes.

State the transformation which maps y = a® to y = a® ".
Predict the effect, if any, this transformation will have on:
I the shape of the graph Il the position of the graph

i the horizontal asymptote.

Check your predictions by graphing y = 2%, y =271, y=2%t2 and y =27 on
the same set of axes.
State the transformation which maps y =a* to y=p xa*, p > 0.
Predict the effect, if any, this transformation will have on:
I the shape of the graph Il the position of the graph
lli the horizontal asymptote.
Check your predictions by graphing y = 2%, y =3 x 2%, and y = % X 2% on the same
set of axes.

State the transformation which maps y = a* to y = —a”.

o

Predict what the graph of y = —2% will look like, and check your answer using technology.

State the transformation which maps y = a* to y = a?*, q > 0.

Predict the effect, if any, this transformation will have on:
I the shape of the graph ii the position of the graph
ili the horizontal asymptote.
Notice that 2% = (22)% = 4% and 2% = (23)* = 82,
Check your predictions by graphing y = 2*, y = 4%, and y = 8 on the same set of

dXCS.

State the transformation which maps y =a* to y=a"*.
1 —r — 1\ __ (1)
Notice that 277 = (271)* = (5) .

Predict what the graph of y = (4)" will look like, and check your answer using technology.

From your Investigation you should have discovered that:

For the general exponential function y = p X a®*~"* +k where a >0, a# 1, p#0:

e a controls how steeply the graph increases or decreases.

h controls horizontal translation.

k controls vertical translation.

The equation of the horizontal asymptote i1s y = k.

If p<0, a>1
the function 1s
decreasing.

o If p<0, 0<ax1
the function 1s
increasing.

If p>0, a>1 e If p>0, O0<axl
the function 1s the function 1s
Increasing. decreasing.
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We can sketch the graphs of exponential functions using: | “
o the hc}.rlzontal asymptote - All exponential
e the y-intercept graphs have a
e two other points. L\hﬂriz«:mt:f,ﬂnl asymptote.

__ Example 12

Sketch the graph of y =277 — 3.
Hence state the domain and range of f(z) =2"% — 3.

For y=2""% —3,
the horizontal asymptote 1s y = —3.

When =0, y=2"—3
=1-3

— —9 =

the y-intercept 1s —2.

When z=2, y=2"°—-3
1

4 - | 4 4 4
L s =13
— 23 Y

When z= -2, y=22-3=1
The domain is {z | x € R}. The rangeis {y |y > —3}.

EXERCISE 2D

1 Consider the graph of y = 2% alongside.
a Use the graph to estimate the value of:

i 2% or V2 ii 208
ji 215 v 2-V2
b Use the graph to estimate the solution
to:
| 27 =3 i 2% =0.6

¢ Use the graph to explain why 2% = 0
has no solutions.

. )
Graphical methods can be used to

solve exponential equations
where we cannot equate indices.

N\

A
P
=Y
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2 Match each function with its graph: NEELET C

a y=2" b y=10"

¢ y=-—5 d y=(3)

_ 1\*
e y=—(3)
P >
D Y E

3 Use a transformation to help sketch each pair of functions on the same set of axes: GRAPHING

a y=2% and y=2* —2 b y=2% and y=27°

¢ y=2% and y = 272 d y=2% and y=2(2%)

4 Draw freehand sketches of the following pairs of graphs:
a y=3* and y=37" b y=3* and y=3*+1
¢ y=3"% and y= —3% d y=3% and y=3*"1!

5 State the equation of the horizontal asymptote of:
a y=3"° b y=2%-1 c y=3-—-27°
d y=4x2*+2 e y=25x3%H2 f y=—-2x31"2_-4

6 Consider the exponential function f(x) = 3" — 2.
a Find: i f(0) i f(2) i f(—2)
b State the equation of the horizontal asymptote.

¢ Sketch the graph of the function.

d State the domain and range of the function.

7 Consider the function g(z) = 3 X (%)m + 4.
a Find: i g(0) i g(2) i g(—2)
b State the equation of the horizontal asymptote.
¢ Sketch the graph of the function.

d State the domain and range of the function.

8 Consider the function h(z) = —2%73 4 1.
a Find: I h(0) i h(3) i h(6)
o State the equation of the horizontal asymptote.
¢ Sketch the graph of the function.
d

State the domain and range of the function.
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9 For each of the functions below:

I Sketch the graph of the function.
State the domain and range.

lii  Use your calculator to find the value of y when z = /2.

iv. Discuss the behaviour of y as © — £oc.
v Determine the horizontal asymptote.

a y=2°+1 b y=2-—2¢ ¢ y=2"243 d y=3-2"¢

10 The graph alongside shows the curve
y = a X 2 + b, where a and b are constants.

a Find the values of a and b.
b Find y when x = 6.

11 AY This graph shows the function f(z) = 3.5 —a™ 7,
where a 1s a positive constant.

The point (—1, 2) lies on the graph.
a Write down the coordinates of P,
b Find the value of a.
¢ Find the equation of the horizontal asymptote.

- &b >
£
/o
12 Find the domain and range of:
a y=2°% ! b y—lel ¢ y=+5% -5
13 Let f(x)=3"—9 and g(z) = /.
a Find (fog)(x), and state its domain and range.
b Find (go f)(z), and state its domain and range.
¢ Solve:
I (fog)(z)=0 i (9o f)(z) =3v2
14 Suppose f(z)=2*—3 and g(x)=1+27"7.
a For each function, find the:
I horizontal asymptote il range il y-intercept.

© Graph the functions on the same set of axes.
¢ Find the exact y-coordinate of the point where the graphs intersect.
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Example 13

Use technology to solve the equation 3* = 7.

We graph Y; = 3% and Y2 = 7 on the same set of axes, and find their point of intersection.

Casio fx-CG50 TI1-84 Plus CE HP Prime

. MORHMAL FLOAT AUTO REAL DEGREE HMP
[E| [EXEl:Show coordinates  EIEIRTANSEoT n

Y1=3*(x) Y -
Y2="7 vast
10F

5_

X=1.771243%749 W=7 * i

N [ntersection: (1.77124, 7.00000) el o

The solutionis = ~ 1.77.

15 Use technology to solve:

a 2* =11 b 3* =15 ¢ 4 4+5=10
d 3*t2—4 e H5 X2 =18 f 37 =0.9
g 2x3%*? =168 h 26 x (0.95)* = i 2000 x (1.03)* = 5000

For the exponential function y = a®, why do we choose to specify a > 07

What would the graph of y = (—2)* look like? What is its domain and range?

E GROWTH AND DECAY

In this Section we will examine situations where quantities
are either increasing or decreasing exponentially.  These
situations are known as growth and decay modelling, and occur
frequently in the world around us.

Populations of animals, people, and bacteria usually grow 1n an
exponential way.

Radioactive substances, cooling, and items that depreciate in
value, usually decay exponentially.

For the exponential function y = p X a®* " +k where a,p >0, a #+ 1, we see:
o growthif a>1 e decayif a < 1.

GROWTH

Consider a population of 100 mice which under favourable conditions is increasing by 20% each week.

To increase a quantity by 20%, we multiply it by 1.2.
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[f P, 1s the population after n weeks, then: AP
Py =100 {the original population}
P,=Pyx1.2=100x 1.2 400
P, =P x 1.2 =100 x (1.2)7 P(n) =100 x (1.2)"
P; = Py, x 1.2 =100 x (1.2)%, and so on. 500
From this pattern we see that P, = 100 x (1.2)", n € Z,
which is a geometric sequence. 200
However, while the population of mice must always
be an integer, we expect that the population will grow 100
continuously throughout the year, rather than in big,
discrete jumps. We therefore expect it will be well 0 n(weeksi
approximated by the corresponding exponential function o 1 2 35 4 5 6

P(n) =100 x (1.2)", n € R.

) Self Tutor

A scientist 1s modelling a grasshopper plague. The area affected by the grasshoppers is given by
A(n) = 1000 x (1.15)™ hectares, where n is the number of weeks after the initial observation.

a Find the original affected area.

Find the affected area after: 1 5 weeks il 10 weeks.

b
¢ Draw the graph of the affected area over time.
d

Use your graph or technology to find how long it will take for the affected area to reach
8000 hectares.

a A(0)= 1000 x 1.15 = 1000
the original affected area was 1000 hectares.

b i A(5) =1000 x 1.15° ~ 2010 C A A (hectares)
The affected area 1s about
2010 hectares. o0 S S S SO :
i A(10) = 1000 x 1.1519 ~ 4050
The affected area 1s about 6000

4050 hectares. A(n) =1000 x (1.15)

o Ii

4000
2000
0 ~15y =
0 2 4 6 8 10 12 14
n (weeks)
d From the graph in ¢, 1t appears that it would take about NORMAL FLOAT AUTO REAL RADIAN MP )

15 weeks for the affected area to reach 8000 hectares.
or Using technology, the solution 1s =~ 14.9 weeks.
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EXERCISE 2E.1
1 The weight W of bacteria in a culture ¢ hours after establishment is o -1 )
given by W(t) =100 x (1.07)" grams. I ——
a Find the initial weight. . growth. J
b Find the weight after:
I 4 hours il 10 hours il 24 hours.
¢ Sketch the graph of the bacteria weight over GRAPHING

5 The speed V' of a chemical reaction is given by V(t) = V X

Use technology to graph Y; = 100 x (1.07)* and
hence check your answers.

PACKAGE

time using the results of a and b only.

A breeding program to ensure the survival of pygmy possums 1s established with an initial population
of 50 (25 pairs). From a previous program, the expected population P in n years’ time is given by
P(n) = Py x (1.23)".

a
b

C
d

e

What 1s the value of F,?
What is the expected population after:

I 2 years il 5 years i 10 years?
Sketch the graph of the population over time using a and b only.

Hence estimate the time needed for the population to reach 500.

Use technology to graph Y; = 50 x (1.23)*. Hence check your answer to d.

A flu virus spreads in a school. The number of people NV infected after ¢ days is given by

N =

b
C

4 x1.332Y, t>0.
Find the number of people who were initially infected.

Calculate the number of people who were infected after 16 days.

There are 1200 people in the school. Estimate the time it will take for everybody in the school
to catch the flu.

In 1998, 200 bears were introduced to a large island off Alaska where previously there were no

bears. The population increased exponentially according to B(t) = By x a’, where a >0 isa
constant and ¢ 1s the time in years since the introduction.

a
b

Find By.

In 2000 there were 242 bears. Find a, and interpret your
answer.

Find the expected bear population in 2018.

Find the expected percentage increase in population from
2008 to 2018.

How long will 1t take for the population to reach 20007

where ¢ 1s the temperature

n °C.

a
b

Find the reaction speed at: I 0°C i 20°C.

Find the percentage increase in reaction speed at 20°C compared with 0°C.

—_ (V(5D) — V(20)
V(20)

) x 100% and explain what this calculation means.
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6 Kayla deposited £5000 into an account. The amount in the account increases by 10% each year.
a Write a formula for the amount A(¢) in the account after ¢ years.
® Find the amount in the account after: I 2 years Il 5 years.
¢ Sketch the graph of A(t).

d How long will it take for the amount in the account to reach £8000?

7 The expected value of a house in ¢ years’ 800 0004 V($)
time 1s given by the exponential function 200 000
V =k x a® dollars, where ¢t > 0.
.. . 600 000
The function is graphed alongside.
a Find a and k, and interpret these values. 000000 (3,472 392)
b How long will it take for the house’s value 400000477 -
to reach $550 0007 300 000 |
4 t (years)
|

o 1 2 3 4 5 6 7 8 9 10

8 A parachutist jumps from the basket of a stationary
hot air balloon. His speed of descent is given by

V =c—60x 2 ms™! where ¢ and k are constants,
and ¢ 1s the time 1n seconds.

a Explain why ¢ = 60.

b After 5 seconds, the parachutist has speed 30 ms™1.

Find £.
¢ Find the speed of the parachutist after 12 seconds.

d Sketch the graph of V' against ¢.
e Describe how the speed of the parachutist varies over time.

9 The number of microorganisms in a culture doubles every 6 hours. How long will it take for the
number of microorganisms to increase by 30%?

DECAY
Consider a radioactive substance with original weight 25 ATV (gtams)
20 grams. It decays or reduces by 5% each year. The
multiplier for this is 95% or 0.95. 20
It W, 1s the weight after n years, then:
Wy = 20 grams 1
Wi =Wy x0.95 =20 x 0.95 grams
Wy = Wy x 0.95 = 20 x (0.95)2 grams 10
W5 = Wy x 0.95 = 20 x (0.95)° grams
: D
WQ{] = 20 X (0.95)20 ~ 7.2 graims m, (years)
: %0 10 20

From this pattern we see that W,, = 20 x (0.95)", n € Z, which is again a geometric sequence.

However, we know that radioactive decay 1s a continuous process, so the weight remaining will actually
be given by the smooth exponential curve W (n) = 20 x (0.95)", n € R.
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) Self Tutor

Example 15

When a diesel-electric generator 1s switched off, the current dies away according to the formula
I(t) =24 x (0.25)" amps, where ¢ is the time in seconds after the power is cut.

a Find I(t) when t=0, 1, 2, and 3.

© What current flowed 1n the generator at the instant it was switched off?
¢ Plot the graph of I(t) for t > 0 using the information above.

d

Use your graph or technology to find how long it takes for the current to reach 4 amps.

a I(t) =24 x (0.25)" amps

1(0) I(1) I(2) I(3)
=24 x (025" =24x(0.25)) =24x(0.25)* =24 x(0.25)°
= 24 amps = 6 amps = 1.5 amps = 0.375 amps
o) I(O) =24 C “I(amps)
When the generator was switched 29

off, 24 amps of current flowed in 20
the circuit. 15

I(t) = 24 x (0.25)"

10
13-
! ¢ (seconds)
0 ! >
0 1 ~1.3 2 3 1
d From the graph above, the time to reach 4 amps 1s about 5 (EXE]:Show coordinates
1.3 seconds. p1=24x0.26°Cx)

or Using technology, the solution is ~ 1.29 seconds.

EXERCISE 2E.2

1 The weight of a radioactive substance ¢ years after being set aside 1s (0<ca<cl)
given by W (t) = 250 x (0.998)" grams. T
a How much radioactive substance was initially set aside? . decay. )
© Determine the weight of the substance after: \
I 400 years il 800 years i 1200 years.

¢ Sketch the graph of W (t) for ¢ > 0 using a and b only.

d Use your graph or graphics calculator to find how long it takes
for the substance to decay to 125 grams.

2 The temperature 1" of a liquid which has been placed in a refrigerator 1s given by
T'(t) = 100 x (0.986)" °C where t is the time in minutes.
a Find the initial temperature of the liquid.
b Find the temperature after:
I 15 minutes il 20 minutes il 78 minutes.
¢ Sketch the graph of T'(¢) for ¢ > 0 using a and b only.
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3 The weight W of radioactive substance remaining after ¢ years 1s given by
W (t) = 1000 x 279-93t  grams,

a Find the initial weight of the radioactive substance.
b Find the weight remaining after:

I 10 years i 100 years ifi 1000 years.
Graph the weight remaining over time using a and b only.

O n~

Use your graph or graphics calculator to find the time when 10 grams of the substance remains.

e Write an expression for the amount of substance that has decayed after ¢ years.

& An 1nitial count of orangutans in a forest found that the forest
contained 400 orangutans. Since then, the destruction of their
habitat has caused the population to fall by 8% each year.

a Write a formula for the population P of orangutans ¢ years
after the initial count.

b Find the population of orangutans after:
I 1 year il 5 years.
¢ Sketch the graph of the population over time.
d How long will it take for the population to fall to 200?

5 The intensity of light L diminishes below the surface of the sea according to the formula
L = Lo x (0.95)% units, where d is the depth in metres measured from the surface of the sea.

a If the intensity of light at the surface is 10 units, find the value of Lj.

b Find the intensity of light 25 m below the surface.

¢ A light intensity of 4 units 1s considered adequate for divers to be able to see clearly.
Calculate the depth corresponding to this intensity of light.

d Calculate the range of depths for which the light intensity is between 1 and 3 units.

6 The value of a car after ¢ years is V = 24000 x r* dollars, t > 0.
a Write down the value of the car when 1t was first purchased.
b The value of the car after 2 years was $17 340. Find the value of r.

¢ How long will it take for the value of the car to reduce to $8000? Give your answer to the
nearest year.

7 The interior of a freezer has temperature —10°C. When a packet of peas is placed in the freezer, its
temperature after ¢ minutes is given by 7'(t) = —10 + 32 x 2792t °C,

a What was the temperature of the packet of peas:

I when placed in the freezer Il after 5 minutes il after 10 minutes?
b Sketch the graph of T'(t).
¢ How long does it take for the temperature of the packet of peas to fall to 0°C?

d Will the temperature of the packet of peas ever reach —10°C? Explain your answer.

8 The weight W, of a radioactive uranium-235 sample remaining after ¢ years is given by the formula
Wi = Wy x 27900028 grams, ¢ > 0.

a Find the original weight. b Find the percentage weight loss after 1000 years.

1

¢ How long will it take until =

of the sample remains?
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9 When scientists first observe a population of endangered
marsupials, they notice two distinct groups. Group A is
smaller in number, but appear to be larger and stronger 500
individuals. Group B are more numerous, but smaller
animals. The number of animals in each group over time .,
are given by A(t) and B(t) respectively.

600 population

a Use the graph to find the exponential function for 3qq
each animal group.

® Determine the time at which: 200

| there are the same number of group A and ;,
group B animals 100 B(t) =ka % (0.8)" +c

il there are 50 less group A than group B animals
t (years)

-
0 2 1 6 8 10

iii there are twice as many group B animals 0
compared to group A animals.

10 The half-life of a radioactive substance is the time it takes for the substance’s weight to fall to half
of its original value.

The radioactive isotope fermium-253 has a half-life of 3 days. The weight of fermium-253 detected
t days after an explosion is W (t) = 10 x a® mg.

a Interpret the value 10 in this model.

b Calculate the value of a, correct to 4 decimal places, and interpret this value.
¢ Find the weight of fermium-253 after 2 days.
d

How long will it take for the weight of fermium-253 to fall to:
I 3mg il 1.25 mg?

11 The halt-life of nitrogen-13 1s 10 minutes. How long will 1t take for the mass of nitrogen-13 to fall
to 10% of its original value?

"2 0 THE NATURAL EXPONENTIAL

We have seen that the simplest exponential functions y=(0.2)" y=5"

have the form f(x) =a” where a >0, a # 1. A MY
y=(0.5)° y=2

Graphs of some of these functions are shown alongside.

We can see that for all positive values of the base a, the

graph 1s always positive. y=(1.2)°
Hence a® >0 forall a> 0. 1 —=¥

-l
There are an infinite number of possible choices for the b >
base number. Y

However, where exponential data 1s examined in science, engineering, and finance, the base e ~ 2.7183
1s commonly used.

e 1s a special number in mathematics. It 1s irrational like 7, and just as 7 is the ratio of a circle’s
circumference to 1ts diameter, e also has a physical meaning. We explore this meaning in the following
Investigation.
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CONTINUOUS COMPOUND INTEREST

A discrete formula for calculating the amount to which an investment grows under compound interest
1S Uy, = ug(l+1%)"™ where:

u, 18 the final amount, uo 1S the 1nitial amount,
1 18 the interest rate per compounding period,

n 1S the number of periods, or times the interest 1s compounded.

We will investigate the final value of an investment for various values of n, and allow n to become
extremely large.

What to do:

1 Suppose $1000 is invested for one year at a fixed rate of 6% per annum. Use your calculator
to find the final amount or maturing value i1f the interest 1s paid:

a annually (n=1, i =6% = 0.06) b quarterly (n =4, i = €& =0.015)
¢ monthly d daily e by the second f by the millisecond.

Comment on your answers.

2 If r i1s the percentage rate per year, ¢t 1s the number of years, and NV 1s the number of interest

payments per year, then = % and n = Nt.

a- Tt
If we let a = E, show that the growth formula becomes u,, = ug [(1 + 1) ] .
r Cl

3 For continuous compound growth, the number of interest \@
payments per year /N gets very large. a (1 + ;)
a Explain why a gets very large as NV gets very large. 10
b Copy and complete the table, giving your answers as 100
accurately as technology permits. 1000
10000
100 000
1 000000
10000 000
4 You should have found that for very large values of a, (1 + é)a ~ 2.718 281 828 459....

Use the key of your calculator to find the value of e!. What do you notice?

5 For continuous growth, wu, = uge”™ where ug is the initial amount, r is the annual percentage
rate, and ¢ 1s the number of years.

Use this formula to find the final amount if $1000 is invested for 4 years at a fixed rate of 6%
per annum, where the interest is paid continuously.

From Investigation 2 we observe that:

[f interest 1s paid continuously or instantaneously then the formula for calculating a compounding amount
w, = ug(l +4)™ can be replaced by wu, = uge™, where r is the percentage rate per annum and ¢ is
the number of years.
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HISTORICAL NOTE

The natural exponential e was first described in 1683 by Swiss
mathematician Jacob Bernoulli. He discovered the number while
studying compound interest, just as we did in Investigation 2,

The natural exponential was first called e by Swiss mathematician
and physicist Leonhard Euler in a letter to the German
mathematician Christian Goldbach in 1731. The number was
then published with this notation in 1736.

In 1748, Euler evaluated e correct to 18 decimal places.

Leonhard Euler

Euler also discovered some patterns in continued fraction expansions of e. He wrote that

= and e—1=1-

1Jr1-|-....

One may think that e was chosen because 1t was the first letter of Euler’s name or for the word
exponential, but it is likely that it was just the next vowel available since he had already used a in
his work.

EXERCISE 2F

1 Sketch, on the same set of axes, the graphs of y = 2%, y =¢*, and y = 3". GRAPHING
Comment on any observations.

2 Sketch, on the same set of axes, the graphs of y =¢e* and y =e™".
What is the geometric connection between these two graphs?

3 For the general exponential function y = pe?®, what is the y-intercept?

& Consider y = 2e”.
a Explain why y can never be negative.
© Find y if: I = -20 i x=20.

5 Find, to 3 significant figures, the value of:
a e’ b ¢’ ¢ eV’ d e e e !

6 Write the following as powers of e:

1 1
a e b — C — d ee
\/— NG - \/—
7 Evaluate, to five significant figures:
3 231 b 231 ¢ 4829 d 4829

e 506—{11764 i 806_0‘6342 g 100081'2642 h 0.256_3'6742
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8 Expand and simplify:

a (e®+1)? b (1+¢€%)(1—e") ¢ ef(e* —3)
9 Factorise:
a e2* 4 e” b % —16 ¢ 2T — e + 12

10 a On the same set of axes, sketch and clearly label the graphs of:
f:x— e’ g: x+— et h:x—e®+3

b State the domain and range of each function.

11 a On the same set of axes, sketch and clearly label the graphs of:
f:x— e’ g:x+— —e*, h:xw— 10—e"

b State the domain and range of each function.

¢ Describe the behaviour of each function as x — +o0.
1
~.

12 Let f(z)=¢*—1 and g(z) =

a Find (fog)(x), and state its domain and range.

b Find (go f)(z), and state its domain and range.
13 The weight of bacteria in a culture is given by W(t) = 2¢2 grams where ¢ 1s the time in hours

after the culture was set to grow.
a Find the weight of the culture:

I initially il after 30 minutes il after 1% hours iv after 6 hours.
t

b Hence sketch the graph of W (t) = 2e2.
14 Solve for z:

a e*=./e b 2" == ¢ e 4 et =2

15 The current flowing in an electrical circuit ¢ seconds after
it is switched off is given by I(t) = 75e~ -1 amps.
a What current 1s still flowing in the circuit after:
I 1 second il 10 seconds?

b Use your graphics calculator to help sketch the graph
of I(t) = T75e Y15t

¢ How long will it take for the current to fall to 1 amp?

16 The population P of trout in a lake is given by P(t) = = imio —, where ¢ is the time in months.
o—0.

Given that there were initially 20 trout in the lake, find the value of k.

Find the population after 6 months.
Use technology to sketch the graph of P(%).

Describe what happens to the population as ¢ increases.

O O aAa T o

How long will it take for the population to reach 6007?

17 Consider the function f(z) = e”*.

a On the same set of axes, sketch y = f(z), y =2, and y= f~!(x).

b State the domain and range of f~1.
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1

o0
18 It can be shown that e = 1+ + 222 + =2 - = ) Ewk which is an infinite
k=0 %

polynomial expansion.

Check this statement by using the first 20 terms of the series to find an approximation for e'.

ACTIVITY

Click on the icon to run a card game for exponential functions. CARD GAME

REVIEW SET 2A
1 Evaluate:
2 _2 _ 1
a 383 b 27 3 ¢ 31 ¢
2 Solve for x:
O | - _ 1
a 2% = = b 9% =277 °% cegm—ﬁ
3 Expand and simplify:
a e"(e " +e") b (2% + 5)? ¢ (z2 —T)(z2+7)
4 Solve for x:
a 6x2%=192 b 9" ! x (%) =3 ¢ 47— 32 =4(2")
5 The point (1, v/8) lies on the graph of y = 2**. Find the value of k.
6 Consider the graph of y = 3” alongside. AY
a Use the graph to estimate the value of:
i 307 i 379°
b Use the graph to estimate the solution
to:
i 3" =5 i 37 =3

i 6 x3” =20

=Y

7 If f(x)=3x 2% find the value of:
a f(0) b f(3) ¢ f(=2)

8 On the same set of axes, draw the graphs of y = 2* and y = 2% — 4. Include on your graph
the y-intercept and the equation of the horizontal asymptote of each function.
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9 Consider y = 3% — 5.

a Find y when =z =0, £1, +2. b Discuss y as x — to0.

¢ Sketch the graph of y = 3% — 5. d State the equation of any asymptote.

10 Consider y=3 — 277,

a Find y when = =0, +1, +2. b Discuss y as = — Fo0.

¢ Sketch the graph of y =3 — 277, d State the equation of any asymptote.

11 Let f(z) =2% and g(z) =3 — z°.
a Find (fog)(z), and state its domain and range.
b Find (go f)(x), and state its domain and range.

¢ Solve for x:

i (fog)(z)=2 i (gof)(z)=-13
12 a On the same set of axes, sketch and clearly label the graphs of:

f:xz—e*, g:xz—e*l, hiz—3—¢€"

b State the domain and range of each function in a.

¢ Describe the behaviour of each function as * — Foc.
13 A plant doubles in size every 5 days. How often does it treble in size?

14 The temperature of a dish ¢ minutes after 1t 1s removed from
the microwave, is given by T'(t) = 80 x (0.913)" °C. §§

a Find the initial temperature of the dish. ‘w0

b Find the temperature after:
I 12 minutes ii 24 minutes 1l 36 minutes. ] | 5
= i

¢ Draw the graph of 1" against £ for ¢ > 0, using a

and b or technology. }
d Hence find the time taken for the temperature of the
dish to fall to 25°C.

REVIEW SET 2B

1 Evaluate, correct to 3 significant figures:

D 1
a 3¢ b 27 5 ¢ 100
2 Expand and simplify:
1 3 1 1
a (3—e%)? b z 2(z2 — 222 —z 2) ¢ 277(2%% 4 27)

3 Factorise:

a 3¥t2 -3 b 4% — 2% — 12 ¢ e +2e* — 15

4 Solve for x:

a 3 x (%):I:+1

= 1029 b 9% —10(3%)+9 =0 ¢ 2(47F1) + 1 = 6(2%)
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5

10

12

13

Suppose f(z) =27% + 1.
a Find f(3). b Find a such that f(a) = 3.
Consider y = 2e~ % + 1.
a Find y when = =0, +1, £+2. b Discuss y as = — Fo0.
¢ Sketch the graph of y = 2¢™* + 1. d State the equation of any asymptote.

Answer the Opening Problem on page 42.
Find the domain and range of f(z) = 3VvV**t!,

The exponential functions f(z) = 3* +1 and
g(z) = 37" — 2 are graphed alongside.
a Find the y-intercept of each function.

b Given that the vertical line segment [AB] has
length 4 units, find the exact length of [PB].

Give your answer in the form a-+bv/5 units,
where a, b € Q.

\/
Let f(x)= 3".
a Write down the value of:
i f(4) it f(—1)
b Find the value of £ such that f(z +2) =k f(x), k € Z.
Suppose y = a”. Express in terms of y:
a a*® b o ¢ C \/L_I

The weight of a radioactive substance after ¢ years is given by W = 1500 x (0.993)" grams.
a Find the original amount of radioactive material.

b Find the amount of radioactive material remaining after:
I 400 years il 800 years.
¢ Sketch the graph of W against ¢ for ¢ > 0.

d Hence find the time taken for the weight to reduce to 100 grams.

A phycologist investigates an algal bloom in a lake. Initially 1t covers 10 square metres of water.
Each day after it was discovered, the area covered increases by 15%.

a Write a formula for the area A(t) covered after ¢ days.

b Find the area covered after:
I 2 days il 5 days.
¢ Sketch the graph of A(t).

d How long will it take for the affected area to reach 300 m??
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13 3sinax — 5cosz ~ /34 cos(z + 3.68)

14

15

a 2sinz + v3cosz ~ /7sin(z + 0.714)
b i A=V7 i b= 2.43
7

REVIEW SET 1B ———

7
10

11

13
15

1

1 — ——Eﬁ p— p— ——3
SInN & — 3 tan x 2\/5, cosec T Yok
. 1
secr — —3, cotx 55
a + '
E ’U‘ — f%u[f[.’f!’.f
. 1 . Y= L‘:l’_:li-'.i-‘.l't“::r: '
: A : : :
f?ﬂ' —?ri Y ﬂ' 21r§ g
b translation < units right
_bm . V3 _ 1
€Tr = 5 O & 4 5 b =2+ 7
a secx b sinx ¢ CcosT
a cosf b —sind ¢ 5cos20 d —cosft
e cosecfl f sin 20
120 119 120
a 69 b %5 ¢ 1T
— _2r _®m _ T i —
a r=—-5, -5, —5,0r 5 b 0= 3
- T\ 3*/’_—\/_ 9
5111(94——) 12 tané = 5
3sinz +4cosx & 55111(:54—[]927) 14 1.5 m
b y=2sec2x hasrange {y |y < —2 or y = 2}

1 1
-+ — 1 has no solutions.
l-|—\/§sinm l—ﬁsinm
EXERCISE2A ~

1 1 3 5 1
a 2° b 2 ° ¢ 27 d 2° e 2 °

4 3 3 _4 _3
f 2° g 22 h 2° i 2 ° i 2 .

1 1 1 3 _5
a 3° b 3 ° ¢ 3° d 3° e 3 °

1 5 4 5 2
a 7° b 3¢ ¢ 2° d 23 e 77

1 3 4 . _
f7 3 g 3 1 h 2 ° i 2 3 i7"

1 3 1 5 _3
a x° b z° c x ° d z° e xr °
a ~ 2.28 b ~ 0.435 ¢ ~ 1.68 d 1.93
e ~ (0.523
a V5 b % ¢ 93 d mym e x23/x
a 8 b 32 c 8 d 125 e 4

1 1 1 1 1
f3 3 37 h 15 57 I 35

EXERCISE 2B _

1
2

al b =

a x° + 2zt + 2

C .T}

nr\/_

b 22;1: _|_2:1:

c x+1

d 72% 4 2(7%) e 2(3%) -1 f 22422+ 3
3 1
g 1+5(27%) h 5% +1 i 2 +2° +1
3 1
i 322 4+5(3%)+1 k 2x? —x* +5 | 23T _-3(22%)-1
3 a 2%2¢42¢+l_3 b 3%¢ 1 7(3%)+ 10
¢ 5% —6(5%) + 8 d 227 4 6(2%)+9
e 327 —2(3%) 41 f 42T 1 14(4%) 4 49
1 1
g r—4 h 4* -9 I ©— — im2+4+—2
£L £
k 7% —2 4772 | 25 —10(27%) 227
h a 57(hT+1) b 10(3™) ¢ 7T7(1+ 7%
d 5(5™ —1) e 6(6mTL —1) f 16(4™ —1)
g 2"(2" - 8) 5(2™) (22
5 a (3"42)(3® —2) b (2% +5)(2* — 5)
¢ (4+3%)(4— 3%) d (54 2%)(5 —27%)
e (3% 4 27)(3% — 27T) f (2% + 3)2
g (3% +5)? h (2% —7)2 i (5% —2)?
6 a (2°41)(2*—-2) b (3* 4+ 3)(3* — 2)
¢ (27 —3)(2*% —4) d (27 + 3)(2* + 6)
e (2% +4)(2* —5) f(3$+2)(3$+7)
g (3*+5)(3* —1) h (5 +2)(h* — 1)
(77 —4)(7TF — 3)
1
7 a 2" b 10® ¢ 3° d — e 57
5?1
f(3)* a3 hs i 5
g8 a 3m+1 b 146" c 4" 4+2" d 4 -1
e 6" f 5™ g4 h 2" -1 i%
9 a n2ntl b —37!
EXERCISE2C
1 a =5 b r=2 ¢ x=4 d =0
e r=-—1 fﬂ:z% g r=—3 h =2
2 a:c:% hm:—% cm:—% d;:c:—%
Emz—% f:r::—% 9:1::% hmz%
_ 1 - 9 _ 7
' r=3 |l x=3 W r=-—4 I::c——i
m x=20 I‘Iﬂ:z% 0 = % p = —6
3 am—% b no solution cm:%
_ 1 _ 1 _
d:{:—g e r=—3 f = —1or3
F a x=3 b =2 c r=—1 d =2
e x = —2 f o= -2
5 ax=1or2 b =1 ¢ r=1or2
d r=1 e =2 f =
g =1 hn z=1or —1 | =
| = —2o0rl K =2 Im:%
6 z=48, y=1
EXERCISE2D =~
1 a I ~14 n ~ 1.7 n =~ 2.8 v ~ 0.4
b 1 z~1.6 iz~ —0.7
¢ y = 2% has a horizontal asymptote of y = 0.
2 ad(c b B c E d A e D
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Domainis {z | z € R}
Range is {y | y > —2}

17
1

i 2 =4
i 16
y=4
Domainis {x | x € R}

Range is {y |y > 4}

oo

- i 0
im -7
y=1
Domain is {x | z € R}
Range is {y |y < 1}

10
11
12

13

14

n O o o o

IV as ¢ — 00, Yy — 00
as T — —oQ, yﬁblJr

i AY i
y =2
SN SR et
y=2-20 il
- P >
¥

v as = — 00, Yy — —00
as ©r — —oo, Yy — 27

4 y—o-eqg i

iv as z — o0, y — 37T
il

Domainis {z |z € R}
Rangeis {y |y > 1}
y ~ 3.67

v y=1
Domain is {x | x € R}

Range is {y | y < 2}
y ~ —0.665

v y=2

i Domainis {z |x € R}

Range is {y |y > 3}
y ~ 3.38

v y=3

Domainis {z | x € R}
Range is {y |y < 3}
Yy ~ 2.62

v as ¢ — 00, Yy — 3~ v y=23
as T — —00, Y — —O0

a=>5 b= —-10 b y =310

P(0,25) b a=15 ¢ y=3.5

Domainis {z |« € R}, Rangeis {y |y = 2}

Domain is {x |z # 0}, Rangeis {y|y >0, y< —1}

Domainis {x |z > 1}, Rangeis {y|y > 0}

(fog)(z) =3V" —9

Domainis {z |z > 0}, Rangeis {y |y > —8}

(go f)(x) =+3% =9

Domain is {x | z > 2}, Rangeis {y |y = 0}

iz =4 i =3
i f(z): y=-3, g(z): y=1
ii f(x): Rangeis {y |y > —3}
g(z): Rangeis {y |y > 1}
i f(x): y-intercept —2, g(x): y-intercept 2
\\ly ¢c —1+ \/E
glx)=14+27°
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15 a =~ 3.46 b r~ 2.46 ¢ r~1.16
d z~ —0.738 e r~ 1.85 f ==~ 0.0959
g r~ 6.03 h =z~ 50.0 I =z~ 31.0
EXERCISE 2E.1 N
1 a 100 grams C A TV (grams) (b4l 507)
b I ~131¢
i ~197 ¢ 400 Wi(t) =100 x (1.07)"
i ~ 507 ¢
200 (10, 197)
(4,131) t (hours)
% 10 20
2 a FPy=0>50
b | & 76 possums il =~ 141 possums

il ~ 396 possums

c A P (possums)

400
P(n) =50 x (1.23)" (10, 396)
200
(5, 141)
0 (2, 76) n[yearsh)k
0 10
d ~ 11 years e ~ 11.1 years
3 a 4 people b = 393 people ¢ =~ 19.9 days
4 a Bp = 200
b a = 1.1, the bear population is increasing by 10% every
year.
¢ = 1350 bears d =~ 159% increase e =~ 24.2 years
5 a 1 Vo i 2V b 100%

¢ =~ 183% increase, it is the percentage increase at 50°C
compared with 20°C.

6 a A(t)=5000x (1.1)! b i £6050 i £8052.55

t - d =~ 4.93 years
10 000 A(t) = 5000 x (1.1)!

(5, 8053)

5000 t (years)
>

0 2 4 6

7 a a = 1.08, the expected value of the house is increasing by
8% per year.

k = 375000, the original value of the house was $375 000.
0 =~ 4.98 years

8 a When t=0, V=c—-60=0 b k=—-1=-0.2
c = 60
C = 48.6 mS_l d ‘ V{m 5_1)
60 V=60 — 60 x 2-9-2
40 (12, 48.6)
20
t (seconds)
0 =

0 b 10 15 20 25

e The parachutist accelerates rapidly until he approaches his

terminal velocity of 60 ms—1.

9 =~ 2.27 hours

EXERCISE 2E.2 R
1 a 250¢g b i =112¢g il =504¢g i =226¢

10

n O o O

O

W (grams) d = 346 years

W(t) = 250 x (0.998)¢
(400, 112)

(800, 50.4)
(1200, 22.6)

0 1000  t (years)

I ~ 80.9°C I ~ 75.4°C I =~ 33.3°C

T(¢) = 100 x (0.986)"

(78,33.3)

t (minutes)
0 .
0 20) 40 60 80 100

1000 g
i ~812g i 125¢g i ~9.31x107 "¢
W (grams)

1000
(10, 812)

W(t)=1000x 2=003¢
(1000,9.31 x 1077)

i t (years)

S —
0 200 1000
~ 221 years e 1000(1 — 279-03t) grams
P(t) = 400 x (0.92)*
I 368 orangutans Il &~ 264 orangutans

(100, 125)

P(t) = 400 x (0.92)¢

{ (years)
0 5 T

~ 8.31 years, or & 8 years 114 days
Lo = 10 units b ~ 2.77 units ¢ ~179m
between =~ 23.5 m and =~ 44.9 m
$24 000 b r=0.85 ¢ 7 years
I 22°C i 6°C i —2°C
T'("C)

0

20
T(t) = —10 4 32 x 2—9-2

10

15

- g
{ (minutes)

 J
~ 839 min or ~ 8 min 23 s

No, as 32 x 2792t > (0 for any value of t.
Wo b ~12.9% ¢ 45000 years

i
A(t) = 150 x (1.48)3, B(t) = 400 x (0.8)* + 100
I t=~4.16years il t = 3.45years Iii t = 1.69 years
The mitial weight of the 1sotope 1s 10 mg.
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b a = 0.7937; each day the isotope’s weight 1s decreasing by
~ 20.63%.

¢ ~6.30 mg d 1 = 5.21 days il =~ 9.00 days
11 ~ 33.2 minutes or =~ 33 minutes 13.2 seconds

EXERCISE 2F N—

1 The graph of y = e® lies
between y = 2% and
y = 3%,
2 One 1is the other reflected
in the y-axis.
3Ip
hE a e* >0 forallx
b i y~4.12x 1079 i y~9.70 x 108
5 a ~=7.39 b ~ 20.1 ¢ ~ 2.01 d ~ 1.65
e ~ (0.368
1 — 1 3
6 a e’ be ” ¢ e 2 d e’
7 a ~10.074 b ~ 0.099261 ¢ ~ 125.09
d ~0.0079945 e ~41.914 f ~ 42.429
g =~ 3540.3 h ~0.0063424
8 a e’ 42" +1 b 1—e%® ¢ 1—3e”
9 a e"(e"+1) b (e"+4)(e®"—4) ¢ (e —6)(e®” —2)
10 a Ay
et 2
b Domain of f, g, and his {xz |z € R}
Range of fis {y |y > 0}, Rangeofgis {y|y > 0},
Range of his {y | y > 3}
11 a

-

et M ) L
“LS

b Domain of f, g, and his {xz |z € R}
Range of fis {y |y >0}, Rangeofgis {y |y <0},
Range of his {y | y < 10}

¢ For f: as z — 00, y — o0
as © — —oo, y — 0T
Forg: as x — o0, y — —00
as ©* — —oo, y— 0~
For h: as = — o0, y — —00
as x — —oo, y— 10—

1
12 a (fog)(x)=€e" —1
Domain is {x | z # 0}
Rangeis {y| —-1<y <0 or y >0}

b (go f)z) = Eml_ ;

Domain is {x | z # 0}
Rangeis {y |y < —1 or y > 0}

i ~257¢g
i ~4.23 ¢
v ~402¢
14 a = % b =—4
15 a | = 64.6 amps b
s 75
Il ~ 16.7 amps 60
¢ ~ 28.8 seconds 45
30
15
UU 2 4 6 8 1012141618.’
t (seconds)
16 a k=239 b ~ 272 trout
¢ A P (trout)
SO fromemmmmmrmmme e
600
400
200
20~
l h
D[} - 0 T » [ (months)

d As t increases, the population approaches a limiting value of
800 trout.

e =~ 9.52 months

17 a f1(z)=log.x b Domain of f—1 is

{z|z>0)

Range of f—1 is
{ylyeR;

19

1
18 el ~ ) — 1% ~2.718281828
— k!
1=0
REVIEW SET 2A N
1 1
1 a 4 b 5 C 3
— 3 _ 1
2 a xz=-2 b =« g ¢ x=—7%
3 a l+e®® b 227 4 10(2%) + 25 ¢ x—49
__ _ _ 5 _ _ 3
b a =5 b z=-3 c r=23 S k=3
6 a I =22 i ~0.6
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b i x~1.45 iz~ —0.6 i z~1.1 14 a 80°C C “ T(°C)
7 a3 b o« T maee WP
8 i~ 3.02°C 20 (12 26'8)(241 5 —(36-3:02)
d ~ 12.8 min 0
0 10 20 30 40
t (minutes)
REVIEW SET 2B
1 a =3.95 b ~ 0.517 ¢ ~3.16
2 a9—-6eT+e?® b x—2—a 1 ¢ 2T +1
3 a 8(3%) b (27 —4)(2*+3) ¢ (e +5)(e” —3)
9 a2 — 9 1 0 1 > h a z= -4 © x=0o0r2 ¢ z=—1or -2
_4% _4% 4| —92 1| 4 5 a v% +1~1.71 b a=-1
b as & — oo, c 6 a T —2 —1 0 1 2
Y oo 3 y | 15.8 | 6.44 | 3 [ 1.74 [ 1.27
as xr — —00, b as = — oo, C
y— —5" y — 17
d y=-5 as xr — —oQ,
Yy — 00
d y=1

10 a|z | 2| -110 1 2

7 a clock: £525, wvase: £428

-1 | 1 | 2[2% |23
b clock: V(t) =500 x (1.05)¢
b as = — oo, ¢ AY vase: V(t) =400 x (1.07)¢
Yy — 37 ¢ clock ~ £1039.46, vase ~ £1103.61 .. the vase
s T — —oo. d 500 x (1.05)* = 400 x (1.07)t and solve for ¢;
Yy — —00 t =~ 11.8 years
d u—3 8 Domainis {x |x = —1}, Rangeis {y|y = 1}
v 9 a f(x): y-intercept 2, g(x): y-intercept —1
5 , 1 -
b —35 + 5V5 units
11 a (fog)(z) =232 10 a i 81 i 1 b k=09
Domainis {x |z € R}, Rangeis {y |0 <y < 8} 11 a 42 b 41 ) 1 o y—%
b (gof)(z)=3—22% =347 VY
Domainis {x |z € R}, Rangeis {y |y < 3} 12 a 1500 ¢ C - o AW (grams)
¢ i x=+V2 i =2 b i ~903¢
i ~5.44¢ W= 1500 x (0.993)*

12 a
d =~ 386 years

400, 90.3
( , ) {5{]0;(&44}

0 400 800 ¢ (years)

13 a A(t) =10 x (1.15)*
b i 13.225 m? il ~20.1 m?

hiz)=3—e* ¢ 4001}1 (m?)

300
b For f(z): domainis {z |z € R}, rangeis {y |y > 0}

For g(x): domainis {z |z € R}, rangeis {y |y > 0} 200
For h(xz): domainis {z |z € R}, rangeis {y |y < 3}

100
¢ For f(xz): as =z — oo, f(x) — oo 10

i
() =
0 D 10 15 20) 25 30
d =~ 24.3 days

EXERCISE 3A B
1 a4 b -3 C d 0
1

as r — —oo, f(z)— 07"
For g(z): as = — oo, g(z) — o0

as T — —oo, g(x) — 0T
For h(xz): as x — oo, h(xz) — —oc0

as © — —oo, h(x) — 3~

N ] [

W=
Y [

-~ B
b | —

1
1 1 . 2 . 41
13 about every ~ 7.92 days 8 —% h 13 '3 i3



