Exponential and Logarithmic Functions - CHAPTER 7
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7.1.2 INDICIAL EQUATIONS

1

Solving equations of the form x> = 3, where the variable is the base, requires that we square
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both sides of the equation so that (x2> = 32 = x = 9.However, when the variable is the

power and not the base we need to take a different approach.

Indicial (exponential) equations take on the general form b* = a , where the unknown
(variable), x, is the power

Consider the case where we wish to solve for x given that 2* = §.

In this case we need to think of a value of x so that when 2 is raised to the power of x the answer
is 8. Using trial and error, it is not too difficult to arrive atx =3 (23 =2x2x2 =8).

Next consider the equation 3*+1 = 27 .
Again, we need to find a number such that when 3 is raised to that number, the answer is 27. Here
we have that 27 = 33 . Therefore we can rewrite the equation as 3*+1 = 33,
As the base on both sides of the equality is the same we can then equate the powers, that is,
3x+l = 27 & 3x+1 =733
<x+1 =3
<Sx =2
Such an approach can be used for a variety of equations. We summarise this process for simple
exponential equations:

Solve forx: b* = N Example: Solve 5¢ = 625
Step 11 Express the number N in the form hnumber 625 = 54
Step 2:  Write the equation b* = pnumber 5% = 54
Step3:  Equate exponents, x = number ox =4
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m Solve the following

@@ 3% =8l (b)  2x5¢ = 250 © 2x=%
() 3% = 81 < 3% = 34
<>x =4
(b)  2x5% = 250 < 5¢ = 125
©5u=53
@1,{:3
x—l .x—l
(C) 2—5@2_5
@2)‘:2_5
s x =-5
Eevec2mm |
1x
(@ {x|(§)=l6} ®  {x 312380 ©  {x|4-i=64)

(a) (1)x = 16 (2-1) = 16

2
<2 = 24
<-—x =4
<>x = -4

i.e., solution set is {—4}.

(b) 3x+1=3/\/§©3x+1=3x31/2
« 3x+1 — 3372
3
< x+1 = >
S X = 1
2
i.e., solution set is {0.5}.
(c) 47-1 = 64 « (22)r-1 = 26

« D2x-2 = 26

<2x-2 =6
<2x =8
<>x =4

i.e., solution set is {4}.
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Exencises [ F]

1. Solve the following equations.
@ (x| 4= 16} (b) {x| 7% = ‘%} © x| 8 =4}
@ [x3=243) (@ {x32=81} (D {x| 4r = %}
@ {x34=1) ) {x41=18) @) {x] 277=3)
2. Solve the following equations.
@ (x| 76=1} () {x| g+ = }‘} ©  {x| 10v=0001}

@  {x]9r=27} @ A{x[2%'=1} (O {x[25°=.5}

—

) {xl 16”% M {x]47=322} () {x] 92 =243}

2

7.1.3 EQUATIONS OF THE FORM b/ (%) = pg&(x),

This is an extension of the previous section, in that now we will consider exponential equations of

the form b/(*) = N where N can be expressed as a number having base b so that N = hs(*)

Consider the equation 2** -1 = 8. Our first step is to express 8 as 23 so that we can then write
2321 = § & 2x¥*-1 = 23
Then, equating powers we have: <x2-1=3
So that, <x2-4=0
< ((x-2)(x+2)=0
sx=2o0rx = -2

Checking these values by substituting back into the origial equation shows them to be correct.
ie.,whenx=2,LHS=22"-1 =24-1 =23 = 8 =RH.S
when x=-2,LHS =2(-2°-1 = 24-1 = 23 = § =RH.S

However, had the equation been, 2x*-1 = 25-x then the solution would have been
2¢%-1 = 25-x & x2_1 = 5—x [equating powers]
< x2+x-6=0
< (x-2)(x+3)=0
sSx=2o0rx = -3
Again, we can check that these solutions satisfy the original equation.

The thing to note here is that the solution process has not altered. Rather than having one of the
powers represented by a constant, we now have both powers containing the variable.
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75 [,

We need to first express the equation in the form bf(¥) = ps(x) where, in this case, b = 3:

302-5x+2 = Qr+1 o 3x2-5x+2 = (32)x+1

e 32-5x+2 = 32442
< x2-5x+2 =2x+2
0
0
<x=0o0rx =7

Again, checking our solutions we have, x=0: LHS=30-0+2 =9 = 90+1 =RH.S

x=7: LHS=37"-5x7+2 = 316 = 97+1 =R H.S

< x2-T7x

< x(x-17)

Therefore, the solution set is {0, 7}

We now have a more general statement for solving exponential equations:

b)) = ps) < f(x) = g(x),whereb>0and b = 1.

It is important to realise that this will only be true if the base is the same on both sides of the
equality sign.

Exencises [ ]

1. Solve the following for the unknown
(a) 02x-1 = 32x+5 (b) 4x+1 = 82x-4 (C) 252x+3 = 125x+1

(d) D4x+1 = g4x+2 (e) 162x—l — 82x+l (f) A/§X27X+l - 92x+1

@ (BYTI=o by st= o @) 4ixsel =2
2. Solve for the unknown
(a) gx+1 — %C (b) gx+1 = 2x?-1 ©) 3x-1 = 3x2-1

(d) QX -Tx+12 = 1 (e) 64n*=3n = 36 ® (5x)2 = 5%

3. Solve the following
(a) (x2—x-1)" = x2-x-1
®)  (x-2)72 =1
()  (Bx—4)2" = (3x—-4)5%-2
@ e
()  (x2+x-57)3+3 = (x2 4+ x-57)10«
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