Exponential and Logarithmic Functions - CHAPTER 7

m THE ALGEBRA OF LOGARITHMS

The following logarithmic laws are a direct consequence of the definition of a logarithm and the
index laws already established.

First law:

Proof:

The logarithm of a product log (xxy) = log x+log,y,x>0,y>0

Let M = log,x and N = log,y sothat x = a™ and y = aV.
Then, x xy = aM x aV
S xxy = aM+N
< log (xxy) = M+N
< log (xxy) = log x +log,y

.(AMPLE EE I: .
Simplify the expression

(a) log x +logs(4x)  (b) log,x + log,(4x)

.(AMPI.Em

S0 =l =

(a) log ,x + log;(4x)

log4(x x 4x)

log;4x?

(b)  This time we note that because the base is ‘2’ and there is a ‘4’ in one of the logarithmic
expressions, we could first try to ‘remove the ‘4’.

log,x + log,(4x)

log,x + (log,4 + log,x)

log,x +2 +log,x

2log,x +2

Given that log ,p = 0.70 and log,g = 2, evaluate the following

(@)  log,p? (b)  log,(p3q) (¢)  log,(apq)

(@)  log,p* = log,(pxp)

log p +log,p

2log ,p
2x0.70
1.40

(b)  log,(p?q) = log,p?+log,q

2log,,p +log g
140+2
3.40
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log . +log p +log g
1+070+2
3.70

() log,(apq)

PLE
Find {x| log,x +log,(x+2) =3}.

log,x +log,(x+2) = 3« log[xx(x+2)] =3
< x(x+2) =23

<x2+2x =38

< x2+2x-8=0

< (x+4)(x-2)=0

<x=-4orx =2

s0-nc-olf g

Next, we must check our solutions.
When x = —4, substituting into the original equation, we have:

L.H.S = log,(—4) + log,(— 4 +2) — which cannot be evaluated (as the logarithm of a

negative number does not exist).
Therefore, x = —4, is not a possible solution.

When x = 2, substituting into the original equation, we have:
LH.S =log,(2) +log,(2 +2)
= log,8

=3
=R.H.S

Therefore, {x| log,x +log,(x+2) =3} = {2}.

Second law: The logarithm of a quotient loga(;—f> = log x—log,y,x>0,y>0

Proof: Let M = log,x and N = log,y sothat x = a™ and y = aV.
M
Then,)—c = C_l_ﬁ
Yy a
X _ gM-N
y
< log (’f) =M-N
Ay

< loga< log x —log ,y

RS
I
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Braweiim
Simplify
(a)  log,,100x —log xy (b)  log,8x%—log,x? + log2<y>

X
100x

o
| @  log,100x —log ,xy = 10g10(f;;_>

100
= log 10(7)

Note: We could then express logl()(%)) as log,(,100 —log ;v = 2—log,yy.

20 =g

y 8. y
(b)  log,8x%—log,x? + 10g2<)—c> = logz(?) + 10g2<)—c>

log,8x + log 2(%)

log2<8x X i—é)

log,8y
Note: We could then express log,8y as log,8 +log,y = 3 +log,y.

MPLEE )
.(A Find {x| log,,(x+2)—logo(x-1) = 1}

! x+2

| log,(x+2)—logo(x—1) = 1 < log (—) =1

u wo\x—1

f ©<)i2> - 10!

1 x—1

: e x+2 = 10x-10
<12 = 9x
ex=2

3

Next, we check our answer. Substituting into the original equation, we have:

LHS = log (ﬂ+2>—log <‘—‘—1) = log E—log L log (m—l)
10\3 10\3 10 10

10 3 3 3 3
= log (10
= 1=RHS

Therefore, {x| log (x+2)—log,o(x—1) =1} = {
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Third law: The logarithm of a power log x" = nlog x, x>0

Proof: This follows from repeated use of the First Law or it can be shown as follows:

Let M = log x < aM = x

< (aM)n = xn [Raising both sides to the power of 7]
< g = xn [Using the index laws]

< nM = log x" [Converting from exponential to log form]

< nlog x = log x"

.(AM PLEF AT

Given that log,x = 0.2 and log,y = 0.5, evaluate

@@ logx’y* (b logtm/yz4

(@  log,x3y? = log,x* +log,y?
= 3log x + 2log .y
=3%x02+2x%x05
=16

o tog, [ = tog (%) = Jue (%)

1
= E[loga(X) —log,y*]

=e--=-e-

= %[logax —4log y]

= %[0.2 —4%x05]

=-09

lo
Fourth law: Change of base log b = 10%2’ a, kER \{1}
K

Proof: Let log,b = N sothat a¥ = b
Taking the logarithms to base k of both sides of the equation we have:
log,(a¥) = log,b < Nlog,a = log,b

log b
< =
log,a
log,b
However, we have that log b = N , therefore, log b = .
log,a
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Other observations include:

1. log,a =1
2. log,1 =0
3. log x7! = —log x, x>0
4. log,x = —log x
a
5. a2 = x, x>0

MISCELLANEOUS EXAMPLES

[ S 7.20
Express y in terms of x if  (a) 2 +logox = 4log oy

(b) logx = log(a-by)-loga

O (a) Giventhat 2 +log,,x = 4log,,y then 2 = 4log,,y —logx
1

u <2 = log oy* —log ox
t 4
i <2 =10 (y_)
i gm P
(]
n <102 = ¥
X
< y* = 100x
<y =4/100x (asy>0)
(b)  Given that logx = log(a—by)—loga then logx = loga_aby
ox=9by
a

< ax = a-by

< by = a—ax

sy = g(l—x)

.(AMPI.Em.
Find x if (@ log 64 =3 (b) log px—logo(x=2) = 1

(a) log 64 =3 < x3 = 64
< x3 =43
<>x =4

X
(b) logx —logo(x—2) = lc)loglo(m) =1

s0-nmz-olff
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X

= = 10!
< x = 10x-20

& —9x = 20

= @

9

We still need to check our answer: substituting x = %O into the original equation we have:

20 20 20 2 20 9
LHS=log Z_log (Z2-2) = log = -1 -):1 (— 4
2,09 °g10(9 > %809 °g10(9 % \9~ )

Therefore. solution is x = %) .

Find {x| 5%=2*+!} . Give both an exact answer and one to 2 d.p.

Taking the logarithm of base 10 of both sides 5* = 2%+ 1 gives:

5% = 2%+l = log (5% = log 2% +!

< xlog ;5 = (x+ 1)log,,2

< xlog 5 — xlog 2 = log 2
< x(log o5 —log,(2) = log,(2
log 42

<> X —_—
log ;5 —log ;2

And so, x = 0.75647... = 0.76 (to 2 d.p).

log (2
Exact answer = ,answer to 2 d.p = {0.76}

log 45 —log 2

Find x, where 6e2¥— 17 x e*+ 12 = 0

We first note that 6e2* — 17 x e* + 12 can be written as 6 x e2* — 17 x e¥ + 12 .
Which in turn can be expressed as 6 x (e¥)?2 —17 x e* + 12 .
Therefore, making the substitution y = e*, we have that
6x(e¥)2=17xe*+12 = 6y2—17y+ 12 (i.e., we have a ‘hidden’ quadratic)
Solving for y, we have:

6y2-17y+12 = 0= (2y-3)(3y-4) =0

226



Exponential and Logarithmic Functions - CHAPTER 7

3 4
So that =Zory ==
y=s5ory 3
However, we wish to solve for x, and so, we need to substitute back:
et = § or e* =

2 3

< x = ln§ orx = ln‘—t
2 3

< (2x+ Dlog2® = (5 x)log2”

< 3(2x+ 1)1?!2 = 2(5 —x)log/Z/

.(Alvlpl.lsm.
Solve for x, where gatl — 4o

‘I’ Taking logs of both sides of the equation gt = 4o , we have
u log8™ " = logd’ < (2x + 1)log8 = (5-x)log4

t

i

o

n

Therefore, we have that 6x+3 = 10 -2x < 8x = 7
L]
X =g
Exencses {1710
1. Without using a calculator, evaluate the following.
(a) log,8 + log,4 (b)  logel8 +logg2 (©) logs2 +logs12.5

(d) log,18 —log ;6 (e) log,20 - log,5 ) log,10 - log,5

2. Write down an expresion for loga in terms of logb and logc for the following.

@ a=be ®) a= bk © a=~+
c
b2
(d a= b () a = b3 ®) a=">—=
Je
3. Given that log x = 0.09, find
) 1
(a) log x (b) loga,\/;c (c) log (;)
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4.

Express each of the following as an equation that does not involve a logarithm.

(a) log,x = log,y +log,z (b)
(c) log,(x+ 1) = log,y + log,x (d)

1
(e log,y = EIngx ()

Solve the following equations

(a) log,(x+ 1) —log,x = log,3
(b) log (x+ 1) —log,x = log,,3
() log,(x+1)-logy(x-1) = 4

(d) log(x+3)—log,x = log,x +log,,2

(e)  logo(x?+1)-2log,x = 1

§3) log,(3x2 +28) —log,(3x-2) = 1
(8) logo(x%+ 1) = 1 +logo(x—-2)
(h) logy(x+3) = 1 -logy(x-2)

6)) log (x+5) +logex = 2

G log,(x—2)+logs(x—4) = 2

(k) log,x —log,(x—1) = 3log,4

) log o(x +2) —log,,x = 2log 4

Simplify the following
(a) log,(2x) + logsw (b)
(©) 2log x + 3log (x + 1) (d)

1
(e) log ox3 + glogx3y6 —5log X )

Solve the following

(a) log,(x+7) +log,x = 3 (b)
(©) log,o(x+7)+logo(x=2) =1 (d)
(e) log,x + log,x3 = 4 )
Solve for x.

(@) log,x? = (log 2x)2 (b)
(©) log,x* = (logx)* (d)

Investigate the solution to log,x" = (log,x)"

228

log oy = 2log,,x
log,x = y+1

3logy(x+ 1) = 2log,y

log »x —log ,(7y)

1
5log x — zloga(Zx -3)+3log,(x+1)

2log,x —4log ()1]) —3log,xy
2

log,(x+3) +logs(x+5) =1
log,x +1log;(x—8) = 2
log3J;c+310g3x =7

log;x3 = (log,x)3

logsx® = (logsx)’
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14.

15.
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Solve the following, giving an exact answer and an answer to 2 d.p.

@ 2v=14

1
d =12
d Y
(© 102 =2
. 2

=5

0 1+04~
Solve for x
(a) (logyx)?—log,x—2 =0
(©  log,o(x2-3x+6) =1
(e) log (3x%+10x) = 3

(b)
(e)
()
(9]

10* = 8 () 3¥ = 125
34+l = 10 f 08! =04
2.703x = 9 (i) 022 =20
2% 3x 1
= 3 1 = -
1-2% ® 3*+3 3

(b) log,(2*+1-8) = x
(d  (log,px)?>—1llog,;x+10 = 0
) log,,,(3x*+4x-14) = 2

Solve the following simultaneous equations

(a)

xY =5x-9

log, 11

y

(b)

log px —log oy

1
x+y2 = 200

©

xy =2

2log,x —log,y

Express each of the following as an equation that does not involve a logarithm.

(a)

Solve the following for x

()
(©)

Solve the following for x

(a)
(d)

(@
€)]

Solve the following for x

(a)
(©
(e

log x = log,y—log z

In(x+1)-Inx = 4

log (x+1)+log,x =0

eX = 21

200e-2% = 50

Inx = 3

Inx-In(x+2) =3

e2x_3ex 42
e2x_5e¥+ 6

e —6e +5

(b)

(b)
(e)

(h)
(9]

(b)
(@
)

3log x = log,y (c)

(b) In(x+1)-Inx =

Inx = y-1

In4

(d) log (x+1)—logx =0

e*-2 =38 (©)
2 ja—

T = 3 ®

2In(3x) = 4 1)

InJx+4 =1 0

e2*—4ex—-5 =0
e?*—-2e¥+1 =0

e2*—9¢x—10 = 0
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—S5+4e* =2

Ly
70e 2 +15 = 60
In(x2) =9
In(x3) =9



6. (2) 15000°C (b)i.11900°C ii. 1500°C (c) 3.01 million yrs
150 000

T (d)

7. (2)0.0151 (b) 12.50gm (c) 20 years (d) 200x-----

8. (a) $2 million (b) $1.589 mil (¢) 30.1 years (d)
2000 000K~ - ---

9. (b) 0.01761 (c) 199 230 (d) 22.6 years

10. (2) 20 cm? (b) 19.72 cm? (¢) 100 days (d) 332 days
1. () 1 (b) . 512170 ii. 517217 (c) 54.1 early 2014k 4
12. (a) i. $933.55 ii. $935.50 (b) 11.95 years (c)

700
13. (2) 99 (b) 99 x 201394 (¢) 684 t

(b) 38.85°C at ~ midnight

15. (a) 19 (b) 2.63 (¢) 100

16. (a) 18 cm (b) 4 em (¢) 1.28 m (d) 36 m (e) i. 21.7yr ii. 27.6yr iii. 34.5yr (f) 36 (g2)
17. (a) 5 mg/min (b) 13.51 min (¢) i. 2.1, ii. 13.9 iii. 68min
(d) 19.6 mg (e)98 g

8. (a) 1. $499 ii. $496 iii. $467 (c) 15537 (d) i. $499k ii. $2.48mil iii. $4.67mil (f) 12358

() $5.14mil  (b), (¢) B

EXERCISE 7.3

1. (2)2((1)2()5(d)3(e)-3(H-2(2)0h)0)-1(j)-2(k) 0.5 ()-2 2. (a) log,,10000 = 4
(b) log ,0.001 = =3 (c) logo(x+1) = y (d) log,pp = 7 (¢) logy(x—1) =y

() logy(y-2) =4x 3. ()22 =x (b)b =y () b* =1 (d) 10 =z () 10'-* =y

(H2Y = ax—b 4. (2)16(b)2(c)2(d)9(e) 42 (H 125 (2)4 ()9 ()33 (])21 (k)3 ()13

5. (a) 54.5982 (b) 1.3863 (c) 1.6487 (d) 7.3891 (¢) 1.6487 (1) 0.3679 (2) 52.5982 (h) 4.7183
(1) 0.6065
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EXERCISE 7.4
1. (a)5(b)2(c)2(d)1(e)2(f) 1 2.(a) loga = logh +loge (b) loga = 2loghb + logc
(c) loga = -2logc (d) loga = logb +0.5logc (¢) loga = 3logb + 4logc
(f) loga = 2logh —0.5logc 3. (2) 0.18 (b) 0.045 (¢) 0.09 4. (a) x = yz (b) y = x2
gy =2l +1 2 = 3 IToloZ g el
©y @x =2+ @y =xMy=(+1)5.@ 505 dF@;

f

(f) no real sol’n (g) 3,7 (h) ~=—=— (1) 4(j) J10+3 (l\) — (l) 6 (a) logs2wx (b) log =— 7

(x5)(x +1)3

N2x=3

(©) log [x2(x +1)3] (@) logu[ J (@) log (y) (1) log ( ) 7. () 1) 239
10

()2 (f)98. (a) 14 (b) 1,3=5 (¢) 1,4¥4 (d) 1,555 9. (a) logl4 ®) logSO = 090
., log125 R B ]oglO—logS _ .
@ Se5 =43 @ xlog(s) 2= 013 (o) RS = 027 (0501
(€9) o2 _ 415 (1737 (1)0.93 (1) no real solution (k) ; 10g3 _2 =042
2log 10
o) 1———(1’5;3'5 = 0.37 10. () 0.5.4 (b) 3 () ~14 (d) 10,10'° (¢) 5 (1) 3 11. (a) (4, log,11)
3 1 ﬁ
(b) (100,10) (¢) 2,)M2. (a) y = xz (b)) y = x3 (c)x = e~ 1 13. (a

d)@14. (a) In21 = 3.0445 (b) In10 = 2.3026 (c) —In7 = —1.9459 (d) In2 = 0.6931

14

9) = 0.8837 (1) ¢ = 20,0855 (h) Le? = 24630

(e) In3 = 1.0986 (f) zm( 3

(i) £4/e® = 900171 () B (k) e2—4 = 33891 (1) 3/e® = 20,0855 15. (a) 0, In2 (b) In5
(¢) In2,1n3 (d)0 (c) 0, 1n5 (f) In10 16. (a) 45222 (b) 0.2643 (¢) 0,0.2619 (d) —1,0.3219
(¢)-1.2925.0.6610 (f) 0,1.8928 (2) 0252 (h) 1 (i) 121.5 (j) 2

EXERCISE 7.5
1. (a) 10 (b) 30 () 40 2. (2)31.64kg (b) 1.65 (c) W = 2.4 x 10084
(d) w TR

24

(M) L m
3.()4750b) L = Lyx 100> (o) \ (d)
Ly, 6
6 m Ly L

4. (a)[0,1[ (b)i.2.22 ii. 1.11 iii. 0.74 yrs (c) As c increases, reliability reduces.
(d)x = 1 =10 (e) g
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