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OPENING PROBLEM

Consider the triangle alongside. A

Things to think about: ! >
a Can you find tanf using a combination of Pythagoras’ ?
theorem, the cosine rule, and your knowledge of the unit Im
circle?
b Write down the ratios tan¢ and tan(€ + ¢). Is there
an easier way to calculate tan@ exactly, which involves YO
these ratios? B 2m C 3m D

" RECIPROCAL TRIGONOMETRIC FUNCTIONS

We define the functions cosec x, secant z, and cotangent x as the reciprocal functions of sinx,
cos x, and tan x respectively:

1 1 1 COS T
cosecr = —, sec Tt = : and cotx = = —
sin x COS T tan x sin @
i 1 1
For example, cosec & = == =2
sin = =
6 2
_Example 1 <) Self Tutor
Using the graph of y = sinz, sketch the graph of y = _1 = cosecx for —27w < x < 2m.
S1I1 ¢

Check your answer using technology.

. . 1
e The zeros of y =sinx become vertical asymptotes of y = —.
S111 ¢
: . . 1
e The local maxima of y =sinx become local minima of y = —.
S1I1 .0
.. ) : 1
e The local minima of y = sinxz become local maxima of y = —.
S111
. 1 : 1
e When sinz =1, — =1 and when sinz = -1, — = —1.
S111 8 sS111 .0
YA Y =cCosec T

DY = sin NORMAL FLOAT AUTO REAL RADIAN MP n
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EXERCISE 1A

1 Without using a calculator, find:

t%ﬂ ¢ sec2X d cotm

a cosecZ © co -

3

2 Without using a calculator, find cosecx, secx, and cotx given:

a sinz=2, 0<z<3% b cosz=2%, &L <x<2m

3 Find the other five trigonometric ratios if:

a cos:r::%and 3?“<:n<2ﬂ’ b SiIlfB:—% and 7r~:*::r:<37“
C sec:.c:2% and 0 <z < % d cosect=2 and F <z <m
etan;?:%and *:r<’:,8<3?“ f cotEa':%and ?r<9<%“.
: 1
L Using the graph of y = cosx, sketch the graph of vy = =secx for —27 < ax < 2.
COS T

Check your answer using technology.

1

5 Using the graph of y = tanx, sketch the graph of y = = cotx for —27 < x < 27.

tanx

6 Use technology to sketch y =secz and y = cosec(z + ) on the same set of axes for

—27 < x < 27. Explain your answer.

7 Solve exactly for 0 < x < 27

a secx =2 b cosecr = —/2
¢ V3sec2r = —2 d CDSEC(:I?-I-%) +v/2 =0
e cotx+1=0 f mt(?m—%)—\/g=0
8 Solve exactly for 0 <z < 27
a 2sinz + cosecr =3 b 2cosx =secx
¢ tan®x —2—3cot’z =0 d 4sinx = \/§CDSEC$+2—2\/§

9 Consider the diagram alongside.
Identify a line segment which has length:

a cosft b sind ¢ tand

d sech e cosecf f cotd

HISTORICAL NOTE

The Greek astronomer Hipparchus (140 BC) is credited with being the founder of trigonometry. To

aid his astronomical calculations, he produced a table of numbers in which the lengths of chords of

a circle were related to the length of the radius.
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Ptolemy, another great Greek astronomer of the time, extended
this table 1n his major published work A/magest, which was
used by astronomers for the next 1000 years. In fact, much
of Hipparchus’ work 1s known through the writings of Ptolemy.
These writings found their way to Hindu and Arab scholars.

Aryabhata, a Hindu mathematician in the 5th and 6th
Century AD, constructed a table of the lengths of half-chords of a
circle with radius one unit. This was the first table of sine values.

In the late 16th century, Georg Joachim de Porris, also known
as Rheticus, produced comprehensive and remarkably accurate
tables of all six trigonometric ratios. These involved a tremendous
number of tedious calculations, all without the aid of calculators
Or computers.

Rheticus was the only student of Nicolaus Copernicus, and Nicolaus Copernicus
helped his tutor publish his work De revolutionibus orbium
coelestium (On the Revolutions of the Heavenly Spheres).

B SE TRIGONOMETRIC FUNCTIONS

In many problems we need to know what angle results in a particular trigonometric ratio. We have
previously seen this for right angled triangle problems and when using the cosine and sine rules.

OPP 3
For example: tanf = = —
ADJ 4
. _ —1(3
3 . . 6 = tan (Z)
. —~ O
. ) - 6 ~36.9
4
Rather than writing the inverse trigonometric functions as sin~!, cos™!, and tan—!, which can

be confused with reciprocals, mathematicians more formally refer to these functions as the inverse
trigonometric functions arcsine, arccosine, and arctangent.

INVERSE TRIGONOMETRIC FUNCTIONS

The function y = sinax fails the horizontal line test AY

1 y=sinzx
2 3
there 1s more than one corresponding value of x, since

sinz = i has infinitely many solutions, including

2
and r = %"T.

on its natural domain. For example, when y =

_
L =g

Therefore, 1f we want to find inverse functions for
sinx, cos x, and tan x, we will need to apply suitable 7
domain restrictions.

What to do:

1 Draw the graphs of y =sinz, y =cosx, and y = tanx on the domain —37

A

r < 3.
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2 Copy and complete the following table, indicating whether each function 1s one-to-one on the
given restricted domain.

Restricted domain | sinx | cosz | tanx

0< o <27

— T ST

AN/

—Igz<

ST

O0< <7

3
3 ST T

T T K2

3 Discuss which domain restriction you think would be most suitable for the inverse function of:

a sinz b cosx ¢ tanx.
4 The function f(z) =sinz, —% <z < % hasinverse f~'(z) = arcsinz.
Sketch the graph of y = f(x), and hence sketch the graph of f~!(z) = arcsinz on the same
set of axes.

5 The function f(xz) =cosz, 0 <z <7 hasinverse f~!(x)= arccosz.

Sketch the graph of y = f(x), and hence sketch the graph of f~!(x) = arccosz on the
same set of axes.

6 The function f(z) =tanz, —% <z < % hasinverse f~'(z) = arctanz.

Sketch the graph of y = f(x), and hence sketch the graph of f~!(z) = arctanz on the
same set of axes.

The inverse trigonometric functions are defined as:

Function Definition Range

y=arcsinz | r=sny, —1< <
y = arccosx | £ =cosy, —1<

y = arctanx r=tany, =€k —-Z<y<Z

The graphs of these functions are illustrated below, along with the corresponding graphs of sin x, cos z,
and tan x on their restricted domains.

y=tanx

----------

Yy =sInx

y=arcsinx y v Y = COS X
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EXERCISE 1B

1 Find, giving your answer in radians:

a arccosl b arcsin(—1) ¢ arctanl d arctan(—1)
e arcsin s f arccos (— %) g arctan/3 h arccos (—\i@)
i arctan(—\%) ] sin™!(—0.767) k cos™10.327 I tan—!(-50)

2 Find the invariant point for the inverse transformation from:

a y=sinz to y = arcsinze

ay . ., . h
b y=tanz to y=arctanw An invariant point is a point on
the function that does not move

€ y=cosxr t0O Yy = arccos.
when a transformation 1s applied.)

.

3 a State the equations of the asymptotes of y = arctan .
© Do the functions y = arcsinz and y = arccosx have vertical asymptotes? Explain your

answer.
4 Simplify: rRemember to think about
a arcsin (Sin %) b arccos (CDS (— %) ) . domain and range.
¢ tan(arctan(0.3)) d cos(arccos(—3)) \ A;! i
e arctan(tanm) f arcsin (sin %’T)

__Example 2

Find, where possible, the exact solutions of:
27 271

a arctanz = % b arccos(z —1) = =F ¢ arcsing = 2F

a The range of y = arctanz i1s —3 <y < 5. % 1s within the range.

T = tan% = /3
b The range of y = arccos(z — 1) is 0 <y < . %’” 18 within the range.

_ 2

r—1=cos<
_ _1

r—1=—3
_ 1

=7

_ . ; T T 2T : :
¢ The range of y =arcsinx 1s —5 <y < 5, and = 18 outside this range.

no solution exists, even though we can find sin %’”

5 Find, where possible, the exact solutions of:
b arcsinx

€ arccosx = %Tﬂ

f arctan(z — /3) = — %

a arctanx = %

NERE

d arcsin(zr +1) =% € arccoszx
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ACTIVITY1 arctan x

Carl Friedrich Gauss used his Gaussian hypergeometric series to analyse the continued fraction:

(1z)”
(22)°
(3z)°
(4z)°
9+ ...

7

What to do:

1 Evaluate the fraction with « = 1 for as many levels as necessary for the answer to be accurate
to 5 decimal places. You may wish to use a spreadsheet.

2 Compare your result with arctan 1.

3 Compare the continued fraction and arctan x for another value of = of your choosing.

| TRIGONOMETRIC FUNCTIONS

For any given angle #, sinf and cosf are real numbers. tan# is also real whenever it is defined.
The algebra of trigonometry is therefore identical to the algebra of real numbers.

An expression like 2sinf + 3sinf compares with 2z + 3z when we wish to do simplification, and
SO 2sinf + 3sinf = 5siné.

" Example 3 | <) Self Tutor

Simplify:
a 3cosf + 4cosb b tana — 3tana
a 3cos@ +4cos = Tcost b tana —3tana = —2tana
{compare with 3z + 4z = Tz} {compare with x — 3x = —2z}

ANGLE RELATIONSHIPS

The negative angle formulae are established by reflection in the z-axis:

sin(—f@) = —sin 6 cos(—60) = cos 6 e
The supplementary angle formulae are established by reflection in the y-axis: RELATIONSHIPS
sin(m — 0) = sin6 cos(m — 6) = —cos 6

The complementary angle formulae are established by reflection in the line y = x:

sin(% — 9) — cos 6 cos(% — 9) — sin 0

- in 6 ..
The tangent definition tanf = =— 7 enables us to calculate the tangent ratio in each case.
COS
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Simplify:
' @) + 2sinf b cos(y — )
a sin(—60) + 2sin pyy—
cos(5 — 0)
a sin(—@) + 2sin 6 b
: . cos(m — 6)
= —sinf 4+ 2sind _
_ _ sinf
— sin 6 o5 0
— —tan@
EXERCISE 1C.1
1 Simplify:
a sinf +sind 2cos b + cosb ¢ 3sinf —sinf
d 3sinf — 2sinf tanf — 3tan 6 f 2cos?6 — 5cos?6
2 Simplitfy:
. . 2
a 3tanx — —2 Smgm ¢ tanxcosx
cCOs T COs< I
4 227 3sinx + 2cosxtanx f Qi-fanm
tan x sin T
3  Simplify:
a tanxzcotx SIN & cosec & € cosecxcotx
d sinzcotx cotz
cosec T
4  Simplify:
a 3cosf — cos(—0) tan(—0) ¢ sin(—60) + CDS(% — 6’)
d tan(m —0) tan(% — 6) f sin(5 —6) — cos(m — 6)
sin(—6) cos( — 0) : sin(7w — 0) — sin(—0)
cos(m — 6) cos(—0) cos(—0)

THE PYTHAGOREAN IDENTITY

The Pythagorean identity 1s established by applying Pythagoras’ theorem on the unit circle:

sin’ @ 4+ cos20 = 1

We commonly use rearrangements of these formulae such as:

sin?f =1 — cos? 6

Using these definitions we can also derive the 1dentities:

tan®0 4+ 1 = sec2 6 and

cos?2 @ =1 —sin? 6

1 + cot? @ = cosec? 6
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Proof (for the first case):

Using sin®# + cos® 6 = 1,

sin® @ | cos? 1
I

{dividing each term by cos” 6}

cos2 @  cos?2f  cos?é

tan® 0 + 1 = sec’ 6

Simplify:
a 2—2sin’6 b cos?6sinf + sin® 0
a 2 — 2sin“ 6 b cos® @ sin @ + sin® @
— 2(1 — sin” ) — sin f(cos” @ + sin” @)
— 2c0s’ 0 — sin 0

EXERCISE 1C.2

1  Simplify:
a 3sin®6@ + 3cos? 0 b —2sin?0 — 2cos?6 ¢ —cos?fh —sin?6
d 3—3sin?6 e 4—4cos*f f cos3 6+ cosfsin’ @
g cos’f —1 h sin“f0—1 I 2cos®f — 2
1 —sin? 6 K 1 —cos?6 : cos? 6 — 1
cos? 6 sin @ —sin 6

2 Prove that 1+ cot® 8 = cosec? 6.

<) Self Tutor

Expand and simplify:  (cos@ — sin §)?

(cos @ — sin #)?
— cos®  — 2 cos fsin f + sin” 0 {fusing (a — b)* = a® — 2ab + b*}
= cos” f + sin® @ — 2 cos fsin @
=1—2cosfsinf

3 Expand and simplify, if possible:

a (1+sinf)? b (sina —2)? ¢ (tana —1)?
d (sina + cosa)? e (sinf3 — cosf)? f —(2—cosa)?
L  Simplify:
a 1—sec?f3 b tan? 9(1:;01:2 0+1)
tan< 60 + 1
¢ cos®aseca—1) d (sinz + tanz)(sinx — tan x)
e (2sinf + 3cosh)? + (3sinf — 2 cosh)? f (14 cosec@)(sin@ — sin” @)

g secA—sinAtanA —cosA
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FACTORISING TRIGONOMETRIC EXPRESSIONS

Factorise:

a cos?a — sin? a

b tan’0 — 3tanf + 2

a cos® a — sin? a

= (cosa + sin a)(cos a — sin «)

b tan® 6 — 3tanf + 2
= (tanf — 2)(tanf — 1)

{a* — b° = (a + b)(a —b)}

{z° -3c+2=(x—2)(z —1)}

EXERCISE 1C.3

1 Factorise:

a 1—sin’é b sin®a — cos? a ¢ tan’a —1
d 2sin® 3 —sinf3 e 2cos@d+ 3cos® ¢ f 3sin“f — 6sinf
g tan®f +5tanf +6 h 2cos?0 4+ Tcos +3 i 6cos®a—cosa — 1
| 3tan®’a — 2tana k sec? 3 — cosec? (3 | 2cot?z —3cotx+1
m 2sin’z + Tsinz cosz + 3 cos?
Example 8 o) Self Tutor
Simplify:
2 — 2cos? 0 cosf — sin 6
b
1+ cos@ cos2 0 — sin? 6
2 — 2cos? 6 b cosfl — sinf
1+ cosf cos2 6 — sin? 6
~ 2(1 — cos? ) B (cos @ —=ind)
1+ cosf (cos B + sin ) (cos8—sind)
_ 2(1 4-eosU)(1 — cos ) - 1
(1 4~—eos0) cosf + sinf
= 2(1 — cos9)
2 Simplify:
5 1 — sin? a b tan® 3 — 1 . cos? ¢ — sin? ¢
1 — sin « tan(3 + 1 cos @ + sin ¢
cos? ¢ — sin? ¢ sin & + Cos & 3 —3sin?6
d : e f
COS @ — sin ¢ sin? o« — cos? a 6 cos
g 1 cos? 6 h 1+ cotf sec 0 : tan? 6
1+ sind cosec 0 tan 6 + cot 0 sect — 1
3 Show that:
a (cosf+sinf)? + (cosf — sinh)? = 2 b (sinf +4cosh)? + (4sinf — cos6)? = 17
C (1—0059)(1 - ) = tan#sin 6 d (1 | *1 )(sinﬁ—sinzﬁ):msgﬁ
cos 6 sin 0
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: 0
e secA—cosA=tanAsin A f ms‘ = secH +tan6
1 —sinéf
’ . in 6 1 0

"R L% sina 4+ cosa h e | + S — 2cosecl
1 —tan o 1 —cota 1+ cos 6 sin 6

sin 6 sin 0 . 1 1

— 2cotd | — 2sec” 0 GRAPHING

1 — cosf 1 + cosb . 1 —sinf® 1+sin6 PACKAGE

Check these simplifications by graphing both sides of the equations on the same set
of axes.

L Solve for 0 < o < 27

2 2

a 2cos“x=sinx+1 D sin“x =2 —coszx

2

¢ 2cos?’r = 3sinx d 2tan®x +3sec?z =17

5 For —7m < 2z <, find the exact solutions of 3sec2x = cot 2z + 3 tan 2.

"»J| DOUBLE ANGLE IDENTITIES

INVESTIGATION 2 DOUBLE ANGLE IDENTITIES

What to do:
1 Copy and complete this table using your calculator. Include extra lines for angles of your choice.
0 sin20 | 2sinf | 2sinfcosf | cos20 | 2cosf | cos?f — sin®f
0.631
57.81°
—3.697

2 Write down any discoveries from your table of values.

3 In the diagram alongside, the semi-circle has radius
1 unit, and PAB = 6.
APO =6 {AAOP is isosceles}
PON =20  {exterior angle of a triangle}

a Find in terms of 6, the lengths of:

i [OM] i [AM]
ili [ON] iv [PN]
b Use AANP and the lengths in @ to show that:
i cosd — sin 26 i cosf — 1 + cos 20
2sin 6 2cos b
¢ Hence deduce that:
I sin20 = 2sinfcosf i cos20 =2cos?0 —1

d For what values of 8 have we proven the identities in €?



28 FURTHER TRIGONOMETRY (Chapter 1)

The formulae sin20 = 2sinfcosf and cos20 = 2cos*# — 1 found in the Investigation are in fact
true for all angles 6.

Using cos”f =1 —sin” @, we can also show that cos 26 = cos® 6 — sin® @
and cos20 =1 — 2sin?é.

sin26  2sinfcos?t

Using the definition of tangent, we find tan 20 = —
cos20  cos? 6 — sin“ 6

2 sin @ cos @
cos? @

cos? 6 sin? 0
cos? @ cos? 0

2tanf
1 —tan2 6

So, the double angle identities are: sin 20 = 2sin 0 cos 0
cos 20 = cos?2 0 — sin“ @
— 1 — 2sin?0
— 2cos?60 — 1
tan 20 — 2tanf
1 — tan? 0
Example 9 o) Self Tutor
Given that sina = % and cosa = —% find:
a sin2«a b cos2a ¢ tan2«a
a sin 2cv b Ccos 2cv C tan 2«
— 2sin o cos o — cos® a — sin® a _ sin 2«
—9(3\(_4 B 4 2 3\ 2 COos 2
2(5)( 5) —(_3) _(E) 24
24 — 725 -
= —35 = o= = — {using a, b}
25
_ 24
7
EXERCISE 1D
1 For 6 =30°, verty that:
a sin20 = 2sinfcos@ b cos20 = cos? 6 — sin’ 6 ¢ tan 20 = 2tan 0
1 —tan2 46

2 If sinf = % and cosf = % find the exact value of:
It may be quicker to

a sin26 b cos26 ¢ tan26 find tan 26 using
8 sin 26 and cos 26.

3 a If cosA==z, find cos2A.
o If Sillcf)Z—%, find cos20¢.

] [
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) Self Tutor

Example 10

If sina = 1—53 where 3 < a <, find the exact value of: a sin2« b tan2oa.
« 1s 1n quadrant 2, so cos « 1S negative. a sin 2a = 2 sin a cos o
L __9(5 12
AY . . Sin 2a = Z(ﬁ) (—1—3)
— 7 169
-4 \Q}\ b ‘
_ sina 5
T C b tan o — 5
Y 2t
tan 2a = aﬂﬂ;
9 . 9 — tan“ o
Now cos“a +sin“a =1 5 (_5
2 25 _ (_E)
cos“a+ 55 =1 5\ 2
2 144 b (_ﬁ)
COs™ @ = {¢g _%
12 — 25
cos @ = 13 1— 22
12 120
cosa=—75 {as & <a<m} = 7119
 If sina = —% where m < a < 3?'”, find the exact value of:
a coso b sin2« ¢ tan2o
5 If cosf = % where 270° < 3 < 360°, find the exact value of:
a sinfj b sin20 ¢ tan2(
_ Example 11 <) Self Tutor
If o 1s acute and cos2a = % find the exact value of: a Ccos« b sina.
a cos 2o = 2cos” a — 1 b SiIlEkZ\/l—CDSQEH
% — 2cos’a — 1 {as «v is acute, sina > 0}
2 7 _
Co5 =3 SIH{I:\/].—%
CosS v = ::EL\/TE
Sin (v = %
cosa = YL _ .
2v/2 cosina = oo
{as « is acute, cosa > 0}
6 If o 1s acute and cos2a = —g, find without a calculator:
a cosa b sina
7 If 6 is obtuse and cos 260 = —%, find the exact value of:
a cost b sind
8 Find the exact value of tan A 1if:
a tan2A4 = 2L and A is obtuse b tan2A4 = —<2 and A is acute.

9 Find the exact value of tan %.
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Use an appropriate double angle identity to simplify:
a 3sinfcosf b 4cos’2B —2
a 3sinf cosf b 4 cos® 2B — 2
= %(2 sin 6 cos #) = 2(2cos”2B — 1)
= 2cos2(2B)
3 -
= = sin 26
2 > — 2cos4B

10 Use an appropriate double angle identity to simplify:

a 2sinacosa b 4cosasina € SIn@cos«

d 2cos’3—1 e 1—2cos?¢ f 1—2sin®?N

g 2sin’M — 1 h cos?a —sin? a i sin®a — cos? a

] 2sin2Acos2A K 2cos3asin 3o | 2cos?46 — 1

m 1—2cos?30 n 1— 2sin®5a o 2sin’3D —1

p cos?2A —sin®2A4 g cos? (%) — sin? (‘f—,j) r 2sin?3P — 2cos? 3P
11 Find the exact value of [cos 5+ sin 75 ’
12 Show that: GRAPHING

a (sinf+ cosf)? =1+ sin 26 b cos*d —sin? 0 = cos 26 e

Check these 1dentities by graphing both sides of the equations on the same set of
axes.

13 Solve exactly for £ where 0 < z < 27

a sin2x +sinx =0 b sin2x —2cosx =0 ¢ sin2x +3sinx =0

14 a Use a double angle 1dentity to show that:

i SiHQQZ%—%CDSQG i 00529:%+%cos29
b Hence show that:
| sin? (%) — % — %msﬁ i cos? (%) — % -+ %ms&'

15 Solve sinﬂcosﬁzé for —m <0 < 7.

16 Find the exact value of cos A in the diagram:

a b

24 A

D cm 2 o
A 2A
7cm
2cm
17 Prove that:
sin260 cot 0 b sin +sin20 tan 0 . sin20 tan 0
1 — cos 20 1+ cos @ -+ cos 20 1+ cos 260
in 2 2

d cosec20 = tan @ 4+ cot 260 Sin20  cos20 sec

sin ¢ cos @
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18 Solve for 0 < o < 27, giving exact answers:

a cos2x —cosz =10 © cos2x+3cosx =1 € cos2x +sinx =0
d sindxr = sin2x e 2cos2x +9sinx =7 f Sinzlr—i—c:js:r=\/§
g 2cos’z =3sinz h sin2z + cosz —2sinz —1=0

19 The curves y = cosx and y = cos2x + 1 are AY
graphed alongside for 0 < z < 2. -

a Identify each curve.

b Find the exact coordinates of A, B, C, and D.

=Y

ACTIVITY 2 PARAMETRIC EQUATIONS

- ' 1 1 1 PARAMETRIC
In a parametric equation, the variables x and y are each expressed in terms of a third ~ f2XMETRIC
variable, called the parameter.

Click on the icon to obtain an Activity about parametric equations.

E POUND ANGLE IDENTITIES

INVESTIGATION 3 {GLE SUM AND DIFFERENCE IDENTITIES
What to do:

1 Copy and complete for angles A and B in radians or degrees. Include some angles of your own
choosing.

A B | cosA | cosB | cos(A— B) | cosA—cosB | cos Acos B + sin Asin B

47° | 24°
138° | 49°

3!‘3 2!‘.’3

2 Write down any discoveries from your table of values.

3 Copy and complete for four pairs of angles A and B of your own choosing:

A| B |sinA |sinB | sin(A+ B) | sinA +sinB | sin Acos B + cos Asin B

4 Write down any discoveries from your table of values.
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If A and B are any two angles then:

cos(A &+ B) = cos Acos B F sin Asin B
sin(A & B) = sin Acos B = cos Asin B
tan A = tan B
1Ftan Atan B

tan(A £+ B) =

These are known as the compound angle identities. There are many ways of establishing them, but
many are unsatisfactory as the arguments limit the angles A and B to being acute.

Proof:

Consider P(cos A, sin A) and Q(cos B, sin B)
as any two points on the unit circle, as shown. P(cos A, sin A)

Angle POQ i1s A — B.

Q(cos B, sin B)

Using the distance formula:

PQ = \/(cos A — cos B)? + (sin A — sin B)?
(PQ)? = cos® A — 2cos Acos B + cos® B + sin® A — 2sin Asin B + sin® B
= (cos® A + sin® A) + (cos® B + sin? B) — 2(cos A cos B + sin A sin B)
= 2 — 2(cos A cos B + sin Asin B) e (1)

But, by the Cosine Rule in APOQ,

(PQ)* = 1% + 1% — 2(1)(1) cos(A — B)
=2 — 2cos(A — B) ... (2)
cos(A — B) = cos Acos B + sin Asin B {comparing (1) and (2)}

From this formula the other formulae can be established:
e cos(A+ B)=cos(A—(—B))
= cos A cos(—B) + sin Asin(—DB)
= cos Acos B + sin A(—sin B)
{cos(—0) = cos@ and sin(—#) = —sinb}
— cos Acos B — sin Asin B

e sin(A — B) o sin(A + B)
= COS E — (A — B)) = sin(A — (—B))
~ con r(E - A) n B) = sin A cos(—B) — cos Asin(—B)
kﬂz . _ = sin A cos B — cos A(— sin B)
N COS(E N A) s B Sm(§ N A) S = sin Acos B 4+ cos Asin B

—sin Acos B — cos Asin B
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o tan(A + B) ® tan(A — B)

_ sin(A + B) = tan(A + (—B))
cos(A + B) _ tan A + tan(—B)

~ sinAcos B + cos Asin B 1 — tan Atan(—B)
cos Acos B —sin Asin B tan A — tan B
sin Acos B |, cos Asin B —

__cosAcosB " cos Acos B 1 + tan A tan B
cos A cos B sin A sin B _ - —
cos Acos B~ cos Acos B {tan( B) = — tan B}
tan A 4+ tan B

1l —tan Atan B

Example 13

Expand and simplify sin(270° + «).

sin(270° + a)
= sin270° cosa + cos 270° sina@  {compound angle identity}
= —1 Xcosa + 0 Xsina

— — CO5 ¥

EXERCISE 1E

1 Use your calculator to verify all six of the compound angle identities for A = 57° and B = 21°.

2 Expand and simplify:

a sin(90° + 6) b cos(90° + 0) ¢ sin(180° — @)
d cos(m+ «a) e sin(2r — A) f cos(3F —0)
g tan(% + 9) h tan( — ?’Tﬂ) I tan(w + 6)

3 Expand, then simplify and write your answer in the form Asinf + B cos 6
a sin(@—l—%) b CGS(%“— ) C CDS(B-I—%) d 5111(%—9)

" Example 14 | <) Self Tutor

Simplify cos 36 cos 6 — sin 36 sin 6.

cos 360 cos@ — sin 30 sin @
= cos(30 +60)  {compound angle identity in reverse}
— cos 460

L Simplify using the compound angle identities in reverse:

a cos 20 cosf + sin 20 sin 6 b sin2Acos A+ cos2Asin A

¢ cosAsin B —sin Acos B d sinasin 3 + cosacos(

e sin¢sinf — cos¢cosb f 2sinacosf — 2cosasin
tan 260 — tan @ h tan2A +-tan A

1+ tan 20 tan @ 1 —tan2Atan A
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S

12
13

14
15

Use the compound angle 1dentities to prove the double angle identities:

a sin20 = 2sinfcos? b cos20 = cos? 8 — sin’ 6 ¢ tan 20 =

2tand

1 —tan? 6

Without using your calculator, show that sin 75° = \/E: \/5.
sin 75° = sin(45° + 30°)
= sin45° cos 30° + cos 45° sin 30°
= ()($) +(Z)3)
(1) v
2v2 ) V2
_ V6+V2
4
Without using your calculator, show that:
a COST5D_\/__\/§ b Siﬂ105g_\/g+\/§ C 608113—;—_\/6_\/5
4 4 4
Find the exact value of:
a tan ?—g o tan105°
If tanA =% and tanB = —3, find the exact value of tan(A+ B).
If tan A = %,, find tan(A—I— %)

If sinA=—%, < AL and COSB=\+§, 0<B <3, find tan(A + B).

2
tan 80° — tan 20°
1 + tan 80° tan 20°

Simplify, giving your answer exactly:

If tan(A+ B) = % and tan B = %, find the exact value of tan A.
Find the exact value of tana: C
Hem
o 3cm
-
A 10cm B

Find exactly the tangent of the acute angle between two lines with gradients % and %

Simplify:
a cos(a+ B)cos(a — ) —sin(a + B)sin(a — 3)
b sin(f — 2¢) cos(0 + ¢) — cos(f — 2¢) sin(0 + ¢)

¢ cosacos(f —a)—sinasin(f — «)

tan(A + B) + tan(A — B)

d tan(A + %) tan(A — %)

1 — tan(A + B) tan(A — B)
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4

If sinA=2, Z<AZ L
a tan(A—+ B) b tan2A.
Find tan A if tan(A — B)tan(A + B) = 1.

16 7w and cos B = — T< B

17

18 Express tan(A+ B+ C) in terms of tan A, tan B, and tanC.

Hence show that if A, B, and C are the angles of a triangle, then
tan A +tan B 4+ tanC = tan Atan Btan C.

E

19 Show that:

a \/ﬁcos(9+ %):cosﬁ—sinﬁ b 2005(9—%):0059+\/§sin9

¢ cos(a+ ) —cos(a— ) = —2sinasin@ d cos(a+ 3)cos(a — ) = cos? a — sin® 3.
20 Prove that, in the given figure, o+ (3 = 7.

A B C
21 a Prove that cos30 = 4cos® 6 — 3cosf by replacing 30 by (26 + 6).
b Hence solve the equation 8cos*d —6cosf +1=0 for —7 <0 < .
22 a Write sin36 in the form asin®6 + bsinf where a, b € Z.
© Hence solve the equation sin36 =sinf for 0 <6 < 3.

o) Self Tutor

Example 16

Suppose sinx — v/3cosz = kcos(x +b) for k>0 and 0 < b < 27. Find k and b.

sinz — V3 cosz = k cos(z + b)
= k|cosx cosb — sin x sin b)

— kcosxcosb — ksinaxsinb

Equating coefficients of cosz and sinz, kcosb=—3 ...(1) and —ksinb=1 .. (2)
—ksinb 1 C .
oot — 73 {dividing (2) by (1)}
— 1
tan b = e
b=Z or L -
Substituting b= T into (1) gives k x X2 = —/3
k= —2
\J
We reject this solution as &k > 0.
Substituting b= Z= into (1) gives k x —¥3 = —/3
k=2

So, k=2 and b= 1F.
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23 Suppose v/3sinz + cosx = ksin(z +a) for k>0 and 0 < a < 27. Find k and a.

24 a Write 2cosx + 2sinx in the form kcos(x +a) for £ >0, 0<a < 2.
b Hence solve the equation 2cosz + 2sinz = V2 for 0 <z < 2.

25 a Find a sequence of transformations which map the graph of y = sinx onto the graph of
Yy = Ccosx + 3sin .

b Find the greatest and least values of (cosx + 3sinx)? + 2.

26 Use the basic definition of periodicity to show algebraically that the period of f(x) = sin(nz) is

2T forall n> 0.

(i

27 a Write 2cosx — 5sinx in the form kcos(z +0b) for £ >0, 0 <b < 2.

Hence solve 2cosxz — Hsinx = —2 for 0 < o < .
* . 2t 1 —t2
¢ Given that ¢ = tan 5, prove that sinz = and cosx = :
1 + t2 1+ t2

d Hence solve 2cosxz —Hsinx = —2 for 0 <z < 7.

tan @ — tan ¢
1 + tanftan ¢

2

a arctanb — arctan 5= %

28 Use tan(0 — ¢) = to show that:

o arctan% 1+ arctan 2 =

3= 1
29 Find the exact value of:

4 1 1 1
a arctan s — 2arctan 3 b 4arctan £ — arctan 535

30 a Show that sin(A + B) +sin(A — B) = 2sin Acos B.
b Hence show that sin Acos B = 5sin(A + B) + % sin(A — B).

¢ Hence write the following as sums:
I sin36cosf Il sin6ba cos o i 2sinbBcos 3
iv 4cosfsin46 v 6cos4dasin3a vi = cosbAsin3A

31 a Show that cos(A + B) + cos(A — B) = 2cos Acos B.
b Hence show that cos Acos B = 5 cos(A + B) + 5 cos(A — B).

2 2
¢ Hence write the following as a sum of cosines:
I cos46cosb Il cosTacosa i 2cos30cosf
IV 6cosxcosTx v 3cosPcosdP vi % cos 4x cos 2x

32 a Show that cos(A — B) — cos(A + B) = 2sin Asin B.

b Hence show that sin Asin B = 3 cos(A — B) — 5 cos(A + B).

¢ Hence write the following as a difference of cosines:

I sin3fsiné Il sinbasina i 2sin5@sin 3
iv 4sinfsin46 v 10sin2Asin8A vi %sin 3M sin TM
33 The products to sums formulae are:
sin Acos B = 5sin(A+ B) + 5sin(A—B) ... (1)
cos Acos B =z cos(A+ B) +5cos(A—B) ... (2)
sin Asin B = 3 cos(A— B) — 5cos(A+ B) ... (3)
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a What formulae result if we replace B by A in each of these formulae?
b Suppose A+ B=S5 and A—B=D.

S+ D S—D

I Show that A = and B =

il Using the substitutions A+ B =S5 and A — B = D, show that equation (1) becomes

sin S + sin D = ZSin(SJZ]—D) C(}S(SED) e (4)

iii By replacing D by (—D) in (4), show that sin S —sin D = QCDS(S—ED) sin(¥).

S+ D S—D

¢ What formula results when the substitution A = and B = > 1s made 1nto (2)?

S+ D S—D

d What formula results when the substitution A = and B = : 1s made into (3)?

34 The factor formulae are:

sinS—l—sinD=251n(SZD)cos(SED) COSS—FCGSD:QCO&,(

52 ) cos (257
sin S —sin D = 2008(‘%‘2) Sin(S;D) cos S —cos D = —QSIH(SJ_—D) 5111(525)

Use these formulae to convert the following to products:

a sindr +sinx b cos8A + cos2A € cos3a — coso
d sinb50 — sin 360 e cosTa — cosw f sin3a 4 sin7a
g cos2B — cos4B h sin(z + h) —sinx I cos(x+h)—cosz

35 In triangle ABC it is known that sin A = cos B + cos C. Show that the triangle is right angled.

HISTORICAL NOTE

In the late sixteenth century, there were no calculators. Instead, values of trigonometric functions for
different angles were calculated by hand and recorded in tables. The values could then readily be
used for trigonometric applications, and also in other surprising ways. For example, the compound
angle 1dentities could be used to quickly multiply two numbers together.

Using the compound angle 1dentities, we can show that

cos(A + B) + cos(A — B)
2

cos A X cos B =

. (%)

Now, suppose you need to find 0.1362 x 0.4573. By consulting trigonometric tables, it could be
found that cos82.172° ~ 0.1362 and cos62.787° ~ 0.4573.

SO0, 0.1362 x 0.4573

~ c0s82.172° x cos 62.787°
cos(82.172° + 62.787°) + cos(82.172° — 62.787°)

R > {using ()}
__ €0s(144.959°) + cos(19.385°)
2
—0.8187 + 0.9433 . : :
= i {using trigonometric tables}

2
~ 0.0623

This method may seem complicated, but in the late sixteenth century it was much faster than
performing long multiplication!
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ACTIVITY 3

A trigonometric series is the sum of a sequence of trigonometric expressions which follow a rule.

In this Investigation we will explore patterns formed by a trigonometric series.

What to do:

1 Consider the function f(x) = sinz

o
C

sin 3
3

Show that f(z) = £sinz(2cos® z + 1).
Hint: Write sin3z as sin(2z + x).

Hence find the x-intercepts of y = f(xz) on —4nw < x < 4. PACKAGE.

Use the graphing package to sketch y = f(x) on —4n < x < 4.
Discuss the similarities and differences between this graph and the
graph of y = sinz.

. : : in 3 inbdxr . :
Write the function f(z) = sinx 51113 %o Sm5 " in terms of sinz and cosz.

Hence find the z-intercepts of this function on —4n < x < 4.

Use the graphing package to sketch the graph of the function on —47 < x < 4n. Compare
your graph with the graphs in 1.

3 Use the graphing package to graph on —47 < x < 4

b

4 Predict the graph of f(z) = "

sin 3x sin b sin 7x

f(z) = sinx - Tt —
. sin 3x sin bx sin7x sin 9x sin11x
f(z) = sinx A | | I |
3 D 7 9 11

> sin(2k — 1)

k=1 2k — 1

REVIEW SET 1A

1 Without using a calculator, find:

T 5 5T
a cosec g b cot = € secy
2 Find, giving your answer in radians:
1 1 . (1
a arccos - b arctan 7 c arcsm( 2)
3 Solve for 0 <z < 2
a secx =2 b V3cosxzcosecr+1=0
4 Simplity:
a 3cos(—0) —2cosb b cos (37"” — 9) ¢ sin (9 + %)
1 — cos? 0 SIN ¢ — COS ¥ f 4sin? o — 4
1+ cosé sin? a — cos? o 8 cos &
5 If sina = —%, TS o< 3—;, find the exact value of:

a cosa b sin2a € cos2a d tan2a e cos& f sin&

2
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é Show that:
2 ﬂsin(ﬂ — Z) =sinf — cosf b sinfcos(¢ — 60) + cosfsin(¢p — 0) = sin ¢

sin 2c¢ — sin o
= tan o d cosec2x + cot2x = cotx

cos2a —cosa + 1

7 Find the exact value of:

a cos165H° b tan%

8 From ground level, a shooter i1s aiming at targets on a vertical brick wall. At the current angle
of elevation of his rifle, he will hit a target 20 m above ground level. If he doubles the angle
of elevation of the rifle, he will hit a target 45 m above ground level. How far 1s the shooter
from the wall?

9@ Solve for 0 < x < 27 sec’x =tanx + 1
10 5 For the diagram alongside, prove that:
2 _ 12
q < a 511129—2'? b cos20 = - 2b
C C
_
b

11 Consider triangle ABC shown. A

a Show that cosa = 2. 3 cm

b Show that z is a solution of 3z — 25x + 48 = 0. - om C

¢ Find z by solving the equation in b.

5 cm
B

12 If o and 3 are the other angles of a right angled triangle, show that sin 2« = sin 2.
13 Write 3sinz — 5cosz in the form kcos(z +a) where k>0 and 0 < a < 27.

14 The graph of y = 2sinz + V3cosz is
shown alongside.

a Write 2sinz + v/3cosz in the form

ksin(r + a) where k£ > 0 and - >
0<a<2m.
b Hence find:
I the exact value of A v y=2sinz ++/3cosz

il b correct to 2 decimal places.

15 Find arctan % + 2 arctan %

REVIEW SET 1B

1 Find the other five trigonometric ratios if cosz = —% and m <z < ST'”

2 a Sketch the graphs of y =secx and y = cosecx on the same set of axes for
—2m < x < 2.

b State a transformation which maps y = secx onto y = cosecx for all =z € R.
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7\

3 Solve cotz =+/3 for — 71 <z <.

4 Solve exactly:

a arcsinz = % b arctan(r —2) = %
5 Simplify:
tanx .
a cosecrtancx b € secxr —tanzsinx
SEC I
6 Simplify:
29 _
a cos® 6+ sin®6fcosb b CDS_9 ! ¢ 5—5sin6
sin 6
in?0 —1 tan 0 t 6
d e AnZTCO f cos®f(tanf +1)° —1
cos 0 sec 0
: 5 _ 12 :
7 1If sinA= = and cosA = 75, find:
a sin2A b cos2A ¢ tan2A
8 Show that:
v 1 in @ 1 .
mS. | Ll 2secH b (1 I ) (cos f — cos? 9) — sin? 6
1+ sin6 cos 0 cos 0

9 Show that sin & = %\/ 2 — /2 using a suitable double angle identity.

10 Solve:
1 — cos 26

il 3cosz+sin2x =0 for — 7 <z<t b : =3 for 0 <0< 3.
sin 260
11 Given Sin(:?:% and 7 <6 <m, find sin(9+ %)

12 Consider the figure in the Opening Problem on page 18. Find tané using the ratios tan ¢
and tan(f + ¢).

13 Write 3sinx +4cosx in the form ksin(x +a), where £ >0 and 0 < a < 2.

14 Find exactly the length of [BC]. D
4m
C
v,
A 0 [ B \J
- Im—»>

15 a Show that ! | - — 2sec2x
1+\/§sin$ | 1—\/55111;1: .

b Hence explain why . |

1
1+\/§Sinm 1—\/§Siﬂ$

16 Prove that if A, B, and ' are the angles of a triangle, then
sin2A 4+ sin2B + sin 2C = 4sin Asin B sin C.

— 1 has no solutions.
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EXERCISET1A © . - 1 1
sin(z + §) =cosz .. — — =
1 a v_gﬁ b —V% C _v% d undefined sin(z + 5)  cosw
. . A cosec(z + 5) = secw
2 a cosecx =3, secr =3, cotx = 3
7 axz=Zor2Z b z=2E or I&
b cosecz = — ==, secx = %,, cotx = — = ; 73 17 1o 4 413 19
Aﬁﬁ VT " ¢ T=193. 13 720 O 12 d z=J3 or 53
: _ _ VT _ _ VT _ _ 4 __ 3w 7 __ 5w 17w 29w 41
2 a sinzx = T tanxr = 3, COSeCT = 7?, Em_TDrT f;{:_m, 51> 51 O ST
SECH}‘:%, Cﬂtﬁz—% 8 a:{::%,%,nr% hm:%,gf,ﬁf,,ﬂr%
o CGS:’L‘:—35, tan:c:x%g maec:.c:—%, c iB:%;gTW,%T}GI‘% g »T:%:%a%:ﬂ ETW
B q 5 9 a [OD] b [AD] ¢ [BE] d [OB] e [OC] f [OF]
secx = — cotr = =5
EXERCISE 1B [
¢ sinz =2, cosz =2, tanw = X, 1 ao0 b —Z ¢ Z d I e=
cosecx = \/%, cotx = V% f %’T g % I %T i —% ] ~—0.874
d Siﬂ{.ﬂ':%, COS T — — 23, tﬂﬂﬂﬁ':—i, k ~1.24 | ~ —1.55
3 2 a (0,0) b (0,0) ¢ (0.739, 0.739)
secxt = ——2%=, cotx = —+/3 . - -
V3 3 a horizontal asymptotes y = —3, y =3
e sin(3 = —V%, cos 3 = —V%, cosec 3 = —/b, © No, y = sinz and y = cosx do not have horizontal
e asymptotes.
R vt _
secff = -5, cotf = 4 a arcsin(sin %) = % b arccos(cos(—%)) = &
f sinf = —%ﬁ cost) = —%ﬂ tan 6 = %a ¢ tan(arctan(0.3)) = 0.3 d cns(arccﬂs(—é)) = —%
cosec ) = —%, sect) = —% e arctan(tanm) =0 f arcsin(sin %T) =—3
& E A AV A E = = X3 = -
: : 5 | y=secx 5oaz=l oz 2 ©r V2
d z= —% e no solutions f =0
] EXERCISE 1C.1 I
: L Y = cosx 1 a 2sind b 3cosf ¢ 2sinf d sin6
i—2w —ar P pa 2',” T e —2tand f —3cos?6
—17 2 a 2tanc b tan’z ¢ sinx d cosz
' ' e bsinx f 2secx
: : 3 al b1l ¢ ?Dzm d cosz e cosxw
7 ; 5 sin“ x
4 a 2cosf b —tanf ¢ O d —tanf e cotéd
5 Y = tapa f 2cosf0 g tanf h tan6 I 2tanéf
EXERCISE 1C.2
1 a3 b —2 ¢ —1 d 3cos?0
. : : ! : e 4sin?6 f cosf g —sin?6 h —cos?0
LN @f N T/ N T, . i —2sin20  j 1 I sin @ | sind
1 I I . 3 a 1-+2sinf -+ sin?0 b sina —4sina + 4
¢ sec’a — 2tana d 1+ 2sinacosa
: _ : _ _ 2
'y = cota e 1— 2sinfcosf f —4+ 4dcosa — cos” o
: 4L a —tan?p b 1 ¢ sin’«
d sin’z —tanzx e 13 f cos?0 g 0
6 AY
)= geca: EXERCISE 1C.3 N
1T a (1+4sinf)(1 —sinf) b (sina+ cosa)(sina — cos a)
: L ¢ (tana+ 1)(tana — 1) d sin3(2sin3 — 1)
1 iy = cosec(z + 5)
: : e cos@(2 -+ 3coso) f 3sinf(sinf — 2)
M i | ; fl " i " |
- = Y 1« i 27T g (tan6 4 2)(tan0 + 3) h (2cosf+ 1)(cos0 + 3)
-1 I (Bcosa+1)(2cosa—1) | tana(3tana — 2)
k (sec 3 + cosec 3)(sec 3 — cosec 3)
I (2cotz — 1)(cotz — 1)
\J 5 5 m (2sinz + cosz)(sinz + 3 cos )
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2 a l+sina b tanf —1 € cos¢p —sing
1 0
d cos¢o + sin @ e — f =08
SIn ¢ — COS & 2
g sin0 h cosf I secl +1
_m 5 37 :
4 a x= 5 6O 5 © no real solutions
C = % or '%” d = ~0.730, 2.41, 3.87, or 5.55
. 11 ks i ST
5 fﬂ——l—,—l—,,ﬁ,ﬂrﬁ

EXERCISE 1D HE

24 7 24 [ 1
2 d 55 G < - 3 d ) b 9
L a cosaz—é b sin?&:’i—? ¢ tan2a = 45
5 a 511‘16:—@ b sin2ﬁ:—4’£—1
¢ tan28 = 4‘1/3_1
1 22 1 2
6 d 3 b = 7 d _\,75 b 3
g atan}l:—% bta,n}l:% 9tan%=\/§—1
10 a sin2«a b 2sin2«a C %Siﬂgﬂf d cos20
e —cos2op f cos2N g —cos2M h cos22a
I —cos2a ] sin4A lt sin6c | cos &6
m —cosb6 n cos 10« o —cos6D p cos4A
g coso r —2cos6l
3
11 5
13 amzﬂ,%,w,%,nrQw bmz%nr%
¢ =0, m or 2w
11 7 5
15 0= -4z -3 For i
16 a 005;4:1—2 b cc:rﬁ.fil:%
A 27 4 _ 5
18 a =0, =, =55, or2m b z= % or 3¢
d 2=0Z%%,28, 7, I 3L S or2r e z=13%
foz=2Z g ¢=2% or 2L
_n Tm 11
h =0, %, g~ or 2w
19 a Ciis y=cosz, Cois y=cos2x + 1
o AGF. ). B(F.0. C(§.0. DI}
EXERCISETE
2 a cosft b —sind ¢ sin0
d —cosa e —sinA f —sin0
1 + tan @ 1+ tan®
g + tan h + tan I tand
1 —tan@ 1 —tan@
3 a %sinﬂ—I—ﬁgcﬂsﬂ b gsin{?—%cﬂsﬂ
g L RRVER 1
C 1‘(551111‘94— ﬁcr&s@ d 5 51n9—|—2c059
K a cosf b sin3A ¢ sin(B—A)
d cos(a— ) e —cos(¢p+0) f 2sin(a — 3)
g tanf h tan3A
7 a2+v3 b -2-3 8 L 9 7
9+ H5v/2
10 2 v2 11 V3 12 tan A = — -
2
25 1
13 tana = =5 14 3
15 a cos2a b —sin3¢p ¢ cos d —1 e tan2A

16

18

21
22

23
24

25

27

29

30

31

32

33

34

4—9
. 5 5v/5 b —4E

22
tan(A + B + C)
tan A +tan B +tan(C — tan Atan BtanC

l—tanAtan B —tan Atan(C — tan BtanC

R e X

sin® @ + 3sin 6

17 tan A = +1

+ 1)
=.
-
Qa2
)
|

|
N

-
|
> |H

a 2cosx + 2sinx = 2\/5005(:1: — %’T)

__ Jm 23
b r = 5 OF S5~

a A vertical stretch with scale factor v/ 10, then a translation of
~ 0.322 units left.

b greatest value = 12,

a 2cosz — 5sinz &~ v/29 cos(z + 1.19)
b z~0.761 or m

d z ~0.761 (the solution = = 7w has been lost)

least value = 2

ao b %
¢ i 1sin46+ Lsin26 i <sin7a + 2 sinba
2 2 2 2
il sin63 + sin43 iv 2sin 50 + 2sin 360
v 3sin7a — 3sin« vi %sin&f—i—%sin&%
¢ i %EDEE)@—F%CDS?:Q i %CDSS&—I— %EDSGCE
I cos43 + cos 20 iV 3cos8x + 3cosbx
Vv %CDSSP—I— %CDE3P Vi %cusﬁm—l— %CDSQ:I:
- 1 1 T | 1
¢ i 5::0529— 5{:{}549 i EEDESEE— Ecns?a:

i cos43 — cos 63 v 2cos30 — 2cos 50

vV 5cos6A —5cos10A vi 1—1“ cos4M — 1—:&] cos 10M

a sinAcos A = %sinQA, cos? A = 5 cos2A + %,

2
sin2 A = % — %CDSQA

¢ cosS +cosD = ZEUS(&EE) CDS(SED)

d cosD —cosS = 2sin(ig£) sin(SED)

b 2cosbAcos3A
e —2sindasin3a f 2sinbacos2a

d 2cos40sin@
g 2sin3Bsin B h 2c05(m+%) ﬁin%
h

I —2sin(m+ %) sin 3

a 2sin3x cos2x ¢ —2sin 2a sin o

REVIEW SET1A

2
3
A

0O

a V2 b —v3 ¢ 2

a o b = ¢ — <

azr,:%ﬂr%” bmz%’rﬂr%

a cosb b —sinf ¢ cosl

@ 1= cost ¢ SiIlﬂi-Il-CE}S{C}: f —C‘;S&
a — 47 o '%E C —%

d —3V7 e —y/ 4T IRy ==Y
a —V2-v6 b 2—3 8 60 m
mZG,E,ﬂ,%:DrEW 11 ¢ m_%ﬂr3
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ANSWERS

13 3sinax — 5cosz ~ /34 cos(z + 3.68)

14

15

a 2sinz + v3cosz ~ /7sin(z + 0.714)
b i A=V7 i b= 2.43
7

REVIEW SET 1B ———

7
10

11

13
15

1

1 — ——Eﬁ p— p— ——3
SInN & — 3 tan x 2\/5, cosec T Yok
. 1
secr — —3, cotx 55
a + '
E ’U‘ — f%u[f[.’f!’.f
. 1 . Y= L‘:l’_:li-'.i-‘.l't“::r: '
: A : : :
f?ﬂ' —?ri Y ﬂ' 21r§ g
b translation < units right
_bm . V3 _ 1
€Tr = 5 O & 4 5 b =2+ 7
a secx b sinx ¢ CcosT
a cosf b —sind ¢ 5cos20 d —cosft
e cosecfl f sin 20
120 119 120
a 69 b %5 ¢ 1T
— _2r _®m _ T i —
a r=—-5, -5, —5,0r 5 b 0= 3
- T\ 3*/’_—\/_ 9
5111(94——) 12 tané = 5
3sinz +4cosx & 55111(:54—[]927) 14 1.5 m
b y=2sec2x hasrange {y |y < —2 or y = 2}

1 1
-+ — 1 has no solutions.
l-|—\/§sinm l—ﬁsinm
EXERCISE2A ~

1 1 3 5 1
a 2° b 2 ° ¢ 27 d 2° e 2 °

4 3 3 _4 _3
f 2° g 22 h 2° i 2 ° i 2 .

1 1 1 3 _5
a 3° b 3 ° ¢ 3° d 3° e 3 °

1 5 4 5 2
a 7° b 3¢ ¢ 2° d 23 e 77

1 3 4 . _
f7 3 g 3 1 h 2 ° i 2 3 i7"

1 3 1 5 _3
a x° b z° c x ° d z° e xr °
a ~ 2.28 b ~ 0.435 ¢ ~ 1.68 d 1.93
e ~ (0.523
a V5 b % ¢ 93 d mym e x23/x
a 8 b 32 c 8 d 125 e 4

1 1 1 1 1
f3 3 37 h 15 57 I 35

EXERCISE 2B _

1
2

al b =

a x° + 2zt + 2

C .T}

nr\/_

b 22;1: _|_2:1:

c x+1

d 72% 4 2(7%) e 2(3%) -1 f 22422+ 3
3 1
g 1+5(27%) h 5% +1 i 2 +2° +1
3 1
i 322 4+5(3%)+1 k 2x? —x* +5 | 23T _-3(22%)-1
3 a 2%2¢42¢+l_3 b 3%¢ 1 7(3%)+ 10
¢ 5% —6(5%) + 8 d 227 4 6(2%)+9
e 327 —2(3%) 41 f 42T 1 14(4%) 4 49
1 1
g r—4 h 4* -9 I ©— — im2+4+—2
£L £
k 7% —2 4772 | 25 —10(27%) 227
h a 57(hT+1) b 10(3™) ¢ 7T7(1+ 7%
d 5(5™ —1) e 6(6mTL —1) f 16(4™ —1)
g 2"(2" - 8) 5(2™) (22
5 a (3"42)(3® —2) b (2% +5)(2* — 5)
¢ (4+3%)(4— 3%) d (54 2%)(5 —27%)
e (3% 4 27)(3% — 27T) f (2% + 3)2
g (3% +5)? h (2% —7)2 i (5% —2)?
6 a (2°41)(2*—-2) b (3* 4+ 3)(3* — 2)
¢ (27 —3)(2*% —4) d (27 + 3)(2* + 6)
e (2% +4)(2* —5) f(3$+2)(3$+7)
g (3*+5)(3* —1) h (5 +2)(h* — 1)
(77 —4)(7TF — 3)
1
7 a 2" b 10® ¢ 3° d — e 57
5?1
f(3)* a3 hs i 5
g8 a 3m+1 b 146" c 4" 4+2" d 4 -1
e 6" f 5™ g4 h 2" -1 i%
9 a n2ntl b —37!
EXERCISE2C
1 a =5 b r=2 ¢ x=4 d =0
e r=-—1 fﬂ:z% g r=—3 h =2
2 a:c:% hm:—% cm:—% d;:c:—%
Emz—% f:r::—% 9:1::% hmz%
_ 1 - 9 _ 7
' r=3 |l x=3 W r=-—4 I::c——i
m x=20 I‘Iﬂ:z% 0 = % p = —6
3 am—% b no solution cm:%
_ 1 _ 1 _
d:{:—g e r=—3 f = —1or3
F a x=3 b =2 c r=—1 d =2
e x = —2 f o= -2
5 ax=1or2 b =1 ¢ r=1or2
d r=1 e =2 f =
g =1 hn z=1or —1 | =
| = —2o0rl K =2 Im:%
6 z=48, y=1
EXERCISE2D =~
1 a I ~14 n ~ 1.7 n =~ 2.8 v ~ 0.4
b 1 z~1.6 iz~ —0.7
¢ y = 2% has a horizontal asymptote of y = 0.
2 ad(c b B c E d A e D
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