Sum /difference - to - product formulae
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Na prezentacji oméwimy wzory z ostatniej lekcji i pokazemy jak je
stosowaé przy rozwigzywaniu réwnan trygonometrycznych.
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When we solve an equation like:

x*—4x—12=0 (1)
what we want to do is to turn it (if possible) into:

(x—6)(x+2)=0 (2)

because this immediately gives us the solutions x =6 or x = —2.
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When we solve an equation like:

x*—4x—12=0 (1)
what we want to do is to turn it (if possible) into:

(x—6)(x+2)=0 (2)

because this immediately gives us the solutions x =6 or x = —2.

We turned equation (1) where we add terms to an equation (2) where we
multiply terms. This is often useful when solving equations.
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We want to do something similar to trigonometric functions. Suppose we
have an equation:
sinA+cosB =0

can we somehow turn this sum into a product?
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We want to do something similar to trigonometric functions. Suppose we
have an equation:
sinA+cosB =0

can we somehow turn this sum into a product?

The answer is of course yes and we will see how to do this on the next few
slides.
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Recall that we already have the following four formulae:

sin(a + ) = sin a.cos 3 + sin 3 cos
sin(a — 3) = sina.cos 3 — sin F cos
cos(a + 3) = cosacos 3 — sinasin 3

cos(aw — 3) = cosacos 3 + sinasin 3
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If we add the first two equations we get:

sin(a + ) + sin(a — 3) = 2sinacos 3
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If we add the first two equations we get:
sin(a + ) + sin(a — 3) = 2sinacos 3

Now let A=a+ f and B=a— (.
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If we add the first two equations we get:

sin(a + ) + sin(a — 3) = 2sinacos 3
A+ B

5 and

Now let A=« + [ and B = a — 3. This gives a =
A—B

p="0"
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If we add the first two equations we get:

sin(a + ) + sin(a — 3) = 2sinacos 3

A+ B
Now let A=« + [ and B = a — 3. This gives a = -12- and
A—B
8= — So we get the following formula:
A+ B A—B
sinA+sinB = 2sin(—£> cos<2>
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If we add the first two equations we get:

sin(a + ) + sin(a — 3) = 2sinacos 3

A+ B
Now let A=« + [ and B = a — 3. This gives a = -12- and
A—B
8= — So we get the following formula:
A+ B A—B
sinA+sinB = 2sin( —; ) cos<2)

Similarly if we subtracted the second equation from the first one we would

get:
sinA —sinB = 2sin<A; B> cos<A42_ B>
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We can also add the third and fourth equations to get:
cos(a + [3) + cos(a — 3) = 2 cos a cos 3

and again using the substitutions A= a + 3 and B = o — 3 we get:

A+ B A—B
cosA+cosB:2cos< —; >cos<2>
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We can also add the third and fourth equations to get:
cos(a + [3) + cos(a — 3) = 2 cos a cos 3

and again using the substitutions A= a + 3 and B = o — 3 we get:

A+ B A—B
cosA+cosB:2cos< —; >cos<2>

Subtracting the fourth equation from the third one gives:

) (*5°)

A
cosA —cosB = —2sin< +
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In the end we get the following four formulae:

sinA+sinB :2sin(A—£B> cos(A_ B)

2
sinA—sinB= 2sin<A_ B) cos<A+ B)
2 2
cos A+ cosB = 2cos<A+ B) cos(A_ B)
2 2
cosA —cosB = —25in(A; B) sin(A;B)
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In the end we get the following four formulae:

sinA+sinB :2sin(A—£B> cos(A_ B)

2
sinA—sinB= 2sin<A_ B) cos<A+ B)
2 2
cos A+ cosB = 2cos<A+ B) cos(A_ B)
2 2
cosA —cosB = —25in(A; B) sin(A;B)

These formulae are in the formula booklet but you should remember them
nevertheless.
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Exercise 1

Evaluate sin 105° — sin 15°.
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Exercise 1

Evaluate sin 105° — sin 15°.

sin 105° — sin 15° = 2sin45° cos 60° = 2 x

S

N =
N
S
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Exercise 2

Evaluate cos 105° — sin 75°.
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Exercise 2

Evaluate cos 105° — sin 75°. (Remember about the formula that changes a
function into a co-function).
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Exercise 2

Evaluate cos 105° — sin 75°. (Remember about the formula that changes a
function into a co-function).

c0s 105° — sin 75° = cos 105° — cos 15° = —25sin 60° sin 45° = —\2@
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Przypomnienie

Teraz przejdziemy do rozwigzywania réwnan.
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Przypomnienie

Teraz przejdziemy do rozwigzywania réwnan. Krétkie przypomnienie.
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Przypomnienie

Teraz przejdziemy do rozwigzywania réwnan. Krétkie przypomnienie.
Réwnanie

) 1
SINX = —
2
rozwigzujemy korzystajac z wykresu lub okregu jednostkowego i dostajemy:
T b

gdzie k € Z.
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Przypomnienie

Jesdli zamiast sin x mamy np. sin 10x to rozwigzujemy analogicznie:

1
in10x = =
sin X >

teraz mamy:

10x:%+2k7r v 10x:5%—|—2k7r

czyli:

gdzie k € Z.

Tomasz Lechowski Batory Mat-fiz 2 21 grudnia 2021 12 /18



Rozwigzywanie réwnan trygonometrycznych bedziemy jeszcze intensywnie
¢wiczyli. Ponizsze przyktady pokaza, jak mozemy nasze nowe wzory do
tego wykorzystac.
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Exercise 3

Express sin 6 4 sin 36 as a product of two trigonometric functions. Hence
solve sinf 4+ sin20 +sin360 =0 for 0 < 0 < 7.
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Exercise 3

Express sin 6 4 sin 36 as a product of two trigonometric functions. Hence
solve sinf 4+ sin20 +sin360 =0 for 0 < 0 < 7.

We have:
sin@ +sin 30 = 2sin<9 + 39) cos(e _ 30) =
2 2
= 2sin 26 cos(—0) = 2sin 26 cos 6
Batory Mat-fiz 2
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N
Exercise 3

Express sin 6 4 sin 36 as a product of two trigonometric functions. Hence

solve sin@ +sin20 +sin30 =0 for 0 < 0 < 7.
We have:

sin@ +sin 30 = 2sin<9239> cos(e _230> =

= 2sin 26 cos(—0) = 2sin 26 cos 6

So we get:

sin@ +sin20 +sin30 =0
2sin20cosf +sin20 =0
sin26(2cosf 4+ 1) =0

Which gives sin20 =0 or 2cosf +1 =0
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Exercise 3

We want to solve sin20 =0 or 2cosf@ +1 =0 for 0 < 0 < 7.
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Exercise 3

We want to solve sin20 =0 or 2cosf@ +1 =0 for 0 < 0 < 7.

The first equation gives us 6 € {0, 5,7}, the second gives us 6 = 2% 5o in

3
the end we have four solutions: 0, 7, %’r,w.
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Exercise 4

Solve cos b0 — cos = sin 26 for 0 < 0 < 27.
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Exercise 4

Solve cos b0 — cos = sin 26 for 0 < 0 < 27.

We start by combining cos 56 — cos 6.
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Exercise 4

Solve cos b0 — cos = sin 26 for 0 < 0 < 27.

We start by combining cos 50 — cos . We get:

cos b — cosl = —2sin<59; 9) sin<592_9> =

= —2sin30sin 260
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N
Exercise 4

Solve cos b0 — cos = sin 26 for 0 < 0 < 27.

We start by combining cos 50 — cos . We get:

cos b — cosf = —2sin<59 + 9) sin<5‘9_9> =
2 2
= —2sin30sin 260

Hence we get:

cosbhf —cosf =sin20 = —2sin30sin20 = sin 26

Tomasz Lechowski Batory Mat-fiz 2 21 grudnia 2021 16 / 18



Exercise 4

Solve cos b0 — cos = sin 26 for 0 < 0 < 27.

We start by combining cos 50 — cos . We get:

cos b — cosl = —2sin<59; 9) sin<592_9> =

= —2sin30sin 260

Hence we get:

cosbhf —cosf =sin20 = —2sin30sin20 = sin 26

This gives:
sin20 + 2sin30sin20 = 0
Batory Mat-fiz 2
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Exercise 4

Factoring sin 20 gives:

sin20(1 +2sin36) =0
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Exercise 4

Factoring sin 20 gives:
sin20(1 +2sin36) =0

So )
sin20 =0 or sin30 = )
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Exercise 4

Factoring sin 20 gives:

sin20(1 +2sin36) =0

So

sin20 =0 or sin30 = —1

2
From the first equation we get 0 € {0, 7,7, 2 T 27}. The second equation

7w 117 197 237 31m 35«
gives 0 € {15, 5 15> T8> i8> 18
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Exercise 4

Factoring sin 20 gives:
sin20(1 +2sin36) =0

So )
sin20 =0 or sin 30 = )

From the first equation we get 0 € {0, 7,7, 37”, 27}, The second equation

. 7w 117 197 237 31m 35«
gives 0 € {15, 78> 18+ T8 18 18

So in the end we have 11 solutions:
06 {0 7 w 117w 197 237w 3wx 31w 35« 27_[_}

» 18727 187> 18> 18 27 18 7 18"
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In case of any questions you can email me at T.J.Lechowski@gmail.com.
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