1. Given that _z =2—-i,z € C,findzintheforma+ib.

Z+2

METHOD 1
:=(2—1')(:72) .
=2z+4-r-2
(1-=—4+2
_—4+2
1-i

422 1+

1-i 1+
=—3—i
METHOD 2
letz=g+ib

a+ib
a+ib+2
atib=02-(a +2)+ib)
atib=2{a+2)+2bh-ia+2)+h
at+tib=2a+b+4+2b—a-2)
attempt to equate real and imaginary parts
a=2a+tb+H=a+db+4=0)
and b=2b—-a-2A= —a+b-2=0)

=2-i

Note: Award Al for two correct equations.

b=—1,0=-3

-=_3_i
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(Total 4 marks)
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2. The complex numbersz; =2 —2iandz, =1 — iv/3 are represented by the points A and B
respectively on an Argand diagram. Given that O is the origin,

(@ find AB, giving your answer in the form a\/b—\/§ ,wherea,b ¢ Z*;

(b) calculate AOB in terms of m.

(@ AB= 17 +(2-43)
2-3
(by METHOD 1

2

T
argz,; =7 args, =-—

Note: Allow Tand T
4 3

Note: Allow degrees at this stage.

]

AOB =

wlH
1=

n n
= _ f——
12 (accep 12)

Note: Allow FT for final Al.
METHOD 2

attempt to use scalar product or cosine rule

cosAéB = l_ﬁ
2.2
o): P
12
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3. Given that z = cos@ + i sin @ show that

(a) Im(zn +in]=0,ne VAR
z
2

(b) Re(z—_lj —0,74-1.
z+1

()

(Total 7 marks)

(a) using de Moivre’s theorem

1 .. .. . .
"+ — =cosnf+1sin nf + cos nf —1i sin #f (=2 cos #f), imaginary

part of which is 0 Ml1Al

[ n 1 ‘|'| _ |
solm, +— = 0 AG
\ =/

z—1 cosf+isnf-1

(b)

-+1 cosG+ising+l
_ (cos€é —1+isinF)(cosé+1—1sin &)
(cosf+1+1isn&)cosd+1—1sind)

MI1Al

Note: Award M1 for an attempt to multiply mumerator and denominator
by the complex conjugate of their denominator.

:>Re|f -1} (cos&-1)cosE+1)+ sin? &

| |= _ MI1A1
Lo+l realdenominator

Note: Award M1 for multiplying out the numerator.

cos? +sin’ E-1

_ Al
real denominator

=0 AG
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Consider the complex number o = z_+; ,Wherez=x+iyandi= +-1
Z+
(6)

4,
If @ =i, determine z in the form z = r cis 6.

(a)

(X2 +2X+ Y2 +y)+i(x+2y+2)
3

Prove that w = > 5
(X+2)°+y

(b)

Hence show that when Re(w) = 1 the points (x, y) lie on a straight line, 11, and write down
4)

(©)
its gradient.

(d) Givenarg (2) = arg(w) = % ,find | z].
(6)
(Total 19 marks)

(2) METHOD 1
o+1
=1
-+2
S ti=i 42 MI
(1) =i Al
z=_1 Al
1—1
EITHER
Nk
cis, — |
-2 Ml
J2eis| 2% |
L4
3 A [ Sy
A2 d 3 or Lais( 2™ || AlA1
2 L4 )0 2 L4
OR
i )
se i 1. 14 Mi
2 LY 2 2 Fl
2 I I )
A2 -5!3_“] or = cisl 2T 1 AlA1
2 L4 7\ 4))
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METHOD 2

i= .1'—1(3'—.1) M
x+2+1y
r+ip+ 1) =w+ilx+2) Al
r=—x+l=y+1 Al
solving. x = —l;;-:l Al
2 2
1 1
I=—Z 4
2 2
2 3=y 1 (3w}
:=£c1s!—ﬂflor—c1s!—ﬂfi AlAl
2 L4l h La))
Note: Award Al fort the correct modulus and A1l for the correct argument,
but the final answer must be in the form rcis 6.
Accept 135° for the argument.
(b)  substituting == x + iy to obtain w = ﬂ (A1)
(x+2)+u
use of (x + 2) —1i to rationalize the denominator M1
A+ w1+ —p+ v+ r+2
o= XD+ Y@+ D+il+ (p+ 1 (x+2)) Al
(=2 )
A i 2x+pi e P rilx 2y +2
_ G+ 2xey 4 p)+ire 2 +2) G
(x+2)" +3°
2 gl
(€ Rew=_—_——F 7V Ml
(=2 <7
— e 21'—3'2 +y= i —_1'2 Al
= y=2x+4 Al
which has gradient m = 2 Al
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(d) EITHER

arg (Z) = ; =x=y(and x, y= 0}
2x? £3x i(3x+2
. 2x* +3x i3x+2)

(x+2)* +x7 N (x+2)* +x?
Ty
ifars(es) =0 S tanf= —2T2
2xT+3x
Jx+2

i |
2x +3x

OR

T

arg (Z} = 7 = y=y(and x, y > 0}

arg (w) = ;:>.‘1'2—2‘1'—:1'2—:1':.‘1'—2:1'—2

solve simultaneously

il " N
x+ 2+ +x=x+2x+ 2 (or equivalent)

THEN

P=1

x=1(as x> 0)
Note: Award Al for x ==1.

=1 = 2

Note: Allow FT from incorrect valies of x.
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Consider the complex numbers z =1 + 2i and w = 2 +ai, wherea € R.

Find a when
@ |w|=2]z];

3)
(b)  Re (zw) =2 Im(zw).

(3)

(Total 6 marks)

(@ |z| =5 and [w]|=+/4+a
|wl=2]z|
fasa® =265
attempt to solve equation M1

Note: Award MO if modulus is not used.

a==4 AlAal  NO
b)) —w=(2-2a)+{4+al Al
forming equation 2 —2a=2 (4 + a) M1
a= —E Al NO
2

[6]
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6.

(a)

(b)

(c)

If z is a non-zero complex number, we define L(z) by the equation

(@)

(b)

(©)

L@ =In|z| +iarg(z),0<arg (2) <2m.

Show that when z is a positive real number, L(z) = In z.

2
Use the equation to calculate
() L)
(i) L@-i);
@ii)) L1+ ).

®)
Hence show that the property L(z,z,) = L(z1) + L(z,) does not hold for all values
of z; and z,.

(2)

(Total 9 marks)

|z| == arg()=0 AlAl
soL(Z)=lnz AG NO
(i) Li-l)=hl+it=in AlAl N2
(i) L(l-=h JE—{?_I Alal N2
i) L1+D=T/Z+i " Al NI
(i) L-1+D)=Ih-2 "

for comparing the product of two of the above results with the third M1

for stating the result —1 +i=—1 {1 —f)and L (-1 +{) 2L (-1} + L{1 -i)R1
hence, the property L(ziz2) = L(z)) + L(z)

does not hold for all values of ; and =; AG N0

&
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7.

Find, in its simplest form, the argument of (sin@+i (1— cosé?))2 where @is an acute angle.

(Total 7 marks)

(sin6 +i(l — cos@)® = sin®6— (1 — cosE)* +12 sin6(1 — cosé) MI1ALl
Let o be the required argument.
tana= 2?111 H[l—cosﬁ'h M1
sin®#—-(1-cos8)
- 125_111 H [1—cosd | _ )
l—cos” @ -[1-2cosf+cos” 6
2 si - )
_ 2sm A1 cosﬁ',! Al
2cosf(l—cosf)
= tan& Al
8. (@) Use de Moivre’s theorem to find the roots of the equation #=1-1i
(6)
(b)  Draw these roots on an Argand diagram.
(2
(c)  Ifz; is the root in the first quadrant and z, is the root in the second quadrant, find —% in
Z;
the form a + ib.
(4)
(Total 12 marks)
!
(@ z=(1-9*
Let 1 —i=r(cosf+1isinf)
—7r=.2 Al
g=_T Al
4
A
| ( " AR
::|ﬂ‘c05!—L!—1sm!—E!|: M1
| . | J | 4).).)
s '\.'Il
- Y oL Ve
=| Jf‘ cosl — = < 2nm |«isin| = T+ 2w | | :
|_\ . L 4 J | 4 f')'JI
1 ;
=27 cod - _E\'_{g‘n!—i_gﬂ M1
\ 2 L6 2 )
1 ) SR
=2%| cosl - & '—ism! E'|
) 1 A L 16 'y
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Note: Award M1 above for this line if the candidate has forgotten to
add 2n and no other solution given.

LY F7e )
ZEE|CUS!E '—15111|?—Tr '|
16 ) W16 )

L 3
=EE|C

{15y . . (15m)
os —— |+isin| == |
16 ) 16 /)
A ! Ty
(2T )eisim[ - 22| A2
Lo16 ) 16 ))

Note: Award Al for 2 correct answers. Accept any equivalent form.

(b)
A
|j‘
2"
>
L i
Fal
b
A2
Note: Award Al for roots being shown equidistant from the origin
and one in each quadrant.
Al for correct angular positions. It is not necessary to
see written evidence of angle, but must agree with the diagram.
Lr s 15700
25‘ l u:crsll}—ﬁﬂ ,—1'51'11! 113—;[ ' ‘
O — S MIAL
-1 IR AT e 2)
2 |,r_'05— ,—15ﬂ1,—,|
\ 16 /A \ 16 ry
T .. =
= Z+ e Al
C052 isin 3 (AL}
=i Al W2

2]
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9. Given that (a + bi)2 = 3 + 4i obtain a pair of simultaneous equations involving a and b. Hence

find the two square roots of 3 + 4i.

at+ dab - =3 +4i
Equate real and imaginary parts
a’-F=3,2ab=4

. L2
Since b= Z
a

= ' -3a8—4=0

Using factorisation or the quadratic formula
= g==2

= h=4+1

=34 =2+1 -2-i

10. (a) Factorize z° + 1 into a linear and quadratic factor.
Lety= 1+iv3 .
2
(b) (i)  Show that y is one of the cube roots of —1.

(i)  Show thaty>=y— 1.

(iii)  Hence find the value of (1 — y)6.

(a) using the factor theorem =+ 1 is a factor
Srl=(+ 1+ 1)
(b) (i) METHOD1
Sl P 1=+ -+ D=0

solving > —=+1=10
__ 1z -4 1zif3
Z 5 -

therefore one cube root of — 1 is §

METHOD 2
2o (13—

| 2 ) 2
go —leif3 —14i8 -1-3
’ 2 2 4

=_1
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(M1)
Al
(M1)
Al
(M1)
Alal
[7]
(2
9)
(Total 11 marks)
(M1)
Al
(M1)
M1
Al
AG
1Al
Al
AG
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(i) METHOD 1
asyisarootof > —z+1=0theny*—y+1=0 MIR1
pP=p—1 AG
Note: Award M1 for the use of > —z+ 1 = 0 in any way.
Award R1 for a correct reasoned approach.
METHOD 2
2o 21+ Mi
2
I'_1:].—1'\.|'I'§_1=_].—1'\.|'I'§ Al
2 2
(iii) METHOD 1
(1-°= ) (1)
=" Al
=0 (1)
=
=1 Al
METHOD 2
(1-p°
=1-6y + 157207 +157* —6° + 5 MIAl
Naote: Award M1 for attempt at binomial expansion.
use of any previous result e.g. = 1 — 6y + 157 7+ 20 — 15y + 67~ + 1M
=1 Al
Note: As the question uses the word “hence’, other methods that

11.  Giventhat |z| = 410, solve the equation 5z + 1—2 = 6 — 18i, where z* is the conjugate of z.
z

do not use previous results are awarded no marks.

Szz%+ 10 = (6 — 18i)=* M1
Letz=a+ib

5% 10+ 10 = (6 — 18i)}(a — 5) (= 6a — 651 — 18ai — 185) MiA1
Equate real and imaginary parts (M1)
= 6a—18b =060 and 60 + 18a=10

= ag=land b=-3 AlAl
z=1-31 Al
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12.  Solve the simultaneous equations

izy+22,=3

Zl+(1—i)22:4

giving z; and z, in the form x + iy, where x and y are real.

. 1. 3
i1+ 25=3 = 5= —;1_-1—;

o+ (l-im=4

EITHER

Letgy=x+iy

= x+iy—x—fy=5+3%

Equate real and imaginary parts

= xtTy=35

- Ty=3

2y=8
y=4=x=lie;=1+4

1. 3
2= ——il+H) =
2 21( i) 3

o= 301+ (_5+8i-3)

A=D1+ | 2 )
_'1=1_41.

1. w3
=-—Zdlth)+ =
2 2( ) 3
n=-tigpl?

2 2
__ 7 1.
2= ——=1

2 2
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13. (a)

terms of sin @ and cos 6.

(b)  Hence show that cos 36 = 4 cos® 6 — 3 cos 6.

(c)  Similarly show that cos 56 = 16 cos® 6 — 20 cos® 6 + 5 cos 6.

(d)

(e) By considering the solutions of the equation cos 58 = 0, show that

(a)

(b)

Note:

cos1 = ,/5+‘/§ and state the value of cosE )
10 8 10

(cos 8 +1sin #) = cos” 8+ 3cos” 8(isin §) + 3 cos H(isin 6)° + (isin 8)° (M1)
=cos” #—3 cos B sn® A+ i(3 cos” Bsin B —sin’ §) Al

from De Moivre’s theorem

(cos B+ 1isin 8)° = cos 36 +1sin 36 (M1)

cos 36 +1sin 38 = (cos” # — 3 cos Asin® §) + i(3 cos” B sin A —sin” &)

equating real parts

cos 3@=cos° B —3 cos Hsn’ @ M1
= cos” #—3 cos 8 (1 —cos” 8) Al
=cos  f—3 cos B +3 cos’ B
=4 cos” f—3 cos f AG

: Do not award marks if part (a) is not used.

(cos B +isinf) =
cos” B+ 5 cos® @ (i sin 8) + 10 cos” A(i sin £)* + 10 cos” B(i sin 8)°

+ Scos B (isin 8)* + (isi ) (A1)

from De Moivre's theorem

cos 58 = cos” 8 —10 cos” Asin® 6+ 5 cos @ sin* @ M1
= cos” #—10 cos” 8 (1 —cos” 6) + Scos B(1 — cos” ) Al
=cos” §—10cos B+ 10 cos” #+ S cos B—10 cos” 8+ 5 cos” A

- cosS8=16cos” 8—20 cos® 8+ 5 cos @ AG

If compound angles used in (b) and (c). then marks can be
allocated in (c) only.

IB Questionbank Mathematics Higher Level 3rd edition

Hence solve the equation cos 56 + cos 36 + cos § = 0, where 0 e {—g : ﬂ .

Write down the expansion of (cos 6 + i sin 0)3 in the form a + ib, where aand b are in

@

@)

©)

(6)

(8)
(Total 22 marks)
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(d)

(e)

Note:

cos 56 + cos 38 + cos #
=(16 cos” #—20 cos° B+ 5 cos H)+ (4 cos’ #—3 cos ) + cos =0 M1

16 cos” 8—16cos° @+ 3 cosf=0 Al

cos 6 (16 cos* #—16 cos® 8+ 3)=0

cos B (4 cos’@—3)4cos*H-1)=0 Al

.'.c056‘=ﬂ;:£;:1 Al

2 2

.'.5‘=:E;:E :E A2
6 3 2

cos 38=0

- n{3n sa}7n

f=_ =] == M1

’ 2\22 72 1)

P T (3m Sm| Tm 1)

"'ﬁﬂ.‘ﬁ:ﬁfﬁ“"

These marks can be awarded for verifications later in the question.

now consider 16 cos” #—20 cos” # + 5 cos =0 M1

cos A (16 cos* 6—20cos? g+ 51=0

20 = [400—4(16)(5)
ic

cos-6= osf8=10 Al
32
20400 — 4165
cos = :J 16)5)
32
20+ /400 —4{16)5 . .
cos - =:J (16)6) since max valie of cosine = angle
10 32
closest to zero Rl
43 44? —4 =5
cos = = J o7 - (3 £ Al
10
cos T |2 ‘*E Al1A1
10 8
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