Equating imaginary parts:
2ab+b=0
& b(2a+1)=0

=b=0 or a:fl
2

ie. Im(z) =0 (so that z is real) or Re(z) = —%

(b) Ifzisnotreal (i.e. b= 0), then a = —%.
Equating real parts in (*):

at-b+a=k

Since z is not real, there must be (non-zero real)
solutions to this equation for .

Therefore, .8 k>0,1e k< —l.
4 4

5. |i|:1 and argis%,soi:eig.

1 i n
Therefore it = (eli] =¢ 2, which is real.

9 DIFFERENTIATION

Mixed practice 9

1. A=:rrr2:>%=27tr
dr

d
It is given that L3
dr

L4844 dr
dt  dr dr
=21rx3
=6mr cm?s™!

When r = 20: ;ﬂ =6mx20=120mcm?s™!
t

h(x+t)—h(x)

2 ()=l
:1im[f(x+I)+g(x+t)]—[f(x)+g(x)]
=0 I
_ m[f(x+t)—f(x)]+[g(x+t)wg(x)]
=0 f
=1fi_r)51f(x+t3—f(x) +%ij%g(x+rzfg(x)
= f(x)+g'(x)

3.

(a) Perimeter=2x+2y
40=2x+2y
Ly=20-x
Therefore,
Area = x(ZO o x)

=20x—x? x

(b) For maximum area, %= 0:
dx
A:20x—x2:»%=20f2x
dx
20-2x=0=x=10

d’A
dx2

=-2<0 .. maximum

When x =10, y=20-x=20-10=10,
i.e. a square.

d
b A 5(cos3x)3+ 2x
dx

=15cos3x+2x

When x =mx, y =5sin3n+ n* = n? and

E}—)=150053rc+21c= -15+2n
dx

=1 i
15428 15-2¢

Gradient of normal is m =

So equation of the normal is:

y=yn=m(x-x)
1

= S

2

oy

= x
15-2n 15-2m

(a) s=atr*+bt

Sov:$=2az+b e (#)
dr

; dv
and acceleration = d_ = 2a, a constant
t

(b) Substituting the given information into (*):

t=lv=1 =1=2a+b ()
t=2,v=35 =5=4da+b --(2)

(2) = (1) gives 4 =2a
Soa=2
and then, from (1), b=1-2a=1-4=-3

15 Worked solutions



Applying implicit differentiation to x> + y* =3:

d
i 3 3 __3
(e +r)=L03
:>3x2+3y2d—y=0
oy *
dx y?

2
= {x] <0 forall x and y
X

So the curve is always decreasing.

(a) Every non-constant polynomial has at least one
(possibly complex) root; or equivalently, every
polynomial of degree n has n roots (some of
which may be repeated).

(b) Stationary points occur where the derivative is
zero. Differentiating a polynomial of degree n
gives a polynomial of degree i — 1, which has
at most i — 1 distinct roots by the Fundamental
Theorem of Algebra. Hence there are at most

n — 1 distinct points where the derivative is zero,

or at most 1 — | stationary points.

(c) Q =3ax*+2bx+c
dx

If 3ax? + 2bx + ¢ = 0 has only one root, then the
discriminant is zero:
A=(2b)" -4(3a)c
0=4b?—-12ac
s b2 =3ac=0
(a) The zeros are where f(x) =il
xt—x=0
= x(x-1 - 1) =0
ox=0o0 ¥-1=0
=x=01
(b) f(x) is decreasing where f”(x)<0:
_f’(x) <0
o 4x3-1<0

1
<:>x<z—

a
€ Fra=1
f(x)=0
S 12x7=0
exm=
(d) f(x)is concave up where f”(x) >0:
f”(x) >0
< 12x2 >0
ezt 30
& X € |eo,0[ L ]0,09]

15 Worked solutions

(e)

()

(a)

(b)

AtR,y=0
P x0+x=2p
= x=2p

So the area of triangle

At a point of inflexion, f”(x)= 0, so from (c)
the only possibility is x = 0. However, there must
also be a change in concavity from one side of
the point to the other; and since, by (d), f(x) is
concave up on both sides of x =0, this cannot be
a point of inflexion.

¥
A

—x2

y=x“:>dy=

So, at x = p, L —p= e and y:l
dx P P

Therefore, the equation of the tangent is:
Y=Xn :m(x_xl)

1 1
y——=——(x—p
= PJ P)
p*y-p=—(x-p)
py+x=2p
AtQ,x=0:
py+0=2p

2

=>y=—
p

~
Q

Y.

OQR is R

A=

(c)

%bh = %(2[))(2] =2, which is independent of p.
P

Since Q = [0, 2} and R =(2p, 0),
P

QR:J(zp—o)%[O—E]
p
= 41)2+i2
V P




(d) The value of p that minimises QR is the same as
the value which minimises QR?. For a minimum,

d 2Y =)
@(QR )=0:

d
—(4p*+4p2)=0
T )
= 8p-8p7 =0
= p*-1=0
= p==tl1
But we know p>0,sop=1.

To verify that this is gives a minimum, check the
second derivative at p = I:

dZ
dp?

(QR?)=8+24p+

=8+24(1)"

=32>0 .. minimum

Going for the top 9

: ; d S
1. For stationary points, ke 4 0. Using implicit
differentiation: dx

d;, d
(¥ +dxy—x?)=—(20
& B l0)

2yﬂ+4y+4xﬂ—2x:()
dx dx
dy
—=0 = 4y-2x=0 = x=2
e ¥y Y

Substituting this into the original equation:
2
¥y +4(2y)y-(2y) =20
=y +8y? —4yr =20
=5y*=20
=yt=4
S =T
Wheny=2,x=2x2=4.
When y=-2, x=2x (-2) =—4.
So the stationary points are (4, 2) and (-4, =2).

Applying implicit differentiation to x* + y* =9:

Then, differentiating again:

dy
dx2 yl
__r=)
= _T
RN
= 5
=-= (using the original equation)
P

By Pythagoras’ theorem, the distance d between a
general point on the curve, (x, %), and the point (0, 9)
satisfies:

d* = (x—0) + (x> —9f
= x>+ x*—18x% +81
=x*—17x" +81
The distance will be minimised when «? is minimised,

and this will occur where %(dz) =0,
d

—(x* =172 +81)=0

dx

©4x*-34x=0
©2x(2x2-17)=0

< x=0 or x:ig

To check which point gives a minimum, consider the
second derivative:

d2
E(af2)=12,'c1—34

d2
)

When x = i\/g,

2
P (a?)=12| £ 17] _34=68>0 ..both minima
dx? 2
Therefore, the closest points to (0, 9) on the curve
R }17 17 ’17 L
y=x"are|,[—,— |and | - |—,— |.
272 22

Consider the general cubic y = ax® + bx> + cx + d,
where a # 0. Taking successive derivatives:

When x = (), —34<0 .. maximum

v =3ax?+2bx+¢
¥’ =6ax+2b
y”’ = 6a

At point(s) of inflexion, y” =0, i.e. 0 = 6ax + 2b

b
S x=——
3a

15 Worked solutions



But there must also be a change in concavity for this to
be a point of inflexion, which means that y” # 0. This
is the case here as y”" = 6a # 0 since a # 0.

Hence, every cubic has a (single) point of inflexion
g b
(and this occurs at x = ——).

3a
v

5. a=
dr

= d%(sz +s)

= 23§+9
dr dt

=2sv+v
=(2s+1)v
= (2S+ l)(52 +S)

df d
6. Itis given that — = 0.4 and g =-0.01.
dt dt

The areais A= %absinC = %F sin®

i

cdA 1

df de
= f(ﬂdfsinﬂ +2 cosef] (by product rule
! H

dr 2 and chain rule)

= %(2: X 0.4 xsinf+[* cos® x (~0.01))

=%(O.8$i116 —0.01/2 cosB)
T
So, when /=4 andB=Z:
au_ i(O.SsinEfO.le 42 cosE)
e 2 4 4

oy omeey)

08x——-001x42x—
2 2

=0.64+/2 = 0.905 m?s ' (3 SF)
7. By the product rule:

Llaxart) =t +x%(x")
But also %(xx x’]) = %(1) =)

e +x%(x"): 0
o

:}x%(x“)=ﬂc

= %(x" )=—x2
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(a)

(b)

(©)

(d)

(e)

The point P has y
coordinates (p, p?) y=e"

er P
tano = —

P
[ep )
.. O =arctan| —
P

y=e* zﬂze-‘
dx
Therefore, at (p, e”)
the gradient of the
tangent is m =e’.

V.

—T A0
0O

So the equation is

y—y :m(x—xl)
yfe”=e”(xfp)
:»y:e”ereP(l—p)

AtQ,y=0.So

O=erx+e’ (1 = p)

Sx=p-1

Therefore, the coordinates of Q are (p — 1, 0).

e’ ¥
tanﬁzizel’ “ _
p=(p-1) i

. B=arctan(e”)

Y.

Let OPQ =7
Then, in triangle OPQ,

a+(n-p)+y=mn

P
= y=B-oa=arctan(e” ) —arctan (e__]
r

-




So

e’
tany = tan| arctan (ef’)—arctan —

P
er — B
=——" (using thetan(A — B) identity)
I+er X
_jpel—et
p+e?r
_e'(p-1)
 pte¥
er(p-1)
Hence y = arctan|——
p+e*r
From GDC, the graph is:
)
b1
1

= e (p—1)
vy = arctan| o |

(f)  From GDC, maximum value of y for p > 1 is
v=10.130 radians (3 SF).

(g) For the equation e* = kx to have exactly one
solution, the line y = kx must be a tangent to the
curve y = e* at the solution point (p, e”).

This will occur when y =0, which we see from the

graph in part (e) is when p = 1, i.e. at the point (1, ).

So, since y = kx,

eP®

S A |

10 INTEGRATION

Mixed practice 10
1
1. @ [Verdr=[(er) dr
= j e§ dx

X
=2e2+c¢

In2 e

® b T

In2 )
dx:jo e*(e* +1) 2dx

= [Z(e‘ + 1)‘5}:2

=2(e‘“3+l)% 72(e°+1)%

=2(v3-+2)

(Note: Here the integration has been done by the
reverse chain rule, but you may find it clearer to use
the substitution u =e*+1.)

Use the cosine double angle identity to rewrite the
integral:

_[:0052 Sxdy= %jﬁ (cos 10x+1)dx (from cos 20 = 2c0s28 —1)

11 E
= —[—sinle-t— x]

2110 h

Ll {1 |
=—|| —sin(10m)+ 7 |—| —sin0+0
21010 10
_

2

Letu=4—x.Thenx=4—u
and % = —1 so that dx = —du. Hence

jxm dx = J‘(4fu)\/;(#du)
= j u\/;—4\/; du

31
=_[u2—4u? du
g3
=—u2——u’+c
5
9 5 8 3
=—(4-x)2—=(4-x)2+c
S(4-x) - 2(4-)
(a) J.tanxdx:_[smxdx
Cos X
Let u=cosx
d
Thend—u:—sinx = dx=- _u
dx sinx

sinx sinx( du
dx:

J.cosx J u l sinx)

=Jfldu
i

:fln|u|+c
=Infu|+c
= ln‘(cosx)_l|+c

= ln\secx| +c
(b) (i) Using the identity sec® x = 1+ tan?® x:
jtanlx dx=J.sccﬁx—1 dx
=tfanx—x+c¢

(i1) Jsecxtanxdx:secx+c
R i C-
(iii) Jsec- xtanx dx = Etan- x+ ¢ (by the reverse

. . d )
chain rule, since a(tan x) = sec® x, or by

using the substitution u = tanx).

15 Worked solutions



5. (a) x2-dx+5=(x-2) (2] +5=(x-2) +1
(b s=[vdr

=arctan(r —2)+c
When =0, s=35:

5=arctan(0—2)+c
= S=-—arctan2 + ¢
= c=arctan2+5

Therefore s = arctan(t —2) +arctan2 + 5

_dy

() a= 5

d -
Ml v T |
[(z 1+5)

=—(t2 -4t 45)" (2t 4)
42t
(2 —41+5)

(d) Velocity will reach a maximum when the

denominator of v = is minimum (the

=4t +5
denominator is always positive).

By (a), * —4t+5= (r —2)2 + 1, and this has a
minimum of | (when 7 =2).

max

1
Sov,, :TZImS_I

6.  Solving simultaneously for the intersection points of
the two curves:

1 1

I+x2 2
o 2=x>+x*

-2

S xt+x2-2=0
@(A +2)()¢*—-1):O
S xP==-2 or x*=1
x? = -2 does not give real solutions, .- x = *1
Then

1
2

-+ a2
| 1
=|arctan x — —x3
6 -1

- [amn] -é(r)-‘] —(arctan(—l)‘é("')i]

X% dx

15 Worked solutions

2 3
From GDC: v
A y= esinx
j; et dy = 1.63187
%
! =
0 1

(a) s=J-u dt:_[.tsintdz
By parts:
Let u=r and d—v=sim‘
dr

Then %=l and v=—cost

dr

3mi2 | 311[2 3n/2

J-n rsm:dt:[t(—cost —J 1(—cost) dr

3 /2 3n/2
Lcost i +j cost dr

3x/2

=

[—rcost+sint],

[37: 3n 31:}

——'C087+blﬂ7
2 2

—(~0cos0+sin0)

=—lm

(b) At maximum displacement, ? =0,1e.v=0:
I

v=r1sint =0
<= t=0 orsint=0

Lt=0m (forOSIS%)

To check that r =  is a local maximum
2

(clearly =0 isn’t), consider 3 2
2

dis  dv
de? dr
d., .
=—(rsint)
dr
=sint +rcost
Whenr=T7
20
7 =sinw+mncoswt=-m<0 .. local maximum.
2

At t =, displacement from the initial position
(using the integration in part (a)) is

= [—rcosr+sint]g
=(-mcos T +sin 1) —(~0cos0+sin0)

=T m



This is greater than the displacement in part (a), so
the maximum displacement is achieved after ws.

(c) Since =1 is a local maximum for displacement,
the ball changes direction here and subsequently
passes back through the initial point before
reaching a displacement of —1 m from the initial

position at t = S?TE (by part (a)). So:

e Distance travelled between t=0and r = is
Feffi=

. 3,
® Distance travelled between t=mand t = L is
—n—(-1)=(m+ 1)m 2
Therefore, total v

distance travelled g il
isd=d, +d,=

@2+ 1)ym. -/r’\v an
L 2
(Note: The velocity graphis < -

R
given here for information g
but is not strictly necessary M
~
to answer the question.) v=—t =

9. j %1112xclx—é
4
l a
[_*C052x:|
2
=>(——1~C082t1 - —lcos() =§
2 2 4

1 1
= —-—cos2a+—=
2 2

AW

1
= cos2a=——
2

O<as<n=0<2a<2n
2‘.’!2 4‘.’!.'
)

s 2a=

10. (a) Letu=2

du  du
(In2)2*  (In2)u

Thend—u=(]n2)2-‘ so dx =
dx
du
2% dr = [u—oo
j J.”(mz)u

|
=|—du
In2

=——+cC
In2
21

= +c
In2

11.

(b) By the product rule:

*(xlogl x) =log, x+ xx1n2

1
=log, x+—

Be In2

(© [ log,xdr=1xlog,x dx

So, using integration by parts:

dv
Let w=1log,x and E:I

d 1
Then - and v=x
dr  xIn2
Jlxlogzxdx xlogzx—j ln2dx

:"CIOg’lx_J'de

= xlog x—i+c
7 2

Alternatively, from part (b),

d 1

—(xlog, x) —— = :

S (vtog,x) - L —tog,

that is d xlog, x . x|=lo
§— -—x|= X
i 22 n2 2

Sojlogzxdx:xlogzx—ﬁ+c

(a) From GDC:

A

. - . 1
Points of intersection are x = E and x = 2.

15 Worked solutions




ArcaofR:j,ZS—x—(x+g)dx
3 %

=jfs-2x—3dx
5 X

=[5x—x? ~2inx]i
2

=(6—21n2)—(§—2!nl)

2
=Efln4-+lnl
4 -+
:Efln471n4
4
:E—Zln4
4

(b) v=njf(5-x)2—(x+z)dx

3 X

2 4
=m[ 25100+ x> - 2 +4+— |dv

3 x?
:njle—lox—idx

3 &

2

=n[21x—5x3+i]

X

2

=x[(4z_20+z)_(2‘_

ol E+g]
7 4
_2m
T4

12. By parts:

Let u=x? and d_v =cos2x
dx

Then % =2x and v= lsin2x
dx 2

[ cos2x dx= xzisinzx—jzx L singie| s

2 2

1 ; ;

=—x? sm2x+jxsm2x dx

2
Then, integrating Ixs'm 2x dx by parts again:
Let u=x and 2 =sin2x

dx

Then d—“:] and v=—lc052x
dx 2

fxsian dx = x(ficosﬂx] 7.[ 1 x(ficoﬁx} dx
2 2
1 I
=——XxCos2x + —J- cos2x dx
2 2

1
= 7—x6052x+lsin2x+c
2 4

So, substituting this into the first expression gives

15 Worked solutions

13.

14.

n
nl4 1 . 4 4
_[ xQCOSZxdx:[—x”-smbc} —J- xsin2xdx
0 2 0

(a)

(b)

(a)

(b)

=l S

= lx2 sin2x
2 o

1
—[——x0052x+lsin2x
2 4

x
4

0
1 x
= Z[le sin2x+2xcos2x — sin2x]g

_iﬂgwq]—(om-o)]

By observation,
X +3=(x+2)(x-2)+7
x*+3 N i
b o x+2
i A = B=2,C=1

So

(Alternatively, you can do this by polynomial
long division or by formally comparing
coefficients.)

| i dx:jx—2+idx
x+2 x+2
:%x2—2x+71n|x+2‘+c‘
9
V,=n] x*dy

-

When the rectangle made up of regions A and B
together is rotated 27 radians about the y-axis,
it forms a cylinder of radius 3 and height 9. The
volume of the cylinder is

Vg = Trh
=nx3*x9
=8l

So
Ve=Vi =V,
=817r—m

_slx
2



15.

(a)

(b)

(c)

Using the double angle identity
cos2x=1-2sin’x:

jzsin?x dr=[1-cos2x dx
1. .
=x——sin2x+c¢
2
e .
= x45(2smxcosx)+c
=x-—sinxcosx+c

At points of intersection:
sinx = 2sin® x
& 2sin’ x —sinx =0

& sinx(2sinx—1)=0

< sinxy=0 or sinx=—

So the coordinates of the points of intersection

are (0, 0) and (g %]

w6
A= J sinx —2sin? x dx
0

T

=[ cosx — —sinxcosx)]g (using part (a))
= smxcosx COSx — x]g
m n]
sin— cos—#cos~—~—
[ 6 06
—(smOcosO—cosO—O]
_B3 B
4 2 6
3
:—7_E.7]
4 6
)j\ y=2sin?x
y=sinx
R
__x
0 = -
6

(d)
6
V= RL (sin x)* — (2sin? x)? dx

/6
= Tc_[n sin? x — (1 —cos2x)? dx (using cos 20
0 .,
=1-2sin’0)

= [ L ey —seanir
= TC.[U -2—( —c0s2x)—(1—cos2x)
m‘(vl
=1':jn E(l—cos2x}—(l—20032x+00322x)dx
=ch.m—l+gc:052x—co:522xdx
0 2 2

= nJ""’_l+ 3C0%2xﬁf(cos4x+ 1) dx (using cos 20
0 2" 9 =2c0s0 —1)
o 5 1

:11:_[ —1+=cos2x — —cosdx dx
0 2 2

3 ¢
=1 —x+75in2x~lsin4x
4 8

L

0

=T (—E+ gsin-TE—lsinz—nJ —[—O+ EsinO —lsinOJ
L 3 8 . 4 8

6 4 3
o m, 3 B

6 8 16

T 5\/5
=T| — _—

6 16

(e) Jarcsin xdx = jl x arcsin xdx, so by parts:

d
Let u=arcsinx and & =1
dx

du 1

Then —= and v=x
dx

1—x?

J-Ixarcsinx dx = xarcsinx—.[x

1
dx
1= x?

= xarcsinx++1—x% +¢

(Note: The integration I dx has been

1
X
V1= x?
done by the reverse chain rule here, but you could
also do this with the substitution u = 1 — x2.)

(fy Wheny=1:
1=2sin’x

. 1
& sinfx=—
2

& sinxy = +—

NG

So the smallest positive value of x is x = i

15 Worked solutions



The area we want is the area of region A in
the diagram.

¥

y=2sin?x

X
>

Area of A = area of rectangle — area of B
= (Ex IJ—FMZsin? x dx
4 (]

(by part (a))

(g) Similarly to (f), when y=p:
p=2sin’x

@sin2x=£

1:rsir|x:i\/E
2

So the smallest positive value of x is x = arcsin ”5

i
)ﬂ
y=2sinx

P

P
.

Area of A = area of rectangle — area of B

aresin /p/2
=(parcsin\/§]__.[0 "2 6in? x dx

; » 2
= parcsin £ . x—sinx cosx |, e
4 2
) arcsin /2
= parcsin £ x—sinxv1—sin® x
e 2

S

1
= pm’csin\/gfarcsin\/ngEde -p?

15 Worked solutions

(h) Since the area of the shaded region A in (g) is also

. » e }1
given by JO x dy —L) arcsm[ 2} dy. we have
p 1
J: arcsin{,’%] dy = parcsin ,g —arcsin ]2—)+E«f2p—p2

So

1
Ial'csin(\jg] dy= )’&I'CSiIl\/gfarcsin\/%JrE\j?«y—yz +e
Letx=% so that y=2x

|
Thenﬁz—and dy=2dx
dy 2

Substituting this into the formula for jarcsin \/E dy
gives 2

J'arcsin(\f;) (de) = 2xarcsinx
—arcsin v x +%‘ﬂ2(2x)—(2x)2 +c
= 2Iarcsin(\/;) dx = 2xarcsiny/x
—arcsin\f;+% dx—4x +c¢
= Iarcsin(\/;) dx = xarcsin/x
—%arcsin\/;+£m+c
= xarcsinvx —%arcsin\/;+%m+c

Going for the top 10

1. Letx=sin®
Then jx—e:cose = dx=cos6d0
jﬁ dx:jm cos0 do
=J-m cos0 d@

= '[cosz 6 do

=j1(cosze+1) de

i (—sm29+9J
)

schosG+9)+ ¢

=—(
= —(sin6/1—sin’0 +6)+c
=5

NI'—- M[v-— l\)l»—

a1 =x? +arcsinx)+c



dx

COsX sinx
de- |

@ c-s=]

cosx +sinx cosx +sinx

CosX —sinx
:I— dx

cosx+sinx
= 1n‘cosx+ sinx| +c

(Note: Here the integration has been done by the
reverse chain rule, but you could also use the
substitution u = cosx + sinx.)

sinx

dx+J ol
COSX +SsInx

COsx

) C+s=]

COSX +S8inx
J- cosx +sinx
cosXx +sinx

=j1dx

= e
Then § = %[(cw)f(c -5)]

:l(x—1n|cosx+sinx|)+5
2

1.8 J-L dx = l(x—ln]cosx+sinxi)+c
COSX +sinx 2

j costx dx = j cos x cos® x dx
=jcosx(1 —sin? x)dx
:jcosx—cosxsinzx dx

. 1 -
=sinx——sin*x+c¢

2nl3
=EJ ) 1-2cos2x dx
4 dmi3

2n/3
/3

n|f2r . 4n T . 2n
=—||—-—-smm— |—| - —sm—
G- 5)-G- )

-35+5) 4

413

= %[A —sin 2x]

wls
w

Y.

(b) The volume of revolution of the curve y =sinx
around the line y = 1 is the same as that of the
curve y=sinx— é around the x-axis
(i.e. translating everything down by é).

n/3

23 | 1 2 3
V=m sinx—— | dx
2
2nl3 | ; 1
=1T.J- sin x —sinx +— dx
4 /f\
2m/3 | X
-—rc_[m E(l—cost) r i
I 3 3
—sinx+— dx
4
T 2513

:Z 7 3—2cos2x—4sinx dx

= E[3)c —sin2x + dcos x]zm
4 /3

b . 4n 47 . 2n 21
=—|2x —sin—+4cos— [—| T —sin—+4cos—
4 3 3 3 3

=§(n+\/§—4)

5. By parts:

v
Let u=e* and — =sinx
dx
du
Then —=e¢* and v=—cosx
dx
_[e-‘ sinx dx =—e*cosx — _[—c-‘ cosx dx
=—e'cosx+ Ie-‘ cos.x dx
For j- e* cosx dx, use parts again:
dv
Let u=e* and — =cosx
dx
du .
Then —=e* and v=sinx
dx
je“’ coszde=er sinxfj e*sinx dx

Substituting this into the expression for j e'sinx dx
above:

I e'sinx dx =—e*cosx +j e*cosx dx
=—e’cosx+ (e" sinx g.[ e'sinx dx)
2j e'sinx dx=—e*cosx+e'sinx

i |
HenceJ-e-‘smxdx:Ee‘(s111x—cosx)+r:

15 Worked solutions



D

: 1-3x 1-3x 1-3x
6. =
= \/1+3x \/l+3x x\/l—Sx
(\/1*31{)2
~ Ja+3na-3x0

. 1=3%

N 1=9x2

G _[ —3x _J-
W T3 N 9x2

dx

[ ij 9X“
1 ol x 2z 3
:~§arcsm o +g\/179x +C

= %(arcsin(3x)+ 1 =9x2 )+C

(b) (1) jsec-‘ xdx= _[ secx sec® x dx
dv
Let u=secx and — =sec’x
dx
du
Then — =secxtanx and v=tanx
dx
_[ secxsec? x dy = secxtanx—jsecxtanxtanx dx
=sccxtanx—jsecxtan2xdx
:Secx[anxgjsecx(seczxfl) dx
:secxtanx—jsec3x—secx dx
=secxtanx —jsec-‘x clx+Jsecx dx

= secxtanx—jsec’ x dx

+ln!secx+ lanx\ +C
ZJ sec? x dx =secxtanx + ln|sccx+tanx|+c

Hence j sec? x dx :%(secxtanx+ ln|secx+ tan xD+C

(i) Let x=+/3tan@
dx
Then = 3sec’® = dx=+3sec?d dO

To change the limits:

Atx=0,0=3tnb = 6=0

Atx=1, I=\/§tan6 = tan®=

-

= 9=1

15 Worked solutions

So [T+ 3 ar=[" i3m0 +3 (3seet0 ao)
= [ V3an?6+3 (V3sec?6 d)
= [ V3an6+1 (V3sec? 6 ab)
=3["sec0 0

E
6

= 3|: . (secetan8+ ln\sec6+ tcm9|):|

3 T b
=—|| sec—tan—+In
2 6 6

7(scCOtanO + ]nlseCO + tan Ol)]

T

=2| S8
2(3 nf]
:E(z+lln3]
e

=I+§ln3
4

0

T T
sec— + tan—
6 6

11 PROBABILITY AND
STATISTICS

Mixed practice 11

1. (a) Let X =height of atree. Then X ~ N(26.2,5.6%).

P(X >30)=1-P(X <30)
=1-0.75129...
=0.249

(b) Let Y = the number of trees out of the 16 that are
more than 30m tall.

Then ¥ ~ B(16, 0.249).

(from GDC)

P{Fz2)=1-P(¥ £1)

=1-0.06487... (from GDC)
=0.935
2. Probability distribution of X:
1 2 3 4

16k

k+4k+9k+]6r’c=1(:)k=i
30

E(X)=1(k)+2(4k)+3(9%)+4(16k)

<1008 =20 2355
30



