5 SEQUENCES AND SERIES

Mixed practice 5
1. u, =17 = u +3d=17 - (1)
S, =990 = 2—20[2u, +19d]| =990
=2, +19d=99 --. (2)
From (1), u, = 17 — 3d; substituting this into (2) gives
2(17-3d)+19d =99

< 34+13d =99
=d=5

Sou =17-3d=17-3x5=2.

2. The fourth, tenth and thirteenth terms of the geometric
sequence are:

uy =i

Uy = iyr°
_’ 12

Uy = WyF

As these form an arithmetic sequence:

Wy — Uy =3 —Hy

Sur! —wr? =ur'’? —ur®

= =27+ =0 (asuy, 20)
=SrP-2rf+1=0 (asr=z0)
=r=1,1.17,-0.852 (from GDC to 3 SF)

2 r=-0.852  (for sum to infinity to exist, |r| < 1)

12 1 & 12 12 1 T
3. 241'4-[—) =42r+2(—
r=l 3 r=1 W
The first sum is an arithmetic series, and the second
sum is a geomelric series. So, using the formulae:

12
12 -]
4 ?(2x1+(12—[)x1) +—1—|:312.5 (4 SF)
)
4. For 20 terms of this series, i.e. with n = 20:
Inx+Inx*+Inx’ +Inx"+..=Ilnx+4Inx+7lnx
+10Inx+...

=Inx(1+4+7+10+...)
2
= !nx[;o(z-ﬁ- 19x3))

=590Inx
=lax*0
5. We know that the total length of the pieces is 300, i.e.
S, =300:

S, = ;—i(u[ +u,,)
n
300=—(1+19

(1419
< 300=10n
< n=30

15 Worked solutions

So iy, =19:

U, =u +(n— l)d
19=1+29d

1
od= —8 metres
29

The amount Aaron has in his account for the first few
months is:

Lst: 100
2nd: 100+ 110
3rd: 100+ 110+ 120

His monthly balance forms an arithmetic series with
a =100 and d = 10. So after n months he will have:

n
S, = E[2>< 100+ (n—1)10]
:%[zoo+10n—1o]

=ﬂ[190+10n]
2
=5n*+95n

The amount Blake has in his account for the first few
months 1s:

Ist: 50
2nd: 50 x 1.05
3rd: 50 x 1.052

His monthly balance forms a geometric series with
a =50 and r = 1.05. So after » months he will have:

_50(1.05" —1)
" 105-1
=1000(1.05" -1)

Therefore, Blake will have more in his account than
Aaron does when:

1000(1.05” —1) > 5n* + 951
. n=73 months (from GDC)

Going for the top 5

1

(a) (1) Writing out the sum from the first term, «,

to the nth term, ar":
S, =atar+ar’+..+ar"2+ar! (1)
Multiplying through by 7:
rS,=ar+ar*+ar’+..+ar+art (2)
We can see that (1) and (2) have many terms
in common:

S, =a+ar+ar’+ar’+..+ar"? +ar"! (D

S, = ar+ar’+ar’+..+art+ar' +art (2)



(ii)

So (2) — (1) gives:
¥S,—S,=ar"—a
=>S,,(r—])=a(r" -1)
s = a(r" —I)
r—1

If —1 < r< 1 (or equivalently || < 1), then as
n— oo, = 0. S0
S _)a(()fl): —-a _ a

n -

r—1 r—-1 1-r
If |r| =1, then 7" has no limit as n — oo, and
so there is no finite limit for §,,.

Thus, S, = li only for M <l1.
-r

ul{l —r")

(b) The sum of the first n terms is §, = ——=.

1-r

The sum of the next n terms is given by

S2.'r = Sﬂ o

B u (1=r2) u (1-r")

1-r 1-r
u(1=r> =1+r")
=
”1 (?"H - '.2.11)
B l—r
oyt (l—r"}
=

So the ratio of the sum of the first n terms to the
sum of the next n terms is

w(1-r") " (1=r")

=L pt

(c) @

1-r 1-r

iy, +4us = ug

ie. wrS + durt = ur’

=r’+4=r3 (since u,r #0)
=ri-rt—-4=0

To factorise this, substitute small positive

and negative integers into f(r)=r’—r>—4
until you find an r such that f(r)=0:

f)=r-1r-4=-—4

A)=(-1f (1) 4=
f(2)=22-22-4=0

Therefore, by the factor theorem, (x —2) is

a factor and so by long division or equating
coefficients we get:

r37r274=(r72)(r2+r+2)
For the quadratic > + r + 2,
A=12-4x1x2=-7<0

Hence there are no real roots for this quadratic
factor, and so the only root of f(r)is r=2.

Then, from part (b), the ratio is
151 520141024

(i1) No, because r >1 in this case, and as shown
in part (a)(ii), the condition for a sum to
infinity to exist is that || < .

2.  The integers from 1 to 1000 form an arithmetic

sequence withu, =1, u, = 1000 and n = 1000. So

S = g(u, +u,,)

n

= l—(5)2(1 +1000)

= 500500

The multiples of 7 between 1 and 1000 form an
arithmetic sequence with u, =7, u, =994 and
_ 994

n=——=142.So
7
Sn = g(“l +un)

= %(7 +994)

=71071

Therefore the sum of the integers between 1 and 1000
that are not divisible by 7 is

500500 —71071 =429429,

6 TRIGONOMETRY

Mixed practice 6
1 .

1. A=—absinC
2

12= %x(x+2)sin30°

H 2= lx(x+2)l
D 2

=48 =x*+2x

= x2+2x-48=0
:>(x+8)(x—6):0
L x=6 (as x>0)

2. By the sine rule:
sin@ _ sin20

5 7
= 7sin® = 5sin20

= 7sin0 = S(ZSinﬂcosﬂ)
= 7sin® —10sinBcosO =0
= sin0(7—10cos0) =0

15 Worked solutions



