Solution
The two fixed points could be taken as (2, 3, 1) and (4, 2, 0) while the
vectorsare v, = (1,2, —3)and v, = (3, —1,1).

(2,1, ~1)(~1,~10, =7)|
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Note: The minimum distance could be found using other methods too.
One of them would be to consider the line going from any point on L,

to any point on L,. This will give a parametric equation in s and ¢ Then
considering that this line will be perpendicular to both L, and L,, i.e.
u-v, = 0,u-v, = 0, enables us to set up a system of two equations that
could be solved for sand . Lastly, we get the distance between the points
corresponding to the specific values we just established.

Exercise 14.4

1

Find a vector equation, a set of parametric equations and a set of Cartesian
equations of the line containing the point A and parallel to the vector u.

a) A(=1,0,2),u= (1,5 —4)

b) AB,—1,2,u= (2,5 —1)

o A(l,—2,6),u=3,5 —11)

Find all three forms of the equation of the line that passes through the points A
and B.

a) A(=1,4,2),B(7,5,0)

b) A4, 2 —3),8(0,—2,1)

o A1,3,—3),B(5,1,2)

a) Write the equation of the line through the points (3, —2) and (5, 1) in the
formr =a + th.

b) Write the equation of the line through the points (0, —2) and (5, 0) in the form
r=a+th.

The equation of a line in 2-space is given by r = (2, 1) + t(3, —2).
Write the equation in the form ax + by = c.

Find the equation of a line through (2, —3) that is parallel to the line with
equation ¥ = 3i — 7j + A(4i - 3j).

Find the equation of a line through (=2, 1,4) and parallel to the vector 3i — 4j + 7k.

In each of the following, find the point of intersection of the two given lines, and
if they do not intersect, explain why.
a) Lyr=(2,2,3)+t(1,31)

Lir=(234) + (1,42

mur=(13n+uaum
Lir=(=13,1,2) + (12,6, 3)

c)pr=(,3a+n71 -3)
Lir=(46,7) + (1,02
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10

11

12

13

X 3 =2
d) L]:(J’ =4+t 1
z 6 =1l

X 5 —4

Ly (J’ = (—2 +s 2)

z 7 =2

Find the vector and parametric equations of each line:
a) through the points (2, —1) and (3, 2)

b) through the point (2, —1) and parallel to the vector (73)

) through the point (2, —1) and perpendicular to the vector (_g)
d) with y-intercept (0, 2) and in the direction of 2i — 4j

Consider the line with equation

X 3 —2
J’)=4+t 1]
z 6 =1

a) For what value of t does this line pass through the point (O, 17] %)?

b) Does the point (—1, 4, 6) lie on this line?

1 —2m
2

c) For what value of m does the point ( ,2m, 3) lie on the given line?
Consider the following equations representing the paths of cars after starting
time t = 0, where distances are measured in km and time in hours. For each car,
determine

(i) starting position

(i) the velocity vector
(iii) the speed.

Q) r=03 -4+ r(zj)

o (3)=(73) +d{3)
Q (y) =6 -2 + 124 -7)

Find the velocity vector of each of the following racing cars taking part in the
Paris—Dakar rally:

a) direction (_i) with a speed of 160 km/h

b) direction (_%) with a speed of 170 km/h
After leaving an intersection of roads located at 3 km east and 2 km north of a
city, a car is moving towards a traffic light 7 km east and 5 km north of the city at
a speed of 30 km/h. (Consider the city as the origin for an appropriate coordinate
system.)

a) What is the velocity vector of the car?

b) Write down the equation of the position of the car after t hours.

c) When will the car reach the traffic light?

Consider the vectorsu = (1,a,b),v =i — 3j + 2kandw = —2i + j — k.

a) Find a and b so that u is perpendicular to both v and w.

b) If Ois the origin, P a point whose position vector is v and Q is with position
vector w, find the cosine of the angle between v and w.

c) Hence, find the sine of the angle and use it to find the area of the triangle
OPQ.



14 The triangle ABC has vertices at the points A(—1, 2, 3), B(—1, 3,5) and C(0, —1, 1).
a) Find the size of the angle 6 between the vectors AB and %TC
b) Hence, or otherwise, ﬁndj\e area of triangle ABC.
Let L; be the line parallel to AB which passes through D(2, —1, 0), and L, be the
line parallel to AC which passes through £(—1, 1, 1).
) (i) Findthe equations of the lines L, and L,.

(i) Hence, show that L, and [, do not intersect.
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15 Consider the points A(1, 3, —17) and B(6, —7, 8) which lie on the line /.
a) Find an equation of line /, giving the answer in parametric form.

b) The point Pis on /such that OPis perpendicular to /. Find the coordinates of P.

16 a) Starting with the equation of a line in the form mx + ny = p, find a vector
equation of the line.

b) (i) Starting with a vector equation of a line where r = r, + tv, with

r,= (;,Cg) andv = (g) find an equation of the line in the form

mx + ny = p.
(i) What is the relationship between the components of the direction vector

v = (g) and the slope of the line?

17 Find a parametrization for the line segment between points A and B in each of
the following questions.
() A(,0,0),B(01,1,3)
(i) A(=1,0,1),B0,1,—=2)
(i) A(1,0,—=1),B(0, 3,0)

18 Find a vector equation and a set of parametric equations of the line through the
point (0, 2, 3) and parallel to the line r = (i — 2j) + 2tk.

19 Find a vector equation and a set of parametric equations of the line through the
point (1,2, —1) and parallel to the line r = t(2i — 3j + k).

20 Find a vector equation and a set of parametric equations of the line through the
origin and the point A(X, Yo, Zo)-

21 Find a vector equation and a set of parametric equations of the line through
(3,2, —3) and perpendicular to
a) the xz-plane
b) the yz-plane.

22 Write a set of symmetric equations for the line through the origin and the point
AlXo, Yoo Zo), Xor Yor Zo 7 0.

In questions 23-29, determine whether the lines /; and /; are parallel, skew or
intersecting. If they intersect, find the coordinates of the point of intersection.

23 fix—3=1-y=22r=i+4+2k+Aj+k

24 x=—1+s x=2-—2m
h: I:

y=2-3s y=—1+6m
z=1+2s z= —4m
25 223 Y si4 2 k4 AQI+ ]+ 2k
TS T 2-zhr=3i+2j - Qi+j )
. Y1 744, _ _z
26/1X71—T—T,/2‘|7.X—717y—§
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27 l:r =i+ 2 + AM—6i + 9 — 3K), L, r = 2i + 3j + mQ2i — 3j + k)

xX—2_ . ._z=2 x+4_77Y 10—z
285—)/1—3ar1d3—3—4

29 x=1+ty=2—-2tz=t+5andx=2+2,y=5-9,z=2+ 6t

30 Find the point on the line
r=2i+3j+tk+t(-3i+j+k
that is closest to the origin. (Hint: use the parametric form and the distance
formula and minimize the distance using derivatives!)
31 Find the point on the line
r=4j+ 5k +tli — 3j + k)
that is closest to the origin.
32 Find the point on the line
r=>5+2j+k+ti—3j+k
that is closest to the point (=1, 4, 1).

O Planes

To define/specify a plane is to identify it in a way that makes it unique. One
way is to set up an equation in a frame that will identify every point that
belongs to the plane. There are several ways of specifying a plane but we
will only mention four of them here. The rest will be cases that we address
in some problems later. For more helpful geometric concepts please refer
to the book’s website.

A plane can be defined

e by three non-collinear points

e by two intersecting straight lines

e to be perpendicular to a certain direction and at a specific distance from
the origin (for example)

e by being drawn through a given point and perpendicular to a given
direction.

A direction, for our purposes, can be defined by a vector. In the case of a
plane, the vector determining the direction is perpendicular to the plane
and is said to be normal to the plane.

Equations of a plane

From the many ways of defining a plane above, the last two are
mostly appropriate for deriving equations of a plane.

N = Ai + Bj + Ck

Cartesian (scalar) equation of a plane

___________ Consider a plane 7 and a fixed point P(x,, ¥, z,) on that plane.
A vector N = Ai + Bj + Ck, called the normal vector to the
plane, is a vector perpendicular to the plane.




