13

What is the angle between the diagonals of a cube?

Solving problems in three dimensions can be difficult, as
two-dimensional diagrams cannot always make clear what is
happening. Vectors are a useful tool to describe geometrical
properties using equations, which can often be analysed more
easily. In this chapter we will develop techniques to calculate
angles, distances and areas in two and three dimensions. We
will apply those techniques to further geometrical problems in
chapter 14.

You may know from physics that vectors are used to represent
quantities which have both magnitude (size) and direction, such
as force or velocity. Vector quantities are different from scalar
quantities which are fully described by a single number. In pure
mathematics, vectors are used to represent displacements from
one point to another, and so to describe geometrical figures.

If there is a fixed point A and a point B is 10 cm away from it,
this information alone does not tell you where point B is.
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In this chapter you
will learn:

® to use vectors fo
represent displacements
and positions in two
and three dimensions

® to perform algebraic
operations with vectors,
and understand
their geometric
interpretation

e to calculate the distance
between two points

® {o use vectors to
calculate the angle
between two lines

® to use vectors to find
areas of parallelograms
and friangles

® to use two new
operations on vectors,
called scalar product
and vector product.

Sl
A

*’ Vectors are an
“* example of
abstraction in

mathematics: a single
concept that can be applied
to many different situations.
Force, velocity and
displacements appear to
have very little in common,
yet they can all be described
and manipulated using the
rules of vectors. In the words
of the French mathematician
and physicist Henry Poincaré
(1854-1912): ‘Mathematics
is the art of giving the same
name to different things'.

—
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B, The position of B relative to A can be represented by the
vector displacement AB. The vector contains both distance

o~ and direction information; it describes a way of getting from
A to B.

getting from A to C: either directly, or via B. To express the
°c second possibility using vectors, we use the addition sign to
A° represent moving from A to B followed by moving from B to C:

AC = AB+ BC-
Always remember that a vector represents a way of getting from

one point to another, but it does not tell us anything about the
actual position of the starting and the end points.

4
Y B . .
\ If we now add a third point, C, then there are two ways of
<

/’D If getting from B to D involves moving the same distance and in
. the same direction as getting from A to B, then BD = AB.
|| ./ B g g
A

C To return from the end point to the starting point, we use the
rh minus sign and so BA = —AB.

We can also use the subtraction sign with vectors:
CB—-AB=CB+BA

/' D To get from A to D we need to move in the same direction, but
. twice as far, as in getting from A to B. We can express this by

- = 1
writing AD =2AB or, equivalently, AB = EAD.

™
"
e

. It is convenient to give vectors letters, as we do with variables
A\ in algebra. To emphasise that something is a vector, rather than
/ /.f a scalar (number) we use either bold type or an arrow on top.

When writing by hand, we use underlining instead of bold type.
For example, we can denote vector AB by a (or 4). Then in the
diagrams above, BD = a, BA = —a and AD = 2a.

ity

EXAM HINT

| Fractions of a vector are usually written as multiples:
AD

%E, not
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Worked example 13.1

.-.»'ﬂ e . "f-

The diagram shows a parallelogram ABCD.
Let AB=a and AD = b. M is the midpoint of CD and N is the point on BC such that CN = BC.
N
Dp Al C
b
A B
a
Express vectors CM, BN and MN in terms of @ and b.
_ ~» y
We can think of CM as describing a way of £
getting from C to M moving only along the
directions of @ and b
> y
o. - N 1 "
Going from Cto M is the same as going half CM=—BA= L ‘f,
way from Bto A, and BA=-AB £
LS f
Going from B to N is twice the distance and BN =2BC =2b )
in the same direction as from B to C, ﬂd ‘
BC=AD
» a
To get from M to N we can go from Mto C MN =MC +CN $
and then from Cto M
MC =-CM and CN =BC =—CM+BC :
=%z+é )
s f.w-.._;_,____“_' J/""H-“-—-._‘__‘w-J

EJILZF:

e

To do further calculations with vectors we also need to describe
them with numbers, not just diagrams. You are already familiar
with coordinates, which are used to represent positions of
points. A similar idea can be used to represent vectors.

© Cambridge University Press 201
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3i+2j

CD = 3i+2j+ 4k

EXAM HINT
A —

You must be familiar
with both base vector
and column vector
notation, as botb wi
be used in quesfions:
When you write your
answers, you con use
whichever notation
you prefer.

EXAM HINT
A

Vector diagrams

do not have fo be
accurate of to scale
to be useful. A two- :
dimens'\ono\ skgtch o
a 3D situation 15 often
enough to show you
what is going on-
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Start in the two-dimensional plane and select two directions
perpendicular to each other, and define vectors of length 1 in
those two directions by i and j. Then any vector in the plane

can be expressed in terms of i and j, as shown in the diagram.
i and j are called base or unit vectors.

To represent displacements in three-dimensional space, we need

three base vectors, all perpendicular to each other. They are
conventionally called 4, j and k.

An alternative notation is to use column vectors. In this
notation, displacements shown above are written as:

AB- ( ] cb=|2
2 4
The numbers in the column are called the components of a vector.

Using components in column vectors makes it easy to add
displacements.

To get from A to B in the diagram below, we need to move

3 units in the i direction, and to get from B to P we need to
move 5 units in the i direction; thus getting from A to P requires
moving 8 units in the i direction. Similarly in the j direction

we move -2 units from A to B and 4 units from B to P, making
the total displacement from A to P equal to 2 units. As the total
displacement from A to P is AP = AB+ BP, we can write it in

component form as: (3i — 2j) + (5i + 4j) = 8i +2j or using the
column vector notation as:

G

8i+ 2j

A 5= 447

Y—27
36— 25 J

B 51

Reversing the direction of a vector is also simple: to get from B
to A we need to move -3 units in the i direction and 2 units in

—  — (=3
the j direction and so BA=—-AB= [ ]

5

These rules for adding and subtracting vectors also apply in
three dimensions.

| © Camb@ge University Press 20 "
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Worked example 13.2 1

The diagram shows points M, N, P and Q such that MN =3i- 2j+6k, NP =i+ j—3k and A
MQ =-2j+5k. b
p ;

1+ J—3k
it sk J

P

M 3 2516k N

Write the following vectors in component form:
(@ MP  (b) PM (o) PQ
(a) MP = MN + NP

=(3i—2j+06k)+(i+ j— 2k)
= 4i— j+3k

()
We can get from M to P via N°

—_— b) PM = —MP = —4i + j— 3k
We have already found MP ®) '
(c) PA=PM+MQ
=(—4i+ j—3k)+(-2j + 5k)
= —4i— j+ 2k

L f‘;_’_‘_ﬂ;‘_\__‘_‘ﬁ_" A A,

We can get from P to Q via M using the ¢
answers to (a) and (b)

I.__\_.-‘“"“.__ Btins o A A, o
‘i

L

-t

— I

Vectors represent displacements, but they can also represent the
positions of points. If we use one fixed point, called the origin,

then the position of a point can be described by its displacement
from the origin. For example, the position of point P in the l«8

diagram can be represented by its position vector, OP.

P
L
O
(Origin)
| 8o@ridge Univers.')' I.’ressJ201 (77avRy . ',l [ i = O ]3d .30
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If we know position vectors of two points A and B we can

“AM/[“NI find the displacement AB as shown in the diagram below:
The position vector AB=0B-0A.

point A is usud ly

| céf by a KEY POINT 13.1
§ eno :
! ,i If points A and B have position vectors a and b then
L 7 AB=b-a.
} Z
ifl
"
n
)

Position vectors are closely related to coordinates. If the base
vectors i, j and k have directions set along the coordinate axes,
fk then the components of any position vector are simply the
' coordinates of the point.

Worked example 13.3

F E Points A and B have coordinates (3, -1, 2) and (5, 0, 3) respectively. Write as column vectors:

(a) the position vectors of A and B

(b) the displacement vector AB.

5 «
- The components of the position ¢ @) a=| 1’
. vectors are the coordinates of . - J
< the point o

35 1\,

} b=|0 ':

3 i

Use relationship AB = b — a’ (b) AB=b—a

{
N
—t

B 2
| =lo|-| =1
B O s 2 B Bora s pn A __A»-A"““‘*-_,.;»-AJ
R\ v,
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3 5 7
Points A, B, C and D have position vectors a=| -1|, b=[0|, c¢=| 8],
1 3 -3

Point E is the midpoint of the line BC.

(a) Find the position vector of E.
(b) Show that ABED is a parallelogram.

()
Draw a diagram to show what is*

» .
going on
D E
B
A

For this part, we only need to look * (@) 14

at points B, C and E. It may help to
E
OF -
BE
O —_— ‘B
OB

show the origin on the diagram
OE = OB + BE

=@+%%
&

Use relationship AB=b —a =lg+%(g—lg)

AN

8
. i

Worked example 13.4

l e e R DU W T W LWA-.._AA, PV W . YW
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continued . ..

- In a parallelogram, opposite sides <* (b) AD=d—a
are equal length and parallel, which 4 3 1
e means that the vectors corresponding =| z|=|al=| 4
/1 to those sides are equal -2 1) -3
1" We need to show that AD = BE BE=e—b

AD = BE

f—\-ﬁ“‘—-‘——-‘-ﬁ‘h—sh A tefonin Ase A soasan A, Ao

ABED is a parallelogram.

MFMMMM—‘*M J’A

In Worked example 13.4a we derived a general formula for
finding the position vector of a midpoint of a line segment.

KEY POINT 13.2

The position vector of the midpoint of [AB] is %(u +b).

. Exercise 13A

/ 7

_38@ ~ Topic 4: Vectors

b c
Q
A a B

. The diagram shows a parallelogram ABCD with AB =a and

AD =b. Mis the midpoint of BC and N is the midpoint of CD.
Express the following vectors in terms of @ and b.

(a) (i) BC (i) AC
(b) (i) CD (ii) ND
(c) (i) AM (i) MN

. In the parallelogram ABCD, AB =a and AD = b. M is the

midpoint of BC, Q is the point on AB such that BQ =1 AB and P
is the point on the extended line BC such that BC: CP=3:1, as
shown on the diagram.

Express the following vectors in terms of @ and b.

(a) (i) AP (i) AM
(b) (i) QD (i) MQ
(©) (i) DQ (i) PQ

fl © Camb(ﬁge Un_ i e rsiw PrrssJOil 2 D] /
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3. Write the following vectors in column vector notation (in three

dimensions):
(a) (1) 4i (ii) -5§
(b) (i) 3i+k (i) 2j-k

Three points O, A and B are given. Let OA = a and OB = b.
(a) Express AB in terms of a and b.
(b) Cis the midpoint of AB. Express OC in terms of @ and b.

(c) Point D lies on the line (AB) on the same side of B as A, so
that AD = 3AB. Express OD in terms of aand b.  [5 marks]

Points A and B lie in a plane and have coordinates (3, 0) and
(4, 2) respectively. Cis the midpoint of [AB].

(a) Express AB and AC as column vectors.

— 7
(b) Point D is such that AD = (_2}

Find the coordinates of D. [5 marks]
(3
a Points A and B have position vectors OA = k 1
-2
4
andOB=| -2 |.
5

(a) Write AB as a column vector.

(b) Find the position vector of the midpoint of [AB]. [5 marks]

Point A has position vector a =2i—3j and point D is such

that AD = i — j. Find the position vector of point D.  [4 marks]
2 1
8 Points A and B have position vectorsa =| 2 [andb=| -1 |.
1 3
Point C lies on (AB) so that AC: BC=2: 3. Find the
position vector of C. [5 marks]

B Points P and Q have position vectors p = 2i — j—3k and
q=i+4j—k
(a) Find the position vector of the midpoint M of [PQ].
(b) Point R lies on the line (PQ) such that QR = QM. Find
the coordinates of R (R # M). [6 marks]

© Cambridge University Press 20
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EXAM HINT
N

Remember that

he
B re resents 1
(AB) W’me throug

.0 1.

I ond B, whie (A3
< the line segment
(the part of the line

between A an

o =
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2 5
Points A, B and C have position vectorsa=| -1 |,b=|1 |and
3 4 2

¢ =| 1 |. Find the position vector of point D such that ABCD is
4

a parallelogram. [5 marks]

Although the idea of
representing  forces
by directed line
segments dates back
to antiquity, the

in the 19th Century

- and was originally

_rk used to  study

] complex  numbers,

~ which you will meet
in chapter 15.

N~
-~

EXAM HINT
A

Remember that
vectors only show
relative pos'monsdo \
two points, they .on
have a fixed starfing
oint. So we aré free
to 'move’ the secon
vector fo the en
point of the first.

sl
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N\ algebra of vectors
\¢ ]>was first developed]>

Vector algebra

In the previous section we used vectors to describe positions

and displacements of points in space, but vectors can represent
quantities other than displacements; for example velocities or
forces. Whatever the vectors represent, they always follow the
same algebraic rules. In this section we will summarise those
rules, which can be expressed using either diagrams or equations.

EXAM HINT

The ability to switch between diagrams and equations is

essential for solving harder vector problems.

Vector addition can be done on a diagram by joining the
starting point of the second vector to the end point of the first.
In component form, it is carried out by adding corresponding
components. When vectors represent displacements, vector
addition represents one displacement followed by another.

3 2 5
11+/2|=|3
-2 6 4

Ll @-Camb{yge University Press 20 !
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Vector subtraction is the same as adding a negative vector. (-a is
the same length but the opposite direction to a). In component
form you simply subtract corresponding components.

b
3 5 (-3
1|-| 3|=| 1]+|-3|=|-2
2] \-3) (=2 3

You can also consider vector addition as the diagonal of the
parallelogram formed by the two vectors. The difference of
two vectors can be represented by the other diagonal of the
parallelogram formed by the two vectors.

a

Scalar multiplication changes the magnitude (length) of the
vector, leaving the direction the same. In component form, each
component is multiplied by the scalar.

For any vector a, ka represents a displacement in the same direction
but with distance multiplied by k.

2 3 6
2 =5|=1-10
0 0

© dnlbride_Universiiy Press 201




. ~

A S WA n !

Two vectors are equal if they have the same magnitude and
a direction. All their components are equal. They represent the
e same displacements but may have different start and end points.

If two vectors are in the same direction then they are parallel.
Parallel vectors are scalar multiples of each other. This is

| .i because multiplying a vector by a scalar does not change its
b direction.
» a 2 6 6 ( 2
v . —3 | isparallel to | =9 | because | =9 |=3| -3 |.
1 3 3 k 1

KEY POINT 13.3

- If vectors a and b are parallel we can write b = ta for some
scalar t.

f The next example illustrates the vector operations we have just
Al described.

Worked example 13.5

_ 1 -3 -2
f E Given vectorsa=|2|,b=| 4| andc=| p
7 2 q

(a) Find 24 —3b.
Y/ (b) Find the values of p and g such that c is parallel to a.
0

. (c) Find the value of scalar k such that a + kb is parallel to vector | 10 |.
Lol f 23

1 -3
. > (a)2a-3%b=2|2|-3| 4
| 7 2

I
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continued . . .
o .
If vectors v; and v, are parallel we *® (b) Write ¢ = ta for some scalar t
can write vy = tv;
-2 1 t
Then: | P|=t|2|=|2t
q 7 7t
- P
If two vectors are equal then all their
components are equal =p=20
q="7t
cp=—4, q=-14
@ _ _
Write vector a + kb in terms of k* 1 ok 1=k
(c) a+kb= 2 |+| 4k |=|2+4k
7 2k 7+ 2k
..I @) 1— 3k 0
0 Paraliel to | 10 |=| 2+ 4k [=1t| 10
Then use @+ kb=1|10 23 7+ 2k 23
23
1-2k=0
=:2+4k=10t
7+ 2k =23t
1
o‘ (1) 1-Bk=0=k=—
Find k from the first equation, but 3
check that all three equations are 2) 2+ 4(1) P
satisfied 5 5
1 1
3) 7+2| = |=23| = |(correct
o 1oL
i
)
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. Exercise 13B

/ 7 1
: ‘2 1. Leta=|1|,p= _g and ¢ =| 1 |. Find the following vectors:
5 12 3 2
y1- @ () 3a (i) 4b
0, (b) (i) a-b (i) b+c
(¢) (i) 2b+c (i) a-2b
(d) (i) a+b-2c (i) 3a-b+c

2. Leta=i+2j,b=i-kand c=2i— j+3k. Find the following

vectors:
(a) (i) —5b (ii) 4a
(b) i) c—a (i) a—b
(c) 1) a-b+2c (i) 4c-3b
l'\:‘.: 3. Given that a = 4i —2j+k, find the vector b such that:
(a) a+bisthezerovector (b) 2a+ 3b is the zero vector
t (c)a-b=j (d) a+2b=3i
I .
D - -1 5
L Giventhata=| 1|andb=]| 3 |find vector x such that
2 3
3a+4x=D>b. [4 marks]
':_" % Given thata = 3i—2j+5k,b=1i— j+2k and c =i+ k, find the
value of the scalar ¢ such thata +tb =c. [4 marks]
) 2 3
a Given that a=| 0 | and b=| 1 | find the value of the scalar p
2 3 3
{ such that a+ pb is parallel to the vector| 2 |. [5 marks]
3

Given that x =2i+3j+k and y = 4i+ j+ 2k find the value of
| the scalar A such that Ax + y is parallel to vector j. [5 marks]

BGiventhatazi—j+3k and b=2gi+ j+ gk find the

b values of scalars p and g such that pa + b is parallel to

= ; vector i+ j+2k. [6 marks]
1

_8‘6 ~ Topic 4: Vector ; '1 © Gomb(i&ge Uni rsity Press 2012 [




Distances b

Geometry problems often involve finding distances between
points. In this section we will see how to use vectors to do this.

Consider two points, A and B such that the displacement 4

3
AB=|1 | The distance AB can be found by using Pythagoras’
4

theorem in three dimensions: AB = /3 + 12 + 4> = /26 . This
quantity is called the magnitude of AB, and written as |AB | A 3

To find the distance between A and B, using their position
vectors, we first need to find the displacement vector AB and
then calculate its magnitude.

Worked example 13.6

2 (5)
Points A and B have position vectors a = —1 and b =| 2 |. Find the exact distance AB.
3
— )
The distance is the magnitude of the ¢ B=b-a 1
displacement vector, so find AB first 5 ( 2 3 )
=[2|-|]=| 3 ]
3 L 5) |-2 )
- _ 4
Now use the formula for the magnitude * |A5| =32 +3 +22 =22 ]
\ e e e s an T e J
KEY POINT 13.4 ExAM HIRZ
Don't forget that
a, squaring @ negafive
esa
The magnitude of a vector, a = | a, |, is|a|=/a? + a3 +a3. number gw\ ..
4 posmve vaiu
3
The distance between points with position vectors a and b

is|b—a|.

The symbol z means ‘greater than, equal to or less than’. This may appear to be a useless
& symbol, but it highlights an important idea in vectors — they cannot be put into order. So

while it is correct to say that | v|=| | it is not possible to say the same about the vectors
themselves.

© Cambridge University Press 2012 13 \ﬁectg_gs 13@?
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We saw in Section 13B that multiplying a vector by a scalar
produces a vector in the same direction but of different
magnitude. In more advanced applications of vectors it is useful
to be able to use vectors of length 1, called unit vectors. The
base vectors i, j and k are examples of unit vectors.

/1
-
? Worked example 13.7
b < 2
. (a) Find the unit vector in the same directionasa =| -2 |.
il 1
(b) Find a vector of magnitude 5 parallel to a.
L ) 3
(a) Call the required unit vector a. y
{
A To produce a vector in the same «* Then d = kil and 4 =1 }
R l"-.,h direction but of different magnitude as |ka|=k|a|=1 ;
a, we need to multiply @ by a scalar. k= g
_ We need to find the value |al JJ
rk of the scalar la|=v2? +22 +7 =3 ;
1
Sok=—
~ 3 4
- 4
Find the vector @ The unit vector is 1‘
2 <
a 1 2 ° {
2)
1) |1 ;
\ d
iy {
/ To get a vector of magnitude 5 we <* (b) Let bbe parallel to a and |b| =5 E
need to multiply the unit vector by 5 Then b="5d J
|
10
E . !
4 b= 1
{ c )
: ]
L~ W i O TP ND e T
) N\ et Y,

EXAM HINT

Note that part (b) has two possible answers, as b could
be in the opposite direction. To get the second answer we
would take the scalar to be -5 instead of 5.

390 Topic 4: Vector 1
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The last example showed the general method for finding the unit
vector in a given direction.

KEY POINT 13.5

. . . . A 1
The unit vector in the same direction as a is d = ﬁa.
a

. Exercise 13C

1. Find the magnitude of the following vectors in two dimensions.

4 -1
a=|, b=| ; c=2i—4j d=—i+]j

2. Find the magnitude of the following vectors in three
dimensions.

b=|-1| c=2i-4j+k d=j—k

3. Find the distance between the following pairs of points in the
plane.

(a) i) A(1,2)and B (3,7) (i) C(2,1)and D (1,2)
(b) (i) P(-1,-5)and Q (-4,2) (i) M (1,0)and N (0, -2)

4. Find the distance between the following pairs of points in three
dimensions.

(a) (i) A(1,0,2)and B (2,3,5)
(i) C(2,1,7)and D (1,2, 1)

(b) (i) P(3,-1,-5)and Q (-1, -4, 2)
(ii) M (0,0,2)and N (0, -3,0)

5. Find the distance between the points with the given position
vectors.

(a) a=2i+4j—-2kandb=i-2j—6k

3 1
(b) a=| 7|and b=| -2
-2 =5

© ﬁnﬁride_Universiiy Press 201
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2 0
(c) a=| Olandb=|0
-2 5

(d) a=i+jandb=j-k

2
6. (a) (i) Find a unit vector parallel to| 2 |.
1
(ii) Find a unit vector parallel to 6i +6j — 3k.

(b) (i) Find a unit vector in the same direction as i+ j+ k.

4
(ii) Find a unit vector in the same direction as| —1|.

242

Find the possible values of the constant ¢ such that the

2c
vector| ¢ | has magnitude 12. [4 marks]
—c
4 2
e Points A and B have position vectors a=| 1 | and b=| —1|.
2 3

C is the midpoint of [AB]. Find the exact distance AC. [4 marks]

-2 2

g Leta=| 0|and b=| -1 |. Find the possible values
-1 2
of A such that |a +Ab | = 5v2. [6 marks]
4
(a) Find a vector of magnitude 6 parallel to | —1 |.
1

(b) Find a vector of magnitude 3 in the same direction as
2i—j+k. [6 marks]

- 'Cdmbe UiiPsQOi]ZD
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-1
I8 Points A and B are such that OA =| —6 | and

1 2
OB=|-2|+t| 1| where O is the origin.
4 -5
Find the possible values of t such that AB = 3. [5 marks]

Points P and Q have position vectors p=i+ j+3k and
q=(2+1t)i+(1—t)j+(1+1¢)k. Find the value of ¢ for
which the distance PQ is the minimum possible and find
this minimum distance. [6 marks]

Angles

In geometry problems you are often asked to find angles
between two lines. The diagram shows two lines with angle 0
between them. a and b are vectors in the directions of the
two lines. Note that both arrows are pointing away from the
intersection point. It turns out that cos 6 can be expressed in
terms of the components of the two vectors. This result can
be derived using the cosine rule. See Fill-in proof sheet 12
‘Deriving scalar products’ on the CD-ROM.

KEY POINT 13.6

If #is the angle between vectors,a =| a, |and b = Lbz J, then
b,

a,

a,b, + a,b, + a,b,

ale] m

The expression in the numerator of the above fraction has
many important uses, and is called the scalar product.

KEY POINT 13.7

cos0=

Scalar product

The quantity a,b, +a,b, + a,b, is called the scalar product
(inner product, or dot product) of a and b and denoted
by a-b.

© Cambridge University Press 201
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Worked example 13.8

Given points A (3, -5,2), B(4, 1, 1) and C (-1, 1, 2) find the size of the angle BACin degrees.

()
It's always a good idea to draw a* C
diagram to be sure which vectors the
angle lies between

A B

The required angle is between * Let #=BAC

vectors AB and AC AB.AC
cos 8= —m—
| AB || AC|
& 4 (3) (1
We need the components of vectors * AB=|1|-|-5|=| 6
AB and AC 1 2) \-

__“*.-_q_,__h\'_-_zL—.‘_.___““ \.““‘—v-—w\."“"%-..m\""

IX(-4)+6 X6+ (-1)x0
VP +67 + P42 +67 + 07

32
=——=0.7199
2652 \

2. 8= arccos(0.7199) = 44.0° "I

ol ool r“ﬁ‘ﬁwﬁ_‘“,f"%

e ———

cos @ =

It is very straightforward to check whether two vectors are
perpendicular. If 6 = 90° then cos 6 = 0, so the top of the fraction
in the formula for cos 6 must be zero. We do not even have to
calculate the magnitudes of the two vectors.

KEY POINT 13.8

Two vectors a and b are perpendicular if a-b = 0.




Worked example 13.9

(4 2 3
If p= k—lJ and g =| 1 | find the value of the scalar  such that p + tq is perpendicular to | 5
2 1

x|

Ju—
~—
-..,!I.

Two vectors are perpendicular if their dot ¢ 5
product equals O i)

Find the components of p + tq in terms of p° [4+2t]
E+ t_:

d
<
§
4t 4
2+t 4
S0
4+2t) (2
=1+t |.|B|=0 4
2+t ) 1 : b
j N
& 8
Form and solve the equation ¢ ©3(4+20)+5(-1+1)+1(2+1)=0
S 94+12t =0 }J
& t=-2 i
o }

WHMN_‘}Jr"MwJ

. — v

. Exercise 13D e !I

1. Calculate the angle between the following pairs of vectors,
giving your answers in radians.

5 1 3 0
(@) (i) |1|and| 2 (i) | 0 | and| —1
2

3 2 1 o8

(b) (i) 2i+2j—kandi—j+3k
(ii) 3i+jandi-2k

© () GJ and (_ﬂ (i) i— jand 2i+3j

K@ 2. The angle between vectors a and b is €. Find the exact value of
cos #in the following cases:

(a) () a=2i+3j—kand b=i-2j+k
(i) a=i—-3j+3kand b=i+5j-2k

A —

© Cambridge University Press 201
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2 1 5 2
(b) 1)) a=|2|and b=| 1| ({i)a=| 1|andb=|-1
\ 3 -2 -3 2

(¢) (i) a=-2kandb=4i (ii)a=>5i and b= 3j

' 7]_ 3. (a) The vertices of a triangle have position vectors

1 2 5
a=|1|,b=|-1|andc=|1|.

3 1 2
Find, in degrees, the angles of the triangle.

(b) Find, in degrees, the angles of the triangle with vertices
(2) 1) 2)a (4) _la 5) and (7) 1) _2)

4. Which of the following pairs of vectors are perpendicular?

o 2 1 3 2
'\c: (@ () | 1land|-2 (i) | -1|and|6
-3 2 2 0
(b) (i) 5i—2j+kand3i+4j-7k
(ii) i—3kand 2i+ j+k

2 -1
Points A and B have position vectors OA = | 2 | and OB=| 7 |.
3 2

a Four points are given with coordinates A (2, -1, 3), B (1, 1, 2),
C(6,-1,2)and D (7,-3, 3). o
Find the angle between AC and BD. [5 marks]

' ) Find the angle between AB and OA. [5 marks]
{ Four points have coordinates A (2, 4, 1), B (k, 4, 2k),
C(k+4,2k+4,2k+2)and D (6, 2k + 4, 3).
y (a) Show that ABCD is a parallelogram for all values of k.
[ (b) When k=1 find the angles of the parallelogram.

. (c) Find the value of k for which ABCD is a rectangle.
1 [8 marks]

_% ~ Topic 4: Vector ; '1 © Gomb(i&ge Uni rsity Press 2012 [




a Vertices of a triangle have position vectors a =i —2j + 2k,
b=3i—j+7k and c = 5i.

(a) Show that the triangle is right-angled.
(b) Calculate the other two angles of the triangle.

(c) Find the area of the triangle. [8 marks]

Properties of the scalar product

In the last section we defined the scalar product of vectors

a, b,
a=|a, |and b=| b, | as
as b,

asb=ab, +a,b, + asb,

and saw that if dis the angle between the directions of @ and
b then:

a-b:|aub‘cos€

In this section we look at various properties of the scalar
product in more detail; in particular, its algebraic rules. The
scalar product has many properties similar to multiplication of
numbers. These properties can be proved by using components
of the vectors.

KEY POINT 13.9
Algebraic properties of the scalar product
asb=b-a
(—a)*b = —(a+b)
(ka)sb = k(a+b)

a«(b+c)=(ab)+(asc)

But there are some properties of multiplication of numbers which
do not apply to scalar product. For example, it is not possible to
calculate the scalar product of three vectors: the expression

(a ¢ b) « c has no meaning, as a « b is a scalar (and so has no
direction), and scalar product involves multiplying two vectors.

Two important properties of scalar product concern perpendicular
and parallel vectors. These are very useful when solving
geometry problems.

© Cambridge University Press 2012
p \O

All the operations
with vectors work in
both two and three

dimensions. If there
were a fourth dimension, the
position of each point could
be described using four
numbers. We could use
analogous rules to calculate
‘distances’ and ‘angles’.
Does this mean that we can
acquire knowledge about a
four-dimensional world which
we can't see, or even

imagine?

13 \ﬁectg_gs | 38‘7
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KEY POINT 13.10

EXAM HINT
N

in the If a and b are perpendicular vectors then g+b = 0.
e no

These ar
formula booklet!

If a and b are parallel vectors then a<b =|a || b|, in

o 2
particular, geg = | a | .

NN /

The following two examples show you how you can use these rules.

Given that @ and b are perpendicular vectors such that | a | =5and ‘ b ‘ = 3, evaluate
(2a—b)+(a+4b).

Multiply out the brackets as we would with ¢ (2a—-b)e(a+4b)=2aea+8back-
numbersae (b+cj=aeb+aec bea—4bep
a and b are perpendicular 50 =2a°a—4beb
asb=bea=0
Use the fact that a® a = |a? ¢ =2lal?—4|pl? 1
=2x5°—-4x %
=14

et ot i | e » YNt Mo Moo,

-

Worked example 13.10

P YU

)
]

v

3 3 1
Points A, B and C have position vectorsa=k| -1 |, b=| 4 |andc=]|1
1 -2 5

(a) Find BC.
(b) Find AB in terms of k.
(c) Find the value of k for which (AB) is perpendicular to (BC).

UseBC=c—b (a) BC=c—b

Use AB=b-a’ (b) AB=

Il
» W
~__ a

NP VPP

398 Topic 4: Vector
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continued . ..
e [ . 3
If AB and BC are perpendicular then ©) ABAEC =0 {
AB . BC =0 >3k (=2
44kl =3 |=0
—2-2¢)| 7
= —06+0k—-12-3k-14—-14k=0
—1k =32
= 11 }

. Exercise 13E

1. Evaluate a+b in the following cases:

2 5 3 -12
(@ (i) a=|1|andb=|2 (ii) a=|-1|and b= 4
2 2 2 -8
2 5 3 0
(b) () a=|-1landb=|-2|(Gi) a=|0|andb=| O
2 2 2 -8

(c) i) a=4i+2j+kandb=i+j+3k
(i) a=4i-2j+k andb=i— j+3k
(d) 1) a=-3j+kandb=2i—-4k
(i) a=-3jandb=4k

2. Given that #is the angle between vectors p and q find the exact
value of cos &.

1 2 3 1
(a) (i) p=|1|andgq=|1| (ii) p=|0|andg=|1
2 2 2 1

-1 1 -1 0
(b) i) p=| 1l|andg=|1|@li) p=| 1|andg=|1
2 2 0 2

3. (a) Given that |a| =3, b‘ =5 and a+b =10, find, in degrees, the
angle between a and b.
(b) Given that |c| =9, d| =12 and c+d = —15, find, in degrees,
the angle between c and d.

|
© ¥ pC \a' m b Jr =fi=d -/....b '|3cr_e’s 3_
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4. (a) Given that |a|=6,|b|=4 and the angle between
a and b is 37°, calculate a<b.

(b) Given that | a | =8, a*b =12 and the angle between
a and p is 60°, find the exact value of ‘ b |

5. Giventhat a=2i+ j—2k, b=i+3j—k, c=5i—3k and
d =-2j+k verify that:

(a) bed=d-b

(b) as«(b+c)=a-b+ac

(c) (c—d)ec=|c] —cd

(d) (a+b)e(a+b)=|al’ +|b['+2a-b

N =/

6. Find the values of t for which the following pairs of vectors are

perpendicular.
2 1 t+1 2
\“ (@) (i) 1|and | 5 (ii) | 2t—1|and|¢
—3¢ 2 2t 0

(b) (i) 5ti—(2+t)j+k and 3i+4j—tk
(ii) ti—3k and 2ti+ j+tk

i
a We  will  meet In this question, we will introduce a method using scalar
equations of this type 4 2x -2 3y
]> in the next chapter. ~[> product to find x and y such that (lj + (—3x] = [ 5) +( yj,

See Worked example . o .

r 1417 and then use it to solve other similar equations.

£ E (a) Use the usual method of simultaneous equations to find x

2 \ and y.

5 (b) (i) Find the scalar product of both sides of the equation
| / with (_31)) and hence find x.

> (ii) Find the scalar product of both sides of the equation
I' with G] and hence find y.

(iii) Can you see why the vectors ( ;j and Gj were
- )’ selected? -

(c) (i) Find a vector perpendicular to ( 2) and a vector

perpendicular to G]

-4 ) (ii) Hence find x and y such that
A 1 2)_(0), (°
' )74 217 3) s
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2 1 3 3
aGiventhataz -21,b=|1|,¢c=|-5]|andd=| -3 |
calculate: 1 2 1 2
(a) as(b+c)
(b) (b—a)«(d—c)
(c) (b+d)s(2a) [7 marks]

g (a) If ais a unit vector perpendicular to b, find the
value of g+(2a — 3b).

(b) If p is a unit vector making a 45° angle with vector
q and p-q =32, find |q|. [6 marks]

(a) aisavector of magnitude 3 and b makes an angle
of 60° with a. Given that as(a —b) = %, find the

exact value of |b]|.

(b) Given that a and b are two vectors of equal magnitude
such that (3a+ b) is perpendicular to (a — 3b), prove
that a and b are perpendicular. [6 marks]

Points A, B and C have position vectors a =i—19j+ 5k,
b=2%i+(A+2)j+2kandc=-6i—15j+7k.

(a) Find the value of A for which BC is perpendicular
to AC.

For the value of A found above:
(b) find the angles of the triangle ABC
(c) find the area of the triangle ABC. [8 marks]

ABCD is a parallelogram with AB parallel to DC. Let
AB=aand AD =b.
(a) Express AC and BD in terms of a and b.
(b) Simplify (a+b)«(b—a).
(c) Hence show that if ABCD is a rhombus then its
diagonals are perpendicular. [8 marks]

© dn}bridge_ University Press 201 ' \ /
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2 2\
Points A and B have position vectors | 1 | and | A |.
4 4\

(a) Show that B lies on the line OA for all values of A.

i 12
] 1 Point C has position vector | 2 |.
4
v (b) Find the value of A for which CBA is a right angle.

(c) For the value of A found above, calculate the exact
distance from C to the line OA. [8 marks]

q Areas

Given the coordinates of the four vertices of a parallelogram,
how can we calculate its area? The area of the parallelogram is
B\, given by absin ¢where a and b are the lengths of the sides and

b fis the angle between them. We could use the coordinates
of the vertices to find the lengths of the sides, and then use
' D the cosine rule to find angle &, However, using vectors gives a
7 quicker way to calculate the area.
KEY POINT 13.11
The area of the parallelogram with sides defined by vectors
_ a, b,
F % “/\Ml a=|a, |and b=|b, | is equal to the magnitude of the
Notice that Notice a, b,
N that vectors @
\ b form twoO _
A cjlrc\J('J\ocen'; sides of the vector g
. /"I ad| \\e\ogr0m~ e a3b1 - alb3
Cgl:use any pd\r of a,b, —a,b,
’ adjacent sides. This vector is called the vector product (or cross product)
d of a and b and denoted by a X b. ﬁ
. > A parallelogram can be divided in half to form two triangles,
so we can also use the vector product to calculate the area of
! a triangle.
/4 b KEY POINT 13.12
] The area of the triangle with two sides defined by
1
vectors a and b is equal to E| axb|,
(o)
1

a
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Worked example 13.12

Al
1 3 1 -1
Find the area of the parallelogram with vertices A| 4 | B| -3 |, C| 1|, D| 8 |-
2 0 7 9

C

Draw a diagram to show which <*

D
two vectors to use: we can choose
any two adjacent sides of the
parallelogram, e.g. AB and AD b
0
A o

Calculate a x b first, and then find '.. 2 =
axb= X

its magnitude
—49+8) (-4
=| 4-14 |=| 210
&5-14 -0

Area=|aX b|=+417 +10? + 6% =55.4

-
Il
3l
|\
1
|
~N h N
[_'A..-F‘““*«_-\.-A\_h,‘_\. PN . RPN S W Sl W o

j
|
1}
}
§
4
|

. Exercise 13F

% 1. Calculate a x b for the following pairs of vectors:

2 5 3 -12
@ (1) a=|1|andb=|2| () aga=|-1]|and b= 4
2} 2 2 -8
(b) 1) a=4i-2j+kand b=i-j+3k
(i) a=-3j+kand b=2i—-4k

. 8dwridge Univeri PresstO] (s / . " = e b.:} 13 _- l@
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2. Calculate the area of the triangle with vertices:

(a) (i) (1,3,3),(-1,1,2)and (1,-2,4)
(ii) (3,-5,1),(-1,1,3)and (-1, 5, 2)

(b) (i) (-3,-5,1),(4,7,2)and (-1, 2,2)
(ii) (4,0,2),(4,1,5)and (4,-3,2)

Given points A, B and C with coordinates (3, =5, 1),

(7,7,2) and (=1, 1, 3).
(a) calculate p= ABx AC and q=BAX BC.
(b) What can you say about vectors p and q?

The points A (3, 1,2), B(-1, 1, 5) and C (7, 2, 3) are vertices of a

parallelogram ABCD.
(a) Find the coordinates of D.
(b) Calculate the area of the parallelogram.

A cuboid ABCDEFGH is shown in the diagram. The coordinates

of four of the vertices are A (0, 0, 0), B (5,0, 0), C (5, 4, 0) and
E(0,0,2).

H G
E
F
2 B\VC
A 5 B

(a) Find the coordinates of the remaining four vertices.
Face diagonals BE, BG and EG are drawn as shown.
(b) Find the area of the triangle BEG.

4% ~ Topic 4: Vectors

Properties of the vector product

In this section we look at more properties of the vector
product a X b. We have already seen that the magnitude of
this vector is equal to the area of the parallelogram defined by
vectors a and b.
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KEY POINT 13.13 @ If you study physics,
The vector product of a and b, denoted by a x b, has ! 2230201{1:?:; ehiir;\ﬁ d
magnitude |a||b|sin &, where 0 is the angle between a and rle’ for the directio?\ of the
b. The direction of a X b is perpendicular to both a and b magnetic field. This is just
as shown in the diagram. one example of application

of vector product; others
include circular motion, fluid
dynamics and Maxwell’s
theory of electromagnetism.

axb
b
0
a \
EXAM HINT
ab; —asb, mbook\et
In component form, axb =| a;b, —ab; |. gives you the AN

k ut not the
a1b2 _azbl equchonsl b
diagrams.

J

Worked example 13.13 -
Find the exact value of the sine of the angle between vectors a and b given that ) |
i
3 —

|a|=3,

b‘:2 and axb=|6]|.

= 5

i
We are not given the components ¢ |laxb|=|a||b|sinb {
of vectors @ and b so need to use VB2 + 62+ =(3x2)sind } i
the definition of the vector product V46 = 65inb J _
involving magnitudes :
9 gnitv . V46 \ B
seind=—— J
©
el OV VY VSV W ‘ﬂ—‘"““"’-‘—‘p“‘] .
\. 7
The fact that the vector product is perpendicular to both a and 4

b is very useful.
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Worked example 13.14

1 =5
Find a vector perpendicular to both a=| 1| and b= ( 1}.
- \3)
- \ (-5 |
The vector product of two vectors is® _ 1
; axb=| 1|x| 1 4
perpendicular to both of them —ZJ k 5J ‘

\ -

The vector product has many properties similar to
multiplication of numbers, but the most important difference is
that a X b is not the same as b X a.

KEY POINT 13.14

You may find the two  +3§
different ways of “*
multiplying vectors
confusing. However,

if you think about normal
multiplication, you will
realise that it can have at
least two very different
interpretations: It can be
considered as repeated
addition, taking two numbers
and producing a third

Algebraic properties of vector product

axb=-bxa
(ka)xb=k(axb)
ax{b+c)=(axb)+(axc)

number as the answer; or the
result can represent the area
of a rectangle with given
lengths of sides. The two
‘types’ of multiplication of
numbers just happen to give
the same numerical answer.

With the vector product it is possible to multiply three vectors
together, but (a X b) X c is not the same as a X (b X ).

Again, there are special results concerning parallel and
perpendicular vectors.

KEY POINT 13.15

If vectors a and b are parallel then g x b = 0. In particular,
axa=0.

If a and b are perpendicular then |a xb|=|a||b]|.

Worked example 13.15

Given that |a|=4, |b|=5 and that @ and b are perpendicular, evaluate ‘(2a —b)x(a+3b )‘

]
Expand the brackets as we ** (2a-b)x(a+3b)=2axa+6axb—bxa-3bxb |
would with numbers ‘

ax(b+C=axb+axC —

406 Topic 4: Vectors
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continued . ..
axa=0° =6axb-—bxa I
bxa=-axb* =7axb J
. ® 3
For perpendicular vectors, ® ~|(2a-b)x (a+2b)|=7|axb| 3
|d><b|=|d||b| =7|a||b|=140 »-J
P PRIVt L P TR

. Exercise 13G

1. Find, in radians, the acute angle between the directions of
vectors a and b given that:

(@) |a|=2,|b|=5 and |axb|=7
2
(b) la|=12, |b|=3 and axb=| 1
4

(c) |al=7,|b|=1and axb=2i-3j-2k
(d) lal=4, |b|=4and |axbl=0

2. Find a vector perpendicular to the following pairs of vectors:

4 1 3 -1
(@ G |1 ]and]|2 (i) |-1]and]| 1
2 3 4 5
1 -1 0 2
(b)y 1) |7 |and| 1 (i) |o|and]| 0
2 -3 2 0

3. Find the unit vector perpendicular to the following pairs of

vectors:
1 3 2 1
(@) [1]and | 1 (b) |1 |and |1
2 5 1 1

Given that |a|=5,

b|=7 and the angle between a and b is

30° find the exact value of |[ax b |. [4 marks]
(a) Prove that(a—b)x(a+b)=2axb.
(b) Simplify (2a —3b)x (3a +2b). [6 marks]

© dnlbride_University Press 201
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B (a) Explain why (axb)+a =0.
(b) Evaluate (a X b)e(a—b). [5 marks]

/
0.V

. Prove that for any two vectors a and b,
laxbl]*+ (aeb)*=|al’ bl [5 marks]

1
—

7 Summary
-« 'The position of B relative to A can be represented by the vector displacement AB.

« Vectors can be expressed in terms of base vectors i, j, and k or as column vectors using

— 3
components. For example, AB can be represented by (3i + 2j) or (2 j The numbers 3 and 2
are the components.

« Vectors can represent the position of points relative to the origin; the displacement of a point
from the origin is the point’s position vector.

1
« The position vector of the midpoint of [AB] is E(a +b).

\
-« The displacement between points A and B with position vectors a and bis b - a.
« The distance between the points with position vectors a and b is given by |b—a .
. . N Lo 1
o The unit vector in the same direction as a is d = ﬁa.
a

 If vectors a and b are parallel we can write b = ta for some scalar t.

a,
o The magnitude of a vectora=| a, |is|a|=./a? + a3} +4a}.
a;

where asb is

« The angle 0, between the directions of vectors a and b, is given by: cos6 =

|al|b]
the scalar product (dot product), given in terms of the components by: a<b = a,b, +a,b, + a;b,

o Two vectors a and b are perpendicular ifa « b= 0.

o Ifaand b are parallel vectors then a+b =|a||b|, in particular, asa = |a ‘2.

» Algebraic properties of scalar product:

asb=b-a
(-a)sb=—(ab)
} (ka)»b=k(a-b)

as(b+c)=(a+b)+(a+c)

| o The area of the parallelogram with sides defined by vectors a and b is equal to the magnitude
[4 of the vector a X b, which is called the vector product (or cross product). Its direction is
] perpendicular to both a and b, and it is given by:

. a,b, —a;b,
3 axb=| a,b, —a,b,
ab, —ayb,

408 Topic 4: Vector J | © Camb@e University Press 2012
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The vector product of @ and b has magnitude | a||b|sin &, where 6 is the angle between a and b. ¥
The direction of a X b is perpendicular to a and b. ;

Algebraic properties of vector product:
axb=-bxa
(ka)xb=k (axb)
ax{b+c)=(axb)+(axc)

If vectors a and b are parallel then a X b = 0. In particular, axa =0. If a and b are
perpendicular then |a X b|=|a||b|. -

Introductory problem revisited

What is the angle between the diagonals of a cube?

You can solve this problem by using the cosine rule in a triangle made by the diagonals and
one side. However, using vectors gives a slightly faster solution, as we do not have to find the
lengths of the sides of the triangle. G F

The angle between two lines can be found by using the vectors in
the directions of two lines and the formula involving the scalar
product. We do not know the actual positions of the vertices of D E
the cube, or even the lengths of its sides, but as the answer does
not depend on the size of the cube, we can look at the cube with

side length 1, set with one vertex at the origin and sides parallel k C B3
to the base vectors. j
We want to find the angle between the diagonals OF and AG, so
we need the coordinates of those four vertices. They are: @ [} A re
0(0, 0, 0), A(1, 0, 0), F(1, 1, 1), G(0, 1, 1). ;
The required angle #is between the lines OF and AG. G F
1 -1
The corresponding vectors are: OF =| 1| AG=| 1 D o
1 1
cosf= Wﬁ k
oF[ad] o/ B
_-l+1+41 1 J
343 3
NelE ; : /
= 8=70.5°

© gjnlbridge Universii)ll Press 201 -. /
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Mixed examination practice 13

Short questions

Given thata =2i+ j—3k, b=—-3i+2k and c=i—3j+4k,

find (axb)ec. [6 marks]
The diagram shows a rectangle ABCD. Misthe D C
midpoint of BC.
(a) Express MD in terms of AB and AD.
(b) Given that AB=6and AD =4, show M
that MD*MC = 4, [5 marks]
The position vectors of points N and L are: A B
n=2i-5j+k
I=i+j-2k
(a) Find the vector productn x1.
(b) Using your answer to part (a), or otherwise, find the area of the
parallelogram with two sides ON and OL. [6 marks]
3 -1 1
Leta: O b=| 5|andc=| 4.
1 p -3
(a) Findaxb.
(b) Find the value of p, given that a X b is parallel to c. [6 marks]
H (G
The rectangle box shown in the
diagram has dimensions 8cm X 5cm g F
X 3cm. 3 cm
Find, correct to the nearest one- D
tenth of a degree, the size of the C
angle AHC. [6 marks] 5cm
A 8 cm B
4 ]\ﬁ ~ Topic 4: Vectors 'l © Camb('ﬁge Uni rsity Press 2012




qd = @3 ~ 0, =DMy M.

a Let « be the angle between vectors a and b, where a =(cos )i+ (siné)j
and b=(sin#)i+(cosd)j and 0 < &< m/4.Express « in terms of &.
(© IB Organization 2000) [6 marks]

Given two non-zero vectors a and b, such that |a+b|=|a—b|,
find the value of a-b. (© IB Organization 2002) [6 marks]

a (a) Show that (b—a)-(b—a): |a|2 +|b|2 —2a-b.
(b) In triangle MNP, MPN = 6. Let PM =a and PN = b. Use the result from part
(a) to prove the cosine rule: MN? = PM? + PN?> —2PM PN cos&. [6 marks]

Long questions
% 1. Points A, B and D have coordinates (1, 1, 7), (-1, 6, 3) and (3, 1, k), respectively.
AD is perpendicular to AB.
@) Write down, in terms of k, the vector AD.
(»)] Show that k=6.
Point C is such that BC = 2AD.
Find the coordinates of C.
@) Find the exact value of cos(AD C). [10 marks]

2. A triangle has vertices A(1, 1, 2), B(4, 4, 2) and C(2, 1, 6). Point D lies on the
side ABand AD:DB=1:k.

Find CD in terms of k. (2,6}, 6)
()] Find the value of k such that CD is
perpendicular to AB.
For the above value of k, find the B
coordinates of D. (44, 2)
(6)) Hence find the length of the altitude from A
vertex C. [10 marks] (1,1,2)

.© &n"ibridge Univers.ity Press ‘. 01 . | y | {




3. Point P lies on the parabola y = x* and has
1 x-coordinate a (a > 0).

Write down, in terms of a, the

' coordinates of P.

T Point S has coordinates (0, 4) and O is
1-’ the origin.

, 2 Write down the vectors PO and PS.

Use scalar product to find the value of a
for which OP is perpendicular to PS.

((e)) For the value of a found above, calculate
the exact area of the triangle OPS.

4. Consider the tetrahedron shown in the
diagram and define vectors a = CB,
\:‘ b=CD and c = CA.
' Write down an expression for the area
of the base in terms of vectors a and b

only.
FA AE is the height of the tetrahedron,
R - |AE|=h and CAE = 6. Express h in

terms of cand 6.

Use the results of (a) and (b) to prove
that the volume of the tetrahedron is

s |

given by é |axb|c.

and (3, -1, 2).

.-—‘I—-\I

X

~_

0

[10 marks]

Find the volume of the tetrahedron with vertices (0, 4, 0), (0, 6, 0) (1, 6, 1)

[14 marks]

_4]\@ ~ Topic 4: Vector ‘1 © 'Comb@ge Uni rsify Prfsq}Oll 2 D




In this chapter you
will learn:

* to describe all points in

p | anes | N G e

same straight line

e to describe all points in

S p ace Bbacevhichtiainhhs

same plane

e to solve three-
dimensional problems
involving intersections,

distances and angles
Which is more stable (less wobbly): a three-legged stool or a between lines and

four-legged stool? planes

Introductory problem

e the connection
between solving
systems of linear
equations and finding
intersections of planes.

Answering the above question involves thinking about whether
given points lie in the same plane (on the same flat surface).

In this chapter we will use the work on vectors from the last
chapter to solve problems involving points, lines and planes in
three-dimensional space. Such calculations are used in many
areas such as design, navigation and computer games.

Vector equation of a line

To solve problems involving lines in space we need a way of /
deciding whether a point lies on a given straight line.

Suppose we have two points, A (—1, 1, 4) and B (1, 4, 2). These \
two points determine a unique straight line (a ‘straight line’ ( |
extends indefinitely in both directions).

How can we check whether a third point lies on the same line?

We can use vectors to answer this question. For example,
consider the point C (5, 10, —2).

ThA—c[ 8]:3[ é]:m y

-6
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This means that (AC) is parallel to (AB). Since they both contain
the point A, (AC) and (AB) must be the same straight line; in
other words, C lies on the line (AB).

Next we ask how we can characterise all the points on the line (AB).

Using the above idea, we realise that a point R lies on (AB) if (AR)

!
L

EXAM HINT
ExAT ——

Remember ’thg B
notation for lines an

line segments:

4/ 4 s
' means *h? (‘“:\‘mtje) and (AB) are parallel. We know that this can be expressed using
i1 straight \m; tB]r?s tghe vectors by saying that AR = A AB for some value of the scalar A
. A and BrlnLﬂ* {the part (remember that a scalar means a number):
line seg
74 of the line between 2
1 °d B), and AB s the AR=| 3 |.
| length of [AB]. -2\
3 We also know that AR = r — a, where r and a are the position
vectors of R and A, respectively.
R
A
A a "
¥
@)
' -1 2\
This means that r=| 1 [+| 3A | is the position vector
. See Section 13B for 4 -2

<1 a reminder of vector <l of a general point on the line (AB). In other words, R has
algebra. coordinates (—1+2A,1+43A, 4 —2A) for some value of A.
Different values of A correspond to different points on the line;
j % for example, A = 0 corresponds to point A, A = 1 to point B and
] A =3 to point C.

2
? The line is parallel to the vector | 3 |, so this vector determines

-2

R/ You will see on o : / .
the direction of the line. The expression for the position vector

page 416 that there . 5
e ]> is more than one ]> of ris usually writtenas r=| 1|+A| 3|, soitiseasyto
possible vector 4 )
equation of a line. identify the direction vector.
KEY POINT 14.1

—

The expression r = a + Ad is a vector equation

.? EXAM HINT of the line.
i e
| by The formula book\?" The vector d is the direction vector of the line and a is the
e tells you the eq\\\m‘:w“' position vector of one point on the line.
the
but not what @ The vector r is the position vector of a general point on
letters stand Tor-
1 different points on the line.

the line; different values of parameter A give positions of i

- 4])4, Topic 4: Vector j . | ©-Camb(islge University Press 20
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Worked example 14.1

Write down a vector equation of the line passing through the point (-1, 1, 2) in the direction of Al

2
the vector %

1 2 !

R 1

The equation of the line is r= a + Ad, where a r =( 1]+ k[Z] i
is the position vector of a point on the line and

d is the direction vector

\

You know that, in two dimensions, a straight line is determined
by its gradient and one point. The gradient is a value which
determines the direction of the line. For example, for a line with
gradient 3, an increase of 1 unit in x produces an increase of 3

units in y and so the line is in the direction of the vector (é) .

In three dimensions, a straight line is still determined by its
direction and one point, but we cannot use a single number for §
the gradient. The line in Worked example 14.1 had a direction '

2
vector | 5 |, so an increase of 2 units in x produces both an

1

increase of 2 units in y and an increase of 1 unit in z.

i

Two points determine a straight line. The next example shows how
to find a vector equation when two points on the line are given.

Worked example 14.2

Find a vector equation of the line through points A (-1, 1, 2) and B (3, 5, 4).

(>

1
For a vector equation of the line, we need one * r=a+\d I :
point and the direction vector 3 / '
. 0 -1 i
The line passes through A (-1, 1, 2); we could . , p
use B (3, 5, 4) instead, but smaller values are R ‘
preferable l
e
© Cambridge University Press 201 _ | 14 Lines and ._'_p;!qnes in space *Aﬂﬁ 3
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continued . . .

!

.:I:s'. ;

N) =/

See Key point 13.3

| 1 ' @about parallel<1

vectors.

416 Topic 4: Vector:

The line is in the direction of AB, as we can see
by drawing a diagram.

N““‘rm&’ﬂ“h‘.}"”_ﬂ‘>

What if we had used point B instead of A? Then we would have

3 4
got the equation r =| 5 [+ A| 4 | This equation represents the
4 2

same line, but the value of the parameter A corresponding to
any particular point will be different. For example, with the first
equation point A has A = 0 and point B has A = 1, while using
the second equation point A has A = -1 and point B has A = 0.

Note that the direction vector is not unique either, since we
are only interested in its direction and not its magnitude.

2 —6
Hence (2] or [—6] could also be used as direction vectors
1 -3

for the above line, as they are all in the same direction. So
yet another form of the equation of the same line would be

-1 -6
r=| 1[+A|—6| and with this equation, point A hasA =0
2 -3

and point Bhas A = —%.

To simplify calculations, we usually choose the direction
vector to be the one involving smallest possible integer
values, although sometimes it is more convenient to use the
corresponding unit vector.

) / Comb@ge Un sifss\}Oﬂ 2 D] | ,-
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We need to show that the two lines have
parallel direction vectors (they will
then be parallel) and one common

point (then they will be the same line)

. . .
Two vectors are parallel if one is a scalar®

multiple of the other

()

The point (5, 7, 5) will lie on the first line if°
we can find the value of A which gives
this position vector

Find the value of A which gives the first*®
coordinate

This value of A must give the other two <*
coordinates

Check whether the direction vectors are *®
parallel

Check whether (5, =3,1) lies on the first*”
line. Find the value of A which gives
the first coordinate

-1 2
(a) Show that the equations =| 1|+A|2| and
2 1
5 6
r=|7|+u| 6| both represent the same straight line.
5 3
=5 —4
(b) Show that the equation y=| —3 |+¢| —4 | representsa
1 -2
different straight line.

EXAM HINT
N —

i ks
hen a question 93
\ffc\)lr equations of several
lines, then different
|etters should bte use
the parameters.
%meSn\y used letters
are M (\ombdo), w (mu),

tand s.

(a) Direction vectors are parallel, as

&)+

Show that (5, 7, 5) lies on the first line:

—1+2A=5
SA=3

1+3%x2="7
2+25x1=5

= (B, 7,5) lies on the line.

Hence the two lines are the same.
—4 2
®) | 4|=-2|2
-2 1
So the line is parallel to the other two.

—1+2A=-5
S A=-2

d
y
{
i
§
d
y
{
i
$
]
y
{
i
$
y
{
i
$
i
y
{
)
§
!
y
{
4
§
¢
\
X
)

—>
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continued . . .

¥ - This value of A must give the other two 2+ (-2)x1=0#1

coordinates
(5, =3, 1) does not lie on the line.

0‘ {1+(—2)><2=—5

{
1
¥ — Hence the line is not the same as the 3
! 1 first line. |
—ale . W P ,r“»lmq,un.-
— \ —ad r‘- J
74 In the above example we used the coordinates of the point to

find the corresponding value of A. However, sometimes we only
know that a point lies on the line, but not its precise coordinates.
The next example shows how we can work with a general point
on the line (with an unknown value of A).

1 Worked example 14.4

- -1 2
N "-,II Point B (3, 5, 4) lies on the line with equationr =| 1|+ A[ 2 |. Find the possible positions of a
1 point Q on the line such that BQ = 15. 2 1
| - i
We know that Q lies on the line, so it has the® —1 2 —14+2A 4:
2 qg=| 1|[+Al2]|=] 1+2A <
N (2 - (2 1 2+ |
position vector ]W + 7»(21 for some value of i
2) \1) $
n A, and we need to find A. }
. - . )
B . We can express vector BQ in terms of A and 172 |
'z then set its magnitude equal to 15 —14+2)1) (3) (2r-4 d
9 =| 1+2x1|-|5|=|2r-4 ¢
4 2+1) |4 A2 ;
2 |Bal=15 3
g . j
1 It is easier to work without the square root, ¢ s (2h—4) +(20-4Y +(A-2) =15" 1
so we square the magnitude equation o I\Z —BBL —189 =0 :
! >r = A==3or7 j
()
| We can now find the position vector of * . ~7 15 {
/4 Q by substituting the values of A in to the 4= __? or 18 J
. line equation 3
1‘1 \_ a e e J‘/ﬂ"““‘*-‘u»-“lJ
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. Exercise 14A

1. Find the vector equation of each line in the given direction
through the given point.

(a) (i) Direction (411) , point (4,—-1)
(ii) Direction (_g), point (4,1)

1
(b) (i) Point (1,0, 5), direction [ 3]
-3

i i k. |

(ii) Point(-1,1,5), direction (_SJ
2
(c) (i) Point (4,0), direction 2i+3j
(ii) Point (0, 2), direction i—3j
(d) (i) Direction i— 3k, point (0, 2, 3)

(ii) Direction 2i+3j—k, point (4, —3,0)

2. Find a vector equation of the line through each pair of points.
(a) (1) (4) 1) and (1) 2) (11) (2a 7) and (4) - 2)
(b) (i) (-5,—2,3)and (4,-2,3) (ii) (1,1,3) and (10,-5,0)

3. Decide whether or not the given point lies on the given line.

2 -1 i
(a) (i) Line r=|1]|+¢t| 2|, point(0, 5, 9) s
5 2

-1 4
(ii) Line r = 0]+t(1 , point (=1, 0, 3)
3 5

4 4
(b) (i) Line r= 0}+{0],point (0, 0, 0)
3 3

-1 0
(ii) Line r = 5] + t(O} , point (=1, 3, 8)
1 7

|

. © rrlbrideI\Un'we@i res 201 . .M Lines m(@qnes i 4. 417
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(a) Show that the points A (4, -1, -8) and B (2, 1, -4) lie on the

\ 2 -1
BN - line / with equation r = [ 1] + t( 1].
—4 2

(b) Find the coordinates of the point C on the line / such that
AB = BC. [6 marks]

(a) Find the vector equation of line / through points P (7, 1, 2)
and Q (3, -1, 5).

(b) Point R lies on / and PR = 3PQ. Find the possible
coordinates of R. [6 marks]

a (a) Write down the vector equation of the line / through the
point A (2, 1, 4) parallel to the vector 2i — 3j + 6k.

(b) Calculate the magnitude of the vector 2i — 3j + 6k.

N = /=

(c) Find the possible coordinates of point P on [ such
that AP = 35. [8 marks]

Solving problems with lines

fh In this section we will use vector equations of lines to solve
problems involving angles and intersections.

We will also see how vector equations of lines can be used to
describe paths of moving objects in mechanics.

7 Worked example 14.5
) R

[ 4 1 4 -1
Find the acute angle between lines with equations r = [ 1] + t[—l] and r = [ IJ + 7&[ 4].

—2 3 2 1
/
| ° a-b 4
;. We know the formula for the angle between two * cos=—-= ¢
do . |allb] ]
f vectors (see Section 13D) 1
1 * 1
Draw a diagram to identify which two vectors a® ::
}_ and b make the required angle i
3
‘
{4
if qi

|

. Q: Topic 4: Vector J | © Camb@e University Press 2012

L .""‘.. 3




i
U.

continued . . .

@

The two vectors are in the directions of the two *
lines. So we take a and b to be the direction
vectors of the two lines

()
We can now use the formula to calculate ®
the angle

The angle found is obtuse; the question asked for®
the acute angle

3
1—4+3 <
cos =
(1+1+9)V1+16 +1
2
Jivhe
6=982° 1

acute angle =180° - 96.2° = £1.8°

The example above illustrates the general method for finding an

angle between two lines.

KEY POINT 14.2

The angle between two lines is equal to the angle between

their direction vectors.

Now that we know that the angle between two lines is the angle
between their direction vectors, it is easy to identify parallel and

perpendicular lines.
KEY POINT 14.3

Two lines with direction vectors d, and d, are:
e parallelif d, =k d,
e perpendicular if d,+d, =0.

Parallel and
perpendicular

<1 vectors were covered <[

in Sections 13B
and 13E.

© ﬁnﬁride_Universiiy Press 201
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Worked example 14.6

Decide whether the following pairs of lines are parallel, perpendicular, or neither:

. (2)..(4 2 1

i 1 (@ r=|-1[+A|-1| and r=| O |+p| -2

- 5 L 2 3 -3
1+

B 0 2) 2 1

z- (b) r= 0J+7{1J and r:[1]+t[ 0

= 1 1 2 -3

2 4 -2 -10
(c) r=[—l]+t[—6] and r:[ 0]+{ ISJ
5 2 3 -5

, o 4 i
‘\ Is d, a multiple of d,? (a) If (_1J - k[_zJ then
...| o & 2

{ 4=kx1=>k=4
1
—1=kx{-2)=>k=—
(-2)=k=3
- 4;&1
2

E .. They are not parallel.
4 ®

o 4 1
Is d-d, =02 [—1] [—2J=4+2—6=O

S 2)\=3
.: / .. The lines are perpendicular.
D)
e s d) a multiple of d,2° 2 1
1 b 1| 1|=k| 0] then
i 1 )

2=kX1=k=2
1=k X O impossible

i .. They are not parallel.

Is d,od, =08 [2\(1]
1 O|=24+0+6=6#0
2J 5

.. The lines are neither paral[el nor perpendicular.

- A HM""\—-.»A_.-\.A.. A A e tnn A A -“‘M—-.A..A.A.. A A tenitngn s o o Bne A

1 B

- 42‘2} Topic 4: Vectors .' ' \ / ©‘CombKi§ge Uni rsity Press 2012 /
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continued . . .

()
Is d, a multiple of d,2°

| 6=kxBok=-2
5

2:I<><(—5)=>l<=—g
L 5

. The lines have parallel directions.

Check to see if they are the same *

. O
line

Point (=2 does not lie on the first line:

5
24+4t="2=t=-
—1—61;=O=>1;=—é

They are not the same line.
.. The lines are parallel.

\“"““—AMMJ e -“‘I‘I‘me

l c\\._hf"‘%__h‘_‘_u"_umh—.__h‘u‘mf .

\_

We will now see how to find the point of intersection of two
lines. Suppose two lines have vector equations r, =a+ Ad, and
r, = b+ ud,. If they intersect, then there must be a point which
lies on both lines. Remembering that the position vector of a
point on the line is given by the vector r, this means that we
need to find the values of A and L which make #, = r,.

In two dimensions, two straight lines either intersect or are
parallel. However, in three dimensions it is possible to have two
lines which are not parallel but do not intersect, as illustrated by
the red and blue lines in the diagram. Such lines are called skew
lines.

With skew lines we will see that we cannot find values of A and
W such that i =1, -

|
© Cambridge University Press 2012 / 14 Lines qnc@anes i pace I@
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Worked example 14.7

@
We need to make r, = r,*

P )
If two vectors are equal, then all their®
components are equal

Solve two simultaneous equations in two **
variables. Use eqn (1) and (3)
(as subtracting them eliminates 1)

We need to check that the values of A and *
u also satisfy the second equation
otherwise the lines do not actually meet

The position of the intersection point is
given by the vector r, (or F; - they should
be the same)

@
Make r, = r,*

Find the coordinates of the point of intersection of the following pairs of lines.

0 1 1 4 —4 1 2 2
@)r={4]+4}]Mﬂr:[ﬂ+ufd] @)r:[ q+tb]zmdr—[q+k(%]
1 1 5 -2 3 4 1 2

"FHE

O+A 1+ 4u
S —4+2k =|3-2u
5-21

O+A=1+4u
=1-4+2A=3-21
| 1+A=5-2u
[ A—4pu=1 ()
=20 +2u=7 (2)
| A+2u=4  (3)

myzx5+2x%:7

.. the lines intersect

{3

The lines intersect at the point (3, 2, 4)

RERVEUEE

t—-2A=6 0
=< t+3h=-2  (2)
14t—2%=—2 (%)

l s Y VRO T W FRV VI ISV w eRevnDr W FNV PRIV SRR W
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W = 3

continued . . .

We can find tand A from eqgn (1) and (2) ¢

We need to check that the values
found also satisfy the third equation

()
This tells us that it is impossible to find t*
and A to make r, = r,

—

&
Nand(2)=>A=-=t=—
(hand(2)=h=-2Z 2=

—_~
™
N
N
X
I
)

I
O ®
N———
I

|\1

N

'8

I

N

“—“'"L A ihda s

The two lines do not intersect.
s s p P

14

EXAM HINT

You can use your calculator to solve simultaneous
equations.

See Calculator sheet 6 on the CD-ROM.

Vector questions often ask you to find a point on a given line

which satisfies certain conditions. We have already seen how we
can use the position vector r for a general point on the line, and
then use the condition to write an equation for A.

Worked example 14.8

3) 1

0 1

(b) Hence find the shortest distance from A to .

perpendicular to the direction vector of |

¢%
0

Line [ has equation r = _1J +A| —1 | and point A has coordinates (3, 9, -2).

(a) Find the coordinates of point B on I so that AB is perpendicular to I.

(c) Find the coordinates of the reflection of the point A in /. ]

Draw a diagram. The line AB should be ¢

See Worked
<l example 14.4. <l

¥

(2

(2)

© S?nlbridge University Press 201
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= ) & - _‘__ " 1. -; -=- r*".;?- e i I_ T 'QI - -i ..
continued . . .
We know that B lies on |, so its position vector is** _ 3+ A
given by the equation for r OB=r=|- _%
LAB=| A=A |- 9= -10-A
A (-2 A+2

Now find the value of  for which the two lines
are perpendicular

()
Use value of A in the equation of the line to give ®
the position vector of B

The shortest distance from a point to a line ¢
is the perpendicular distance AB. Again, use
AB=b-a

The reflection A lies on the line (AB). Since <®
BA, = AB and they are also in the same

direction, BA, = AB

1
-1
1

[‘“iiﬂ[ J-

=(A)+{(10+X)+(A+2)=0

> Ai=—4

{3

o B has coordinates (-1, 3, —4)

=

—4

A
(c)
B
A
BA = AB
:>a1—}g=ﬁ

(33

42@ “*'Top‘ic 4: Vector:
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Worked example 14.8(c) illustrates the power of vectors. As

vectors contain both distance and direction information, just .* Inhl 8.9.6t tl_h © d
one equation ( BA, = AB ) was needed to express both the fact % Eeﬁ: I\sNroo,r;.
that A, lies on the line (AB) and that BA, = AB. "yector is a useless

We have already mentioned that vectors have many survival, or offshoot from

quaternions, and has never
been of the slightest use to
any creature”.
(Quaternions are a
You are probably familiar with the rule that, for an object special type of number
moving with constant velocity, displacement = velocity X time. linked to complex
If we are working in two or three dimensions, the positions numbers.)
) . They are now one of

of points also need to be described by vectors. Suppose an .

biect h tant velocit din time £ from th the most important tools
object has constant velocity v and in time ¢ moves from the in physics. Even great
point with position a to the point with position r. Then its

mathematicians cannot
displacement is r —a, so we can write: always predict what will

applications, particularly in physics. One such application is
describing positions, displacements and velocities. These are all
vector quantities, since they have both magnitude and direction.

|
r—a=vt be useful!

This equation can be rearranged to r = a + tv, which looks very

much like a vector equation of a line with direction vector .

This makes sense, as the object will move in the direction given

by its velocity vector. As ¢ changes, r gives position vectors of (
different points along the object’s path. j

ﬁ-ﬁd

W

, and the
r—a|. -

Note that the speed is the magnitude of the velocity, |v
distance travelled is the magnitude of the displacement,

KEY POINT 14.4

For an object moving with constant velocity v from
an initial position a, the position at time ¢ is given by
r(t)=a+tv

CS

The object moves along the straight line with equation
r=a+tv.

MR

The speed of the object is equal to | v|.

When we wanted to find the intersection of two lines, we had
to use different parameters (for example, A and W ) in the two
equations. If we have two objects, we can write an equation for
r(t) for each of them. In this case, we should use the same ¢
in both equations, as both objects are moving at the same time.
For the two objects to meet, they need to be at the same place
at the same time. Notice that it is possible for the objects’ paths
to cross without the objects themselves meeting, if they pass
through the intersection point at different times.

B T 7

- LN
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Worked example 14.9

Two objects, A and B, have velocities v, =6i+3j+k and vy =—-2i+ j+7k. Object A starts
from the origin and object B from the point with position vector 13i — j + 3k. Distance is
measured in kilometres and time in hours.
(a) What is the speed of object B?
(b) Find the distance between the two objects after 5 hours.
(c) Show that the two objects do not meet.
4 1
1 Speed is the magnitude of velocity * @)
|vs |=22 + 17 +72 = /B4
So the speed of Bis 7.35km/h. )
S d
We need an equation for the® (b) {
i position of each object in Using r(t)=a+tv:
\¢ terms of t ra(t)=t(Gi + 3] +k)
re(£) =130 — j+ Bk + t(=2i + j+ 7k)

'rk We can then find the position of* When t = 5: b
B - each object when t=5 r, = 30i +15] + Bk i
| ry = 3i+4j+ 38k {
il The distance is the magnitude of*

G % o, |Fy — 1| =N272 1 + 532
\ = 44.0km
'/ If the two objects meet then ¢ (©) d
r, (1) = ) If r (t) = ra(t): :
; 6r=13-2t=>t=2
I_ St=—l+t=>t=—1
; t=3+7t=t=-1 !
\
The three coordinates are not equal at the same }

. } time, so the objects do not meet. J
.' TN e WO NP S
B\ y

1
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. Exercise 14B

1. Find the acute angle between the following pairs of lines,

giving your answer in degrees.

5 2
(a) G) r=|-1|+A|2| and r=
2 3
4 2
(ii) r=[0|+A| -1| and r=
2 1
2 -1
(b) i) r=|0]|+t| 0| and r=
1 0
6 -1
(i) r=|6|+t] 0| and r=
2 3

N O = O = -

W W =

+H

+1

+s

+s

2. For each pair of lines, state whether they are parallel,
perpendicular, the same line, or none of the above.

o

1 3
© r=|5]+Al3
1

. _. Qnérldg%Unrver?| res 201

_ZJ

0 2 0 2
@ r=|o +»[_1] andl—(0]+u{ 1]
1
4 2
®) r=|1 { ]and r—{1]+t[
2 1
1
2 1 1
d) r=|2 ( ] andr—[—1]+s[—1J
1 3 10 3

14 Lines qnc@ones i ) p@
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Determine whether the following pairs of lines intersect and, if
they do, find the coordinates of the intersection point.

6 -1 2 2
(a) (1) r= 1J+7\{ 2] and r:[ 1]4_”[_2]
2 1 14 3
4 1 6 3
(i) r= —1J+7»[ 2] and r:[_2]+u[_4]
2 —4 0 0
1 -1 —4 5
(b) (1) r=|2|+t IJ and r—[ —4]4—5(1]
3 2 ~11 2
4 2 -1 1
(ii) r=|0 |+ OJ and r:[ 2]4_5(_2}
2 1 3 -2

4 2
Line [ has equation ¢ = [ 2} + }{4] and point P has

~

-1 2
coordinates (7, 2, 3).

Point Clies on  and PC is perpendicular to /. Find the
coordinates of C. [6 marks]

Find the shortest distance from the point (-1, 1, 2) to the line

1 -3
with equation r = [OJ + t[ IJ. [6 marks]
2 1

=5 -3
Two lines are given by [, :r = [ 1} + K[ 0] and

10 4
3 1
L:r=[ Of+u| 1]
-9 7

I, and I, intersect at P, find the coordinates of P.
(3] Show that the point Q (5, 2, 5) lies on /,.

(@) Find the coordinates of point M on /; such that QM is
perpendicular to ;.

Find the area of the triangle PQM. [10 marks]

fl © Camb(ﬁge Un_ i e rsiw PrrssJOil 2 D] /
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7. In this question, unit vectors i and j point due East and
North, respectively.

A port is located at the origin. One ship starts from the
port and moves with velocity v, = (3i+4) kmh™..

Write down the position vector at time ¢ hours.

At the same time, a second ship starts 18 km north of
the port and moves with velocity v, =(3i—5j) kmh.

Write down the position vector of the second ship at
time ¢ hours.

Show that after half an hour, the distance between the
two ships is 13.5 km.

Show that the ships meet, and find the time when this
happens.

How long after the meeting are the ships 18 km apart?
[12 marks]

8. Attime t =0, two aircraft have position vectors 5j and 7k.
The first moves with velocity 3i —4j+ k and the second
with velocity 5i+2j—k.

(a)

(b

—~
(@)
~

a Find the distance of the line with equation r = [—2 +Al2

)

~_

Write down the position vector of the first aircraft at
time t.

Show that at time ¢ the distance, d, between the two
aircraft is given by d* = 44t — 88t + 74.

Show that the two aircraft will not collide.

Find the minimum distance between the two aircraft.
[12 marks]

1 2

2 1

from the origin. [7 marks]

0 1
m Two lines with equations | .y = [_1J + 7{ 5} and
2 3

2 -1
L:r= (21 + t[ l] intersect at point P.

\)os

(a) Find the coordinates of P

(b) Find, in degrees, the acute angle between the two lines.
Point Q has coordinates (-1, 5, 10).

© Cambridge University Press 201 : 141i i ’
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(c) Show that Q lies on L,
(d) Find the distance PQ.

(e) Hence find the shortest distance from
Q to the line [,. [12 marks]

5 2
Given line [ : ¢ = [1]+7{—3J and point P (21, 5, 10):
2 3

(a) Find the coordinates of point M on [ such that PM is
perpendicular to L

(b) Show that the point Q (15, -14, 17) lies on L

(c) Find the coordinates of point R on
I, such that |PR|=|PQ|. [10 marks]

0 2

2 1
L:r= (—1] + u(l] and intersect at point P.
0 2

2 1
Two lines have equations [ :r = [—1] + 7{—2J and

(a) Show that Q (5, 2, 6) lies on L,

(b) Risa point on [, such that | PR|=| PQ|. Find the possible
coordinates of R. [8 marks]

_43@ ~ Topic 4: Vectors

Other forms of equation of a line

You know that in two dimensions, a straight line has equation of
the form y = mx +c¢ or ax +by = c. How is this related to the vector
equation of the line we introduced in this chapter?

Let us look at an example of a vector equation of a line in two

3
dimensions. A line with direction vector (2) passing through

1 3
the point (1, 4) has vector equation r = ( 4] + 1(2). Vector r is

the position vector of a point on the line; in other words, it gives

fl © Camb(ﬁge Un_ i e rsiw PrrssJOil 2 D] /
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coordinates (x, y) of a point on the line. So (;C) = (}}) + k(;) This

vector equation represents two equations:
x=1+3\
{ y=4+2\
These are called parametric equations, because x and y are given

in terms of a parameter A. We can eliminate A to obtain an equation
relating x and y: :

-1 \
7\, = xT &
2x -2 :
=4+
3
2 10
S y=—x+— Y
3 3
This is the more familiar Cartesian equation of the line. direction
vector
It is easy to see how the gradient of line is related to the direction J
. . . .| P . . q / b
vector: if the direction vector is then the gradient is =, as - X
illustrated in the diagram.

What happens if we try to apply the same method to find a

Cartesian equation of a line in three dimensions? 2
1 3
Consider the line with vector equation r=| 4 [+A]|2]. 4
-1 5
The parametric equations of this line are
x=1+3L
y=4+2\
z=-14+5A

We can substitute A from the first equation into the other two to
express, for example, z in terms of x and y.
2 10 5 8

=—X+—, Z2=—X——
4 3 3 3 3

It looks like we cannot obtain a single equation relating x, y and z.

© dnlbridgg University Press 201
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This also means that there is no concept of a gradient in three
- dimensions, which is why we have introduced the notion of a
= direction vector.

‘-_

A better way of writing one Cartesian equation for the line is to
write three parametric equations with A as the subject:

[/1 _
-~ x—1
] A=—
1 3
» hr=4
|- 2
) < K—Z-H
| | 5

Equating all three expressions for A gives another form of the
Cartesian equation of the line:

x—1 y—4 z+1
3 2 5

KEY POINT 14.5

To find the Cartesian equation of a line from its vector
equation:

EXAM HINT
EXAM = ——
The Formula booklet
show

X

e Write ( y] in terms of A, giving three equations.
z

s all three forms
0" a “ne
ametric an
but it does

how to
n them.

of equation
(vector, par
Ccrtesion} ,
not tell you
change befwee

e Make A the subject of each equation.

e Equate the three expressions for A to get an equation of

the form X=X _JTh _Z27%

m n

DN Nn

™/ Sometimes a Cartesian equation cannot be written in the above
form, as shown in the following example.
e Worked example 14.10
1 3
}r Find the Cartesian equation of the line with vector equation r=| % [+A| 5
-3 0
| 3
/. X . o . .°. x 1 1 f
- r=|y |, sowrite an equation involving x, y and z °
7 V.4 yI|= % +Al5 }
_. z) -3 0 {
1 i
E—

434 Topic 4: Vector
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continued . . .
i .
. 1 = ;
Express A in terms of x, y and z** (x=1+g7»=>k=f/—5 i1 N
1
i A
<‘y=—+57\.:>7u=—/2
2 2
z=-3
) é
4 §
Equate the expressions for A from the first two ® o1 y- yz >
equations. The third equation does not s 5 5T -2 |
contain A, so leave it as a separate equation |
° x— _ 3
It will look neater if we rewrite the equation ® 4:):5‘1 °5_ 231/—01 z=— 3
without ‘fractions within fractions’

\—

{XAM HINT
The Cartesian equation can sometimes be ‘read off’ the vector equation; if the vector

x-a_y-b_z-c

m n

C n

a k
equation is r = (b]+ k[m] then the Cartesian equation is P

However, if any of the components of the direction vector is O, we have to complete the
whole procedure described in the Key point 14.5.

We can reverse the above procedure to go from Cartesian to
vector equation. Vector equations are convenient if we need to
identify the direction vector of the line, or to use methods from
Section 14B to solve problems involving lines.

KEY POINT 14.6

To find a vector equation of a line from a Cartesian
Ny YT T

l m n
e Set each of the three expressions equal to A.

e Express x, y and z in terms of A.

equation in the form

X
e Write r=| y | to obtain r in terms of A.
z

© Cambridge University Press 2012 - 141i i »
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not of the above form, as in the next example.

Worked example 14.11

Find a vector equation of the line with Cartesian equation x = -2,

3y+1 2-z
4

down the direction vector of the line, making all its components integers.

T' Hence write

VoD RN DIANp P

We can adapt this procedure for Cartesian equations that are

‘l
Infroduce a parameter A. As the two expressions * Sy+l_ 1;
involving y and z are equal, set them both 4 [
equal fo A 2_Z=7L <
° ]
3
;
Now express x, y and z in terms of A*" x=-2 ;
press %y _4n—1 :
{
z=2-5A i
f , y
28 T «
X r= y = -1 +i ;
The vector equation is an equation for r=|y > ° e $
z 2 =B 1
in terms of A. Separate the expression into a ) 0 5‘
part without A and a part involving A r=l—aleal 2 4
3 3 J
2 =3 <
i
d
0 0 1
Now identify the direction vector The direction vector is | 4 y
3, «
° 3
J.
o 3
We can change the magnitude of the direction ® 0 é
vector so that it does not contain fractions or| 4 )
(multiply by 3 in this case) _15 y
P
1“]
4
M‘_‘A#d!ﬂw
W,

You can solve problems involving lines given by Cartesian
equations by changing into the vector equation and using

methods from the previous section. However, there are some

problems that can be solved more quickly by using

the Cartesian equation directly.

© Camb(@ge Un rsity Press 2012 D
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Worked example 14.12

. . . . . ox+1 44— 2z
Does the point A (3, -2, 2) lie on the line with equation - = Ty = ??
[ x+1 3+1 . }
If the point lies on the line, the «* o 2 y
coordinates should satisfy the Cartesian Aoy _4+2_, $
d——="—=g =
equation. o) 3 }
This means that all three expressions 2z _2x2 _4 4
should be equal | 3 3 3 i’
{
The second equality is not satisfied «® peppl }
3 #
.. The point does not lie on the line. t‘\
4
o, - > V. |
N Jj.--_f Y . W W A el
- W,

Intersections of a line with the coordinate axes are also easy to
find using the Cartesian equation.

Worked example 14.13

x—6 y+1 z+9
7 -3

(a) Find the coordinates of the point where the line with equation
intersects the y-axis.

(b) Show that the line does not intersect the z-axis.

The point of intersection is (0, =22, O)

e ah, W ammimn PN e
T PRy

A point on the y-axis has x = z = o°° (a) A point on the y-axis has coordinates 1;
(0, m, 0) {
o O-o6 m+1 0+9
Substitute coordinates into the Cartesian ® = =

. 2 7 =) J
equation e y

e -3="1__3 i

7

Find m*® m+1=—21 j

!

L

\

J

o
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continued . . .

A point on the z-axis has x = y = 00' (b) A point on the z-axis has coordinates

(O, O, m)

@
Substitute coordinates into the Cartesian ® o-© o+

equation 2 7

The first equ0||ity is not satisfied $° The line does not intersect the z-axis.

Y SR ¥ W e NOLNOPPROV W

. Exercise 14C

1. (a) Write down the Cartesian equation of the line

(b) Write down the Cartesian equation of the line

-1 0
r=| 5|+Al-2].
0 2

(c) Write down a vector equation of the line with Cartesian
x-3 y+1 z

-4 5

equation

(d) Write down a vector equation of the line with Cartesian
equation x_+1 = 3;Z =1
q 5 > y=1

2. Determine whether the following pairs of lines are parallel,
perpendicular, the same line, or none of the above.

1 -1
(@ r=|1]+A| 1| andr=4i+j—2k+t(5i+2j+k)
2 3
3 —6
) r=|1|+t| 9|and 2x—1:y—2:6—3z
2 2 4 -3 2
-5 -2
(c) xsz_1=4_Z and x=2A+1,y=4,z=5-1
8 -1
(d) x=2t+1, y=1-4t,z=3 and r=| -13 [+s| 2
3 0

4  Topic 4: Ver . ©C°mb@e Uni iref %9]? )
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(a) Find the Cartesian equation of the line with parametric
equation x=3A+1, y=4-2A, z=3A-1
(b) Find the unit vector in the direction of the line.  [5 marks]

(a) Find a vector equation of the line with Cartesian equation
2x—-1_ y+2 4-3z
4 3 6
(b) Determine whether the line intersects the x-axis.

(c) Find the angle the line makes with the x-axis. [8 marks]

(a) Find, in degrees, the angle between the lines

-3 3-2 x+1
x5 =y-2= ZandT=3—Z,y=1.

(b) Determine whether the lines intersect. [7 marks]

a (a) Find the coordinates of the point of intersection of the
x—=2 y+1 z+1

4 1

lines with Cartesian equations and
+2 z-7
—X = y— = —

-3 2

5

2

7 1
(b) Show that the line with equation r = ( SJ + 7{—1] passes

through the above intersection point. [6 marks]

Equation of a plane

We next look at different ways of representing all points that lie
in a given plane.

We will first try an approach like to the one used to derive

a vector equation of a line, where we noted that every point

on the line can be reached from the origin by going to one
particular point on the line and then moving along the line
using the direction vector. This gave us an equation for the
position vector of any point on the line in the form r =a+ Ad.

Can we similarly describe a way to get from the origin to any
point in a plane?

© Cambridge University Press 201
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We describe positions of points in the x-y plane using
coordinates. To reach the point with coordinates (p, q) from
the origin, we move p units in x-direction and g units in
y-direction.

We can also express this using unit vectors parallel to
.i the x-and y-axes; the position vector of the point P (2, 3)
| 1 isr,=3i+2j.
— However, it is possible to use directions other than those
v of i and j. In the second diagram below, the same point P is
reached from the origin by moving 2 units in the direction
1 of vector d, and 2 units in the direction of vector d,.
Hence its position vector is r, =2d, +2d,.

You can see that any point in the plane can be reached by going
3 a certain number of units in the direction of d, and a certain

number of units in the direction of d,; hence every point in the

plane has a position vector of the form Ad, + #d,, where A and
i\ U are scalars.

Bi + 2j 2d, + 2d,
.:"ﬂ / 4
Vi E ! d
J
f & -
£ (2
K
N )

d{ R Now consider a plane that does not pass through the origin.

To reach a point in the plane starting from the origin, we go to
some other point in the plane first, and then move along two
directions which lie in the plane, as illustrated in the diagram
a alongside.

ud,

ity

: > o This means that every point in the plane has a position vector
of the form a + Ad, + ud,, where a is the position vector of one
| point in the plane, and d, and d, are two vectors parallel to the
ﬂ plane (but not parallel to each other). d, and d, do not need to
. be perpendicular to each other.

- 4@ Topic 4: Ve.ctor " .r @Camb@e University Press 2012 .
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KEY POINT 14.7

The plane containing point a and parallel to the directions
of vectors d, and d, has a vector equation:

r=a+\d, +ud, ﬁ
Worked example 14.14

Find a vector equation of the plane containing points M (3, 4, -2), N (1, -1, 3) and P (5, 0, 2).

We need one point and two vectors <* r=a+M\d +ud,
parallel to the plane

. . ()
Draw a diagram fo see which vectors®
to use

Choose any of the three given points, as*®
they all lie in the plane

Vectors MN and MP are parallel to the *°
plane
We can now write down the equation ** 3 (—2 2
sr=| 4|+A] S5 |+p| 4
2 5 4
—e AT s P
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T

How many points are needed to determine a plane? In the
above example, the plane was determined by three points. It
should be clear from the diagram below that two points do not
determine a plane: there is more than one plane containing the
line determined by points A and B.

#
' f ! We can pick out one of these planes by requiring that it also
/ passes through a third point which is not on the line (AB), as
illustrated in the second diagram. This suggests that a plane can

; also be determined by a line and a point outside of that line.
3 N A
C
o B B

\ //\

Worked example 14.15

-2 -3
Find a vector equation of the plane containing the line r = [ 1] + t{ IJ and point A (4, -1, 2).
2 1

Point A lies in the plane <® [4]
g:

() -
The direction vector of the line is parallel ® d - 51
to the plane

We need another vector parallel to
the plane. We can use any vector
between two points in the plane.
One point in the plane is A and
for the second point, we can pick
any point on the line: for

' example, (-2, 1, 2)

LTV VIOV W Dot 800 s o A se asse A Bt A an asme A

omaa

I

|

.l
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continued . . . <

2\ (4) (-6 <

d,=| 1|-|=1]|=| 2 :

2) \2) o /

We can now write down the equation of the «* 4 -3 -6

plane se=(=T[+A T+ul 2 f

2 1 o) \

d

e j—o‘-f—‘-.l'*-__\__,.“_"f/-"‘%nuwj
—

The following example looks at what happens if we have
four points.

Worked example 14.16

Determine whether points A (2, -1, 3), B (4,1, 1), C (3, 3,2) and D (-3, 1, 5) lie in the
same plane.

We know how to find an equation of the plane ¢ Pla”fjontél"””@ A_:? and C
containing points A, Band C r=0A+AAB+UAC

2 2 1

r={=1[+Al 2|+u| 4

2 =7 —1

For D to also lie in the plane, we need values < r=0D:

of A and i which make r equal to 2+2h+p=-3 (1)
the position vector of D —14+20+4u=1 (2)

3-20-u=5 (3)

i ions * 2h+u=-5
Solve the first two equations (1) znd (2) u

2h+4u=2
11 7
=A=——, =—
3 3 )

. . . m 7
Then check whether the solutions satisfy the third (3) 3-2x %) &5#5
..
There are no values of A and i which satisfy all D does not lie in the same plane as A,
three equations B and C

e A A A At e d e nda et s e AnAie A et A A S A s it nme don A mrdait A A, AT aita L 00 4

N\
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Worked example 14.16 shows that it is not always possible to
find a plane containing four given points. However, we can
always find a plane containing three given points, as long as they
do not lie on the same straight line.

o

2 A plane can also be determined by two intersecting lines. In that
g case, vectors d, and d, can be taken to be the direction vectors

R 7 of the two lines. We will see how to find the equation of the
”a

d,

d,

plane in Section 14G.

KEY POINT 14.8

] To uniquely determine a plane we need:
e three points, not on the same line, OR
¢ aline and a point outside that line, OR

e two intersecting lines.

A vector equation of the plane can be difficult to work
_ with, as it contains two parameters. It is also difficult to see
rh n whether two equations actually describe the same plane,
because there are many pairs of vectors parallel to the plane which
can be used in the equation. So it is reasonable to ask: Is there a way
we can determine the ‘direction’ of the plane using just one

direction vector?
j The diagram alongside shows a plane and a vector n which
y % is perpendicular to it. This vector is perpendicular to every
K . line in the plane, and it is called the normal vector of the
? plane.
E/ If we know one point, A, in the plane and the normal

vector, what can we say about the position vector of any
0 other point, P, in the plane? The normal vector is

perpendicular to the line (AP), so AP+n = 0. This means that

(r —a)sn=0, which gives us another form of an equation of
the plane.

KEY POINT 14.9

—

A plane with a normal vector n and containing a point
‘.. with position vector a has a scalar product equation:
-'= ren = aden

444  Topic 4: Vector j ':
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Vector n= { 4] is perpendicular to the plane I'T which contains point A (3, -5, 1).

(a) Write an equation of IT in the form ren=d. EXAM HINT
L —

The letter 11 (capital T
is often used as the
~ame for a plane:

(b) Find the Cartesian equation of the plane.

e, ST

The equation of the plane is ron = a-n < 3\( 2
(a) ren=| -5 |

The Cartesian equation involves x, y and z (the ¢

coordinates of P), which are the components of
the general position vector r

=2x+4y—z=-15

| ~ —a o VS P

~—
S .
N .
— I3
N = I3
0 1l
VR
IRENIN) 1
N _ @)
Il
iR
&)
S W WS S Sy

KEY POINT 14.10
The Cartesian equation of a plane has the form
ax+by+cz=d
a
where [b} is the normal vector of the plane.
C ‘
The next example shows how to convert from vector to
Cartesian equation of the plane.

© Cambridge University Press 20
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Worked example 14.18

44@ Topic 4: Vectors f \ /

i

N (1)
Find the Cartesian equation of the plane with vector equation r = { 2J [IJ
5 3

()
To find the Cartesian equation we need the *

normal vector and one point

Point (1, =2, 5) lies in the plane ¢

. . . . .. ..
n is perpendicular to all lines in the plane, so it is

N 2
perpendicular to the two vectors {;J and [_3]
5

which are parallel to the plane. The cross product
of two vectors is perpendicular to both of them

()

To get the Cartesian equation, write Fas | y |

\z)

2
=3
5

Cross product

14
= [ 1] <L was introduced in <1

Section 13G

g ]
PR

& l4x+y-5z=13 ‘j

A At ae e A A b e Deaa,,

f

e ot e e pn B Jf‘*w

e

The Cartesian equation is very convenient for checking
whether a point lies in the plane; we just need to check that the
coordinates of the point satisfy the equation. In the next section
we will see how to use it to examine the relationship between a

line and a plane.

DIy N n
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. Exercise 14D

1. Write down the vector equation of the plane parallel to vectors a
and b and containing point P.

-1 1
(a) (1) a= 51 b= -2 ,P(1,0,2)
2 3
B 0 5
(ii) a=| 4pbb=]|3 , P(0,2,0)
-1 0

(b) (i) a=3i+j-3k,b=i-3j,p=j+k
(i) a=5i—6j,b=—i+3j—k, P=i—6j+2k

2. Find a vector equation of the plane containing points
A,Band C.

@ () A(3-13),B(1,12) C(4,-12)
(i) A(-1,-1,5), B(4,1,2), C(~7,1,1)
(b) () A(9,0,0), B(-2,1,0), C(1,-1,2)
(ii) A(11,-7,3), B(1,14,2), C(-5,10,0)

3. Find a vector equation of the plane containing line / and point P.

-3 4
(a) @) L:r=| 5|+ 1],P(—1,4,3)

~

1 2

6
—3], P (11,12,13)
1

4 0
(b) () l:r= 4]+{0],P(—3,1,0)

~

9
) lL:r=| -3+
7

1 1

2
(ii) I.r= t(l}, P (4,0,2)
1
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4. A plane has normal vector n and contains point A. Find the
equation of the plane in the form r ¢ n=d, and the Cartesian
equation of the plane.

(@ (i) n=|-5}4A (331

(i) n=| -1 A (4,3,-1)

(b) () n=|-1[4 (-3,0,2)

(i) n=| 0], A (0,0,2)

5. Find a normal vector to the plane given by the vector equation:

AAB “"'ToRic 4: Vector:

5 1 5
(@) ) r=|0[+A|2]|+u] -2
1 3 2

0 -3 -1

(ii)) r=|0|+A] 6|+u| 1

1 3 2
7 -5 0
(b) (i) r=|3[+A] 1|+u|o0
5 2 1

3 6 -1

(ii)) r=|5[+A] -1 |+pu| -1

7 2 3

Find the equations of the planes from question 5 in the form
ren=d.

Find the Cartesian equations of the planes from question 5.

Find the Cartesian equation of the plane containing points A, B
and C.

(@) 1) A(7,1,2), B(-1,4,7), C(5,2,3)
(i) A(1,1,2), B(4,-6,2), C(12,12,2)

(b) (i) A(12,4,10), B(13,4,5), C(15,—4,0)
(i) A(1,0,0), B(0,1,0), C(0,0,1)

| 'Gamb e Uni ri PrrsGOil 2 D
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9. Show that point P lies in the plane IT.

2 4 -1
@ P (459 H[Jx[]u[ ]
1 2 7

4
(b) P (4,7,5), H:r-{lJ=l9
2

(o0 P(1,1,-2), 1:2x-3y—-7z=12

10. Show that plane IT contains line [.

5 2
(@) M:x+6y+2z=7, l:r:(0]+{—l]
1 2

(b) M:5x+y-2z=15 . X-4_y+l_z-2
11 3

1 -1
(¢c) TI:re| O :—5,l:r:[ OJ+{}
—4 1

-2
(d) M:re| -2 =[

N W oo

Angles and intersections between
lines and planes

In this section we will look at angles and intersections between
a line and a plane and between two planes. You will be
expected to recall and use the four methods shown here. In the
examination you will meet much longer and more complicated
problems, where you are expected to combine these common
techniques.

When finding the intersection between a line and a plane, it
is most convenient if the equation of the line is in the vector
form and the equation of the plane in the Cartesian form. In
all examples in this section the planes will be given by their
Cartesian equations, but in the examination you may need to
convert them into this form first. The key idea we use is that
the coordinates of the intersection point (if there is one) must
satisfy both the line equation and the plane equation.

© 6'on1bridge University Press 201 - /
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You saw how to
<l find the angle and <1
intersection of two

lines in Section 14B.

We  will  discuss
strategies for

more  complicated
]> problems  in theI>
final section of this

chapter.
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4 3 x-1 y z+4
i 1 (@ r=|-3|+A| 0| and 2x—y+2z=7 (b) =X—=-=L and x—-3y—4z=12
i/ o R 1 3
| @ ][ 1] and
/ c) r={-1|+¢t[1| and x—3y=6

) £ 1) (o
s The coordinates of the intersection point must* (@) (x) [4+ 57‘

satisfy both equations. Remember that the 32/ - Zl
| coordinates of a point on the line are
' . x = 2(4+31)—(-3)+2(1-24)=7

given by vector r=| y |, so we can {
z & 2h=-06
A substitute x, y, z info the equation of the plane © A=-3
A '.'..
Now use this value of A to find the coordinates ** g ~ —5_57

We would know how to do this if the equation of *
the line were in vector form. Set each
expression = L

)

()
Substitute x, y, z info the equation of the plane ®

ity

()

It is impossible to find a value of p for a point*
which satisfies both equations. This means
that the line is parallel to the plane

()
Substitute x, y, z into the equation of the plane *

()
The equation is satisfied for all values of t. This means *
that every point on the line also lies in the plane

T

f

/N r

450 Topic 4: Vector

=7

RERE

- The intersection point is (-5,-3,7)

x—T=-U
(k) § y=-3u
z+4 =21
2 T—un
Sy (=] ~Bu
z —4+2|.L
s(1-p)=3(-3p)—4(—4+2u)=12
= 17=12

Impoasible to find L.
. The line and plane do not intersect.
X

[

(3+3t)-3(-1+t)=

=

5+23t
=1+t
1

|
|
|
|
{

©
©=0

Every tis a solution.

NV W

*. The line [I65 in the plane.

e, WYV Py |

o ‘%«u»-J J
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Worked example 14.19

Find the intersection between the given line and plane, or show that they do not intersect.
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1~ T

-

W = 3

When a line intersects a plane, we can find the angle between

them. First we need to decide which angle to find. If we take
different lines in the plane, they will make different angles

with the given line I. The smallest possible angle 81is
with the line [AP] shown in the diagram. Drawing a

two-dimensional diagram of triangle APR makes it clearer

what the angles are.

Worked example 14.20

Sx—y+z=7. 7

We want to find the angle marked 6. We don't®
know the direction of the line (AP), but we do
know that AR is in the direction of the line
and RP is in the direction of the normal to the
plane

Therefore we can find the angle marked ¢'°

Then we use the fact that APR is a right angle ¢
\

4
Find the angle between line [ with equation r = (0} + 7{

3

2

3} and the plane with equation

n

CJ9+9+ 425 +1+1

14

" V2zJz7

5 0=549°

6=90°— ¢ =35.1°

,—— Ad,
e o f‘ et na, A f’ i U 7Y

o

Adeg M
S S S N e A

Lh_u
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DIATRY:
The method shown in Worked example 14.20 can always be
EXAM HINT used to find the angle between a line and a plane.

If the angle ¢ befween
the line and the find
normal is Obmse'd‘rt\hen The angle between line with direction vector d and plane
<\>1 ~180°— ¢, A" with normal n is 90° — ¢, where ¢ is the acute angle

i =90°— 0, between d and n.

KEY POINT 14.11

We can also find the angle between two planes. The diagram
shows two planes and their normals. Using the fact that the sum
of the angles in a quadrilateral is 360°, you can show that the
two angles marked 6 are equal.

KEY POINT 14.12

The angle between two planes is equal to the angle between
their normals.

|
Worked example 14.21
rh Find the acute angle between planes with equations 4x —y+5z =11 and x+ y -3z =3.
nen
We need to find the angle between the a cos = |n1 |n2 |
normals e
f E The components of the normal vectors are o j 1
2 the coefficients in the Cartesian 5] -3
g equations T 16 +1+ 25141+ 9
/ ./ 12
Jaz
A . = 0=123.9°

: We need the acute angle «*
| 124°
g 56°

i 180° —123.9° =56.1°
The angle between the planes is 56.1°

1‘ Y O W"‘"‘»H“‘A-“ »!I—‘ —

“ 5@_. Topic 4: Ve.ctor 1 / © Camb@e University PrFssjoll 2 D

E_._‘_.—‘“'“‘-Mh A A S e T et e s A I ——

\

DI NAn



"ﬂ-ﬁ

W = 3

In our final example we look at the intersection of two planes.

We will find the intersection of the planes with equations
4x+5y—z=7 andx —4z=—7.

Two planes intersect along a straight line. Every point on this

line must satisfy equations of both planes, so it is a solution
of a system of two equations with three unknowns. We saw

Worked example 4.13 that such a system has infinitely many

solutions, and we can find the general solution using Gauss
elimination.

in

We covered Gaussian

: <1 elimination in Section @
ian

4E.

Worked example 14.22

The points on the intersection line satisfy both *
equation, so we need fo solve the system
using Gaussian elimination. We expect
infinitely many solutions

()
Note that there is no y in equation (2), so we*
can go straight to back substitution

(X, y, ) are coordinates of any point on the line o
of intersection. To find the vector equation
of the line we should write the coordinates

as a position vector

This is of the form r = a + td, which is a vector
equation of a line

Find the line of intersection of planes with equations 4x+5y—z=7 and x —4z=-7.

4x+by—z="7 Ul
{x—4z=—7 (2)

@)=z=tx=4t-7
()=>by=7+t—-4(4t-7)
=35-15¢
Ly=7-3t

[]{?J]

The equation of the line is

(4

e ol

b aa f‘l‘“-"‘*—,,_n-__..‘p,_fr“u‘-w__

L LU‘“.‘M‘-‘N’ M"“"-\_Lf—-“"‘mhﬁ. et tsa g
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It is worth noting that since the line of intersection lies in both
planes, it must be perpendicular to the two normals. This can be
used to find the direction of the line.

KEY POINT 14.13

The line of intersection of planes with normals n, and n,
has direction n, Xn,.

We can check in the above example that

4 1 -20
mXn,=| 5|X| 0|=| 15| which is parallel to the
- -5

-1 4
4
direction | —3 | of the intersection line we found.
1

S -

Worked example 14.23

Find the vector equation of the line of intersection of the planes with equations 3x — y+2z=0

4 and x -3y -2z =0.

Both planes contain the origin, so the line of The “”.6 PABEEE BT (1=
. . . Direction vector:
intersection will also pass through the

n . : 3 1
J E origin. So we only nged to find the noxn,=| 10| -3
direction vector 1 1

g £

Vector equation is r = a + re”

- 45@ Topic 4: Vectors .' - - / ©‘CombKi§ge Uni r.siw Press 2012 /
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The only situation when the above methods will fail to find the
intersection is if the two planes are parallel. In that case their
normal vectors are parallel, and this is easy to see from the
Cartesian equations. For example, the planes with equations

2x—4y+2z=5 and 3x—6y+3z=1 are parallel, since

3 2
(—6} = %{—4]. Note that before stating that the two planes:
2

are parallel you should check that the two equations do not
represent the same plane. In this example they are not the same,

k. |

as multiplying the first equation by % gives 3x —6y+3z = %

. Exercise 14E

1. Find the coordinates of the point of intersection of line / and
plane I1.

2 5
(@) () lL:r= 1]+k[ 0],H:4x+2y—z:29
2 -1

-5 7
(ii) L:r= 1]+7»[ 3J,H:x+y+52:11
1 -3

1
. x=2 y+l1 =z .
b l:—:—:—’n.r‘ _4 =4
) @ 5 2 6 [ J

s o3 2
G) X273 270 ol =21
0 2 1 1

2. Find the acute angle between line / and plane I1, correct to the
nearest 0.1°.

4 1 4
@) (1) lir=|-1|+Al -1, M:re[-1|=7
2 3 2
2 -3 -1 f
G) lir={-3|+A] 1|, I:re|-2]=1
1 1 2
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14 Lines qnctﬁanes i pace |4@j

L



45‘@ ~ Topic 4: Vectors

(b) (@) l:§=yT_l=%, M:x—y-3z=1

x+1 y—-3 z+2

5 1
(@) -1 3 -3

A 2x+y+2z=14

3. Find the acute angle between the following pairs of planes:
() 3x—7y+z=4 and x+y—4z=5
(b) x—z=4 and y+z=1

4. Find a vector equation of the line of intersection of the following
pairs of planes:

() (i) 3x+y—z=3and x-2y+4z=-5
(i) x+y=3and x—y=5

(b) i) 2x—y=4and 2y+2z=5
(i) x+2y—-5z=6 and z=0

Plane I1, has Cartesian equation 3x—y+z=7.
(a) Write down a normal vector of IT,.
Plane I, has equation x =5y + 5z =11.

(b) Find, correct to the nearest degree, the acute angle between
I1, and IL,. [6 marks]

a Find the coordinates of the point of intersection of line

-2 -1
o 3 = yT = z with the plane 2x — y —2z =5. [5 marks]

4 -3
Show that the lines r=| 1 |[+A| 3|and X=1_¥+2_2z-1
2 1 4 3 4
do not intersect. [5 marks]

a The plane with equation 12x — 3y + 5z = 60 intersects the
x-, y- and z-axes at points P, Q and R respectively. [7 marks]

(a) Find the coordinates of P, Q and R.
(b) Find the area of the triangle PQR.

% a Plane IT has equation 5x -3y —z =1.
(a) Show that point P (2, 1, 6) lies in I1.

(b) Point Q has coordinates (7, -1, 2). Find the exact value of
the sine of the angle between (PQ) and IT.

PO Wi W WY
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(c) Find the exact distance PQ.
(d) Hence find the exact distance of Q from IT. [10 marks]

Two planes have equations:
I:3x—y+2z=17

IL:x+2y-2z=4

3 1
(a) Calculate [—l}x[ 2].
1 -1

(b) Show that I'T) and IT, are perpendicular.

(c) Show that the point M (1, 1, 2) does not lie in either of the
two planes.

(d) Find a vector equation of the line through M which is
parallel to both planes. [10 marks]

1 3
(a) Calculate( 3}([ 5].

-2 1

(b) Planes IT, and IT, have equations:
I, :x+3y—-2z=0
I, :3x+5y—2z=0
[ is the line of intersection of the two planes.
(i) Show that I passes through the origin.
(ii) Write down a vector equation for /.
(c) A third plane has equation:
I,:x-5z+2z=8

Find the coordinates of the intersection of all
three planes. [10 marks]

Intersection of three planes

In the last example of the previous section we saw
how to find the line of intersection of two planes.

Two different planes can either intersect or be parallel.
When we have three planes there are many more
possibilities.

© dnlbridgg University Press 201
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Before looking
through the

examples you may

<[wish to revisit<[

\ Section 4E  on
L solving systems of
equations.

EXAM HINT
ExAT ——

Remember that you \ﬁ;\
can solve systems
of equations either
using the simultaneous
equation solver, Of
erform Gaussian
SR ing 0
elimination us!
matrix. See calculator
skills sheets 5 an
on the CD ROM

- Find the intersection of the planes with equations:

In the first two cases some of the planes are parallel. As we
mentioned in the last section, this can be seen from the
equations because one normal vector will be a multiple of
another. When none of the planes are parallel, there are still
three different possibilities for how they can intersect. To

find out which of those is the case, we need to try solving the
equations.

Any point which lies in the intersection of the three planes must
satisfy all three equations. It is therefore a solution of the system
of three equations with three unknowns. As we saw in Section 4E,
such a system can have a unique solution, no solutions or

infinitely many solutions. These three cases correspond to the
three possibilities of how three planes can intersect.

3x—y+4z=7
x=2y+z=3
x—y+4z=-5

458 Topic 4: Vectors 1
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continued . . .

Points of intersection will be the solutions of «®
the system of equations. We can try X=6,y=
solving them on the calculator

In this example the system of equations has a unique solution,
so the planes intersect at a single point, as in the third diagram.

In the next example the system of equations has no solutions.

Worked example 14.25

Show that the three planes with equations:
x+2y+3z=10

2x+3y+2z=4

4x+7y+8z=7

do not intersect.

We can attempt to solve the * x+2y+3z=10 (1 re
equations and show that it is 2x+3y+2z=4 (2) 4
impossible. Without a calculator, 4x+T7y+8z="7 (3)

use Gaussian elimination

[x+2y +32=10 0
2x(—-(2) =2 y+4z=16 4)
4x(1)—(3) | yt+4z=22 (9
[x+2y+3z=10 (1)

=3 y+4z=16 &)
-4 | Oz=-7 (6)

Equation (©) has no solutions, so the three
planes do not intersect.

we cannot find z M\’j
MJMMNMW“"“"‘AJ

—
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The last equation is impossible, so*®
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In the above example none of the three planes are parallel, so
. each two planes intersect along a line. However, the line of
e - intersection of any two planes is parallel to the third plane.
For example, the line of intersection of the first two planes

"--

e The result for the 1 2 s
1 direction of the line has direction [2] x( ] = [ 4]. This is perpendicular to the
<[ of intersection of two <[ 3) (2 -
¥ planes was given in 5\ (4
; Key point 14.13. normal of the third plane: ( 4]{7} =-20+28-8=0.Hence
of -1){8

the line with direction | 4 | is parallel to the third plane.
-1

The final possibility is for the three planes to intersect along

a line, as in the next example. It also shows you a common

type of exam question where you have to find an unknown

parameter.
A\
!
fh Worked example 14.26
g Find the value of ¢ for which the planes with equations This is the same as
2x—y—3z=3 finding the value of the
X+ V—32=0 :<J' parameter for which the i]'
4 _ system of equations is
) E xt2y—dz=c consistent, as in Worked
1 le 4.14.
B . intersect, and find the equation of the line of intersection. examp:e
X
Y/ 4 1
Solve the equations using ¢ 2x—y-3z=3 ©) \
. Gaussian elimination X+y-32=0 @) I
1 x+2y—4z=c (3) y
- 1
| i
' 2x—y-3z-3 (1)
2x(2) - () ={ By-3z=-3 (4
! 2x (3 - () 5y-5z-2¢c  (5) \
| J
1
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continued . ..
2x-—y—-2%z=3 ©)
5x(4)-2%x(H) = 3y —3z=-3 (4)
Oz=-6c—© (©)

Equation (6) only has a solution «®
when RHS=0

Then (6) says 0z =0, so zcan+®
be any number

(x, y, z) are the «®
coordinates of a point
where the three planes
intersect. There are
infinitely many points,
and we can

X
write [y] as a vector
V4

equation of a line

This has a solution when

—-6c—-6=0
LB =]
Forany teR:
z=t

(4)=>3y=-3+3t
Ly=—1+t
(N=>2x=3+3t+(-1+1t)

=2+4t
Lx=1+2t

e

So the equation of the line of intersection is

REXi

Remember that your calculator can perform Gaussian
elimination even when the equations do not have a unique
solution. If the last equation is 0 =0 you can use the first two

equations to find the general solution.
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- . Exercise 14F

46@ - Topic 4: Vector

@ G Find the coordinates of the point of intersection of the planes:

Ih: 3x+ y+ z=8
IL:-7x+3y+ z=2
IL: x+ y+3z=0 [3 marks]

Find the coordinates of the point of intersection of the three

planes with equations x =2, x+y—-z=7 and
2x+y+z=3. [4 marks]

Find the equation of the line of intersection of the planes
2x—z=1, 4x+y—z=5and y+z=3. [4 marks]

Find the intersection of the planes:

xX=2y+z=5
2x+y+z=1
X+2y—z=-2 [5 marks]

Show that the planes with equations 2x — y+z =6,
3x+ y+5z=-7 and x—3y—3z =8 do not intersect. [4 marks]

a Three planes have equations:
I, :2x+y—-2z=0
IL:x-2y—2z=2
I, :3x+4y—-3z=d
(a) Find the value of d for which the three planes intersect.

(b) For this value of d, find the equation of the line of
intersection of the three planes. [7 marks]

Three planes have equations:

Il :x—y=4
IL:y+z=1
IL:x—z=d
Find, in terms of d, the coordinates of the point of
intersection of the three planes. [5 marks]

© 'Camb@e Uni ersity PrrsQOil 2 D]




8 (a) Explain why the intersection of the planes
Il :x+y=0
IL:x—4y-2z=0

1
I :Ex+3y+z:0

contains the origin.

(b) Show that the intersection of the three planes is a line
and find its direction vector in the form ai + bj + ck,
where a,b,ce Z. [7 marks]

a (a) Find the value of a for which the three planes
Il :x-2y+z=7
I, :2x+y—-3z=9
IL:x+y—-az=3
do not intersect.

(b) Find the Cartesian equation of the line of intersection
of I'l, and I, [9 marks]

Three planes have equations
X—y—z=-2
2x+3y—-7z=a+4
x+2y+pz=a’
(a) Find the value of p and the two values of a for which
the intersection of the three planes is a line.

(b) For the value of p and the larger value of a found
above, find the equation of the line of intersection.
[12 marks]

‘* ‘O V. a . r -. .‘1_ LS . Lt h - l 1 r‘\\ ) i ‘I.I

Strategies for solving problems with
lines and planes

We now have all the tools we need to solve more complex problems
involving lines and planes in space. We can find equations of lines
and planes determined by points, intersections and angles between
two lines, two planes, or a line and a plane. We also know how to
calculate the distance between two points and areas of triangles.

Solving a more complex problem requires two things:

e astrategy saying what needs to be calculated
e being able to carry out all the calculations.

© gjnlbridge University Press 201
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The second part is what we have been practising so far. In

this section we look at strategies to solve the most common
problems. There are no examples — you need to select the most
appropriate strategy for each question. For each problem we

| explain the reasons behind the choice of strategy and then list
the required steps.

Distance of a point from a plane

] M Given a plane with equation a-n = d and a point M outside

k t. of the plane, the distance from M to the plane is equal to the

r n distance MP, where the line (MP) is perpendicular to the plane.
dp This means that the direction of (MP) is n.

To find the distance MP:

MY — [

e Write down the vector equation of the line with direction n
through point M.
¢ Find the intersection, P, between the line and the plane.
A e Calculate the distance MP.

o . The point P is called the foot of the perpendicular from the
| point to the plane.

I‘k Reflection of a point in a plane

Given a plane I'T with equation asn=d and a point M which is
M not in the plane, the reflection of M in IT is the point M” such
Illl that MM’ is perpendicular to the plane and the distance of M’
from I is the same as the distance of M from IT. Calculations
{ with distances can be difficult, so instead we can use the fact

that, since MPM’ is a straight line, PM’ = MP.

| /
;X M To find the coordinates of M":
' e Write down the vector equation of the line with direction n
through point M.
e e Find the intersection, P, between the line and the plane.
e Find the point M’ such that PM’ = MP by using position
vectors: m'— p=p—m.

Equation of a plane determined by two
intersecting lines

| We noted in Key point 14.8 that a plane is uniquely determined
n by two intersecting lines. In other words, if we have equations of

T L two lines that intersect, we should be able to find the equation of
i the plane containing both of them.
b

To do this, we note that the normal to the plane must be
perpendicular to both lines (this is the definition of the normal;
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a vector which is perpendicular to all the lines in the plane). But
we know that the vector product of two vectors is perpendicular
to both of them. So we can take the normal vector to be the
vector product of the direction vectors of the two lines.

To complete the scalar product equation of the plane we also
need one point. The intersection of the two lines clearly lies in
the plane, so we can use this point, or we can use any point on
either of the two lines, which may be easier!

So, to find the equation of the plane containing lines ¥ = a + Ad,
and r=b+Ad,:

e The normal vector is n=d, X d,.

e For a point P in the plane, pick any point on either of the two
lines (a, b or the intersection are some possible choices).

e The scalar product equation of the plane is ren = pen.

Distance between parallel planes

If two planes are parallel, we can find the perpendicular distance
between them. To do this, we note that the perpendicular
distance is measured in the direction of the normal vector of the
two planes. (Since the planes are parallel, their normals are in
the same direction!)

One possible strategy is as follows:

e Pick a point in the first plane.

e Write down the equation of the line in the direction of the
normal passing through this point.

¢ Find the intersection point of this line and the second plane.

e Find the distance between the two points.

Distance from a point to a line

We have already seen an example of this in Worked

example 14.8. The strategy is based on the fact that the distance
is measured along a direction perpendicular to the line.
However, there is more than one direction perpendicular to
any given line so we cannot not just write down the required
direction. Instead, we use a general point, P, on the line (given
by the position vector r) and use scalar product to express the
fact that MP is perpendicular to the line.

To find the shortest distance from point M to a line [ given by
r=a+Ad:

e Form the vector MP = r — m; it will be in terms of A.
e [MP] is perpendicular to the line: MP+d =0.
e This is an equation for A; solve it.
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e Use this value of A to find MP.
e The required distance is ‘W ‘

Distance between two skew lines

Consider points M and N moving along two skew lines, [,
and [, respectively. The distance between them is minimum
possible when [MN] is perpendicular to both lines. It may
not be immediately obvious that such a position of M and N
always exists, but it does. When you sketch a diagram of this,
it is useful to imagine a cuboid, where one line runs along an
Na upper edge, and the other runs along the diagonal of the base,
as shown. The shortest distance between the two is then the
height of the cuboid.

M,y

N Y~ =

Suppose the two skew lines have equations ¥ = a+ Ad, and

r = b+ ud,. The strategy is similar to finding the distance

between a line and a plane, except now we have two general
\ points, one on each line.

o e Write down position vectors of two general points M and N,
one on each line, using the equations for r.

Form the vector MN; this will be in terms of both A and p.
Write down two equations: MNe+d, =0and MNe+d, =0,
These are simultaneous equations for A and |; solve them.
Use the values of A and [ to find MN.

The required distance is |W|

Exam questions usually give you hints to help solve any of the
above problems. (Any question that does not would definitely
A be difficult!) However, questions often ask you to carry out the
A required calculations, but not tell you how to fit them together
to solve the final part. This is why it is extremely useful to draw
a diagram and label everything you have found. Remember
that the diagrams are just sketches showing relative positions of
0. points, lines and planes - they do not have to be accurate.

—

- The exam-style questions in the following exercise are intended
give you an idea how much guidance you can expect to get.

Use the strategies described in this section to help you. Some
questions will not use any of the above strategies, but you will be
given hints.
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Plane IT has equation 2x+2y—z =11 Line [ is
perpendicular to IT and passes through the point P (-3, -3, 4).

(a) Find the equation of I.
(b) Find the coordinates of the point Q where / intersects I1.
(c) Find the shortest distance from P to IT. [8 marks]

Two planes have equations:
Il :x-3y+z=6

IL,:3x-9y+3z=0

(a) Show that IT, and IT, are parallel.
(b) Show that IT, passes through the origin.

(c) Write down the equation of the line through the origin
which is perpendicular to I1,.

(d) Hence find the distance between the planes
IT, and I,. [10 marks]

-1} (0
(a) Calculate| 0 XLI .
3

2

(b) Two lines have equations:

7 -1 1 0
L:r=|-3|+t| Oland L :r=| 1|+s|1]|.
2 2 26 3

(i) Show that [, and [ ,intersect.
(ii) Find the coordinates of the point of intersection.

(c) Plane IT contains lines [, and L, Find the Cartesian
equation of T1. [11 marks]

Four points have coordinates A (7, 0, 1) B (8,—1, 4),
C(9,0,2)and D (6, 5, 3)

(a) Show that AD is perpendicular to both AB and AC.

(b) Write down the equation of the plane IT containing the
points A, B and C in the form ren =k.

(c) Find the exact distance of point D from plane I1.

(d) Point D, is the reflection of D in I1. Find the
coordinates of D,. [10 marks]
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Two lines are given by Cartesian equations:
] x=2 y+1 z-2
B T

-5
LAy s

(a) Show that [, and [, are parallel.

(b) Show that the point A (14, -5, 6) lies on /,.

(c) Find the coordinate of point B on I, such that (AB)
is perpendicular to the two lines.

(d) Hence find the distance between /; and 1,, giving
your answer to 3 significant figures. [10 marks]

@ (a) Find the coordinates of the point of intersection of lines

-1 +1 3- +12 +17
Xl yTi_ Zandlzzx _Y_Z .

l:
3 4 3 2 1 1

(b) Find a vector perpendicular to both lines.

(c) Hence find the Cartesian equation of the plane
containing [, and /,. [13 marks]

Points A (8, 0, 4), B(12,—1, 5)and C (10, 0, 7) lie in
the plane I1.

(a) Find ABx AC.

(b) Hence find the area of the triangle ABC, correct to
3 significant figures.

(c) Find the Cartesian equation of I1.
Point D has coordinates (-7, — 28, 11).

(d) Find a vector equation of the line through D
perpendicular to the plane.

(e) Find the intersection of this line with I, and hence
find the perpendicular distance of D from I1.

(f) Find the volume of the pyramid ABCD. [16 marks]

e Line [ passes through point A (=1,1, 4) and has direction

6
vector d = (1] Point B has coordinates (3, 3,1). Plane I1

5
has normal vector n, and contains the line / and the point B.
(a) Write down a vector equation for /.

(b) Explain why AB and d are both perpendicular to n.

/ | © Comb@e Uni r.siw Prfssjol] 2 D /
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(c) Hence find one possible vector n.

(d) Find the Cartesian equation of plane IT. [10 marks]

g Plane IT has equation 6x —2y+z =16. Line [ is
perpendicular to IT and passes through the origin.

(a) Find the coordinates of the foot of the perpendicular
from the origin to I1.

(b) Find the shortest distance of I from the origin, giving
your answer in exact form. [8 marks]

(a) Show that the planesIl,:x—z=4 andIl,:z—x=38
are parallel.

(b) Write down a vector equation of the line through the
origin which is perpendicular to the two planes.

(c) (i) Find the coordinates of the foot of the
perpendicular from the origin to IT,.

(ii) Find the coordinates of the foot of the
perpendicular from the origin to IT,.

(d) Use your answers from part (c) to find the exact
distance between the two planes. [11 marks]

Summary

« Vector equations give position vectors of points on a line or a plane.

o The vector equation of a line has the form r = a + Ad, where d is a vector in the direction of the
line and a is the position vector of one point on the line. r is the position vector of a general
point on the line and the parameter A gives positions of different points on the line.

o Vector equation of a plane has the form r = a + Ad, +ud,, where d, and d, are two vectors
parallel to the plane and a is the position vector of one point in the plane.

 Cartesian equations are equations satisfied by the coordinates of a point on the line or in the plane.

o To uniquely determine a plane we need three points, not on the same line, OR a line and a
point outside that line, OR two intersecting lines.

x—a_ y-b z-c

« Cartesian equation of a line has the form , and can be derived from the

m n
vector equation by writing three equations for A in terms of x, y and z. If we express x, y and z

in terms of A instead, we obtain parametric equations of the line.

 The Cartesian equation of a plane has the form n,x +n,y + n,z = k. This can also be written

n
in the scalar product form ren = aen, where n = n;] is the normal vector of the plane, which
1y )
is perpendicular to every line in the plane. To derive the Cartesian equation from a vector
equation, use n=d, Xd,.

© Cambridge University Press 2012 _ 14 Lines and planes in space 4
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» The angle between two lines is the angle between their direction vectors.
o Two lines with direction vectors d, and d, are parallel if d, = kd,, perpendicular if d,+d, =0.
« The angle between two planes is the angle between their normals.

« The angle between a line and a plane is 90° - 6, where 6 is the angle between the line direction
vector and the plane’s normal.

+ To find the intersection of two lines, set the two position vectors equal to each other and use
two of the equations to find A and . If these values do not satisfy the third equation, the lines
are skew lines.

 To find the intersection between a line and a plane, express x, y and z for the line in terms of A
and substitute into the Cartesian equation of the plane.

o The line of intersection of two planes has direction parallel to n, X n,, and we can use any point
which satisfies both plane equations.

 The intersection of two planes or three planes can be found by solving the system of equations
given by the Cartesian equations of the planes.

 Three distinct planes may intersect at a single point, along a straight line, or have no
intersection at all. These cases correspond to the different possibilities for the solutions of a
system of three equations. When the solution is not unique, the straight line corresponds to the
general solution of the system.

 The vector equation of a line can be used to describe the path of an object moving with
constant velocity. For an object moving with constant velocity v from an initial position a, the
direction vector of the line can be taken to be the velocity vector, and the position of time # is
given by r(t) = a + tv. The object moves along the straight line with equation r=a + tv.
The speed is equal to | v|.

In solving problems with lines and planes we often need to set up and solve equations. In doing

so we use properties of vectors, in particular the fact that the magnitude of a vector represents
distance, and that g«b =0 for perpendicular vectors. We also need to use diagrams, often to identify
right angled triangles. In longer questions, we can combine several answers to solve the last part.

Introductory problem revisited

Which is more stable (less wobbly): a three-legged stool or a four-legged stool?

A stool will be stable if the end points of all the legs lie in the same plane. As we have seen,
we can always find a plane containing three points, so a three-legged stool is stable, it never
wobbles. This is why photographers place their cameras on tripods.

If there are four points, it is possible that the fourth one does not lie in the same plane as the
other three. So if the legs are not all of the same length, the four end points could determine
four different planes. Equally, if the floor is slightly uneven, only a three-legged stool can be
relied upon to be stable. This is why four-legged chairs and tables often wobble. However, we
also want furniture that is not easily knocked over - can you see why stool legs which form a
square at the base might be better than legs that form a triangle in this respect?
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Mixed examination practice 14

Short questions

Find a vector equation of the line passing through points

(3, =1, I)and (6, 0, 1). [4 marks]
. . . . . x+3 y—-8 z+13
The point (3, —1, 2) lies on the line with equation =5 " b
Find the value of p. [4 marks]

\%% The vector n=3i+ j—k is normal to a plane which passes through the

point (3, —1, 2).
(a) Find an equation for the plane.

(b) Find a if the point (a, 2a, a—1) lies on the plane. [6 marks]

\% Find the coordinates of the point of intersection of the planes with equations

x—=2y+z=52x+y+z=1and x+2y—-z=-2. [6 marks]

-1 2
Points A (-1, 1, 2) and B(3, 5, 4) lie on the line with equation 1 = [ 1] + 7{2].
2 1

Find the coordinates of point P on the same line such that AP = 3AB, as
shown in the diagram.

A [5 marks]

a Point A (-3, 0, 4) lies on the line r = —3i + 4k + A(2i +2j — k), where A is
a real parameter. Find the coordinates of one point on the line which is 10
units from A. [6 marks]

Points A (4, 1, 12) and B (8, —11, 20) lie on the line .
(a) Find an equation of line /, giving the answer in parametric form.

(b) The point Pis on I such that OP is perpendicular to I. Find the
coordinates of P. [6 marks]

B (a) Giventhata=2i—j+kandb=i— j+4k,showthatbxa=3i+7j+k.
Two planes have equations rea=5 and reb=12.
(b) Show that the point (2, 2, 3) lies in both planes.

(c) Write down the Cartesian equation of the line of intersection of the
two planes. [6 marks]
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2y+2 -5
g The plane 3x+2y —z =2 contains the line x—3=2T2_Z272

Find the value of k. 5 k [6 marks]

(a) If u=i+2j+3k and v=2i— j+2k show thatuxv=7i+4j—5k.
(b) Let w=Au+uv where A and U are scalars. Show that w is
perpendicular to the line of intersection of the planes x+2y+3z =5
and 2x — y+2z =7 for all values of A and L.

[8 marks]
(© IB Organization 2000)

Find the Cartesian equation of the plane containing the two lines

3—y

-2 +1 -3
szzz—landx Y2 .

-3 5

[8 marks]

Long questions

1. Points A and B have coordinates (4, 1, 2) and (0, 5, 1). Line [, passes

4 2
through A and has equation r, = [1] + }{—1]. Line [, passes through B
2 3

0 4
and has equation r, = (5] + t[—4].
1 1

Show that the line [,also passes through A.
Calculate the distance AB.

Find the angle between [, and /,in degrees.
G|

O~ 1= =

Hence find the shortest distance from B to [,. [10 marks]

_3)

2 5 1)
2. Showthatthelinesll;r: 3J+k ~1|and [, :r= +u 1J

0
18 -8 2 -1
do not intersect.

() Points P and Q lie on [, and [, respectively, such that (PQ) is
perpendicular to both lines.

(i) Write down PQ in terms of A and L.

(ii) Show that 9y — 69 +147 = 0.

(iii) Find a second equation for A and L.

(iv) Find the coordinates of P and the coordinates of Q.

(v) Hence find the shortest distance between [, and [,. [14 marks]
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3. Plane IThas equation x —2y +z =20 and point A has coordinates (4, —1, 2).

Write down the vector equation of the line / through A which is
perpendicular to IT.

(9] Find the coordinates of the point of intersection of line / and plane IT.

(@) Hence find the shortest distance from point A to plane IT. [10 marks]

. In this question, unit vectors i and j point East and North, and unit

vector k is vertically up. The time (#) is measured in minutes and the
distance in kilometres.

Two aircraft move with constant velocities v, = (7i +10j + 3k ) km/min
and v, = (3i — 8 — 4k) km/min. At t =0, the first aircraft is at the point
with coordinates (16, 30, 3) and the second aircraft at the point with
coordinates (24, 66,12).

Calculate the speed of the first aircraft.

Write down the position vector of the second aircraft at the time ¢
minutes.

Find the distance between the aircraft after 3 minutes.

() Show that there is a time when the first aircraft is vertically above the
second one, and find the distance between them at that time.

2 3

5 -1 5 2
. Line L, has equation r = [1] + t[ 1] and line L, has equation r = (41 + s(l}

9) 1

W
—_—— N

Find [ ]x[ ]
(») Find the coordinates of the point of intersection of the two lines.
Write down a vector perpendicular to the plane containing the two lines.

Hence find the Cartesian equation of the plane containing
the two lines. [10 marks]

. Three planes have equations:

I :3x—y+z=2
IL:x+2y—z=-1
I :5x—4y+dz=3

Find the value of d for which the three planes do not intersect.
Find the vector equation of the line /, of intersection of I, and I, .

V)

& “printing, aring ribution i |

&

|

‘i

|~




’J'

sl

+5
8. Line L has equation * . =

For the value of d found in part (a):
(i) Find the value of p so that the point A (0,1, p) lines on .
(ii) Find the vector equation of the line /, through A perpendicular

to IL.
(iii) Hence find the distance between [, and IT,. [17 marks]
. . Lo xXx=2 y+1 z _. .
7. Line ], has Cartesian equation T — = 3 Line [, is parallel to /;

and passes through point A (0,—1, 2).
Write down a vector equation of /,.

(9] Find the coordinates of the point B on /; such that (AB) is
perpendicular to /.

Hence find, to three significant figures, the shortest distance between
the two lines. [9 marks]

y—1 z-2

Show that the point A wit}f coordir}ates (4,10,-1) lieson L.

Given that point B has coordinates (2,1,2), calculate the distance AB.

Find the acute angle between L and (AB) in radians.

()] Find the shortest distance of B from L. [12 marks]

2) (-2 ( 1
9. The plane [, has equation r=| 1 [+A| 1 +pL—3 :
-9

1 8

2 1 1
The plane [], has the equation r = [0] + 5[2] + t[ ]
1 1 1

(i) For points which lie on []; and [1,, show that A = .

(ii) Hence, or otherwise, find a vector equation of the line of intersection

of [, and [[,.
The plane [1; contains the line 2 ; =2 — 741 andis

perpendicular to 3i —2j+ k. Find the cartesian equation of [;.

Find the intersection of [,, [I,and I ;. [12 marks]
(© IB Organization 2005)
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% 10. Find the vector equation of the line L through point A (—2, 4, 2)

] -
Point B has coordinates (2, 3, 3). Find the cosine of the angle -
between (AB) and the line L.

Calculate the distance AB.

Point Clies on L and BC is perpendicular to L. Find the exact
distance AC. [10 marks]

parallel to the vector | = [

O = =

% 11. Plane Il hasequation x —4y+2z =7 and point P has coordinates (9,-7,6).
Show that point R (5, 1, 3) lies in the plane IT.
Find the vector equation of the line (PR).
Write down the vector equation of the line through P perpendicular to IT. :
N is the foot of the perpendicular from P to Il. Find the coordinates of N. N
Find the exact distance of point P from the plane I1. [14 marks]

12. Point A (3, 1,—4) lies on line L which is perpendicular to plane IT:3x —y —z =1.
Find the Cartesian equation of L.
(9] Find the intersection of the line L and plane I1.

‘i

(@) Point A is reflected in I1. Find the coordinates of the image of A.
Point B has coordinates (1, 1,1) . Show that B lies in T1.
Find the distance between B and L. [14 marks]

2 3 \
13. [@)) Calculate | —1 |x| 1| 3

DS

2 .
Plane IT, has normal vector (—1} and contains point A (3, 4, — 2). ‘e
. h

Find the Cartesian equation of the plane.
Plane I, has equation 3x + y —z = 15. Show that I'l, contains point A.
Write down the vector equation of the line of intersection of the two planes.

2 |
A third plane, I1;, has equation r-[l] =12. Find the coordinates of 4
2

the point of intersection of all three planes.
Find the angle between IT, and I, in degrees. [17 marks]
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(e) 1.06
(f) 0.058,0.557

I
4. (a) r=2,00=—
6

{1 (b) [-2.2]
. grm
7 276
5 (@ (t+1)@ —4t+)
S @1
(d) tan15°=2-4/3,
tan75° =2+ /3
. Chapter 13
Exercise 13A
-\..' 1. @ () b (i) a+b
B - 1
(b) () —a (ii) —5@
(c) () a+§b

(ii) %b—%a
4 1
2. () (i) a+gb (ii) a+5b
3
.'~j (b) (i) —a+b
' 1,1
\ (11) —Eb+5a
. 3
@@ jab

4 1
i) ——b+—
(ii) 3 2 a

4 0
3. () @) [8J (ii) (—g]
g } 3 0
.- (b) () [‘f} (i) (_21]

4. @) b-a

S

1 1
- —a+-b
. (b) 2“ 2

1 | (c) 4a-3b

870  Answers -

T
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5. (a) XE=(§),R=(Oi5)

(b) (10,-2)

1 35
oo |3 o |

Exercise 13B

21 20
L (@ () 3} (i) |78
36

2 6
® G |3 @ |

11 -3
© G 3] @]

10 17
@O (5] @ |5

2. () (i) —5i+5k (i) 4i+8j
(b) () i—3j+3k (i) 2j+k
(©) (i) 4i+7k

(ii) 5i—4j+15k

3. (a) —4i+2j—k
P
(b) 313773
(©) 4i-3j+k

1 1
—Zitj-—k
@ —5iti=y



5. -2
4
6 N
3
7. -2
31
8. p=",q=-—
P=517%

Exercise 13C

L |a|=25 |b]=26 |¢|=2V5 |d|=+2
2. |a|=+21|b|=2|c|=+21|d|=+2
3. () () V29 (i) V2

b () V58 (i) V5
4. @ () V19 (i) V38

b () V74 () V13
5. (a) 53 (b) Vo4

() /53 @ 2

NSI\S)

[SS
/N

1(2

6. @ () 312 G 3
1 (1
® O 7,

1 4
(i) 3 2\751

N 1
11. 2 —E
15
1 14
12. t=—,d=,—

© E:’fmlbridge University Press 2012
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Exercise 13D
1. () () 1.12 (i) 1.17
(b) (i) 1.88 (i) 1.13
(©) (i) 1.23 (i) 1.77
5
2. i) ———
(@) (i) o
20
(11) \/ﬁ
2
b) () ———
(b) (i) N
1
(ii) T
© ) ﬁ (if) 0
3. (a) 61.0°74.5°,44.5°
(b) 94.3°,54.2°,31.5°
4. (a) (i) No (i) Yes
(b) (i) Yes (ii) No
5. 92.3°
6. 40.0°
7. (b) 107°,73.2°
5
(c) Z
8. (b) 41.8°,48.2°
© 65
Exercise 13E
1. () (i) 16 (i) -56
(b) (i) 16 (i) -16
(o @) 9 (i) 9
(d) () -4 (i) 0
7 5
5 N7 5
(@) (i) e (ii) T
N 2 .. 1
(b) (1) 5 (i) ﬁ
3. (a) (i) 48.2° (i) 98.0°
4. (a) 19.2 (b) 3
6. @) () -~ (i) 2
’ 2 7
L 4 .. 3
(b) (i) A (ii) 0,5
1l f

Y[}
-




Fa

3
<

|
S

o

i
i

18 10
7. ——— y==
R TRAT!
(b) (i) 1+11x=-17

(ii) 14=4+11y

3y
(iii) They are perpendicular to ( y) and

[32) mopes

_3 |> respectively.
© @ [3) or (3)ana [ 2) or [ 3)
Lo 133
R T AT

8. () 19 () 7
(c) 32

9. (a) 2 (b) 6

52

10. (a) ?

11. (a) 1.6
(b) 68.7°, 21.3°,90°
(c) 88.7

12. (@) a+b,b-a
®) [b[ ~[af

13. (b) 2
(©) 45

Exercise 13F

-2

L (@) (@) [_61]
=5
() (i) [—_1;]

0
(i) |

12
(i) g

2. () (i) %\/E Gi) 117
L1539
(b) (1) - (ii) 2
18 —-18
—-12],| 12
3. (@) 72\ =72
(b) p=—q
4. (a) (11,2,0) (b) 16.8

5. (a) C(5,4,0),F(5,0,2), G(5.4,2),H(0,4,2)
(b) 11.9

872 Answers -
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Exercise 13G

1. (a) 0.775
(c) 0.630

-1

2 @ () [—ng
—23

) @) | 4

3. (a) ﬁ{

(b) 0.128
(d o

-9
o

0
at

4. 175
5. (b) 13axb
6. (b) 0

Mixed examination practice 13
Short questions

1. -1

2 (@) AD-AB

3. (a) 9i+5j+7k

(b) 155

-5
4. () [—31)—1]
15

19
b) =
®)

5. 74.4°
T

. =-20

63

7. 0

Long questions

2
1. (a) [0 ] (© (3.61)
k-7

(d) _L

Jio



(b) 5

33 33
(C) (5’552) (d) ~

o (o) (4-2d)
(c)

3
(d) 243

(b) | C |cos¢9

(d)

. Chapter 14

Exercise 14A

1. @) () r= )+7»( )
-3

(b) () o|+A] 3

5 3

3
(i) r= IJ [—2]

5 2

[ +A
© ® r=[o}+»[3)
g)

o el

o

e}

(d) (i) r—[J

(ii) r—[ 8
|

2. @ () r= ‘f) (?

)
o)

© E}ombridge University Press}201 2

1 N 3
N or=]1 -2
(i) ¥ 3 + 1

3. (a) (i) Yes

(b) (i) Yes

4. (b) (0,3,0)
7 -4
5. (a) r=|1][+A]-2
2 3

(ii) Yes
(ii) No

(b) (=5,-5,—11)or(19,7,-7)

2 2
6. (a) r=[1[+A]|-3
4 6

(b) 7

(c) (-8,16,-26),(12,~14,34)

Exercise 14B
1. (a) () 44.5°
®) (i) 26.6°

2. (a) Perpendicular
(c) Parallel

3. () () (10,-7,-2)
(i) (4.5,0,0)

(b) (i) No intersection
(ii) No intersection

4
4. ﬁ’_yg
9 9 9

)
1

(d) t=2
(e) 2hours

3t
8. (a) 5—4§

(d) 30km
9. 3

(ii) 56.5°
(ii) 82.1°
(b) Parallel
(d) Same line




o

s

v

ORa" _

" SV i i i
519 9 A
(d) llgzi(::&OS)
(e) 4.55
11. (a) (9,-5.8)
(C) (3’4’_1)
12. (b) (2++/6,-1-2V6,26),0r
(26,26 -1,-246)
x—1 y-=7 z-2 __y-5_z
1. (a) T T TS (b) x= 1,_2 5
(©) r=|-1[+7r|—4 @ =] L|+AL 0
0 5 \ 3 —2/
2. (a) Perpendicular (b) None
(c) None (d) Parallel
3. (a) x—=1 4-y z+1
' 3 2 3
by |
SN
4. (a) r=y 2 |+A| 3
4/3 -2
11
(b) Yes at (Z’O’OJ
(c) 61.0°
5. (a) 13.2° (b) No
6. (a) (8,71
L @ ) I((l)\lmlf_;\lﬂzl( 1)
. (@) G) r= -
\2) (2} 3
(i) r=|2|+A| 4|+43
0 -1 0
874 Answers

' T 1 (R T |

3 -2 1
2. (a) (i) r= —1]+k[ 2]+/{ 0
3 -1 -1

(b) () r=(j+k)+Ar
Bi+ j—3k)+ i —3j)

(ii) r=(i—6j+2k)+
A(5i—6j)+ p(—i+3j—k)

-1 5 —6

(i) r=|-1[+A] 2|+ 2
5 -3 —4

9 -11 -8

(b) () r=|0|+A] 1|+ -1
0 0 2

11 -10 -16)
(i) r=| -7 [+A] 21|+ 17|
3 -1) -3)

(b) (i) r=

4 2
(ii) = 0J+k[1]+/x[
2 1

4. (a) (i) 3x-5y+2z=—4
(if) 6x—y+2z=19
(b) (i) 3x—y=-9
(ii) 4x—-5z=-10

10
5. (a) (i) 13
-12

1

(b) @) |5

0

( 10)
6. (a) (i) re| 13|=38
—12)

(ii) rl(ﬂ =3
\1)
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- L‘, II: h A l ﬁ\\ . I -J

1 V7
®) (1) r-[5]=22 9. (b) 3 j
0 © 35 (d) V35 N

1
(ii) r-{20]: 152 [
7 10. (a)

7. (@) (i) 10x+13y—12z=38 ) .
(i) 3x+y+z=1 (d) r=[1]+7~[ 4]
(b) () x+5y=22 2 7
(i) x+20y+7z=152 .
8 (@ (i) x+y+z=10 11. (a) [—5}
(ii) z=2 —4
(b) (i) 40x+5y+8z=580 7
(i) x+y+z=1 (b) (ii) r=7{—5]
Exercise 14E -10 -8
o 2527
L () () (7.11) \
.o _ 9 _ |’
i« 14’ >7) Exercise 14F i
®) (‘5"?‘4] L (EE_Z)
(i) (8,-3,2) 333
2. (2,2,-3)
2. (a) (i) 46.4° (i) 17.5° . 1 3
(b) (i) 47.6 (ii) 10.8 3 r—| 4letl - -
3. (a) 75.8° (b) 60° -1 2
1 2 3 11
4. (@) () r=| 1 +x[-13] 4 (2 6 6) 7
-1 -7 £
6. (a) d=-2

(i) r=| -1

8. (b) 2i—2j+5k

0
2
(b) @) r= g +A| -

6
(i) r=[0[+A
0

9. (a) 2
3 -
5. (a) {—1] (b) 57° (b) x—5=y+1=z / |
1
5 10. (a) p=—4,a=2 _Z | 48
6. (5,3,1) . (@) p=—4,a=2or - q
8. (a) (5,0,0),(0,-20,0), 0 5
(0,0,12) (b) r=[2]+t{1]
0 1 :
(b) 133 5
© E:m‘bridge Universi Press 01? : “~ (5 Se_ys i 4
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Exercise 14G

1. (@) r=|-3|+A| 2
4 -1
r (®) (33D (©) 9
{1
e © r=» —;
gy - 1
2 () Y11
11

3. (a) 3
-1

(b) (ii) (1,-3,14)
‘ () 2x-3y+2z=25

-1
. 4.(b) r.[ ]:—5
AR 2

(© 30

| (d) (8’_59_1)
e (@,_‘_32,_‘_1)
._ 117 11 11

3 (d) 6.99
| 6. (a) (10,11,-6)

() 7x—=9y—5z=1

7@ [_13] (b) 5.32

2
() 3x+10y—-2z=16

*I (d) r=(—28]+7\.[10]
11 -2

(e) (2,2,5); 31.9 (35F)
Y (f) 56.5

.

: 87‘@ Answers -

41

1
10. (b) rzl[ 0]
-1

(© () (2,0,-2) (i) (—4,0,4)

d) 6v2

Mixed examination practice 14
Short questions

N

2. 5
3. (@ 3x+y—-2=6

5
b) =
®) 7
3 11 1
4. | =,——,——
(2 6 6)
5. (11,13,8)

11 20 2 -29 =20 22
6' LT | oY |
3 33 3 3 3

7. @) x=d+dy=1-3,
z=12+2A
(b) (ﬂﬁﬁ)
14 14 7
x-2_(r-2)
3 7

8. (¢ =z-3
9. k=8

11. 7x+2y-3z=3

Long questions

1. (b) 33

(c) 45.7°
(d) 4.11

Al B g PP




"l‘*p

—~
()
Nag

.,1HAUFC? -

HU—2h+8
- (b)) @ H+A—3

—u+8h—16
(ili) 34—9A+21=0
(iv) (L12),(4,-13)

v) 14

@ r=l-1|+Al =2
2 1

b) (6,-5,4)

c) 26

. (a) 12.6 km/min

b) (24+31)i+(66—8t)j+(12—4t)k
c¢) 22km
d) 5km (when t=2)

-2
. (a) [ 7]
-3

(b) (3,3,8)

-2
(©) [ 7]
-3

(d) 2x-7y+3z=9

—
=
=
QU
Il
w

2 -1

) r=[2|+t| 4

0 7

() (i) p=3

@{) r=|1|+A| -4
3 3

L V3
(iii) e (=0.389)

RERE

© &:nlbridge University Press 2012

vt ¥ Gremaas ) § A W B e
(c) 0.551
(d) 5.08
2 -1
9. (a) (ii) r=[1]+7{—2}
1 -1
(b) 3x—2y+z=5
(o @2,L)
10.(a) r=| 4|+A|1
2 0
1
(b) 3
(©) 32 (d) %
11.(b) r=|{ -7 |+A| 8
6 3
() r=|-7|+u -4
6 2
(d) (7,1,2)
(e) 84
x=3 y-1 z+4
12. (a) P
(b) (0729_3)
(C) (_3737_2)
(€ 3v2
0
13. (a) |5
(b) 2x—y+2z=0
3 0
@ ( ]x(]
-2 5
(e) (3,4,0) (f) 47.1°
VA2

Y[}
-




