\> —— L M g i
. 2 .
Express z = 3i— in the form x +iy. [5 marks]
i+/3

If z and w are complex numbers, solve the simultaneous equations:

3z+w=9+11

iw—z=-8-2i [5 marks]
f (z) =2z’ +az? + bz +c where a, b and c are real constants.
Two roots of f(z) =0 are z=1 and z=1+2i. Find g, band c. [6 marks]
Find the complex number z such that 3z —5z*= 4 —3i. [4 marks]
1
Find the exact value of — [6 marks]

-
(V3 +i)
G The polynomial z* +az* + bz — 65 has a factor of (z — 2 — 3i). Find the values

of the real constants a and b. [6 marks]
++/2
If w=1++/3i and z=1+1 show that Re(W \/_Z\zo. [6 marks]
\w =2z
6
z
a If z=4 cos£+isin£\ and w=2 cos£+isin£\ evaluate (—J
4 4) 6 6) w
leaving your answer in a simplified form. [6 marks]
g If arg ((a + i)3) =1 and a is real and positive, find the
exact value of a. [6 marks]
Let z and w be complex numbers satisfying i +? = Z—+1 .
w—i z-
(a) Express win terms of z.
(b) Show that if Im(z) =0 then Re(w) = 0. [6 marks]
If ‘z + 2i! = !z —6i find the imaginary part of z. [6 marks]
If |z+25|= 5|z +1find |z]. [6 marks]

1 2
(a) The equation x°+ax* +bx>* +cx*+dx+e=0 hasroots —, —,1,1
and 3. Find the value of a. 33

(b) Let 1,m,,,,®,,0, be the roots of the equation z° = 1. Find the value
of W, +®, + W, + ®,. [5 marks]

© Cambridge University Press 2012

o —‘;&__ LIrlgt for prilnting, shar‘i'pg ofdistibxt'ianm v = f _Lf:

15 Complex numbers 523

Ty =

e ol LY

L0

[|Ra



e e

e

|

X

b _“'-w/\li1 ﬁ{."!‘_h _""-—I-.._\__.__ ™ 40 v, - - o

(a) Show that o +P* = (o + [3)3 —30B(a+B).
(b) Let oo and B be the roots of the quadratic equation x2 +7x+2 =0.
Find a quadratic equation with roots o® and B [7 marks]

By considering the product (2 +1)(3+1) show that

1 1 =
arctan—+arctan— = —. [6 marks]
2 3 4

If0< 6’<§ and Z=(Sinl9+i(1—COSl9))2 find in its

simplest form argz. [6 marks]

1
Let z and w be complex numbers such that w = - and ‘z ‘2 =1
-z

Find the real part of w. [6 marks]
. z2-1_.
If z = cis & prove that — = itané. [6 marks]
z°+
k
m w=— j—l where z2 # —1.1f Im(w) = Im(k) =0 and Im(z) # 0
z
prove that | z | =1. [6 marks]
1. Let 2z, =M, and z, =1-1i.
2

.. T T
Write z, and z, in the form r(cos @+ isin &), where r >0 and 5 <@< >

z T T
(%)) Show that —~ = cos— +isin—.
z, 12 12

Find the value of A in the form a+ bi, where a and b are to be
ZZ

determined exactly in radical (surd) form. Hence or otherwise find the

exact values of cos% and sin%. [8 marks]

5 (© IB Organization 1999)
3 1

2. Express - Ei in the form r(cos #+1isin é).

9
1
Hence show that [g - 51] = ¢i where cis a real number to be found.

Find one pair of possible values of positive integers m and n such that:

[ﬁ _ li]m = (£+ ﬁi}” [8 marks]
2 2

2 2 k
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3. Letz=cosO+1isin 6,f0r—%<6§£.

4
(i) Find 2° using the binomial theorem.

Ty =

(ii) Use De Moivre’s theorem to show that:

—
cos 30 =4cos30 - 3cosB and sin30=3sin0 - 4sin 30. H‘E
sin3f—sin & e
Hence prove that ————— =tan6.
cos38+ cosl

L0

Given that sin = % , find the exact value of tan 36.

[10 marks]
(© IB Organization 2006)

4. If o is a complex third root of unity and x and y are real numbers prove that:
) 1+ o+wn?=0.
) (ox+0?y)(0*x+oy)=x—xy+ y. [7 marks]

5. A cubic equation ax?® +bx*+cx+d =0 hasroots x,,x,,x,.

(i) Write down the values of x, +x, + x, and x,x,x, in terms of a,b,c
and d.
c =

(ii) Show that x,x, + x,x; + x,x, = —.

a
The roots o, B and y of the equation 2x* +bx?> +cx+16=0 form a -
geometric progression.

(i) Show that B =-2.
(ii) Show that ¢ =2b. [14 marks]

6. Letz=cos&+isind. 5

1 -
Show that 2cos &=z +—. )
z
1
Show that 2cosnf=z" + —,
Zﬂ
Consider the equation 3z* —z° +2z? —z+3=0.
(i) Show that the equation can be written as 6cos28—2cos&+2=0. P

(ii) Find all four complex roots of the original equation. [7 marks]

2im
7. Let @=¢e >, .
Write ®?, ®* and ®* in the form e'?.
Explain why ®' + ®* + ®* + 0* = -1. /

2T 4T
Show that o+ w* = 2COS(?) and ®*+®° = 2COS(?).
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27
Form a quadratic equation in cos(?J and hence show that

cos(z?n] = % [10 marks]

8. By considering (cos #+isin )’ find the expressions for cos(38) and sin(36).

3tanéd—tan® &

()] Show that tan3&= )
1-3tan? ¥

Hence show that tan(i) is a root of the equation x* —3x?>-3x+1=0.
12

()] Show that (x—1) is a factor of x*> —3x? —3x+1 and hence find the exact
solutions of the equation x* —3x* —3x+1=0.

By considering tan(gj explain why tan(%) <L

69) Hence state the exact value of tan(%). [14 marks]
\
9. Points P and Q in the Argand diagram correspond to complex numbers
z, =x, +iy, and z, = x, +1y,. Show that PQ = |z1 -z, |
The diagram shows a triangle with one vertex at the origin, one at the point
A (a, 0) and one at the point B such that OB = b and AOB = 6.

Im
A

Re

O
&

a A

(i) Write down the complex number corresponding to point A.
(ii) Write down the number corresponding to point B in polar form.
(iii) Write down an expression for the length of AB in terms of a, b and 0.

(iv) Hence prove the cosine rule for the triangle AOB:
| AB[" =|OA[" +|OB[" +2|OA|| OB|cos# [13 marks]
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1

Q= 5
3. —2,1+/3,1-+/3i
4 2 +/6 (\/E+\/€J,
. = + 1,
2 2
\/5—\/3_[\/5+\/3Ji
2 2 '
V2 —2i

3 7
5. 3cis(—n),3cis(—n),
8 8
— -5
3cis(—n),3cis(—n)
8 8

LT
6. (a) 8el§
1,z 1 .7z
(b) 84e12,84e 12,
1 13z 1 197

o2z 2 2E
84e 12 ’84e 12

() Im
A

O

e

7. (a) V2£2i,—2£/2i
(b) (22 +22z+ 4)
(22 -2z + 4)

ANSWER HINT(7)

(T+w; + WotWatw+ws)xw

9. a*+b*>—-ab
iR in

10. (a) —Le3,e 3
(b) x*+6x2+12x+8

© 3333
2 2
Exercise 151
1. sin3#=3sind—4sin’ &
2. (a) cos*@—6cos? Hsin? H+sin* &

(b) cos4f=8cos* &#—8cos* F+1

884 Answers

e “DIATR DT AR

3. (b) A=2,B=10,C=20

4. (b) (z+z71) =z +62 +1
5z22420+15z2+6z*+2z7°
(z—2z1)° =z 624 +
152> =20+15z2—-6z*+2z°¢

5. (a) Re:cos’ @
—10cos®* @
Im:5cos* #sin@—10cos? &
sin® &+ sin® @

(c) 5

Mixed examination practice 15

Short questions
V3.7

|
2 2

2. w=5i,z=3+2i

3. a=-3,b=7,c=-5

10. (a) w=iz
11. 2
12. 5
13. (a) —6
(b) -1
14. (b) x*+301x+8=0
16. tand

1
17. —
2
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Long questions

[u—
—~~
¥
=
N
1]
5
/N
(@)
@]
w
|
|
N—
+
+
wy
z
=

(©) s S=T, sinE=
2. (a) cos(—E)+isin(——)
6
(b) c=1

(c) m=—-6,n=4

3. (@) (i) Z°3 cos®@—3cosHsin? G+
(3 cos? @sin @ —sin? H)i

23\2

© =5

. b d
5. (@) (i) x+x,+x=——,x,+x, +x, =——
a a

2 5, V3.
—i?l —i

. -1
6. (c) (ii) 3 , 7+ 3

AT, 21,

4T, _2n
7. @) @P=es5 . =¢ 5 ,0=¢ 5

2 2
(¢) 4cos? (£J+2cos(?n) -1=0

8. (a) cos3@=4cos®H—3cosl
sin38=3sind—4sin* &
() 2-+3
9. (b) (i) a (i) b(cos&+isiné)

(iii) AB= \/b2 sin? &+ (a—bcos 6?)2

. Chapter 16
Exercise 16A
1. (a) (1) y
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(ii)

(b) ()

(ii)
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