Exercises 25.01 [112 marks]

1a. Find the roots of the equation w® = 8i, w € C. Give your answers in [4 marks]
Cartesian form.

Markscheme

* This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

METHOD 1
w’ = 8i
writing 81 = 8 (cos (% + 27rk) + isin (% —+ 27rk)) (M1)

Note: Award M1 for an attempt to find cube roots of w using modulus-
argument form.

Tk . . [ Et2rk
cube roots w:2<cos(2 37T >+1$1n(2 37T )) (M1)

e, w=+/3+1i, —4/3+1i, —2i A2
Note: Award A2 for all 3 correct, A1 for 2 correct.
Note: Acceptw = 1.73 +iandw = —1.73 +i.

METHOD 2

w + (21)° =0

(w+ 2i) (w? — 2wi—4) =0 M1
w= 22V M1

2
w=+3+i, —+/3+1, —2i A2
Note: Award A2 for all 3 correct, A1 for 2 correct.
Note: Acceptw =1.73+iandw = —1.73 +i.

[4 marks]



1b. One of the roots w; satisfies the condition Re (w;) = 0.

Given that w; = %, express z in the form a + bi, wherea, b € Q.

Markscheme

w; = —2i

z=—-244i A1
. _ 2 3 4
Note: Accepta = —¢, b= <.

[3 marks]

2a. Express —3 + /3i in the form re', where r > 0 and —m < 0 < .

Markscheme

attempt to find modulus (M1)

r:2\/§<:\/ﬁ> Al

attempt to find argument in the correct quadrant (M1)

0 = w+ arctan <—?> Al

_ b7

=% Al

_34 /3= /12T (: 2\/§e%)
[5 marks]

Let the roots of the equation z3 = —3 + 1/3i be u, v and w.

2b. Find u, v and w expressing your answers in the form rel?, where r > 0

and —m < 0 < .

[3 marks]

[5 marks]

[5 marks]



Markscheme

attempt to find a root using de Moivre’s theorem M1
1 57

125eT18 Al

attempt to find further two roots by adding and subtracting 2—; to the
argument M1

1 Tri

125e™ 18 Al

1 177i

125e™s" Al
Note: Ignore labels for u, v and w at this stage.

[5 marks]

On an Argand diagram, u, v and w are represented by the points U, Vand W
respectively.

2c¢. Find the area of triangle UVW. [4 marks]



Markscheme

METHOD 1
attempting to find the total area of (congruent) triangles UOV, VOW and UOW
M1

Area =3 (%) (12%) (12%) sul?—?jf AlIAI
Note: Award A1 for (12%> (12%> and A1 for sin 2t

3
= i( 3) (or equivalent) Al

METHOD 2

1\ 2 1\ 2 1 1 5
uv?z = (126) + (126) —2 (126) (126) cos?7T (or equivalent) AI
uv =+/3 (12%> (or equivalent) A1

attempting to find the area of UVW using Area =% x UV x VW X sina for
example M1

Area = %(ﬁ x 12%) (ﬁ x 12%) sinZ

\/_ (123) (or equivalent) Al

[4 marks]

2d. By considering the sum of the roots u, v and w, show that [4 marks]

cos— + cos —|— cos—==X 17” = 0.



Markscheme

u+v+w=0 R1
1
125 (cos (—1%) +isin (—1%) + cos 2T +isin ST 4 cos LT +isin+*) =0
Al
consideration of real parts M1

127 (cos (— 7“) + cos 22 5“ + cos 1175?) =0

CoSs (—%) cos& explicitly stated Al

cos— + cos + CcOS 1178” =0 AG

[4 marks]

3a. Use the binomial theorem to expand (cos 6 -+ i sin 6)*. Give your answer/3 marks]
in the form a + bi where a and b are expressed in terms of sin 8 and cos 6.

Markscheme

* This sample question was produced by experienced DP mathematics senior
examiners to aid teachers in preparing for external assessment in the new
MAA course. There may be minor differences in formatting compared to
formal exam papers.

uses the binomial theorem on (cos 6 + i sin 0)4 M1

= 4C cos? 0+ 4C cos? O(i sin 0)+4C; cos? 6(i? sin? 6) +4C; cos 0(i® sin® 6)+4C
Al

= (cos? 6 — 6 cos? 0 sin® § + sin* 6)+i(4 cos® 6 sin § — 4 cos O sin® §) A1

[3 marks]

3b. Use de Moivre’s theorem and the result from part (a) to show that [5 marks]
cot 40 — cotg—6cot?g+1
"~ 4cot3h—4cotl




Markscheme

(using de Moivre’s theorem with n = 4 gives) cos 46 + i sin 46 (A1)

equates both the real and imaginary parts of cos 46 + i sin 46 and
(cos* 0 —6 cos? 0sin®  + sin* §)+i(4 cos® @ sin 6 — 4 cos 0 sin® §) M1

cos 40 = cos* 6 — 6 cos? 0 sin? 0 + sin* 0 and
sin 460 = 4 cos® 0 sin 6 — 4 cos 0 sin®

. __ cos4#
recognizes that cot 460 = 1o (A1)

substitutes for sin 46 and cos 46 into %ﬁg M1

cot 40 — cos*9—6cos?fsin?9+sin’g
4cos3@sinf—4cos@sin’g

divides the numerator and denominator by sin* 6 to obtain

cost 60—6 cos? 2] sin2 0+sin4 2]
ind
- sin*@
cot 40 = — —— Al
4cos2@sinf—4cosfsin® g

sin4 2]

cot 40 — cotg—6cot?g+1
"~ 4cot39—4cotd

[5 marks]

3c. Use the identity from part (b) to show that the quadratic equation [5 marks]

22 — 6x + 1 = 0 has roots cot2% and cot23—g.



Markscheme

setting cot 40 = 0 and putting x = cot? @ in the numerator of

t*9—6cot?0+1 .
cot 40 = LI OV yives 22 — 6z + 1 =0 M1
4cot’f—4cotd

attempts to solve cot 460 = 0 for § M1

49=7 3 . . (40=5(2n+1)m, n=0, 1, ...) (A1)

_ m™ 3
0=1I,3 A1
T 3T

Note: Do not award the final Al if solutions other than 8 = 3 g are listed.

finding the roots of cot 40 = 0(0 = %, 3;) corresponds to finding the roots of
2 — 6z + 1 = 0 where z = cot? 6 R1
so the equation 2° — 6z + 1 = 0 as roots cot*Z and cot?=Z 3” AG

[5 marks]

3d. Hence find the exact value of cot2 3T 3” [4 marks]

Markscheme

attempts to solve 2 — 6z + 1 = 0 for z M1

r=3+2/2A1

since cot® % > cot23—g, cot23—§r has the smaller value of the two roots R1
Note: Award R1 for an alternative convincing valid reason.

so cot? 3T =3 —2 /2 Al

[4 marks]

3e. Deduce a quadratic equation with integer coefficients, having roots [3 marks]

cosec? T £ and cosec? 38”



Markscheme

let y = cosec? 0

uses cot? @ = cosec? § — 1 where z = cot? § (M1)
22 —6x+1=0=(y—1)>—6(y—1)+1=0M1
y? —8y+8=0A1

[3 marks]

Consider the equation (z — 1)3 =i, z € C. The roots of this equation are wy, wy
and w3, where Im(ws)> 0 and Im(w3)< 0.

4a. verify that w; = 1 + €% is a root of this equation. [2 marks]

Markscheme

. A\3
(1 o 1)

= eh2 Al
. E . . 1
= COS 5 + 1 sin 5
=1 AG

Note: Candidates who solve the equation correctly can be awarded the above
two marks. The working for part (i) may be seen in part (ii).

[2 marks]

4b. Find wy and ws, expressing these in the form a + €, where a € Rand  [4 marks]
6> 0.



Markscheme

(Z— 1)3 _ ei(%+27rk) (M1)
ro 1= () (M1)
(kzzl):>w2:1+ei5—6” Al
(k=2)= w3 =1+es Al
[4 marks]

The roots wy, we and ws are represented by the points A, B and C respectively on
an Argand diagram.

4c. Plot the points A, B and C on an Argand diagram. [4 marks]



Markscheme

EITHER
T .5 <97
attempt to express e's, €', €6 in Cartesian form and translate 1 unit in
the positive direction of the real axis (M1)
OR
attempt to express wy, w9 and ws in Cartesian form (M1)
THEN
>
£ 2
[#)]
[
E
I-
B A
“’I
W,
-1 0 | 2 3

Real

-2

Note: To award A marks, it is not necessary to see A, B or C, the wy, or the
solid lines

AlAIA1

[4 marks]

4d. Find AC. [3 marks]



Markscheme

valid attempt to find w; — w3 (or w3 — wy) M1

wr—wy =(1+ 5+ 3i)~(1—1)= 5+ 3i OR cosZ +isinZ +isin%

valid attempt to find {@ + %1’ M1
_ /3,9

=Vit1

AC=./3 Al

[3 marks]

Consider the equation (z — 1) = i23, z€ C.

4e. By using de Moivre's theorem, show thata = L — is a root of this

i_
1-e6

[3 marks]

equation.

Markscheme

METHOD 1
3
(z—1)* =iz = ("";—1) =i M1

(=)

«

B

el Al

z—1
z

i

oIy

3
e Al
Note: This step to change from z to @ may occur at any point in MS.

T
a—1= ae's

o
a—qae's =1

a(l —ei%): 1




METHOD 2

3
(z—1)P°=i3 = <%) =i M1
(1— 1) =éH Al
1-1=¢' Al

z
Note: This step to change from z to @ may occur at any point in MS.

iZ 1
— 6 =
1 € o

o= 14 AG
1—€'6
METHOD 3

LHS= (z—1)° = ( L — 1)3

1—e6

—_ 1 | = .
— (1—61%)3 ( §_¥+i(¥_§> ) MI1A1

Note: Award M1 for applying de Moivre’s theorem (may be seen in modulus-
argument form.)

3
RHS:iz3:i( 1,W>
1—€'6

=1 Al
(1—6%)

(z—1)% =iz8 AG

METHOD 4

(z—1)° =123

22 —322+3z—1=i23
(1—-i)22-3224+32—-1=0 (M1)



1— %)+3<1 %) (1—ei%)3 (A1)

)—|—3<1 — 2l + ¢ 3) (1 — 3e't + 3e'3 —ei%)

I
—~
'—l
|
e
N—"
|
w
/N N
’—l
ml:\

=0 AG

Note: If the candidate does not interpret their conclusion, award (M1)(A1)A0O
as appropriate.

[3 marks]

4f. Determine the value of Re(a). [6 marks]

Markscheme

METHOD 1

1 _ P — M1
1—€'6 1— (cos —~|—isin—)
6 6

Al

_ 2
]
attempt to use conjugate to rationalise M1

_ 4-2,/3+2i Al

(2—\/3)2+1
4—2+/3+2i
= —— Al
8—4/3
_ 1 1
=3T 4—2\/31
= Re(a)=5% Al

Note: Their final imaginary part does not have to be correct in order for
the final three A marks to be awarded

METHOD 2

1 _ E— M1
1—e'6 1— (cos ——I—isin—)
6 6




attempt to use conjugate to rationalise M1

(1—cos %) +isin%

X Al
) —isin% (1—cos%) —i—isin%

(1—cos g) +isinZ

= g Al
09
(1—c0s%) +sin %
(1—(:05 g) +isin

_ o 27T ginl &

1—2cos g—|—cos g—|—sm g
B (1—cos %) —I—isin% Al
T 2—2cos I

1 ising

-2 2—2005%

= Re(a)=7% Al

Note: Their final imaginary part does not have to be correct in order for
the final three A marks to be awarded

METHOD 3
e 12
efilﬁ_2

attempt to multiply through by — M1

s T

—j=to

=22 Al

iz L L
1—¢'6 e12 e 12

attempting to re-write in r-cis form M1

™ .. T
Ccos (——) +1sin (——)
12 12

cos :—z—l—isin%— (cos (—%) +isin(—1—”2) )

cos =—isin =
12 12
=12 17 Al
2isin —
12

— 1 _ leot™ (=L 4+ 14 N
=3 2iC0t12(—2+21C0t12)

= Re(a)=73 Al

METHOD 4

—iZ

attempt to multiply through by l_e_ii M1

l1-e 6

- — Al



attempting to re-write in r-cis form M1

1—cos Z—isinZ

= 6 b Al
2—2cos =
6
attempt to re-write in Cartesian form M1
V3 o1, 2-3 1
s R
= — = 1
2-V3 PRV
_ 1
= Re(a)=5 Al

Note: Their final imaginary part does not have to be correct in order for
the final A mark to be awarded

[6 marks]

Consider the complex numbers z = 2(cos % + 1 sin %) and

w= 8(cos % —isin %) where k € ZT.
5a. Find the modulus of zw. [1 mark]

Markscheme

(|zw|=)16 A1

[1 mark]

5b. Find the argument of zw in terms of k. [2 marks]



Markscheme

attempt to find arg(z)+arg(w)  (M1)
arg(zw)= arg(z)+arg(w)

r 2kr(_ (1-2k)7
5 T(_ 5 ) Az

[2 marks]

Suppose that zw € Z.

5c¢. Find the minimum value of k. [3 marks]

Markscheme

2w € 7 = arg(zw) is a multiple of 7 (M1)
= 1 — 2k is a multiple of 5 (M1)
k=3 Al

[3 marks]

5d. For the value of k found in part (i), find the value of zw. [1 mark]

Markscheme

zw = 16(cos(—m)+i sin(—))
—16 Al

[1 mark]

6a. Find the roots of z2* = 1 which satisfy the condition 0 < arg (z) < 5  [5 marks]

, expressing your answers in the form re?, wherer, § € RT.



Markscheme

* This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

(r (cos @+ isin6))** = 1 (cos0 + isin0)

use of De Moivre’s theorem (M1)
r=1=r=1 (A1)

249 =2m=0=12,(ncZ) (A1)

0<arg(z)<§3=mn=1,23,4,5

- 271'1 371'1 471'1 57r1
z = eﬁ or eﬁ or eﬁ or eﬁ or eﬁ A2

Note: Award A1 if additional roots are given or if three correct roots are given
with no incorrect (or additional) roots.

[5 marks]

Let S be the sum of the roots found in part (a).

6b. Show that ReS=1Im S. [4 marks]

Markscheme

Re S = cos— + cos + cos + cos + COS 75

ImS = sm 5 sm —|— sm 37’ + sm 47’ -+ sin ?g Al

Note: Award A1 for both parts correct.

51 dr 21 3
but sin>~ 5 12, 75 — COSTg, sin <% 5

N 51
SN 45 = COS{5 MIAI

=>ReS=ImS AG
Note: Accept a geometrical method.

3

2r 47
5 cos—-- and

= CO0S+5, Sin=% = COS—5 smﬁ 12

[4 marks]



Va++/b [3 marks]

« By wr|t|ng -5 as (Z — E) find the value of cos — 12 in the form

, Where a, b and c are integers to be determined.

Markscheme

cos% Cos (% — %) = cos%cos% + sin%sin% MI1A1
_ B, ia
= 7 3 T
_ \/EZ\/E Al
[3 marks]
6d- Hence, or otherwise, show that 5 = %(1 — \/5) (1 — \/3) (141). [4 marks]

Markscheme

o Y — Teos® — ginfein ™

COS15 = cos(6 + 4) = COSCOS — SN SNy (M1)

Note: Allow alternative methods eg cos ?727 = sin{; = sin (1 — ﬂ).
6

=52 27 = 1 (A1)

Re5=cos —l—cos —l—cos —l—cos —l—cos‘i’g

xﬁf+§+f+ y s

\/_+1+\/_+\/_) Al

Al

= Re(S)(1 + i) since ReS=1Im3S5, R1

- 1(1+v2) (1+v3) (1+1) 46

[4 marks]



7a. Solve 2sin(z + 60°) = cos(z + 30°), 0° < z < 180°. [5 marks]

Markscheme

* This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

2sin(z + 60°) = cos(z + 30°)
2(sin z cos 60° 4 cos x sin 60°) = cos x cos 30° — sinzsin 30°  (M1)(A1)
V3 V3

2sinx X %—I—Zcosxx 5~ = COST X —5 —

c 3
= %Slﬂﬂi‘ = —400833

sin & X % Al

— tanz = — L M1

V3
= =150° A1
[5 marks]

7b. Show that sin 105° + cos 105° = [3 marks]

E



Markscheme

EITHER
choosing two appropriate angles, for example 60° and 45° M1
sin 105° = sin 60° cos 45° 4+ cos 60° sin 45° and
co0s 105° = cos 60° cos 45° — sin 60° sin45° (A1)

V3

. o o_ Vo 1 , 1, 1
sin 105° 4 cos 105° = 5~ X \/5—|—2>< ﬂ+

w|§

X

| =

Sl
Sl

AG

Sl

OR

attempt to square the expression M1

(sin 105° + cos 105°)2 = sin® 105° + 2 sin 105° cos 105° + cos? 105°
(sin 105° + cos 105°)? = 1 + sin 210° A1

=5 Al

. o o__ 1
sin 105° 4+ cos 105° = % AG

[3 marks]

letz=1—cos20 —isin20,z€ C,0 <0< .

7c. Find the modulus and argument of z in terms of 6. Express each answer [9 marks]
in its simplest form.



Markscheme

EITHER
z=(1— cos26) —isin 26

2| = \/(1 — cos20)° + (sin20)> M1

2| = /1 — 2cos 20 + cos220 + sin’20 A1
=+/24/(1 —cos26) A1
= 4/2(2sin*0)

= 2sinf Al
let arg(2) = «

__ ___sin2f
tana = T—cos 20 M1

_ —2sinfcos @ (AI)

2sin29
= —cotl Al

arg(z) = a = —arctan(tan(3 — 6)) A1

=0—- 3 Al

OR

z=(1— cos260) —isin 26

— 2sin’ 0 — 2isinfcos§ MiA1

= 2sinf(sinf —icosf) (A1)

= —2isinf(cosf +isinf) MI1A1

= 2sin0(cos(0— %) + isin(@— %)) Mi1A1
|2l =2sinf A1

arg(z) =0— 5 Al

[9 marks]

7d. Hence find the cube roots of z in modulus-argument form. [5 marks]



Markscheme

attempt to apply De Moivre’'s theorem M1

. . 1l 1l . 1 0—%+2 .. a2
(1 — cos 20 — isin 20)3 = 23(sin 0)3 [cos(#) + 1s1n< 1 n )}
AlAl1A1

Note: AI for modulus, A1 for dividing argument of z by 3 and A1 for 2n.

Hence cube roots are the above expression whenn = —1, 0, 1. Equivalent
forms are acceptable. Al
[5 marks]
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