Probability distribution 17.01

[52 marks]

A game is played where two unbiased dice are rolled and the score in the game is
the greater of the two numbers shown. If the two numbers are the same, then the
score in the game is the number shown on one of the dice. A diagram showing the
possible outcomes is given below.

Let T" be the random variable “the score in a game”.

First die
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Note: Award A1 if three to five probabilities are correct.

[2 marks]

1la. Complete the table to show the probability distribution of 71" [2 marks]
t 1 2 3 4 5 6
P(T=4¢
f 1 2 3 4 5 6
1 3 3 A 9 11 A2
P(T=1) 36 36 36 36 36 36
(0.027777__) | (0.083333..) | (0.138888._) | (0.194444 ) {(0.25) (0.305555..)



Find the probability that

1b. a player scores at least 3 in a game.

Markscheme
32(2,0.888888...,88.9%) (A1)

[1 mark]

1c. a player scores 6, given that they scored at least 3.

Markscheme

use of conditional probability (M1)

e.g. denominator of 32 OR denominator of 0. 888888§. .

11(0.34375,34.4%) A1

[2 marks]

1d. Find the expected score of a game.

Markscheme

1><1+3><2+53>;3+. .. +11x6 (M1)

__ 161 17
= 0 (455,4.47,4.47222. . ) A1

[2 marks]

., etc.

[1 mark]

[2 marks]

[2 marks]



Jae Hee plays a game involving a biased six-sided die.
The faces of the die are labelled -3, —1, 0, 1, 2 and 5.

The score for the game, X, is the number which lands face up after the die is
rolled.

The following table shows the probability distribution for X.

Score x -3 -1 0 1 2 5

. 3 1 2 7
Px=x) | — | 7 | = | = | 3| =

2a. Find the exact value of p. [1 mark]

Markscheme

%(3) a1
[1 mark]

Jae Hee plays the game once.

2b. Calculate the expected score. [2 marks]

Markscheme

Bx L+ (-)xE+0xE+...+5x L (ML)

18
Note: Award (M1) for their correct substitution into the formula for expected
value.
_ 33
—1.83 (53,1.83333...) A1
[2 marks]
2c. Jae Hee plays the game twice and adds the two scores together. [3 marks]

Find the probability Jae Hee has a total score of —3.



Markscheme

1 3
25X S Ko (M1)(M1)

Note: Award (M1) for %8 X 3 award (M1) for multiplying their product by 2.

18’
— 1 (.5 0.0185185...,1.85% ) A1
[3 marks]

There are three fair six-sided dice. Each die has two green faces, two yellow faces
and two red faces.

All three dice are rolled.

3a. Find the probability of rolling exactly one red face. [2 marks]

Markscheme

valid approach to find P(one red) (M1)

eg ,CoXxXprxq=a, B(n,p), 3 (%) (%)2 (i)

listing all possible cases for exactly one red (may be indicated on tree diagram)

P(1 red) = 0.444 <: g) [0.444, 0.445] Al N2

[3 marks] [5 maximum for parts (a.i) and (a.ii)]

3b. Find the probability of rolling two or more red faces. [3 marks]



Markscheme

valid approach (M1)
eg P(X=2) + P(X=3), 1-P(X =< 1), binomcdf<3, Lo 3)

correct working (A1)

3
eg 2+ L, 0222+0037,1—(3)" -2
0.259259
P(at least two red) = 0.259 <: 217) Al N3

[3 marks] [5 maximum for parts (a.i) and (a.ii)]

Ted plays a game using these dice. The rules are:

Having a turn means to roll all three dice.

He wins $10 for each green face rolled and adds this to his winnings.
After a turn Ted can either:

o end the game (and keep his winnings), or

o have another turn (and try to increase his winnings).

If two or more red faces are rolled in a turn, all winnings are lost and the game
ends.

. Show that, after a turn, the probability that Ted adds exactly $10 to his [5 marks]
winnings is %



Markscheme

recognition that winning $10 means rolling exactly one green
recognition that winning $10 also means rolling at most 1 red
eg “cannot have 2 or more reds”

correct approach Al

eg P(1GnOR) + P(1Gn 1R), P(1G) — P(1G n 2R),
“one green and two yellows or one of each colour”

(M1)
(M1)

Note: Because this is a “show that” question, do not award this A1 for purely

numerical expressions.

one correct probability for their approach
2
eg 3(3) (3) % 3(5) (

correct working leading to

3 6 12 3 1
&9 wt o 3w T 9

probability = = AG NO

[5 marks]

2
3

)"

2
T9

99
Al

(A1)

The random variable D ($) represents how much is added to his winnings after a

turn.

The following table shows the distribution for DD, where $w represents his

winnings in the game so far.

D (%) —w 0 10

30

1
P(D=d) x v 3

=N

3d. Write down the value of x.

Markscheme

z = L, 0.259 (check FT from (a)(ii))

ﬁ ’
[1 mark]

Al N1

[1 mark]



3e. Hence, find the value of y. [2 marks]

Markscheme

evidence of summing probabilities to 1 (M1)
_ 1 2 1 _ 7 9 6 1
0.148147 (0.148407 if working with their x value to 3 sf)

y= o (exact), 0.148 AI N2

[2 marks]

3f. Ted will always have another turn if he expects an increase to his [3 marks]

4a.

winnings.

Find the least value of w for which Ted should end the game instead of having
another turn.

Markscheme

correct substitution into the formula for expected value (A1)
eg —w- - +10- 2 +20- > +30-
correct critical value (accept inequality) Al

eg w=34.2857 (= 2%), w> 34.2857

$40 A1IN2

[3 marks]

A bag contains n marbles, two of which are blue. Hayley plays a game in which
she randomly draws marbles out of the bag, one after another, without
replacement. The game ends when Hayley draws a blue marble.

Find the probability, in terms of n, that the game will end on her first [1 mark]
draw.



Markscheme

2 AI1INI
n

[1 mark]

4b. Find the probability, in terms of n, that the game will end on her second [3 marks]
draw.

Markscheme

correct probability for one of the draws Al

2

eg P(not blue first) = "T‘z blue second = —2-

valid approach (M1)

eg recognizing loss on first in order to win on second, P(B'then B), P(B) %
P(B| BY), tree diagram
correct expression in terms of n Al N3

n—2 2 2n—4  2(n-2)
>< ’ ’
€9 n—1" np2—n' n(n-1)

[3 marks]

Let n = 5. Find the probability that the game will end on her

4c. third draw. [2 marks]

Markscheme

correct working (A1)

3 2 2
€g v X3 X3

é—g (= %) Al N2

[2 marks]



4d. fourth draw. [2 marks]

Markscheme

correct working (A1)
1
3

% (= %0) Al N2

eg x2x1x3

[2 marks]

4e. Hayley plays the game whenn = 5. She pays $20 to play and can earn [7 marks]
money back depending on the number of draws it takes to obtain a blue
marble. She earns no money back if she obtains a blue marble on her first draw.
Let M be the amount of money that she earns back playing the game. This
information is shown in the following table.

Number of draws 1 2 3 4

Money earned back (SM) 0 20 8k 12k

Find the value of k so that this is a fair game.



Markscheme

correct probabilities (seen anywhere) (A1)(Al1)

eg P(1)= % P(2) = 2% (may be seen on tree diagram)
valid approach to find E (M) or expected winnings using their probabilities
(M1)

eg P (1) x (0)+P(2) x (20) +P(3) x (8k) + P (4) x (12k),
P (1) x (—20) + P (2) x (0) + P (3) x (8k — 20) + P (4) x (12k — 20)
correct working to find E (M) or expected winnings (A1)

eg 2(0) + £(20) + 1 (8k) + - (12k),

2(—20) + 2(0) + +(8k — 20) + --(12k — 20)

correct equation for fair game Al

eg 2(20) + +(8k) + - (12k) = 20,

2(—20) + +(8k — 20) + --(12k — 20) = 0

correct working to combine terms in k (A1)

eg 8+ Lk—4-2=0, 6+ k=20, k=14

k=5 Al1NO

Note: Do not award the final A1 if the candidate’s FT probabilities do not sum
to 1.

[7 marks]

A discrete random variable X has the following probability distribution.

X 0 1 2 3

3 k
P(X=x) 0.475 2 o 6k

5a. Find the value of k. [4 marks]



Markscheme

* This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

valid approach (M1)

egtotal probability = 1

correct equation (A1)

eg0.475 + 2k* + & + 6k* = 1, 8k* + 0.1k — 0.525 = 0

k=025 A2 N3
[4 marks]

5b. Write down P(X = 2). [1 mark]

Markscheme
P(X=2)=0.025 A1 NI
[1 mark]

5c. Find P(X = 2|X > 0). [3 marks]

Markscheme

valid approach for finding P(X > 0) (M1)
egl — 0.475, 2(0.252) + 0.025 + 6(0.252), 1 — P(X = 0), 2k* + &£ 4 6k?

correct substitution into formula for conditional probability (A1)

0.025  0.025
€91 0.475° 0525

0.0476190
P(X =2|X > 0) = o (exact), 0.0476 A1 N2

[3 marks]
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