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5 Solve for x:

a 4% —6(2*)+8=0 b
d 9 =3"+6 e
g 3°—1=6(3"9) h
i 4(9%) —35(3%) =9 ]
ke 3%*~1 =3% + 18 |

Check your answers using technology.

6 Solve simultaneously:

4* =8Y and 9Y =

47 — 2% —2 =0

25¢ — 23(5%) — 50 = 0
2(4%) — 5(2%) +2 =0
4=+ 4 2 = 9(2%)

¢ 97 —12(3%) +27 =0
497 +1 = 2(7%)
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We have already seen how to evaluate a” for any n € Q.

But how do we evaluate a™ when n € R, so n is real but not necessarily rational?

To answer this question, we can study the graphs of exponential functions.

The most simple exponential function has the form y = a® where a > 0, a # 1.

For example, y = 2* 1is an exponential function.

We construct a table of values from which we graph the

function:

AY

r| —-3|-2|-1]0]1

e [

1 1

As x becomes large and negative, the graph of y = 2%
However, 1t never
touches the x-axis, since 2* becomes very small but never

approaches the z-axis from above.

ZCI0.

So,as = — —oo, y — 0.

[l I
WL/

g
-3 =2 -1 1 2 3 =

y = 0 1s theretore a horizontal asymptote. \

Plotting y = a” for x € Q suggests a smooth, continuous curve. This allows us to complete the curve
for all =z € R, giving meaning to a” for irrational values of .

INVESTIGATION 1

In this Investigation we examine the graphs of various families of exponential
functions. You can use the graphing package or your calculator.

What to do:

1 a State the transformation which maps y =a* to y = a” + k.

GRAPHS OF EXPONENTIAL FUNCTIONS

GRAPHING
PACKAGE

b Predict the effect, if any, this transformation will have on:

I the shape of the graph
lli the horizontal asymptote.

Il the position of the graph
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Check your predictions by graphing y = 2%, y =24+ 1, and y = 2" — 2 on the same
set of axes.

State the transformation which maps y = a® to y = a® ".
Predict the effect, if any, this transformation will have on:
I the shape of the graph Il the position of the graph

i the horizontal asymptote.

Check your predictions by graphing y = 2%, y =271, y=2%t2 and y =27 on
the same set of axes.
State the transformation which maps y =a* to y=p xa*, p > 0.
Predict the effect, if any, this transformation will have on:
I the shape of the graph Il the position of the graph
lli the horizontal asymptote.
Check your predictions by graphing y = 2%, y =3 x 2%, and y = % X 2% on the same
set of axes.

State the transformation which maps y = a* to y = —a”.

o

Predict what the graph of y = —2% will look like, and check your answer using technology.

State the transformation which maps y = a* to y = a?*, q > 0.

Predict the effect, if any, this transformation will have on:
I the shape of the graph ii the position of the graph
ili the horizontal asymptote.
Notice that 2% = (22)% = 4% and 2% = (23)* = 82,
Check your predictions by graphing y = 2*, y = 4%, and y = 8 on the same set of

dXCS.

State the transformation which maps y =a* to y=a"*.
1 —r — 1\ __ (1)
Notice that 277 = (271)* = (5) .

Predict what the graph of y = (4)" will look like, and check your answer using technology.

From your Investigation you should have discovered that:

For the general exponential function y = p X a®*~"* +k where a >0, a# 1, p#0:

e a controls how steeply the graph increases or decreases.

h controls horizontal translation.

k controls vertical translation.

The equation of the horizontal asymptote i1s y = k.

If p<0, a>1
the function 1s
decreasing.

o If p<0, 0<ax1
the function 1s
increasing.

If p>0, a>1 e If p>0, O0<axl
the function 1s the function 1s
Increasing. decreasing.
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We can sketch the graphs of exponential functions using: | “
o the hc}.rlzontal asymptote - All exponential
e the y-intercept graphs have a
e two other points. L\hﬂriz«:mt:f,ﬂnl asymptote.

__ Example 12

Sketch the graph of y =277 — 3.
Hence state the domain and range of f(z) =2"% — 3.

For y=2""% —3,
the horizontal asymptote 1s y = —3.

When =0, y=2"—3
=1-3

— —9 =

the y-intercept 1s —2.

When z=2, y=2"°—-3
1

4 - | 4 4 4
L s =13
— 23 Y

When z= -2, y=22-3=1
The domain is {z | x € R}. The rangeis {y |y > —3}.

EXERCISE 2D

1 Consider the graph of y = 2% alongside.
a Use the graph to estimate the value of:

i 2% or V2 ii 208
ji 215 v 2-V2
b Use the graph to estimate the solution
to:
| 27 =3 i 2% =0.6

¢ Use the graph to explain why 2% = 0
has no solutions.

. )
Graphical methods can be used to

solve exponential equations
where we cannot equate indices.

N\

A
P
=Y
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2 Match each function with its graph: NEELET C

a y=2" b y=10"

¢ y=-—5 d y=(3)

_ 1\*
e y=—(3)
P >
D Y E

3 Use a transformation to help sketch each pair of functions on the same set of axes: GRAPHING

a y=2% and y=2* —2 b y=2% and y=27°

¢ y=2% and y = 272 d y=2% and y=2(2%)

4 Draw freehand sketches of the following pairs of graphs:
a y=3* and y=37" b y=3* and y=3*+1
¢ y=3"% and y= —3% d y=3% and y=3*"1!

5 State the equation of the horizontal asymptote of:
a y=3"° b y=2%-1 c y=3-—-27°
d y=4x2*+2 e y=25x3%H2 f y=—-2x31"2_-4

6 Consider the exponential function f(x) = 3" — 2.
a Find: i f(0) i f(2) i f(—2)
b State the equation of the horizontal asymptote.

¢ Sketch the graph of the function.

d State the domain and range of the function.

7 Consider the function g(z) = 3 X (%)m + 4.
a Find: i g(0) i g(2) i g(—2)
b State the equation of the horizontal asymptote.
¢ Sketch the graph of the function.

d State the domain and range of the function.

8 Consider the function h(z) = —2%73 4 1.
a Find: I h(0) i h(3) i h(6)
o State the equation of the horizontal asymptote.
¢ Sketch the graph of the function.
d

State the domain and range of the function.
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9 For each of the functions below:

I Sketch the graph of the function.
State the domain and range.

lii  Use your calculator to find the value of y when z = /2.

iv. Discuss the behaviour of y as © — £oc.
v Determine the horizontal asymptote.

a y=2°+1 b y=2-—2¢ ¢ y=2"243 d y=3-2"¢

10 The graph alongside shows the curve
y = a X 2 + b, where a and b are constants.

a Find the values of a and b.
b Find y when x = 6.

11 AY This graph shows the function f(z) = 3.5 —a™ 7,
where a 1s a positive constant.

The point (—1, 2) lies on the graph.
a Write down the coordinates of P,
b Find the value of a.
¢ Find the equation of the horizontal asymptote.

- &b >
£
/o
12 Find the domain and range of:
a y=2°% ! b y—lel ¢ y=+5% -5
13 Let f(x)=3"—9 and g(z) = /.
a Find (fog)(x), and state its domain and range.
b Find (go f)(z), and state its domain and range.
¢ Solve:
I (fog)(z)=0 i (9o f)(z) =3v2
14 Suppose f(z)=2*—3 and g(x)=1+27"7.
a For each function, find the:
I horizontal asymptote il range il y-intercept.

© Graph the functions on the same set of axes.
¢ Find the exact y-coordinate of the point where the graphs intersect.
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Example 13

Use technology to solve the equation 3* = 7.

We graph Y; = 3% and Y2 = 7 on the same set of axes, and find their point of intersection.

Casio fx-CG50 TI1-84 Plus CE HP Prime

. MORHMAL FLOAT AUTO REAL DEGREE HMP
[E| [EXEl:Show coordinates  EIEIRTANSEoT n

Y1=3*(x) Y -
Y2="7 vast
10F

5_

X=1.771243%749 W=7 * i

N [ntersection: (1.77124, 7.00000) el o

The solutionis = ~ 1.77.

15 Use technology to solve:

a 2* =11 b 3* =15 ¢ 4 4+5=10
d 3*t2—4 e H5 X2 =18 f 37 =0.9
g 2x3%*? =168 h 26 x (0.95)* = i 2000 x (1.03)* = 5000

For the exponential function y = a®, why do we choose to specify a > 07

What would the graph of y = (—2)* look like? What is its domain and range?

E GROWTH AND DECAY

In this Section we will examine situations where quantities
are either increasing or decreasing exponentially.  These
situations are known as growth and decay modelling, and occur
frequently in the world around us.

Populations of animals, people, and bacteria usually grow 1n an
exponential way.

Radioactive substances, cooling, and items that depreciate in
value, usually decay exponentially.

For the exponential function y = p X a®* " +k where a,p >0, a #+ 1, we see:
o growthif a>1 e decayif a < 1.

GROWTH

Consider a population of 100 mice which under favourable conditions is increasing by 20% each week.

To increase a quantity by 20%, we multiply it by 1.2.
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ANSWERS

13 3sinax — 5cosz ~ /34 cos(z + 3.68)

14

15

a 2sinz + v3cosz ~ /7sin(z + 0.714)
b i A=V7 i b= 2.43
7

REVIEW SET 1B ———

7
10

11

13
15

1

1 — ——Eﬁ p— p— ——3
SInN & — 3 tan x 2\/5, cosec T Yok
. 1
secr — —3, cotx 55
a + '
E ’U‘ — f%u[f[.’f!’.f
. 1 . Y= L‘:l’_:li-'.i-‘.l't“::r: '
: A : : :
f?ﬂ' —?ri Y ﬂ' 21r§ g
b translation < units right
_bm . V3 _ 1
€Tr = 5 O & 4 5 b =2+ 7
a secx b sinx ¢ CcosT
a cosf b —sind ¢ 5cos20 d —cosft
e cosecfl f sin 20
120 119 120
a 69 b %5 ¢ 1T
— _2r _®m _ T i —
a r=—-5, -5, —5,0r 5 b 0= 3
- T\ 3*/’_—\/_ 9
5111(94——) 12 tané = 5
3sinz +4cosx & 55111(:54—[]927) 14 1.5 m
b y=2sec2x hasrange {y |y < —2 or y = 2}

1 1
-+ — 1 has no solutions.
l-|—\/§sinm l—ﬁsinm
EXERCISE2A ~

1 1 3 5 1
a 2° b 2 ° ¢ 27 d 2° e 2 °

4 3 3 _4 _3
f 2° g 22 h 2° i 2 ° i 2 .

1 1 1 3 _5
a 3° b 3 ° ¢ 3° d 3° e 3 °

1 5 4 5 2
a 7° b 3¢ ¢ 2° d 23 e 77

1 3 4 . _
f7 3 g 3 1 h 2 ° i 2 3 i7"

1 3 1 5 _3
a x° b z° c x ° d z° e xr °
a ~ 2.28 b ~ 0.435 ¢ ~ 1.68 d 1.93
e ~ (0.523
a V5 b % ¢ 93 d mym e x23/x
a 8 b 32 c 8 d 125 e 4

1 1 1 1 1
f3 3 37 h 15 57 I 35

EXERCISE 2B _

1
2

al b =

a x° + 2zt + 2

C .T}

nr\/_

b 22;1: _|_2:1:

c x+1

d 72% 4 2(7%) e 2(3%) -1 f 22422+ 3
3 1
g 1+5(27%) h 5% +1 i 2 +2° +1
3 1
i 322 4+5(3%)+1 k 2x? —x* +5 | 23T _-3(22%)-1
3 a 2%2¢42¢+l_3 b 3%¢ 1 7(3%)+ 10
¢ 5% —6(5%) + 8 d 227 4 6(2%)+9
e 327 —2(3%) 41 f 42T 1 14(4%) 4 49
1 1
g r—4 h 4* -9 I ©— — im2+4+—2
£L £
k 7% —2 4772 | 25 —10(27%) 227
h a 57(hT+1) b 10(3™) ¢ 7T7(1+ 7%
d 5(5™ —1) e 6(6mTL —1) f 16(4™ —1)
g 2"(2" - 8) 5(2™) (22
5 a (3"42)(3® —2) b (2% +5)(2* — 5)
¢ (4+3%)(4— 3%) d (54 2%)(5 —27%)
e (3% 4 27)(3% — 27T) f (2% + 3)2
g (3% +5)? h (2% —7)2 i (5% —2)?
6 a (2°41)(2*—-2) b (3* 4+ 3)(3* — 2)
¢ (27 —3)(2*% —4) d (27 + 3)(2* + 6)
e (2% +4)(2* —5) f(3$+2)(3$+7)
g (3*+5)(3* —1) h (5 +2)(h* — 1)
(77 —4)(7TF — 3)
1
7 a 2" b 10® ¢ 3° d — e 57
5?1
f(3)* a3 hs i 5
g8 a 3m+1 b 146" c 4" 4+2" d 4 -1
e 6" f 5™ g4 h 2" -1 i%
9 a n2ntl b —37!
EXERCISE2C
1 a =5 b r=2 ¢ x=4 d =0
e r=-—1 fﬂ:z% g r=—3 h =2
2 a:c:% hm:—% cm:—% d;:c:—%
Emz—% f:r::—% 9:1::% hmz%
_ 1 - 9 _ 7
' r=3 |l x=3 W r=-—4 I::c——i
m x=20 I‘Iﬂ:z% 0 = % p = —6
3 am—% b no solution cm:%
_ 1 _ 1 _
d:{:—g e r=—3 f = —1or3
F a x=3 b =2 c r=—1 d =2
e x = —2 f o= -2
5 ax=1or2 b =1 ¢ r=1or2
d r=1 e =2 f =
g =1 hn z=1or —1 | =
| = —2o0rl K =2 Im:%
6 z=48, y=1
EXERCISE2D =~
1 a I ~14 n ~ 1.7 n =~ 2.8 v ~ 0.4
b 1 z~1.6 iz~ —0.7
¢ y = 2% has a horizontal asymptote of y = 0.
2 ad(c b B c E d A e D
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Domainis {z | z € R}
Range is {y | y > —2}

17
1

i 2 =4
i 16
y=4
Domainis {x | x € R}

Range is {y |y > 4}

oo

- i 0
im -7
y=1
Domain is {x | z € R}
Range is {y |y < 1}

10
11
12

13

14

n O o o o

IV as ¢ — 00, Yy — 00
as T — —oQ, yﬁblJr

i AY i
y =2
SN SR et
y=2-20 il
- P >
¥

v as = — 00, Yy — —00
as ©r — —oo, Yy — 27

4 y—o-eqg i

iv as z — o0, y — 37T
il

Domainis {z |z € R}
Rangeis {y |y > 1}
y ~ 3.67

v y=1
Domain is {x | x € R}

Range is {y | y < 2}
y ~ —0.665

v y=2

i Domainis {z |x € R}

Range is {y |y > 3}
y ~ 3.38

v y=3

Domainis {z | x € R}
Range is {y |y < 3}
Yy ~ 2.62

v as ¢ — 00, Yy — 3~ v y=23
as T — —00, Y — —O0

a=>5 b= —-10 b y =310

P(0,25) b a=15 ¢ y=3.5

Domainis {z |« € R}, Rangeis {y |y = 2}

Domain is {x |z # 0}, Rangeis {y|y >0, y< —1}

Domainis {x |z > 1}, Rangeis {y|y > 0}

(fog)(z) =3V" —9

Domainis {z |z > 0}, Rangeis {y |y > —8}

(go f)(x) =+3% =9

Domain is {x | z > 2}, Rangeis {y |y = 0}

iz =4 i =3
i f(z): y=-3, g(z): y=1
ii f(x): Rangeis {y |y > —3}
g(z): Rangeis {y |y > 1}
i f(x): y-intercept —2, g(x): y-intercept 2
\\ly ¢c —1+ \/E
glx)=14+27°
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15 a =~ 3.46 b r~ 2.46 ¢ r~1.16
d z~ —0.738 e r~ 1.85 f ==~ 0.0959
g r~ 6.03 h =z~ 50.0 I =z~ 31.0
EXERCISE 2E.1 N
1 a 100 grams C A TV (grams) (b4l 507)
b I ~131¢
i ~197 ¢ 400 Wi(t) =100 x (1.07)"
i ~ 507 ¢
200 (10, 197)
(4,131) t (hours)
% 10 20
2 a FPy=0>50
b | & 76 possums il =~ 141 possums

il ~ 396 possums

c A P (possums)

400
P(n) =50 x (1.23)" (10, 396)
200
(5, 141)
0 (2, 76) n[yearsh)k
0 10
d ~ 11 years e ~ 11.1 years
3 a 4 people b = 393 people ¢ =~ 19.9 days
4 a Bp = 200
b a = 1.1, the bear population is increasing by 10% every
year.
¢ = 1350 bears d =~ 159% increase e =~ 24.2 years
5 a 1 Vo i 2V b 100%

¢ =~ 183% increase, it is the percentage increase at 50°C
compared with 20°C.

6 a A(t)=5000x (1.1)! b i £6050 i £8052.55

t - d =~ 4.93 years
10 000 A(t) = 5000 x (1.1)!

(5, 8053)

5000 t (years)
>

0 2 4 6

7 a a = 1.08, the expected value of the house is increasing by
8% per year.

k = 375000, the original value of the house was $375 000.
0 =~ 4.98 years

8 a When t=0, V=c—-60=0 b k=—-1=-0.2
c = 60
C = 48.6 mS_l d ‘ V{m 5_1)
60 V=60 — 60 x 2-9-2
40 (12, 48.6)
20
t (seconds)
0 =

0 b 10 15 20 25

e The parachutist accelerates rapidly until he approaches his

terminal velocity of 60 ms—1.

9 =~ 2.27 hours

EXERCISE 2E.2 R
1 a 250¢g b i =112¢g il =504¢g i =226¢

10

n O o O

O

W (grams) d = 346 years

W(t) = 250 x (0.998)¢
(400, 112)

(800, 50.4)
(1200, 22.6)

0 1000  t (years)

I ~ 80.9°C I ~ 75.4°C I =~ 33.3°C

T(¢) = 100 x (0.986)"

(78,33.3)

t (minutes)
0 .
0 20) 40 60 80 100

1000 g
i ~812g i 125¢g i ~9.31x107 "¢
W (grams)

1000
(10, 812)

W(t)=1000x 2=003¢
(1000,9.31 x 1077)

i t (years)

S —
0 200 1000
~ 221 years e 1000(1 — 279-03t) grams
P(t) = 400 x (0.92)*
I 368 orangutans Il &~ 264 orangutans

(100, 125)

P(t) = 400 x (0.92)¢

{ (years)
0 5 T

~ 8.31 years, or & 8 years 114 days
Lo = 10 units b ~ 2.77 units ¢ ~179m
between =~ 23.5 m and =~ 44.9 m
$24 000 b r=0.85 ¢ 7 years
I 22°C i 6°C i —2°C
T'("C)

0

20
T(t) = —10 4 32 x 2—9-2

10

15

- g
{ (minutes)

 J
~ 839 min or ~ 8 min 23 s

No, as 32 x 2792t > (0 for any value of t.
Wo b ~12.9% ¢ 45000 years

i
A(t) = 150 x (1.48)3, B(t) = 400 x (0.8)* + 100
I t=~4.16years il t = 3.45years Iii t = 1.69 years
The mitial weight of the 1sotope 1s 10 mg.



