B

Assessment statements
6.1 Informal ideas of limit, continuity and convergence.
flx + h) — f(x)
—p
Derivative interpreted as gradient function and as rate of change.
Find equations of tangents and normals.
Identifying increasing and decreasing functions.
The second derivative.
6.2 Derivative of x".

im

Definition of derivative from first principles: f'(x) = il) i

6.3 Local maximum and minimum points.
Points of inflexion with zero and non-zero gradients.
Graphical behaviour of functions including the relationship between the
graphs of f, f and .

6.6 Kinematic problems involving displacement, s, velocity, v, and acceleration, a.
(See also Chapter 15.)
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‘ Introduction

Calculus is the branch of mathematics that was developed to analyze and
model change — such as velocity and acceleration. We can also apply it to
study change in the context of slope, area, volume and a wide range of
other real-life phenomena. Although mathematical techniques that you
have studied previously deal with many of these concepts, the ability to
model change was restricted. For example, consider the curve in Figure
13.1. This shows the motion of an object by indicating the distance (y
metres) travelled after a certain amount of time (¢ seconds). Pre-calculus
mathematics will only allow us to compute the average velocity between
two different times (Figure 13.2). With calculus — specifically, techniques of
differential calculus — we will be able to find the velocity of the object at a
particular instant, known as its instantaneous velocity (Figure 13.3). The
starting point for our study of calculus is the idea of a limit.
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A
A bicycle ride over a hill: The graph
above left shows distance (km)
versus time (hrs) for a 50-kilometre
bicycle ride that included going up
and then down a steep hill. There
are four time intervals labelled A,
B, Cand D. During which interval
is the bicyclist’s speed the least?
the greatest? During which two
intervals is the bicyclist's speed
about the same? How does the
shape of the distance-time graph
give information about the speed
of the bicyclist during a certain
interval? or at a particular moment
(instant) during the ride?
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Figure 13.1 Distance-time graph for
an object’s motion.
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Figure 13.2 Computing average velocity
from a distance—time graph.

@ Limits of functions

A limit is one of the ideas that distinguish calculus from

algebra, geometry and trigonometry. The notion of a

limit is a fundamental concept of calculus. Limits are

not new to us. We often use the idea of a ‘limit’ in many

non-mathematical situations. Mathematically speaking,
> we have encountered limits on at least two occasions

00 123 4 56 7 89
Time (seconds)

A

Figure 13.3 Instantaneous
velocity from a distance—time

graph.
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previously in this book — finding the sum of an infinite
geometric series (Section 4.4) and computing the
irrational number e (Section 5.3).

Recall from Section 4.4 that we established that if the sequence of partial
sums for an infinite series converges to a finite number L we say that the
infinite series has a ‘sum’ of L. Further on in that section, we used limits to

algebraically confirm that the infinite series 2 + 1 + % + i + % + ...hasa

sum of 4. As part of the algebra for this, we reasoned that as the value of n
increases in the positive direction without bound (i.e. n — +) the

expression (%) converges to zero — in other words, the limit of (%) as

n goes to positive infinity is zero. We express this result more efficiently
using limit notation, as we did in Chapter 4, by writing lim (%) = 0.
It is beyond the requirements of this course to establish a precise formal

definition of a limit, but a closer look at justifying this limit and a couple of
others can lead us to a useful informal definition.



Example 1

Evaluate lim (%) by using your GDC to analyze the behaviour of the

function f(x) = (%) for large positive values of x.

Solution
Plotl Plot2 flot3 WINDOW
\YiE(1/2) "X Xmin=-1
“Yo= Xmax=8
\Y3= Xscl=1
\Ya= Ymin=".1
\Ys= Ymax=1
\Ye= Yscl=1
\NY7= Xres=1
TABLE SETUP X Y1 X Y1
TblStart=0 [0 JH 7 00781
aTbl=1 3 35 5 100155
Indpnt: e Ask 3 125 10 9.8E-4
Depend: ENWide Ask H -9225, 3 484
6 .01563 13
X=0 Y1=1.22070313E-4

The GDC screen images show the graph and table of values for y = (%)x

Clearly, the larger the value of x, the closer that y gets to zero. Although

there is no value of x that will produce a value of y equal to zero, we can get

as close to zero as we wish. For example, if we wish to produce a value of y

10
within 0.001 of zero, then we could choose x = 10 and y = (%) = T124

=~ (0.000 976 56; and if we want a result within 0.000 0001 of zero, then we

24
could choose x = 24 and y = (l> = 1

n
so on. Therefore, we can conclude that }gr}o (%) =0.

In calculus we are interested in limits of functions of real numbers.
Although many of the limits of functions that we will encounter can only
be approached and not actually reached (as in Example 1), this is not
always the case. For example, if asked to evaluate the limit of the function

flx) = g — 1 as xapproaches 6, we simply need to evaluate the function

for x = 6. Since f(6) = 2, then lirr% (%C - 1) = 2.

However, it is more common that we are unable to evaluate the limit of
f(x) as x approaches some number ¢ because f(c) does not exist.

Example 2

Find the following two limits using your GDC to analyze the behaviour of
the relevant function.

sin x b) Lim S98% = 1
im—"—
X ) posrey X

a) lim
x—0

O The line y = cis a horizontal

asymptote of the graph of a
function y = f(x) if either

lim f(x) = cor lim f(x)=c
xX—® X——®

For example, the line y = 0
(x-axis) is a horizontal

asymptote of the graph of

y= (%)X because)!imm(%)x =0.
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YA Solution
y=3X a) We are not able to evaluate this limit by direct substitution because when
ok =0, s1n X = 0 and is therefore undefined. Let’s use our GDC again to

analyze the behaviour of the function f(x) = Xas x approaches zero

N\ >
o ) O \Urn n X from the right side and the left side.
Although there is no point on the graph of y =

X

x
corresponding to

x = 0, it is clear from the graph that as x approaches zero (from either

EXI.OU' P];otz( 12517t3
=] X) /X
:¥;= s d1rect1on) the value of 2% converges to one. We can get the value of
\Y3=
“Ya= sin X X arbitrarily close to 1 depending on our choice of x.
\NYs= .
NYe= If we want 2% to be within 0.001 of 1, we choose x = 0.05 giving
\Y7= ) x
7 (. 05) SIBODD ~ 0.999583 and 1 — 0.999 583 = 0.000417 < 0.001; and if
.9995833854 ' Sm X o
Y1 (.05) we want ~—-= to be within 0.000 001 of 1, then we choose x = 0.002
.9995833854 0 02
1-Ans sin ~ —
4 16614586454 giving ~—-—+~>— 002 0.999999 3333 and 1 — 0.999 999 3333
Y1 (—.002) = 0.000 000 6667 < 0.000 001; and so on.
.9999993333
Y1 (.002) Therefore, hm su;x 1.
.9999993333
1—Ar61e66666655E_7 b) Aswith y = 38X substituting x = 0 into the function y = %
Plotl Plotz Plots produces the meaningless fraction 3. The graph of y = % (GDC
\YiE (cos (X)-1) /X 0
:%: images right) reveals that the function values approach 0 as x goes to 0. A
\§4= table produced on a GDC also shows that the function values approach
N zero from both directions.
Therefore, limM =0.
x—0 X
These two limits are confirmed analytically in the next section.
O The analysis and result for Example 2 illustrates why it is preferred (and often
necessary) that in calculus the argument of a trigonometric function be in radian

Sinx
f X

measure rather than degrees. The limit o as x goes to @ is not equal to 1 if x is

in degrees. With your GDC in radian mode, duplicate the graph of y = M shown

in the solution for Example 2. Now change the window dimensions on your GDC to
Xmin = —720 and Xmax = 720 (equivalent to —4rand 4m) and graph y = M in

degree mode. Explain why no graph appears.
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_sinx

Itis interesting to note that if you ask your GDC to evaluate the function y = for a sufficiently small value of x it will give

X

a result of exactly 1. The function is undefined for x = 0 and can never give a result of exactly 1, so obviously the calculator is
making an error. Due to memory restrictions the calculator has rounded off the result to 1. The GDC image below shows that for
x = 000001 the result has been rounded to 1 when the actual value is 0.999999 999 983 (digit 3 repeating). Even the Google

calculator (see image below) gives an incorrect result.

Web Images Maps News Video Mail more ¥

sin(.00001)/.000
01 1

Search: ® the web () pages from the UK

) sin(.00001)/.00001 (‘search )
GOUSIQ Search

Web

&P sin(.00001)/.00001 = 1

More about calculator.

Functions do not necessarily converge to a finite value at every point — it’s
possible for a limit not to exist.

Example 3

Find lim iz, if it exists.

x—0X
Solution
As x approaches zero, the value of x%becomes increasingly large in the
positive direction. The graph of the function (left) seems to indicate that
we can make the values of y = % arbitrarily large by choosing x close
enough to zero. Therefore, the values of y = % do not approach a finite

. 1 .
number, so lim — does not exist.
x—0X

Although we can describe the behaviour of the function y = % by writing
1

lim= =
x—0 x2
— it does not. This notation is simply a convenient way to indicate in what

manner the limit does not exist.

o, this does not mean that we consider % to represent a number

Limit of a function

If f(x) becomes arbitrarily close to a unique finite number L as x approaches ¢ from
either side, then the limit of f(x) as x approaches c is L. The notation for indicating this
is lianf(x) =L

When a function f(x) becomes arbitrarily close to a finite number L, we say that f(x)
converges to L.

O The line x = cis a vertical
asymptote of the graph of a
function y = f(x) if either
)ICianf(x) = orlianf(x) = —oo,
For example, the line x = 0
(y-axis) is a vertical asymptote of

the graph of y = % because
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For our purposes in this course, it is also important to be able to apply
Often when trying to

determine the limit of a
quotient by direct substitution,
we may get a meaningless
fraction such as = or =.

Such an expression is called

an indeterminate form
because we cannot use it to
determine the desired limit.
When confronted with an
indeterminate form we need 1
to perform some algebraic
manipulation to the quotient

@)

some basic algebraic manipulation in order to evaluate the limits of some
functions algebraically, rather than by conjecturing from a graph or table.

The following five properties of limits are also useful.

Properties of limits

Let a and b be real numbers, and let fand g be functions with the following limits.
)Icigwa flx) = L and )ICiLna gx) =K

Constant: )|c|£>na b=0>b

2 Scalar multiple; lim [b- )] = b-L

to get it into a form so that the 3 Sum or difference: |i£>na [fx) =g =LxK
limit can be evaluated by direct x'
substitution and/or applying 4 Product: Jim, [fC0) - g0l = L+ K
known limits. . I !
5 Quotient: JI(ana %] =% K#0
Example 4

Evaluate each limit algebraically.
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. 5x—3 . 2 2
a) lim=7— b) lim (3x7 — 4px + p?)
. x+h?*—6]—(x*—6) . 3x2+5x—1
¢) lim d lim —=————
) h ) i e
Solution
a) lﬂ% = ;1_{1}0 (5796 — %) Split the fraction into two terms and ...
= %grch - lﬂ% ... evaluate the limit of each term separately.
=5—-0= Therefore, |im Sx; 3-5

b) 11713%(39& —4px + p?) = Il)iir%)sz - 11711%4px+ 11)@);;2
=3x2— 0+ 0= 3x?

[(x+h)?—6] —(x¥*—6) _

Evaluate the limit of each term separately.

Therefore, plimo (3x? — 4px + p?) = 3x%

xX*+2xh+ W —-6—x*+6

c) Jim h o z
. 2xh + W2
= lim&2t T
h—0 h
. hQ2x+ h)
= lim———
h—0 h
= lim2x + lim h
h—0 h—0
=2x+0=2x
+ 2 _ 2 __
G+ h2 =6l = (2=6) _

Therefore, %im
—0

h



d) lim 3x? +2 5x — 1 Dividing numerator and denominator by
x=e 2xt £ 1 largest power of x. i.e. X2

lim 3 + hm% — hmi2
xX— 0 X— 0 x f(x)

lim2 + lim 1

X—© X—® xZ and lmﬂa[f(x> + g(x>] _
_3+0-0
2+0

3x>+5x—1_3

Therefore, ;grolc il >

The limits in parts b) and ¢) of Example 4 show that in some cases the
limit of a function is itself a function.

O Connect the limit in Example 4 part d) with the end behaviour of rational functions
3x2+5x—1_
2x2 4+ 1
L will have a horizontal asymptote ofy 3 .In other words, as

covered in Secuon 3.4.Since ||m the rational function

3x2 + 5x —
A PE .
X — o or x — —o the function will approach the value ofy =3as illustrated in the
graph shown.

yA
3_
y:% 24 /\
il
-8 -6 —4 -2 10 2 4 6 8 X
=] _ 3x*+5x—1
—3- Y= "2¢+1

In this section we evaluated limits by guessing and checking with the

help of our GDC This process led us to conclude that hm Sm * = 1and

)lgn cos * =0.

It was reasonable to take this approach since it is not possible to perform
algebraic manipulations on these expressions as we did with the expressions
in Example 4. However, if possible we should always try to use analytic
methods to evaluate a limit as illustrated in the next example.

Example 5

Vx:t+4 -2

a) Estimate the value of lim 2

x—0
fx) = 7”8‘:;_2

by evaluating the function

for x = £0.5, £0.01, =0.0001, 0.000 005, +0.000001.
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Vxi+4 -2

b) Using algebra and properties of limits, evaluate lin% e

¢) Comment on the two results.

Solution

a) A GDC that displays results to an accuracy of ten significant figures
gives the following results.

*=0.5 0.2462112512
*0.01 0.249998 438
*0.0001 0.25

*=0.000005 |0.248
*=0.000003 |0.2444444444
*0.000001 |0

The GDC results in the table seem unusual. Initially as x approaches
zero from either direction the function values appear to be
approaching i, but then as the function is evaluated for values even
closer to zero, the function values continue to decrease to zero.

Is iﬁ%@ equal to i or 0?

If we trust our GDC, we may be tempted to conclude that )lclil‘%) @ =0.
b) We cannot immediately apply the limit property for quotients,

lim % = %because we obtain the indeterminate form %

We need to use the algebraic technique of multiplying numerator and
denominator by the conjugate of the expression in the numerator.
This will ‘rationalize’ the numerator — and may lead to an equivalent
expression for which we can apply the quotient property for limits.

ppY 4 =2 Va2 +d4—2 VxP+4+2
x—0 x2 x—0 x2 /x2 +4 +2
e W) -2
x=0x2(\/x2 + 4 +2)
i X 44
= 1um
=0x2(Vx> + 4 +2)
= lim &
=0x2(Vx2+ 4 +2)
= lm—t
x=0\/x2 + 4 + 2
I N SR
limVa® + 4 +2 Va+2 4
[ 4r2 _
Therefore, limLA}2 ==,
x—0 xZ 4
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¢) Because of memory limitations a GDC will sometimes give a false
value. Because v x* + 4 is very close to 2 when x is very small, a GDC

will eventually consider v x* + 4 to be equal to 2.00000000 ...

(to as

many digits as the GDC is capable of computing) when x is sufficiently
small. Your GDC is a very powerful tool, but like any tool it does have

its limitations.

In questions 1-4, evaluate each limit algebraically and then confirm your result by
means of a table or graph on your GDC.

1 lim t4n 1 +4n
n—o
2 o2
5 i e =5
d—0 d

2 hlimo (3x2 + 2hx + h?)

4 ;lcansx—3

In questions 5-7, investigate the limit of the expression (if it exists) as x — o by
evaluating the expression for the following values of x: 10, 50, 100, 1000, 10000 and
1000000. Hence, make a conjecture for the value of each limit.

5% —6
6 J!chx%-S

In questions 8-13, find the limit, if it exists.

8 Iim 2_4
xH‘UC 16

10 |im—vz+§_‘/j
x—0

11 lim L
04 — 3x + 1

12 |im ta}r;x. Hint: rewrite tan x as

x—0

lim sin 360
1B o075

o Hint: rewrite

2 + =
9 fim X X2
x—=1  x°— 1
e Hint: multiply numerator and denominator by
conjugate of numerator

sin030 3 (3sin 36

30 )and apply ||m ===

CS and apply property ||m [fx)+ gl =1L-

14 Use the graphing or table capabilities of your GDC to investigate the values of

C
the expression (1 F 1?) as c increases without bound (i.e. ¢ — ). Explain the

significance of the result.

15 Ifitis known that the line y = 3 is a horizontal asymptote for the function f(x),
state the value of each of the following two limits: lim f(x) and lim_f(x).

16 If it is known that the line x = a is a vertical asymptote for the function g(x) and
g(x) > 0, what conclusion can be made about xlm gx)?

17 State the equations of all horizontal and vertical asymptotes for the following
functions. Confirm using your GDC.

9 fly) =21
_2x’—3
d) AL) = X




Figure 13.4 Slope of a straight
line.

Figure 13.5 Slope of a curve.
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>

For questions 18 and 19, a) use your GDC to estimate the limit, and b) use analytic
methods to evaluate the limit.

2 — —
18 lim X o =3 19 [im 2x=1
i T 2
o Vx+h—Vvx _ 1
20 Show that Ill_rpo p = =
1 _1
21 Show that lim X0 =_1
h—0 h 2

The derivative of a function:
definition and basic rules

Tangent lines and the slope (gradient) of a curve

In Section 1.6, we reviewed linear equations in two variables. And, later in
Section 2.1, we established that any non-vertical line represents a function
for which we typically assign the variables x and y for values in the domain
and range of the function, respectively. Any linear function can be written in
the form y = mx + c. This is the slope-intercept form for a linear equation,
where m is the slope (or gradient) of the graph and cis the y-coordinate of
the point at which the graph intersects the y-axis (i.e. the y-intercept). The
> =y vertical change
X, =X horizontal change
the same for any pair of points, (x;, ¥;) and (x;, 3,), on the line. An essential
characteristic of the graph of a linear function is that it has a constant
slope. This is not true for the graphs of non-linear functions.

, will be

value of the slope m, defined as m =

Consider a person walking up the side of a pitched roof as shown in
Figure 13.4. At any point along the line segment PQ the person is
experiencing a slope of %. Now consider someone walking up the curve
shown in Figure 13.5, which passes through the three points A, Band C.
As the person walks along the curve from A to C, he/she will experience a
steadily increasing slope. The slope is continually changing from one point
to the next along the curve. Therefore, it is incorrect to say that a non-
linear function, whose graph is a curve, has a slope — it has infinitely many
slopes. We need a means to determine the slope of a non-linear function at a
specific point on its graph.

Imagine if the slope of the curve
in Figure 13.5 stopped increasing
(remained constant) after point
B. From that point on, a person
walking up the curve would move
along a line with a slope equal to
the slope of the curve at point B.
This line — containing point D in
the diagram — only ‘touches’



the curve once at B. Line (BD) is tangent to the curve at point B.
Therefore, finding the slope of the line that is tangent to a curve at a certain
point will give us the slope of the curve at that point.

Finding the slope of a curve at a point — or better — finding a rule
(function) that gives us the slope at any point on the curve is very useful
information in many applications. The slope of a line, or of a curve at a
point, is a measure of how fast variable y is changing as variable x changes.
The slope represents the rate of change of y with respect to x. To find the
slope of a tangent line, we first need to clarify what it means to say that a
line is tangent to a curve at a point. Then we can establish a method to find
the tangent line at a point.

The three graphs in Figure 13.6 show different configurations of tangent
lines. A tangent line may cross or intersect the graph at one or more points.

YA YA YA

(=]

/ \*

For many functions, the graph has a tangent at every point. Informally, a
function is said to be smooth if it has this property. Any linear function

is certainly smooth, since the tangent at each point coincides with the
original graph. However, some graphs are not smooth at every point.
Consider the point (0, 0) on the graph of the function y = |x]|

(Figure 13.7). Zooming in on (0, 0) will always produce a V-shape rather
than smoothing out to appear more and more linear. Therefore, there is no
tangent to the graph at this point.

YA

= 5 +6 o

4

T 4-

£

o 314

)

2]

al-1-

—110_ 123 45 6 7 8 9101 12¢
Time (seconds)

One way to find the tangent line of a graph at a particular point is to make
a visual estimate. Figure 13.8 reproduces the time-distance graph for an
object’s motion from the previous section (Figure 13.1). The slope at any
point (t, y) on the curve will give us the rate of change of the distance y
with respect to time ¢, in other words the object’s instantaneous velocity
at time t. In the figure, an estimate of the line tangent to the curve at (5, 3)
has been drawn. Reading from the graph, the slope appears to be % = % Or,

O The slope (gradient) of a curve
at a point is the slope of the
line that is tangent to the curve
at that point.

e Hint: The word ‘curve’can often
mean the same as function, even if
the function is linear.

< Figure 13.6 Different
configurations of lines tangent to
acurve.

Figure 13.7 y = |x]|
v

YA
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< Figure 13.8 Estimating the slope
of a tangent line.
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in other words, the object has a velocity of approximately 0.667 m/s at the
instant when t = 5 seconds.

A more precise method of finding tangent lines makes use of a secant line
and a limit process. Suppose that f is any smooth function, so the tangent to
its graph exists at all points. A secant line (or chord) is drawn through the
point for which we are trying to find a tangent to f and a second point on
the graph of f, as shown in Figure 13.9a. If Pis the point of tangency with
coordinates (x;, f(x)), choose a point Q to be horizontally some h units away.
Hence, the coordinates of point Qare (x + h, f(x + h)). Then the slope of

the secant line (PQ) is m,, = f (zcx++hi)z)_—f ix) - flx+ h})1 — f1 (X).

The right side of this equation is often referred to as a difference quotient.

The numerator is the change in y, and the denominator 4 is the change in x.
The limit process of achieving better and better approximations for the
slope of the tangent at P consists of finding the slope of the secant (PQ)
as Q moves ever closer to P, as shown in the graphs in Figure 13.9b and
Figure 13.9c. In doing so, the value of h will approach zero.

YA fix) YA fix)

Q(x + h, fix + h))

5 Qx + h, fix + h))
' fix + h) — fix)

fix + h) — f(x)
N P ) 7 N P i) & .
0 X 0 X
A A
Figure 13.9a Figure 13.9b
YA fix) YA fix)

Q(x + h, fix + h))

flx + h) —
N ARt L P )
0 ):( 0 ):(
A A
Figure 13.9¢ As h tends to zero, Figure 13.9d Tangent to f at point P.

the secant line becomes a better
approximation of the tangent line.




By evaluating a limit of the slope of the secant lines as / approaches zero,
we can find the exact slope of the tangent line at P(x, f(x)).

The slope (gradient) of a curve at a point

The slope of the curve y = f(x) at the point (x, f(x)) is equal to the slope of its tangent
line at (x, f(x)), and is given by
fx + h) — f(x)

h

Mean = rlziino Msec = )l[no

provided that this limit exists.

Let’s apply the definition of the slope of a curve at a point to find a rule, or
function, for the slope of all of the tangent lines to a curve.

Example 6

Find a rule for the slopes of the tangent lines to the graph of f(x) = x* + 1.
Use this rule to find the exact slope of the curve at the point where x = 0
and at the point where x = 1.

Solution

Let (x, f(x)) represent any point on the graph of f. By definition, the slope
of the tangent line at (x, f(x)) is:

flx+ h) — f(x) _ [(x+ h)?+ 1] — [x* + 1]

m= lim h bimm I
D[P+ 2xh+ R+ 1] - [xP 41
= lim
h—0 h fix) =x2+ 1
y
— I xX>—x+2xh+hH+1-1 5
= lim
h—0 h 4
i 25 1) 5
h—0 h 2
= lim 2x + h)
hﬂo T T T T T ;
-2-10 1 2 X

=2x
Therefore, the slope at any point (x, f(x)) on the graph of fis 2x.

At the point where x = 0, the slope is 2(0) = 0. This makes visual sense
because the point (0, 1) is the vertex of the parabola y = x*> + 1, and we
expect that the tangent at this point is a horizontal line with a slope of
zero. At the point where x = 1, the slope is 2(1) = 2. This also makes visual
sense because moving along the curve from (0, 1) to (1, 2) the slope is
steadily increasing.

In Example 6, from the function f(x) = x*> + 1 we used the limit process to
derive another function with the rule 2x. With this derived function we can
compute the slope (gradient) of the graph of f(x) at a point from simply
inputting the x-coordinate of the point. This derived function is called the
derivative of fat x. It is given the notation f’(x), which is commonly read
as ‘f prime of x, or simply, ‘the derivative of fof x.

O The word ‘secant; as applied
to a line, comes from the Latin
word secare, meaning to cut.
The word ‘tangent’ comes from
the Latin verb tangere, meaning
to touch.

fix) =x*+1

Tangent line
at(0, 1)

“2-10 1 2 X




If finding the derivative of a
function indicated with the
function notation f(x), then - as
shown already - the derivative
is usually denoted as f'(x).
However, there are two other
notations with which you should
be familiar. Commonly, if a
function is given as y in terms of
X, then the derivative is denoted
asy’ read as'y

ime! Th onZ;
prime! enotatlonam

also often used to indicate a

derivative, and is read as ‘the

derivative of y with respect to

x. Note: o4 is not a fraction. If,

dx

for example, y = x? + 1, the

derivative can be denoted by
o d o

writing =—(x? + 1) = 2x. This is

g dx( )
read as ‘the derivative of x2 + 1
with respect to x is 2x!

Figure 13.10 Two tangents to
y = x*that are parallel.
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O

A

The derivative and differentiation
e The derivative, f'(x), at a point x in the domain of fis the slope (gradient) of the
graph of fat (x, f(x)), and is given by
F100 = lim flx + hf)7 — f(x)

h—0

provided that this limit exists.
o [fthe derivative exists at each point of the domain of f, we say that fis smooth.
e The process of finding the derivative, f'(x), is called differentiation.
e Ify = f(x), then f'(x) is a formula for the instantaneous rate of change of y with
respect to x.

Differentiating from first principles

Depending on the particular purpose that you have in differentiating a
function, you can consider the derivative as giving the slope of the graph
of the function or the rate of change of the dependent variable (commonly
¥) with respect to the independent variable (commonly x). Both
interpretations are useful and widely applied.

Using the limit definition directly to find the derivative of a function (as we

did in Example 6) is often called ‘differentiating from first principles’.

Example 7

Differentiating from first principles, find the derivative of f(x) = x°.

Solution

fx+h) — f(x)

N . (xt+hP=x
f(x)_;lg% h = lim

h—0 I’l
. (x+h(x+h?2-%°
= lim
h—0 h

o (x+ B+ 2hx+ W) — X3
= lim
h—0 I’l

_ limx3 +3hx®+3kx+ W — X3
h—0 h

— h(3x* + 3hx + h?)
hlE}) h

= }lin})(.%xz + 3hx + K?)
= 3x?

Therefore, the derivative of f(x) = x° is f"(x) = 3x%.

As in Example 6, the result for Example 7 is a function that gives us the
slope at any point on the graph of y = x°. For example, the points

(I,1) and (—1, —1) both lie on y = x%, and the slopes at these points
are respectively f'(1) = 3(1)> = 3 and f'(—1) = 3(—1)? = 3. Hence, the
tangents at these points will be parallel, as shown in Figure 13.10.



Let’s examine the relationship between the slopes of tangents to the
curve f(x) = x> + 1 (Example 6) and slopes of tangents to g(x) = x*
Recall that we found the derivative of f(x) to be f’(x) = 2x. It appears
from the graphs of fand g in Figure 13.11, that the slopes of tangents
at points with the same x-coordinate are equal. For example, the
tangent to g at the point (1, 2) looks parallel to the tangent to fat

(1, 1), as shown in Figure 13.11. This implies that the derivatives of
the two functions are equal. Rather than confirming this conjecture
by finding the derivative of g(x) = x* by first principles (i.e. using the
limit definition), let’s use the graphical and computing power of our
GDC. Any GDC model is capable of computing the slope of a curve at
a point — either on the GDC’s ‘home’ screen, or its graphing screen. The
screen images below show computing derivative values for y = x* on
the ‘home’ screen.

fix)=x*+1

Tangent
line at (1,2)

Tangent

This command finds the value of the derivative
of y = x% in terms of x, at the point x = 1.

3

NUM CPX PRB| |WrNgs{ NUM CPX PRB| |nDeriv (X2,X,1)
> Frac 413J(
2 :»Dec 5:4 |
3:3 6:fMin (
4 :3J( 7 : fMax (
5: % EBnDeriv (
6:fMin ( 9:fnInt (
71 £Max ( 0:Solver..

6| Our GDC results
nDeriv (X2,X, —1)2

nDeriv (X2,X, 1733
nDeriv (X2,X, —9%_

nDeriv (X2,X,1)

nDeriv (X2,X, 2) confirm our
nDeriv (X2,X,3) con?ect}lre that the
derivative of

8 g(x) = x*is ¢'(x) = 2x.

Example 8
From first principles, find:

d
a) y' giveny = 3x* + 2x b) d—); given y = %

Solution
We will apply the definition of the derivative, f'(x) = }lin})
in both a) and b).

[3(x+ h)?+ 2(x+ h)] — (3x% + 2x)

flx+h) — f(x)
h b

) ¥~ lim

h
. (Bx*+ 6hx+ 3k + 2x+ 2h) — (3x* + 2x)
= lim
h—0 h
4. 6hx+ 3KW + 2h
= lim————==
h—0 h

=Ilqin})(6x+3h+2) = y =6x+2

gx) = X3 lineat (1, 1)
PR 2 X
A
Figure 13.11

O

The exact command name and
syntax for computing the value
of a derivative at a point may
vary from one GDC model to
another.
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X x+ h
. x(x+h) x(x+ h)
= lim
h—0 I’l
_~h
. | x(x+ h)
= lim|————=
h—0 h

1

= lim (_7}11)
n—o\x(x+ h) h

= —1 d@y__ 1 d. - _
i (7 ) = ) = 5 or e =

Basic differentiation rules

We have now established the following results:

If f(x) = x% then f'(x) = 2x.

If f(x) = x* + 1, then f"(x) = 2x.

If f(x) = 3x* + 2x, then f'(x) = 6x + 2.

If f(x) = &2, then f"(x) = 3x%

If f(x) = x !, then f'(x) = —x7%

In addition, we know that if f(x) = x, then f'(x) = 1, since the line y = x
has a constant slope equal to 1; and that if f(x) = 1, then f’(x) = 0 because
the line y = 1 is horizontal and thus has a constant slope equal to 0.
Furthermore, the graph of any function f(x) = ¢, where cis a constant, is a
horizontal line, confirming that if f(x) = ¢, c € R, then f'(x) = 0. In other
words, the derivative of a constant is zero. This leads to our first basic rule
of differentiation.

The constant rule
The derivative of a constant function is zero. That is, given c is a real number, and if f(x) = ¢,

then f'(x) = 0.

These following results: flx) = x7! = f(x)=—x?
fx)=x"=1 = f(x=0
fx)=xl=x = f(x)=1
flx) = x? =  f(x)=2x
flx) = x° = fl(x) =3x

can be summarized in the single statement:

Functions of the form f(x) = x” O if f(x)=x" then f'(x) =nx"""! for n=-1,0,1,2,3

are called power functions, so In fact, this statement is true not just for these values but for any value of
tge differentiation rule n that is a rational number (n € QQ). This leads to our second basic rule of
o ¥ = nx""gives the differentiation.

rule for differentiating power

functions — and is often referred The derivative of x"

to as the power rule. Given n is a rational number, and if f(x) = x”, then ' (x) = nx" .



Recall from Chapter 4 the binomial theorem for positive integers

n

(a+b)r=>" (F)a b

r=0
Applying this to the limit definition of the derivative gives,

d n) = li (x + h)n — X"
Ec(x )= i h

) ((g)x" + (’f)x”‘lh + (;)x”‘zh2 + ..+ (nf 1>xh”‘1 + (Z)h”) —x"
= lim

h—0 h

' <x” + nx""'h + %n(n —Dx" 2+ ...+ nxh" + h”) —x"
= jim 7

=limnx" "' + lim%n(n — Dx"?h+ ...+ limnxh"" 2+ lim h" !
h—0 h—0 h—0 h—0

=nx""'4+0+...+0+0
=nx" !

i ny — n—1
Therefore, dx(x) nx" "L

Another basic rule of differentiation is suggested by our result that the
derivative of f(x) = x> + 1is f'(x) = 2x. The derivative of a sum of a
number of terms is obtained by differentiating each term separately — i.e.
differentiating ‘term-by-term’. That is,

A2 — Aoy d iy = -
dx(x +1) dx(x)+dx(1) 2x + 0 = 2x.

The sum and difference rule
If f(x) = g(x) = h(x) then f'(x) = g’ (x) £ h'(x).

The sum rule for derivatives can help us give a very convincing justification
of our first differentiation rule: the constant rule. The fact that the
derivative of a constant must be zero can be verified by considering the
transformation of the graph of a function (Section 2.4). The graph of the
function f(x) + ¢, where ¢ € R, is a vertical translation by c units of the
graph of f(x). As Figure 13.12 illustrates, when the graph of a function is
translated vertically its shape is preserved. Hence, the slope of the tangent
line to the graph of f(x) + cwill be the same as that for f(x) at a particular
value of x. This means that the derivatives for the two functions must be
equal. That is,

L1+ d =L (0]
01+ L0 =L ()

. od
This is only true if dx(c) 0.
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Figure 13.12 Translating the >
graph of a function vertically does

not alter the slope of the tangent

line at a particular value of x. Hence
the derivatives of the two functions

are equal. /

Xy

A fourth basic rule of differentiation is illustrated by our result that the
derivative of f(x) = 3x*> + 2xis f'(x) = 6x + 2. Using the sum rule,

() = A (32 _daayy d oo
fd(x) dx(Sx + 2x) dx(Sx ) + dx(Zx) 6x + 2. The fact that
T (3x*) = 6x suggests that 3+ d—i (x*) = 3+2x = 6x. In other words, the

derivative of a function being multiplied by a constant is equal to the
constant multiplying the derivative of the function.

The constant multiple rule
If f(x) = c-g(x) then f'(x) = c-g'(x).

As mentioned before, and as you have seen, there are different notations
used for indicating a derivative or differentiation. These can be traced back
to the fact that calculus was first developed by Isaac Newton (1642—1727)
and Gottfried Leibniz (1646-1716) independently of each other — and
hence introduced different symbols for methods of calculus. The ‘prime’
notations y" and f’(x) come from notations that Newton used for

derivatives. The d_fc notation is similar to that used by Leibniz for

indicating differentiation. Each has its advantages and disadvantages. For
example, it is often easier to write our four basic rules of differentiation
using Leibniz notation as shown below.

. o=
Constant rule: Ix (c)=0, ceER
o i ny — n—1
Power rule: dx(x Y=nx""L, neqQ
Sum and difference rule: - [g(x) + h(x)] = 4 [g(x)] + d [h(x)]
todx dx dx

; .oodr — .4
Constant multiple rule: dx[c fx)] =c Ix [f(x)],ceER

Example 9
For each function: (i) find the derivative using the basic differentiation
rules; (ii) find the slope of the graph of the function at the indicated
points; and (iii) use your GDC to confirm your answer for (ii).

588




Function

a) f(x) =x>+2x>—15x— 13

b) f(x) = (2x — 7)?
c) f(x) =3/x—6
d) flo) =5 =32 -

Solution

o d _d d e
a) (1)E(aé+2x2—15x—13)—a(x3)+2-%(x2) 15 dx(x)

(ii)

22 4 2%

15x
2

%U&

=3x* +2(2x) — 15(1) — 0

Points

(—3,23),(3,—1

(2,9),40)
(4,0),(9,3)

(5, —43), (0,0)

=3x%+ 4x— 15
Therefore, the derivative of f(x) = x* + 2x?> — 15x — 13 is
f'(x) = 3x* + 4x — 15.

=27—12—15=0.
We should observe a horizontal tangent (slope = 0) to the curve at

(—3,23).

3)

d
_%(13)

Slope of curve at (—3,23) is f'(—3) = 3(—3)* + 4(—3) — 15

Slope of curve at (3, —13) is f'(3) = 3(3)? + 4(3) — 15
=27+ 12— 15 = 24.
We should observe a very steep tangent (slope = 24) to the curve at

(3, —13).

(iii) Not only can we use the GDC to compute the value of the derivative
at a particular value of x on the ‘home’ screen, but we can also do it
on the graph screen.

ah ik

Plotl Plot2 Plot3 WINDOW
\Y1B X" 3+2X2-15X- Xmin=-6
13 Xmax=6
“Yo= Xscl=1
\Y3= Ymin=-40
\Ya= Ymax=40
\Ys5= Yscl=5
YYo= Xres=1
CALCULATE Y1=X"3+2X2-15X-13

1:value s
2:zero
3:m1n1mum

-max1mum

1ntersect

X=-3

dy/dx=1E"6 L

The GDC computes a slope of 1E76 at the point (—3, 23).
(IEZ6 =1 X 107%=0.000001)

Although the method the GDC uses is very accurate, sometimes there is a
small amount of error in its calculation. This most commonly occurs when
performing calculus computations (e.g. the value of the derivative at a
point). 1IE76 = 0.000 001 is very close to zero which is the exact value of the
derivative. Observe that the graph of y = x° + 2x? — 15x — 13 appears to
have a ‘turning point’ at (—3, 23), confirming that a line tangent to the curve
at that point would be horizontal.

"turning point’
(—3,23)

horizontal tangent

Ny

dy/dx=1E"6 L
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Let’s check on our GDC that the slope of the curve is 24 at (3, —13). Again,
the GDC exhibits a small amount of error in its result.

Most GDCs are also capable of drawing a tangent at a point and displaying
its equation as shown in the final screen image below.

Y1=X"3+2X2-15X-13

:value
1 Zero
:minimum
:maximum
:intersect
d¥/dx x=3
Tt (x)dx dy/dx=24.000001 y=24.000001X+-85.000003
The equation of the tangent line at (3, —13) is y = 24x — 85. We will look
at finding the equations of tangent lines analytically in the last section of the
chapter.
b) @) di (2% — 7)2] = di [(2x — 7)(2x — 7)]  Differentiate term-by-term
X X after expanding.
d 4,2
= % (4x2 — 28x +
dx(4x 28x + 49)
d ., d d
= —_— — —_ _|_ -
4 dx(x ) — 28 dx(x) dx(49)
=8x—28+0
Therefore, the derivative of f(x) = (2x — 7)%is f'(x) = 8x — 28.
(ii) Slope of curve at (2,9)is f'(2) = 8(2) — 28 = —12.
Slope of curve at (%, 0) isf’(%) = 8(%) — 28 =0.
Thus, we should observe a horizontal tangent to the curve at ( %, 0 )
(iii)
Plotl Plot2 Plot3 WINDOW 3 Y1=(2X-7)2
\Yi1E (2X-7)2 Xmin=-1 [
\Yo= Xmax=6 :(2, 9)
\Y3= Xscl=1 i
\Ya= Ymin=-2 i
\Ys= Ymax=12 [
\Ye= Yscl=1 ! t ¥
\NY7= Xres=1 dy/dx=-12 X=3.5 Y=0

There’s no error this time in the GDC’s computation of the slope
at (2,9). The vertex of the parabola is at ( %, 0 ), confirming that it

has a horizontal tangent at that point.
0 () L6 =31 -

b

3

Zx%

Therefore, the derivative of f(x) =3vx — 61is f'(x) = or f'(x) = %




(ii)

(iii)

d) ()

(ii)

(iii)

l\)l»—A NSV

Slope of curve at (4,0) is f'(4) =

e

Slope of curve at (9, 3) is f'(9) =

Thus, because the slope at x = 9 is less than that at x = 4, we
should observe the graph of the equation becoming less steep as
we move along the curve from x = 4 to x = 9.

Plotl Plot2 Plot3 WINDOW Y1=3J(X)-6 nDeriv (3J(X) -6,X
\Y1E3((X)-6 Xmin=-1 [ / . 4)

\%2: %ma}fzio .750000006
NY3= SCl= 1 _
\¥4= goe=t, nDeriv (3J(X) -6,X
\Ys= Ymax=4 !

N Jhax=2 .5000000009
\Y7= Xres=1 X=4 Y=0

The slope of the graph of y = 3v/x — 6 appears to steadily decrease
as x increases. Let’s check the results for (ii) by evaluating the
derivative at a point on the ‘home’ screen. The GDC confirms the
slopes for the curve when x = 4 and x = 9, but again the GDC
computations have incorporated a small amount of error.

d (x* 33X . 15x 3
dx P!
=3 ey -3 oy 2Ly B 4 4 3)

= l(4x3) - —(3x2) - 2—x(2x) + 7(1) +0

3 _ 9x — 4y 15

=X + =

2 2
Therefore, the derivative of f(x) = xz — 37 —2xr + lgx + %
Fx) = a3 X 15
is f'(x) = x 5~ T Axt =
o ;9057
Slope of curve at (5, —43) is f'(5) = 5° — — 4(5) + ==0.

2
Thus, there should be a horizontal tangent to the curve at (5, —43).,

Slope of curve at (0, 0) is f'(0) = =

Your GDC is not capable of computing the derivative function

— only the specific value of the derivative for a given value of x.
However, we can have the GDC graph the values of the derivative
over a given interval of x. We can then graph the derivative
function found from differentiation rules (result from (i)) and see
if the two graphs match.

Plotl Plot2 Plot3 WINDOW
\YiIEX"4/4- (3X"3) Xmin=-4
/2-2X"2+15X/2+3/ Xmax=8
N }ésc;l=150
(YYo= min=- Horizontal
:%Zz %22-}]?2%8 tangent at
\Ys= Xres=1 dy/dx=3.5E76 — 643




Plotl Plot2 Plot3
\Y1=X"4/4-(3X"3)
42—2X"2+15X/2+3/

}\{YzEnDeriv (Y1, X,

\Y3EX"3- (9X2) /2-
4X+15/2
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The command nDeriv(Y,, X, X) computes the value of the

derivative of function Y, in terms of x for all'x.

Values of the derivative of f(x) will be graphed as Y,, and the derivative

2
9Tx —4x+ 12—5, determined by manual application
of differentiation rules (part (i)), will be graphed as Y. Note that the graph
of Y; will be in bold style to distinguish it from Y,, and that the equation Y,
has been turned ‘off’

A ) LA/
[ ]

Y, = nDeriv(Y,;, X, X) Y, =x— 5 —4x+ =

function, f'(x) = x* —

Since the two graphs match, this confirms that the derivative found in part
(i) using differentiation rules is correct.

Example10

The curve y = ax® + 7x*> — 8x — 5 has a turning point at the point where
x = —2. Determine the value of a.

Solution
There must be a horizontal tangent, and a slope of zero, at the point where
the graph has a turning point.

Y _do 50 g
EC—EC(CIX + 7x 8x 5)
_ d s d, »n_od d, o _ ) _
a—dx(x ) + 7—dx(x) 8—dx(x) + —dx( 5) =3ax*+ 14x — 8
dy )
e 0 when x = —2: 3a(—2)*+14(—=2) —8=0

= 12a—28—8=0 = 12a=36 = a=3

Recall that the derivative of a function is a formula for the instantaneous
rate of change of the dependent variable (commonly y) with respect to the
dependent variable (x). In other words, as illustrated earlier in this section,
the slope of the tangent at a point gives the slope, or rate of change, of the
curve at that point. The slope of a secant line (that crosses the curve at two
points) gives the average rate of change between the two points.



Example 11

Boiling water is poured into a cup. The temperature of the water in degrees

Celsius, C, after t minutes is given by C = 19 + @, for times t = 1 minute.

t2

a) Find the average rate of change of the temperature from t = 2to t = 6.

b) Find the rate of change of the temperature at the instant that t = 4.

Solution

a)

b)

A
200 1

175 1
150 1
125 1
100
754
504
254

Temperature (°C)

0 1 2 3 4 56 7 8 9 1011 1213 14 15
Time (minutes)

When ¢ = 2, C= 83.35° and when t = 6, C = 31.38°. The average rate

of change from ¢t = 2 to t = 6 is the slope of the line through the points
(2, 83.35) and (6, 31.38).

83.35 — 31.38 _ 51.97

2—6 —4
To an accuracy of 3 significant figures, the average rate of change from
t=2tot= 6is —13.0°C per minute. During that period of time the
water is, on average, becoming 13 degrees cooler every minute.

Average rate of change = = —12.9925.

Let’s compute the derivative %, i.e. the rate of change of degrees

C with respect to time t, from which we can compute the rate the
temperature is changing at the moment when t = 4.

dt_dt(19+ t%) £(19 + 182¢73) = £.(19) + 1822 ()
= é_%_l = — 7;
—0+182(—2t ) 273t

dc_ 273 _ 213

dt t% \/ﬁ

Att= 4.

daC_ 273 _ 273 _

a3 8

Therefore, the temperature’s instantaneous rate of change at t = 4
minutes is —8.53 °C per minute.




Figure 13.13 Squeezing f
between g and h forces the limiting
value of fto be between the
limiting values of g and h.

v
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200 1
1754
150+
1254
100 +
75+
50
254

Temperature (°C)

3

01234Iléé}éé1lo1l11l21l31l41l5’
Time (minutes)

Differentiating sin x and cos x using limit
definition for derivative

To add to our growing list of differentiation rules, we will now determine
the derivatives for the sine and cosine functions. The results will help us
determine the derivatives for the other trigonometric functions in
Chapter 15.

The rigorous analytical method (applying limit definition of derivative)
for finding these two derivatives requires two limit results that we found by

decidedly non-rigorous methods in Example 2 in the previous section;

sn;x = 1and lirr(l) % = 0. We conjectured the
X—

value of these limits after exploring the behaviour of the expressions on
our GDC. Example 5 illustrated that estimating limits by such informal
methods is not foolproof. Hence, we will now put these two limit results on
firmer ground through a more rigorous approach.

namely that lin})
X—

We first state, without proof, an important theorem in mathematics.

The squeeze theorem

If g(x) < f(x) < h(x) for all x # c in some interval about ¢, and
lim g(x) = lim h(x) =L,
xX—C x—C

then

lim f(x) = L.

xX—C

The theorem describes a function fwhose values are ‘squeezed’
between the values of two other functions, gand h. If gand h
have the same limit as x — ¢, then fhas the same limit, as
suggested by Figure 13.13.

X ()

xy



Consider a sector of a circle with centre O, YA
central *fmgle 0 (in radian measure':) anq radius B (cos 6, sin 0)
1 (see Figure 13.14). Further consider right C(1,tan0)
triangle AOC, sector AOB and triangle AOB. We
know that point B has coordinates
(cos 6, sin 0) and point C has coordinates
(1, tan ). From Section 7.1, we also know that 0 -

. . — "
the area of a sector with central angle 0 is 1726. Y : A(1,0) x
It is clear that the area of sector AOB must be
between the area of AAOC and the area of Figure 13.14 Area
AAOB, that is, the sector is ‘squeezed’ between of sector AGB must be
h ) les (Fi 3 between the area of AAOC
the two triangles (Figure 13.15). and the area of AAOB,

B A
| Figure 13.15 Area of
tan 6 sector AOB s squeezed
sin @ between the two triangles.
0
(0] 1 A
Area of triangle = Area of sector = Area of triangle
tan6 > () > sinf
2 = 2 = 2

Multiplying all the area expressions by 51121—0 gives

L > 6 o

cosf  sinf
Given the fact that if % > fl’ then % < %l, we can write the reciprocals of the
three expressions and reverse the inequality signs. This gives

cos 0= SmOS 1.
It follows that

lim cos 0 < lim&9 < lim 1.

0—0 60 0O )

From direct substitution, %in%) cos 6 = 1. Thus,

1< lim5m9$ 1.
0—0 0
sin 6

9 = 1.

We can now apply the squeeze theorem and conclude that })irré

sin(—0) _ sin(6)

Furthermore, because cos(—6) = cos § and , we can also

-0 0
conclude that this limit is true for all non-zero values of 6 in the interval
_m a
> <O< >
The above result, lirr(l)%c = 1, can be used to algebraically deduce that
COS X —

lim 1_ 0. This is saved for you to do in Exercise 13.2, question 26.

x—0

X
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Example 12

Differentiate from first principles:

a) f(x) =sinx b) f(x) = cosx

Solution

For both of the derivatives we will need to make use of a compound angle
sin x cosx—1 _ 0
x X -

identity and the limit results lin}) =1and lil‘l‘(l)
X— X—

a) We start by substituting into the limit definition for the derivative.

fx+h) — flx)

sin(x + h) — sinx

"(x) = lim ——————=lim
f® h—0 h h—0 h

Applying sin(A 4+ B) = sinAcos B + cos A sin B. = }lin}) sinxcosh + cohsxsm h = sinx
Splitting argument into two fractions. = lim [sinxcosh — sinx , cosxsin h]

h—0 h h
Factorizing common factors in each fraction. = lim [sin x(COShT_l) + cos x(%)]

—0

Applying lim [f(x) - gx)] = L - K. = lim sin x * lim ((305;17_1) + lim cos x * lim (M)

h=0 h=0 h h=0 h=o\ h

L sinx . cosx — 1
Applying lim =%==Tand lim ==%——=0. =sjnx+ 0 + cosx" 1
= Cos x

Thus, if f(x) = sin x then f'(x) = cos x, or using Leibniz notation
d
dx

(sin x) = cos x.

b) Again, we start by substituting into the limit definition for the derivative.

f+ 1) = flx)

cos(x + h) — cosx

f'(x) = lim lim

h—0 h h—0 h
— iy SO8 X €08 h —sinxsin h — cosx
Applying cos(A + B) = cos A cos B — sinAsin B. = hli% h
— [cosxcosh — cosx _ sinxsinh
Splitting argument into two fractions. = lm [
h—0 I’l h
. . . o cosh—1 . [sinh
Factorizing common factors in each fraction. = llrr(l) COS X — — sin X| o
Applying lim [f(x) - gx)] = L - K. = }Zim sinx -+ %im (COS’hT_l) — %im sin x * }11im (SH;I h)
— -0 —0 —0 —0
. Lsinx _ Lcosx — 1 _ _ 0 .
Applying J@O % = land J@O X =0. COS'x 0—sinx-1
= —sinx
Thus, if f(x) = cos x then f'(x) = —sin x, or using Leibniz notation
i(cos x) = — sin x.
dx

We will confirm these two results graphically at the start of Chapter 15.




In questions 1-4, find the derivative of the function by applying the limit definition

f'(x) = lim

1
2
3

fix + h) — f(x)

5 Using your results from questions 1-4, find the slope of the graph of each

function in 1-4 at the point where x = 1. Sketch each function and draw a line
tangent to the graph at x = 1.

In questions 6-12, a) find the derivative of the function, and b) compute the slope of
the graph of the function at the indicated point. Use a GDC to confirm your results.

6 y=3x>—4x point (0, 0)

7 y=1—6x—x2 point (=3, 10)

8 y=% point (=1, 2)

9 y=x’—x—x point (1, —1)

10 y = (x + 2)(x — 6) point (2, —16)
- 1_3 '

11 y—2x+§—F point (1, 0)
_xX+1 :

12 y = o point (=1, 0)

13 The slope of the curve y = x? + ax + b at the point (2, —4) is — 1. Find the value

of a and the value of b.

In questions 14-17, find the coordinates of any points on the graph of the function
where the slope is equal to the given value.

14 y=x?+ 3x slope = 3

15 y=x° slope = 12

16 y=x? —5x + 1 slope =0

17 y=x°—3x slope = —1

18 Use the graph of fto answer each of the following questions.

YA
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a) Between which two consecutive points is the average rate of change of the
function greatest?

b) At what points is the instantaneous rate of change of f positive, negative and
zero?

¢) For which two pairs of points is the average rate of change approximately
equal?
19 The slope of the curve y = x? — 4x + 6 at the point (3, 3) is equal to the slope of
the curve y = 8x — 3x? at (g, b). Find the value of a and the value of b.

20 The graph of the equation y = ax® — 2x? — x + 7 has a slope of 3 at the point
where x = 2. Find the value of a.

21 Find the coordinates of the point on the graph of y = x? — x at which the
tangent is parallel to the line y = 5x.
22 letf(x) =x3+ 1.

feth -2 hfz — @) forh =0.1.

f2+h) —f(Q2)
h

a) Evaluate

b) What number does approach as h approaches zero?

23 From first principles, find the derivative for the general quadratic function,
f(x) = ax? + bx + c. Confirm your result by checking that it produces:
(i) the derivative of x?whena=1,b=0,c=0
(i) the derivative of 3x? — 4x + 2whena =3,b = —4,c = 2.

24 A caris parked with the windows and doors closed for five hours. The
temperature inside the car in degrees Celsius, C, is given by C = 2V + 17 with t
representing the number of hours since the car was first parked.

a) Find the average rate of change of the temperature fromt = 1tot = 4.

b) Find the function that gives the instantaneous rate of change of the
temperature for any time t, 0 < t <5.

¢) Find the time t at which the instantaneous rate of change of the temperature
is equal to the average rate of change fromt = 1to t = 4.

25 Afunction fis even if f(—x) = f(x) and a function g is odd if g(—=x) = — g(x).
a) Ifthe function h is even, prove that the derivative of h is odd. In other words, if
h(—x) = h(x), then, h'(—=x) = —h'(x).
b) If the function p is odd, prove that the derivative of h is even. In other words, if
p(—x) = —p(x), then, p'(—x) = p'(x).

26 Using algebraic manipulation and the proven result IimO—S'?Cx =1, prove
x—
that lim cosx— 1 _ 0.
x—0 X

In questions 27-30, find the indicated derivative by applying the limit definition of
the derivative (i.e. by first principles). (See questions 20 and 21 in Exercise 13.1 for 27
and 28 below.)

d d (1

27 L) 28 %(x)
d(2+x d 1

29 a(.%—x) 30 a(\/x+2)

31 Prove the constant rule by first principles. That is, prove that given

aconstantc,c ER,—(c) = 0.
ax




Maxima and minima - first and
second derivatives

The relationship between a function and its -
O If the graph of a function is

derlvatlve ‘smooth’at a particular point,
The derivative, written in Newton notation as f’(x) or in Leibniz notation the function is considered to

y . . . . . be differentiable at this point.
as o isa function derived from a function fthat gives the slope of the In other words, a tangent line

exists at this point. All functions
that will be differentiated in this
course will be differentiable

graph of fat any x in the function’s domain (given that the curve is
‘smooth’ at the value of x). The derivative is a slope, or rate of change,

function. Knowing the slope of a function at different values in its domain at all values in the function's
tells us about properties of the function and the shape of its graph. domain.

In the previous section, we observed that if a graph ‘turns’ at a particular

point (for example, at the vertex of a parabola), then it has a horizontal

tangent (slope = 0) at the point. Hence, the derivative will equal zero

at a ‘turning point’. In Section 3.2, we found the vertex of the graph of a vertex ™ horizontal
quadratic function by using the technique of completing the square to tangent
write its equation in vertex form. We can also find the vertex by means of

differentiation. As we look at the graph of a parabola moving from left A

to right (i.e. domain values increasing), it either turns from going down Figure 13.16
to going up (decreasing to increasing), or from going up to going down
(increasing to decreasing) (Figure 13.16).

Example 13

Using differentiation, find the vertex of the parabola with the equation
y=x>—8x+ 14.

Solution g

Find the value of x for which the derivative, d_i/c’ is zero.
dy_d,,

L = — —+ = — = =

I dx (*—8x+14)=2x—8=0=>x=4

Thus, the x-coordinate of the vertex is 4.

To find the y-coordinate of the vertex, we substitute x = 4 into the
equation, giving y = 4% — 8(4) + 14 = —2. Therefore, the vertex has
coordinates (4, —2).

x<4 x> 4

< Figure 13.17 Slope changes from

ylincreases ) i .
negative to positive as x increases.

A
1;& ydecreases
as x increases

asx increases
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fix)=2x—8
— o 4 + o0
X I
o - 0+
o N & S
A

Figure 13.18 Sign chart for f'(x)

and f(x).

Geometrically speaking, a
function is continuous if there
is no break in its graph; and a
function is differentiable (i.e.
a derivative exists) at any points
where it is‘smooth’

O

We know that the parabola in Example 13 will ‘open up’ because the
coefficient of the quadratic term, x, is positive. The parabola has a negative
slope (decreasing) to the left of the vertex and a positive slope (increasing) to
the right of the vertex (Figure 13.17). As the values of x increase, the derivative
of y= x* — 8x + 14 will change from negative to zero to positive, accordingly.

d d d d
—y=2x—8:>—y<0forx<4and—y=0f0rx=4and—y>0forx>4
dx dx dx dx

In other words, the function f(x) = x* — 8x + 14 is decreasing for all

x < 4; it is neither decreasing nor increasing at x = 4; and it is increasing
for all x > 4. A point at which a function is neither increasing nor
decreasing (i.e. there is a horizontal tangent) is called a stationary point.
A convenient way to demonstrate where a function is increasing or
decreasing and the location of any stationary points is with a sign chart
for the function and its derivative, as shown in Figure 13.18 for

f(x) = x> — 8x + 14. The derivative f'(x) = 2x — 8 is zero only at x = 4,
thereby dividing the domain of f(i.e. R) into two intervals: x < 4 and x > 4.
f'(x) = 2x — 8 is a continuous function (i.e. no ‘gaps’ in the domain) so it
is only necessary to test one point in each interval in order to determine
the sign of all the values of the derivative in that interval. f'(x) can only
change sign at x = 4. For example, the fact that f'(3) = 2(3) —8=—-2<0
means that f'(x) < 0 for all x when x < 4. Therefore, fis decreasing for all
x1in the open interval (—o°, 4).

Increasing and decreasing functions and stationary points
If '(x) > 0 for a < x < b, then f(x) is increasing on the interval a < x < b.

If f'(x) < 0fora < x < b, then f(x) is decreasing on the interval a < x < b.
Iff'(x) = 0 fora < x < b, then f(x) is constant on the interval a < x < b.

If f'(x) = 0 for a single value x = c on some interval a < ¢ < b, then f(x) has a
stationary point at x = c. The corresponding point (c, f(c)) on the graph of fis called a
stationary point.

It is at stationary points, or endpoints of the domain if the domain is not
all real numbers, where a function may have a maximum or minimum
value. These points at which extreme values of a function may occur are
often referred to as critical points. Whether a function is increasing or
decreasing on either side of a stationary point will indicate whether the
stationary point is a maximum, minimum or neither.

Example 14

Consider the function f(x) = 2x* + 3x> — 12x — 4, x € R.
a) Find any stationary points of f.

b) Using the derivative of f, classify any stationary points as a maximum or
minimum.



Solution
a) fllx)=6x>+6x—12=0 = 6(x*+x—2)=0

b)

= 6(x+2)(x—1)=0 = x=—-2o0rx=1

With a domain of all real numbers there are no domain endpoints that
may be an extreme value. Thus, f has two critical points: one at x = —2
and the other at x = 1.

When x = —2:y=2(—2)° +3(=2)> = 12(=2) —4=16 = fhasa
stationary point at (—2, 16).

Whenx=1:y=2(1)> + 3(1)> — 12(1) —4= —11 = fhasa
stationary point at (1, —11).

Construct a sign chart for f'(x) and f(x) (left) to show where f is
increasing or decreasing. The derivative f’(x) has two zeros, at x = —2
and x = 1, thereby dividing the domain of f into three intervals that need
to be tested. Since f'(—3) = 6(—1)(—4) = 24 > 0, then f"(x) > 0 for all
x < —2. Likewise, since f'(2) = 6(4)(1) = 24 > 0, then f'(x) > 0 for all
x> 1. Thus, f is increasing on the open intervals (—o, —2) and

(1, ). Since f'(0) = —12 < 0, then f'(x) < 0 for all x such that

—2 < x < 1. Thus, f is decreasing on the open interval (—2, 1),

i.e. =2 < x < 1. From this information, we can visualize for increasing
values of x that the graph of f is going up for all x < —2, then turning
down at x = —2, then going down for values of x from —2 to 1, then
turning up at x = 1, and then going up for all x > 1. The basic shape
of the graph of f will look something like the rough sketch shown left.
Clearly, the stationary point (—2, 16) is a maximum and the stationary
point (1, —11) is a minimum.

The graph of f(x) = 2x* + 3x* — 12x — 4 from Example 14 (Figure 13.19)
visually confirms the results acquired from analyzing the derivative of f.

YA
20

15

(—2,16)

5_

AN 1 2 3 4 X
yF2¢+ 3¢+ 12x— 4
(1, +11)

For Example 14, we can express the result for part b) most clearly by saying
that f(x) has a relative maximum value of 16 at x = —2, and f(x) has a
relative minimum value of —11 at x = 1. The reason that these extreme
values are described as ‘relative’ (sometimes described as ‘local’) is because

f)=2x3+3x2—12x — 4

f'fx)=6(x+2)x—1)

=~

2 !
< i i > X
ff)+ 0 - 0 +
fx) /< N\ oo S
= w a u =
2 S 3 S g
> 2 2 %8
@ < 3 < @
x=-2
fx)
x=1

< Figure 3.19

The plural of ‘'maximum’is
‘maxima; and the plural of
‘minimum’is ‘minima’ Maxima
and minima are collectively
referred to as ‘extrema’ - the
plural of extremum’ (extreme
value). Extrema of a function
that do not occur at domain
endpoints will be ‘turning
points’ of the graph of the
function.
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they are a maximum or minimum for the function in the immediate
vicinity of the point, but not for the entire domain of the function. A point
that is a maximum/minimum for the entire domain is called an absolute,
or global, maximum/minimum.

The first derivative test

From Example 14, we can see that a function f has a maximum at some

x = cif f'(¢) = 0 and f is increasing immediately to the left of x = cand
decreasing immediately to the right of x = c. Similarly, f has a minimum at
some x = cif f'(¢) = 0 and f is decreasing immediately to the left of

x = cand increasing immediately to the right of x = c. It is important to
understand, however, that not all stationary points are either a maximum
or minimum.

Example 15

For the function f(x) = x* — 2x°, find all stationary points and describe
them completely.

Solution
Filx) = d—‘i(:& ) =4 — 6 =0 = 22(2x—3) =0
= x=0orx= %
The implied domain is all real numbers, so x = 0 and x = % are the critical
points of f.
When x =0, y = f(0) = 0.
_3 3 = (3) = (§>3_&_ﬂ_ _27
When x = 2’y_f(2) - (2) 23) 1678 T 16
2
16/
Because f has two stationary points, there are three intervals for which to
test the sign of the derivative. We could use some form of a sign chart as

Therefore, fhas stationary points at (0, 0) and (%,

shown previously, or we can use a more detailed table that summarizes the
testing of the three intervals and the two critical points as shown below.

Interval/point x<0 x=0 O<x<% x:% x>%
) Test value x=—1 x=1 x=2
6 -
5 y|=xt—2x3 Signof f'(x) |f'(-1)=-10<0| O f'l(1)=-2<0 0 f'2Q)=8>0
o Conclusion fdecreasing \, | none | fdecreasing \, | abs. min. | fincreasing /"
3 On either side of x = 0, f does not change from either decreasing to
2 increasing or from increasing to decreasing. Although there is a horizontal
i tangent at (0, 0), it is not an extreme value (turning point). The function
T T —> steadily decreases as x approaches zero, then at x = 0 the function has a
1 0 1 3 X Y pp
=17 rate of change (slope) of zero for an instant and then continues on
—2+ 3+2) decreasing. As x approaches %, f is decreasing and then switches to
37 . .
Increasing at x = %




Therefore, the stationary point (0, 0) is neither a maximum nor a minimum;

and the stationary point (%, - %) is an absolute minimum. Or, in other
words, f has an absolute (global) minimum value of — % atx = %

The reason that an absolute, rather than a relative, minimum value occurs

atx = % is because for all x < % the function f is either decreasing or

constant (at x = 0) and for all x < % f is increasing.

First derivative test for maxima and minima of a function
Suppose that x = cis a critical point of a continuous and smooth function . That is, f(c) = 0 and x = c is a stationary point or
x = cis an endpoint of the domain.
[. At a stationary point x = ¢
1. If f'(x) changes sign from positive to negative as x increases relative
through x = ¢, then f has a relative maximum at x = c. maximum

2. If f'(x) changes sign from negative to positive as x increases through
x = ¢, then fhas a relative minimum at x = c.

relative
minimum

f0<0 | (>0
< . >
C
3. If f'(x) does not change sign as x increases through x = ¢, then fhas
neither a relative maximum nor a relative minimum at x = c. -
extreme

Y

A
A= cooccoscosod

Il. At a domain endpoint x = c:

If x = cis an endpoint of the domain, then x = ¢ will be a relative maximum or minimum of fif the sign of f'(x) is always positive

or always negative for x > ¢ (at a left endpoint), or for x < ¢ (at a right endpoint), as illustrated below.

relative relative
maximum maximum

relative relative
minimum - f'(x) >0 minimum

A

A

Y

A 4

A =ccoococoooooooo

;
i
0
i
0
i
: :
! 5

|
| |
C C

A ——---

If it is possible to show that a relative maximum/minimum at x = c is the greatest/least value for the entire domain of f, then it is

classified as an absolute maximum/minimum.
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Example 16

Apply the first derivative test to find any local extreme values for f(x).
Identify any absolute extrema.

flx) = 4x°> — 9x? — 120x + 25

Solution
f'(x) = d—i(ﬁlx3 —9x? — 120x + 25) = 12x* — 18x — 120

fi(x)=12x* —18x—120=0 = 6(2x* —3x—20) =0
= 6(2x+5)(x—4)=0

Thus, f has stationary points at x = — % and x = 4.

To classify the stationary point at x = — %, we need to choose test points on
either side of — %, for example, x = —3 (left) and x = 0 (right). Then we
have

f[(=3)=6(—1)(—7)=42>0

1'(0) =6(5)(—4)=—120<0

So f has a relative maximum at x = — %

5 (5 o5V _5 _
f=2)=4(=32) = 9(-3) — 120(~2) + 25 = 206.25
Therefore, f has a relative maximum value of 206.25 at x = — %

To classify the stationary point at x = 4, we need to choose test points on
either side of 4, for example, x = 0 (left) and x = 5 (right). Then we have

f1(0)=-120<0
f'(5) = 6(15)(1) =90 >0
So f has a relative minimum at x = 4.
f4) = 4(4)° = 9(4)* — 120(4) + 25 = —343

Therefore, f has a relative minimum value of —343 at x = 4.

Change in displacement and velocity

Consider the motion of an object such that we know its position s relative
to a reference point or line as a function of time ¢ given by s(#). The
displacement of the object over the time interval from ¢, to £, is:

change in s = displacement = s(t,) — s(#,)
The average velocity of the object over the time interval is:

_ displacement () — s(t,)
change in time L—h

avg

The object’s instantaneous velocity at a particular time, t, is the value of
the derivative of the position function, s, with respect to time at ¢.

velocity = %i =s'(1)




Example 17

A rocket is launched upwards into

the air. Its vertical position, s metres,

above the ground at ¢ seconds is

given by

s(t) = =52 + 18t + 1.

a) Find the average velocity over the
time interval from t = 1 second
to t = 2 seconds.

b) Find the instantaneous velocity
at t = 1 second.

¢) Find the maximum height
reached by the rocket and the
time at which this occurs.

Solution

_s(2) = s(1) _ [—5(2)*+18(2) + 1] — [-5+ 18 + 1]
e 1

= 3 metres per second (or ms™!)

b) s'(t) = —10t+ 18 = s'(1) = —10+ 18 = 8ms !
¢) s()=—10t+18=0 = t=1.8

Thus, s has a stationary point at # = 1.8. t must be positive and ranges
from time of launch (¢ = 0) to when the rocket hits the ground, i.e. h = 0.

—18+/18% — 4(—5)(1)

2(=5)
= t~ —0:547Zor t =~ 3.655

s() = —52+18t+1=0 = t=

So, the rocket hits the ground about 3.66 seconds after the time

of launch. Hence, the domain for the position (s) and velocity (v)
functions is 0 < ¢t << 3.66. Therefore, the function s has three critical
points: t = 0, t = 1.8 and ¢t = 3.66.

The maximum of the function, i.e. the maximum height, most likely
occurs at the critical point ¢ = 1.8. Let’s confirm this.

Applying the first derivative test, we determine the sign of the derivative,
s'(t), for values on either side of t = 1.8, for example, t = 0 and ¢ = 2.
s'(0) = 18 > 0 and s'(2) = —2 < 0. Neither of the domain endpoints,

t = 0 and t = 3.66, are at a maximum or minimum because the function
is not constantly increasing or constantly decreasing before or after the
endpoint. Since the function changes from increasing to decreasing at
t= 1.8 and s(1.8) = —5(1.8)? + 18(1.8) + 1 = 17.2, then the rocket
reaches a maximum height of 17.2 metres 1.8 seconds after it was
launched.




Position function:
s(t) = =52+ 18t + 1

SA
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—54
—1041
—154
_20_

Velocity function:
v(t) =s'(t) = —10t + 18

~Y

Acceleration function:
a(t) =v'(t) =s"(t) = —10

~Y

Figure 13.20 Position, velocity A
and acceleration functions for
rocket.

The relationship between a function and its
second derivative

You may have wondered why the strategy we are applying to locate and
classify extrema for a function focuses on using the first derivative of the
function. This implies that we are interested in using some other type of
derivative, namely the second derivative. There is another useful test for the
purpose of analyzing the stationary point of a function that makes use of
the derivative of the derivative, i.e. the second derivative, of the function.

When we differentiate a function y = f(x), we obtain the first derivative

d
f'(x) |also denoted as _y) Often this is a function that can also be

dx

differentiated. The result of doing so is the derivative of f'(x), which is
2

denoted in Newton notation as f”(x) or in Leibniz notation as d—x); and

called the second derivative of f with respect to x. For example, if f(x) = x°,
then f'(x) = 3x? and f"(x) = 6x.

Second derivatives, like first derivatives, occur often in methods of applying
calculus. In Example 17, the function s(f) gave the position, in metres above
the ground, of a projectile (toy rocket) where ¢, in seconds, is the time since
the projectile was launched. The function s'(1), the first derivative of the
position function, then gives the rate of change of the object’s position, i.e.
its velocity, in metres per second (ms™'). Differentiation of this function
gives the rate of change of the object’s velocity, i.e. its acceleration, measured
in metres per second per second (ms~2).

The graphs of the position, velocity and acceleration functions for
Example 17 aligned vertically (Figure 13.20) nicely illustrate the
relationships between a function, its first derivative and its second
derivative. The slope of the graph of s(7) is initially a large positive value
(graph is steep), but steadily decreases until it is zero (horizontal tangent)
at t = 1.8 and then continues to decrease, becoming a large negative value
(again, steep, but in the other direction). This corresponds to the real-life
situation in which the rocket is launched with a high initial velocity

(v(0) = 18 ms™') and then its velocity decreases steadily due to gravity.
The rocket’s velocity is zero for just an instant when it reaches its maximum
height at t = 1.8 and then its velocity becomes more and more negative
because it has changed direction and is moving back (negative direction)
to the ground. The rate of change of the velocity, v'(#), is constant and it
is negative because the velocity is decreasing from positive values to zero
to negative values. This is clear from the fact that the graph of the velocity
function, v(1), is a straight line with a negative slope. It follows then that
the acceleration function — the rate of change of velocity — is a negative
constant, a = — 10 in this case, and its graph is a horizontal line.

In Example 17, it is not possible to have a negative function value for s(f)
because the rocket’s position is always above, or at, ground level. In many
motion problems in calculus, we consider a simplified version by limiting



an object’s motion to a line with its position given as its displacement from

a fixed point (usually the origin). At a position left of the fixed point, the
object’s displacement is negative, and at a position right of the fixed point, the
displacement is positive. Velocity can also be positive or negative depending
on the direction of travel (i.e. the sign of the rate of change of the object’s
displacement). Likewise, acceleration is positive if velocity is increasing (i.e.
rate of change of velocity is positive) and negative if velocity is decreasing.

A common misconception is that acceleration is positive for motion in the positive O
direction (usually right’or‘up’) and negative for motion in the negative direction
(usually ‘left’ or down’). Acceleration indicates how velocity is changing. Even

though an object may be moving in a positive direction (e.g. to the right) if it is

slowing down, then its acceleration is acting in the opposite direction and would

be negative. In Example 17, the rocket was always accelerating in the negative

direction, =10 m s~2, due to the force of gravity. Note: A more accurate value for the
acceleration of a free-falling object due to gravity is —9.8 ms~2.

Motion along a line

If an object moves in a straight line such that at time t its displacement (position) from a
fixed point is s(t), then the first derivative s’(t), also written as %

time t.

gives the velocity v(t) at

2
The second derivative s”(t), also written as % is the first derivative of v(t). Hence, the

second derivative of the displacement, or position, function is a measure of the rate at
which the velocity is changing, i.e. it represents the acceleration of the object, which we
express as

a =V =s"0 or al)= % - Z—ig.

Example 18
An object moves along a straight line so that after # seconds its
displacement from the origin is s metres. Given that s(¢) = —2# + 6%,
answer the following:
a) Find expressions for the (i) velocity and (ii) acceleration at time
t seconds.
b) Find the (i) initial velocity and (ii) initial acceleration of the object (i.e.
at time when ¢ = 0).
¢) Find the (i) maximum displacement and (ii) maximum velocity for the
interval 0 < t < 3.

Solution i p
; _4a5s_4ad . 53 2\ — g2
a) (1) v(» r dt( 283 + 612) 612 + 12t
” _ds_dv_d,_ . _
(ii) a(r) = 2 dt( 61> + 121) 12t + 12
b) (i) v(0) = —6(0)> + 12(0) =0 = The object’s initial velocity is

Oms™ .
(i) a(0) = —12(0) + 12=12 = The object’s initial acceleration

is12ms™ 2.

It would be incorrect to graph
a function and its first and/

or second derivative on the
same axes. For example, the
position s(t), velocity v(t) and
acceleration a(t) functions
graphed on separate axes in
Figure 13.20 will have different
units on each vertical axis:
metres for s(t), metres per
second for v(t) and metres per
second per second for a(t).

Displacement can be
negative, positive or zero.
Distance is the absolute value
of displacement. Velocity can
be negative, positive or zero.
Speed is the absolute value of
velocity.
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¢) (i) To find the maximum displacement, we can apply the first
derivative test to s(#). Since the first derivative of displacement, s(#),
is velocity, v(#), then the critical points of s(f) are where the velocity
is zero (stationary points) and domain endpoints.
sS)=v(t)=—-62+12t=0 = 6t(—t+2)=0

= y(t) =0whent=0o0rt=2
For the interval 0 < t < 3, the critical points to be tested for
finding the maximum displacement are at t = 0, t = 2 and ¢ = 3.
Check whether the velocity is increasing or decreasing on either
side of the stationary point at t = 2 by finding the sign of v() for
t=1andt=2.5.
v(1) = —6(1)* + 12(1) = 6 and ¥(2.5) = —6(2.5)*> + 12(2.5) = —7.5
Hence, the displacement s is increasing for 0 < ¢ < 2 and
decreasing for 2 < t < 3. This indicates that the stationary point at
t = 2 must be an absolute maximum for s in the interval

0=<r=3.
s(2) = =202+ 6(2)2 =8

Therefore, the object has a maximum displacement of 8 metres at
t = 2 seconds.

(ii) To find the maximum velocity, we can apply the first derivative
test to v(t). The first derivative of v(t) is acceleration a(t), which is
the second derivative of s(t). Hence, where s"(f) = 0 (acceleration
is zero) indicates critical points for v(¢), i.e. where velocity may
change from increasing to decreasing, or vice versa.

S0 = alt) = dit(—mz 120 = — 126+ 12
= 12(—=t+1)=0 = a(t) =0whent=1

For the interval 0 < ¢ < 3, the critical points to be tested for
finding the maximum velocity are at t = 0, t = 1 and t = 3. Check
whether the velocity is increasing or decreasing on either side of

t = 1 by finding the sign of a(¢) for t = 0.5and t = 2.

a(0.5) = —12(0.5) + 12 =6and a(2) = —12(2) + 12 = —12
Hence, the velocity v is increasing for 0 < ¢ < 1 and decreasing for

1 < t < 3. This indicates that the point at t = 1 must be an absolute
maximum for vin the interval 0 < =< 3.

w(1) = —6(1)2 + 12(1) = 6
Therefore, the object has a maximum velocity of 6 metres per
second at t = 1 second.

The second derivative of a function tells us how the first derivative of the
function changes. From this we can use the second derivative, as we did
the first derivative, to reveal information about the shape of the graph of
a function. Note in Example 18 that the object’s velocity changed from
increasing to decreasing when the object’s acceleration was zero at t = 1.

608




Let’s examine graphically the significance of the point where acceleration
is zero (i.e. velocity changing from increasing to decreasing) in connection
to the displacement graph for Example 18. In other words, what can the
second derivative of a function tell us about the shape of the function’s
graph?

Figure 13.21 shows the graphs of the displacement, velocity and

acceleration functions for the motion of the object in Example 18. A

dashed vertical line highlights the nature of the three graphs where

t = 1. At this point, velocity has a maximum value and acceleration is

zero. It is also where velocity changes from increasing to decreasing,

which has a corresponding effect on the shape of the displacement

function s(t). Figure 13.21

v
At the point where ¢ = 1, the graph of s() changes from curving

SA A -1
‘upwards’ (concave up) to curving ‘downwards’ (concave down) 124 D'S?(Igcim_ezntgfing:z'on'
because its slope (corresponding to velocity) changes from 10
increasing to decreasing. This can only occur when velocity 8-
(first derivative) has a maximum and hence where acceleration 6-
(second derivative) is zero. We can see from this illustration 4- .
that for a general function f(x), finding intervals where the 5
first derivative f'(x) is increasing (positive acceleration) or 0 i | \
decreasing (negative acceleration) can be used to determine o | 2 3!
where the graph of f(x) is curving upward or curving
downward. A point at which a function’s curvature (concavity)
— = —1 1 v :
chzfnges . as at t = 1 for the graph of s(¢) left — is called a point . j‘ | [Vetbcity furlctidn:
of inflexion. fv(t) = s'(t) = =682+ 12t
5 .
0 : . e
. _— 1 2 3t
Concavity and the second derivative —54 !
The graph of f(x) is concave up where f'(x) is increasing and concave ~10-
down where f'(x) is decreasing. It follows that: 15
(i) if f"(x) > 0 for all x in some interval of the domain of f, the graph of fis —204
concave up in the interval
cor:lcave : Acceleration function:
P La() = v'(0) = 50 = —12t + 12
(i) if f"(x) < 0O for all x in some interval of the domain of f, the graph of fis
concave down in the interval. | _
i T
concave
down
If f(>) is a continuous function, its graph can only change concavity (up to
down, or down to up) where f"(x) = 0. Hence, for a continuous function, —25
an inflexion point may only occur where f"(x) = 0.

Note: Concavity is not defined for a line — it is neither concave up nor
concave down.
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Figure 13.22 Inflexion points.
inflexion
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Figure 13.23 The concavity of
a graph changes at a point of
inflexion.

Example 19

Determine the intervals on which the graph of y = x* — 4x® is concave up
or concave down and identify any inflexion points.

Solution

We first note that the function is continuous for its domain of all real
numbers. To locate points of inflexion, we then find for what value(s) the
second derivative is zero.

d
d—i/c=d—i(x4—4x3)=4x3—12x2
:>—d2y_—d 4x3 — 12x%) = 12x* — 24x =12 -2
dxz_dx(x *) = 12x %= 122(x = 2)

2
Setting d—x); = 0, it follows that inflexion points may occur at t = 0 and

t = 2. These two values divide the domain of the function into three

intervals that we need to test. Let’s choose t = —1,t= 1and t = 3 as our
d? d?
test values. At t = —1,—)2/ =36>0;att= 1,—); = —12 < 0;and at
P dx dx
t=3, d—x); = 36 > 0. These results can be organized in a sign chart,

illustrating that the graph of y = x* — 4x3 is concave up for the open
intervals (—, 0) and (2, %), and concave down on the open interval (0, 2).

Att=0,y=0andatt=2,y=2%— 4(2)> = —16. Therefore, (0, 0) and
(2, —16) are inflexion points because it is at these points the concavity of
the graph changes.

points of
inflexion

The graph of the function (Figure 13.22) from Example 19 reveals two
different types of inflexion points. The slope of the curve at (0, 0) is zero
—l.e. it is a stationary point. The slope of the curve at the other inflexion
point, (2, —16), is negative.

For either type of inflexion point, the graph crosses its tangent line at the
point of inflexion, as shown in Figure 13.23.

The fact that the second derivative of a function is zero at a certain point
does not guarantee that an inflexion point exists at the point.



2
The functions y = x* and y = x* will serve to illustrate that — Y =0isa

d 2
necessary but not sufficient condition for the existence of an inflexion point.
dy _ d &y &’y
=33y = 3,02 2= 4 (342) =
e Fory X dx(x) 3x :>dx2 (3 ) = 6x:>d2 0

at x = 0. We can conclude from this that there may be an inflexion point
2

at x = 0. We need to investigate further by checking to see if =5 0 changes
: _ &y _ Py
signatx = 0. Atx = —lﬁ——6andatx—l,@—6.

Thus, there is an inflexion point at x = 0 (confirmed by graph) because
the second derivative changes sign at x = 0.

2 2

dy _d dy 4 d’y
— 4. - @ 4) — 3 - 4 3) — 2
e Fory Xt dx(x) 4x :>d2 dx(4x) 12x :>d2 0
2
at x = 0. Again, we need to see if I Zchanges sign at x = 0.
%y %y
Atx= —1,—5 = 12and at x = 1, —= = 12. Thus, there is no inflexion
dx dx

point at x = 0 (confirmed by graph) because the second derivative does
not change sign at x = 0.

The second derivative test

Earlier in this section, we developed the first derivative test for locating
maxima and minima of a function. Instead of using the first derivative

to check whether a function changes from increasing to decreasing
(maximum) or decreasing to increasing (minimum) at a stationary point,
we can simply evaluate the second derivative at the stationary point. If the
graph is concave up at the stationary point then it will be a minimum, and
if it is concave down then it will be a maximum. If the second derivative is
zero at a stationary point (as for y = x*> and y = x*), no conclusion can be
made and we need to go back to the first derivative test. Using the second
derivative in this way is a very efficient method for telling us whether a
stationary point is a relative maximum or minimum.

The second derivative test
1. Iff'(c) = 0 and "(c) < 0, then fhas a relative maximum at x = c.

relative maximum

concave
down

f"(x) <0

2. Iff'(c) = 0 and f"(c) > 0, then fhas a relative minimum at x = ¢.

f"(x) >0

concave
up

relative minimum

If 7”(c) = 0, the test fails and the first derivative test should be applied.
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Example 20
Find any relative extrema for f(x) = 3x> — 25x% + 60x + 20.

Solution
The implied domain of f is all real numbers. Solve f'(x) = 0 to obtain
possible extrema.
f'(x) = 15x* — 75x* + 60 = 0
15(x* —5x*+4) =0
15(x* —4)(x*—1) =0
15(x +2)(x —2)(x+ 1)(x—1)=0
Therefore, f has four stationary points: x = —2,x = —1,x = 1 and x = 2.

Applying the second derivative test:
f"(x) = 60x°> — 150x = 30x(2x* — 5)

f"(=2) = —180 < 0 = f has a relative maximum at x = —2
f"(—=1) =90 >0 = f has a relative minimum at x = —1
f"(1) = =90 <0 = f hasarelative maximum at x = 1

f"(2) =180 > 0 = f has a relative minimum at x = 2

In questions 1-3, find the vertex of the parabola using differentiation.
1y=x*—2x—6 2 y=4x>+12x+17 3y=-—x*+6x—7

For questions 4-7, a) find the derivative, f'(x), b) indicate the interval(s) for which f(x)
is increasing, and c) the interval(s) for which f(x) is decreasing.

4 y=x2—5x+6 5y=7—4x—3x?
6 y=1x—x 7 y=x"—4x°
For questions 8-13:

a) find the coordinates of any stationary points for the graph of the equation
b) state, with reasoning, whether each stationary point is a minimum, maximum or

Q) Qlittgﬁra graph of the equation and indicate the coordinates of each stationary
point on the graph.

8 y=2x"+3x?—72x+5 9y=%x3—5

10 y = x(x — 3)? 11 y=x"—2x°—-5x2+6

12 y=x3—2x*—7x+ 10 13 y=x—Vx

14 An object moves along a line such that its displacement, s metres, from the

origin O'is given by s(f) = t> — 4t2 + t.

a) Find expressions for the object’s velocity and acceleration in terms of t.

b) Forthe interval —1 <t < 3, sketch the displacement-time, velocity-time,
and acceleration-time graphs on separate sets of axes, vertically aligned as in
Figure 13.21.

0) Fortheinterval =1 <t < 3, find the time at which the displacement is a
maximum and find its value.

d) Fortheinterval =1 <t < 3, find the time at which the velocity is a minimum
and find its value.

e) In words, accurately describe the motion of the object during the interval
—I=s=t=3




For each function f(x) in questions 15-20, find any relative extrema and points of
inflexion. State the coordinates of any such points. Use your GDC to assist you in
sketching the function.

15 f(x) = x> — 12x
16 f(x) = %x“ — 2x?

17 () =x+ %

_ 2
18)/—9(72 x

19 f(x) = —3x° + 5x°
20 f(x) =3x* —4x> — 12x>+ 5

21 An object moves along a line such that its displacement, s metres, from a fixed

point Pis given by s(t) = t(t — 3)(8t — 9).

a) Find the initial velocity and initial acceleration of the object.

b) Find the velocity and acceleration of the object at t = 3 seconds.

c) Find for what values of t the object changes direction. What significance do
these times have in connection to the displacement of the object?

d) Find for what value of t the object’s velocity is a minimum. What significance
does this time have in connection to the acceleration of the object?

22 The delivery cost per tonne of bananas, D (in thousands of dollars), when x tonnes

@, x > 0. Find the value of x for

which the delivery cost per tonne of bananas is a minimum, and find the value
of the minimum delivery cost. Explain why this cost is a minimum rather than a

of bananas are shipped is given by D = 3x +

maximum.
23 Thecurvey = x* + ax? + bx + ¢ passes through the point (—1, —8) and at that
d? d
point—y - 6. Find the values of g, b and ¢ and sketch the curve.
dx? dx

24 Find any maxima, minima or stationary points of inflexion of the function
3 —
f(x) = x+372x1 stating, with explanation, the nature of each point.
Sketch the curve, indicating clearly what happens as x — oo,

25 For each of the five functions graphed below sketch its derivative on a separate
pair of axes. Do not use your GDC. It is helpful to use the result from question 25
in Exercise 13.2 — that the derivative of an even function is odd and the derivative
of an odd function is even.

y y YA

=Y

<Y
~
g

<Y

{
N
N
<
<
<
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In questions 26 and 27, the graph of the derivative of a function fis shown.

a) Onwhatintervals is fincreasing or decreasing?
b) Atwhat value(s) of x does f have a local maximum or minimum?

26 YA

y="f'(x)
6 ; ; 5%
27 YA

0 \/ 5 X
28 The graph of the second derivative f” of a function fis shown. Approximate
the x-coordinates of the inflexion points of f. Give reasons for your answers.

2 2 6 8

YA

29 Sketch a continuous curve y = f(x) with the following properties. Label
coordinates where possible.

f(=2)=38 f0) =4 f2)=0 f'Q)=f(-2)=0
f'(x) > 0for|x| >2 f'(x)<Ofor|x| <2 f'(x)<0forx<0 f"(x)>0forx>0

30 An object moves along a horizontal line such that its displacement, s metres,

from its starting position at any time t = 0 is given by the function

s(t) = =22 + 15t — 24t. The positive direction is to the right.

a) Find the intervals of time when the object is moving to the right, and the
intervals when it is moving to the left.

b) Find the (i) initial velocity, and (i) initial acceleration of the object.

@) Find the (i) maximum displacement, and (ii) maximum velocity for the interval
0=<t<5s.

d) When is the object’s acceleration equal to zero? Describe the motion of the
object at this time.

31 a) Use your GDC to approximate to three significant figures the maximum and
minimum values of the function f(x) = x — V2 sinx in the interval 0 < x < 2.
b) Find f'(x) and find the exact minimum and maximum values for f(x) in the
interval 0 < x < 27,




@ Tangents and normals

In many areas of mathematics and physics, it is useful to have an accurate
description of a line that is tangent or normal (perpendicular) to a curve.

The most complete mathematical description we can obtain is to find
the algebraic equation of such lines. In this chapter, much of our work
has been in connection to the slopes of tangent lines, so this will be our
starting point.

Finding equations of tangents

We now make use of the basic differentiation rules that we established

earlier to determine the equation of lines that are tangent to a curve at a
point. The first example shows how we can approximate the square root of
a number quite accurately without a calculator by making use of a tangent
line.

Example 21

a)
b)

Find the equation of the line tangent to y = vx at x = 9.
Use this tangent line to approximate v'10.

Solution

a)

b)

We can find the equation of any line if we know its slope and a point it
passes through. Since y = 3 when x = 9, the point of tangency is (9, 3).
We differentiate to find the slope of the curve at x = 9, thus giving us

the slope of the tangent line.
dy _d, ,_d, _1
a—a(\/}) —a(x)—zx

1
2Vx

dy 1 1

Atx=9: I 275 =5 = The slop? of the c_urV? alnd
tangent line at x = 9is .

Now that we have a point and a slope for the line we can substitute in
the point-slope form for the equation of a line.

y—3=é(x—9) = y=éx+%

The equation of the line tangentto y = vxatx=9isy == +

For values of xnear 9, y = Vx = % + %

3.16

le—éH%:% 6119.00

The actual value of V10 to 4 significant figures is 3.162. Our
approximation expressed to 3 significant figures is 3.167. The

R
SIS

percentage error is less than 0.2%.




Figure 13.24

Finding the tangent to a
curve was a challenge that
motivated many of the initial
developments of calculus in
the 17th century. In one of
his books on mathematics,
Descartes wrote the following
about the problem of how to
find a tangent to a curve:
And | dare say that this is
not only the most useful
and most general problem
in geometry that | know,
but even that | have ever
desired to know.
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illustrate that the tangent is a very good approximation to the curve in the
interval 5 < x < 13 centred on the point of tangency (9, 3).

The graphs of y = vx and its tangentat x = 9, y = = + %, in Figure 13.24

Example 22

Find the equation of the tangent to f(x) = x + % at the point (%, %)

Solution
f(x)zx-k%:x-l-x‘1
2 — 1
fl(x)=1—x 2:1_?
When x = %,f'(%) =1- ll = —3. Hence, the slope of the tangent is —3.
212
)
2= 3y 1 - _ 343 - _
Y3 S(x 2) = y 3x+2+2 = y 3x+ 4
The equation of the line tangent to f(x) = x + )lcatx = %isy = —3x + 4.

Example 23

Consider the function g(x) = x*(x — 1).
a) Find the two points on the graph of gat which the slope of the curve is 8.

b) Find the equations of the tangents at both of these points.

Solution

a) In order to differentiate by applying the power rule term-by-term, we
first need to write the equation for gin expanded form:
gr)=x(x—1)=x—x°

) = (43— 2y = 3,2
g'(x) = Z-(F = x) =3x* — 2x
gx)=3x>—-2x=8 = 3x>—2x—8=0
4

Bx+4)(x—2)=0 = x=—3or x=2
4 4y’ 4\’ 112
d=5)= (-3 - (-5 = md s =2 -2 =4
. (4 112
Thus, the slope of the curve is equal to 8 at the points 3" 57 and

(2,4).



_4 _112),
b) Tangentat( > a7 )
112 4 32 112
y=(-457)=8—(-3)] = yem+R-52
o, 176
= y=8x+ 57
Therefore, the equation of the tangent at (— %, — 12—172) isy=8x+ %

Tangent at (2, 4):
y—4=8x—2) = y=8x—16+4 = y=8x—12
Therefore, the equation of the tangent at (2,4) is y = 8x — 12.

Figure 13.25 shows the results for Example 23 — the graph of the function g
and the two tangent lines to the graph of the function that have a slope of
8. Note that the scales on the x- and y-axes are not equal which causes the
slope of the tangent lines to appear less than 8 for this particular graph.

17 dFigure 13.25
10

8_

The normal to a curve at a point

Another line we often need to find is the line that is ‘perpendicular’ to a
curve at a certain point, which we define to be the line that is perpendicular
to the tangent at that point. In this particular context, we apply the adjective
‘normal’ rather than ‘perpendicular’ to denote that two lines are at right
angles to one another.

A normal to a graph of a function at VA
a point is the line through the point
that is at a right angle to the tangent
at the point. In other words, the
tangent and normal to a curve at a
certain point are perpendicular.

Normal

atp f(x) Recall that two perpendicular
lines have slopes that are
opposite reciprocals. If the
slopes of two perpendicular
lines are m, and m,, then

Tangent
atpP

m,=—__ormm,=—1.
my,
The exception is if one of the

lines is horizontal (slope is zero)

> and the other is vertical (slope
0 X
/ \ is undefined).




Figure 13.26
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Example 24

Find the equation of the normal to the graph of y = 2x> — 6x + 3 at the
point (1, —1).

Solution

dy _d ., _
a—a(Zx 6x+3)=4x—6

Slope of tangent at (1, —1) is 4(1) — 6 = —2. Hence, slope of normal is +%.

Equation of normal: y — (—1) =%(x— 1) = y=%x—%

Figure 13.26 shows the results for Example 24 with the curve at both its
tangent and normal at the point (1, —1). Please be aware that if you graph
a function with its tangent and normal at a certain point, the normal will
only appear perpendicular if the scales on both the x- and y-axes are equal.
Regardless of whether the scales are equal or not, the tangent will always
appear tangent to the curve.
= 2 _
7R y=2x"—6x+3
y=T12+1 a

-
Xy

Example 25

Consider the parabola with equation y = ixz.

a) Find the equation of the normals at the points (—2, 1) and (—4, 4).
b) Show that the point of intersection of these two normals lies on the
parabola.

Solution

a) % = %x
Slope of tangent at (—2, 1) is %(—2) = —1, so the slope of the normal
at that point is +1.
Then equation of normal at (—=2,1)issy—1=x—(-2) = y=x+3
Slope of tangent at (—4, 4) is %(—4) = —2, so the slope of the normal
at that point is %
Then equation of normal at (—4,4) is: y — 4 = 3[x — (—4)]

= y=3x+6



b) Set the equations of the two normals equal to each other to find their
intersection.

x+3=%x+6 = 1

2
= intersection point is (6, 9)

x=3 = x=6 then y=9

Substitute the coordinates of the points into the equation for the
parabola.

y=1ix = 9=16 = 9=136 = 9=9
This confirms that the intersection point, (6, 9), of the normals is also a
point on the parabola.

Exercise 13.4

1 Find an equation of the tangent line to the graph of the equation at the
indicated value of x.

a) y=x>+2x+1 x= =3

2

— .3 2 —

b) y=x>+x x 3
Q0 y=3x"—x+1 x=0
d)y=2x+% x=1

2 Find the equations of the normal to the functions in question 1 at the indicated
value of x.

3 Find the equations of the lines tangent to the curve y = x> — 3x* + 2x atany
point where the curve intersects the x-axis.

4 Find the equation of the tangent to the curve y = x? — 2x that is perpendicular
tothelinex — 2y =1.

5 Using your GDC for assistance, make accurate sketches of the curves
y=x>—6x+ 20and y = x* — 3x? — x on the same set of axes. The two curves
have the same slope at an integer value for x somewhere in the interval 0 < x < %
a) Find this value of x.

b) Find the equation for the line tangent to each curve at this value of x.

6 Find the equation of the normal to the curve y = x* + 4x — 2 at the point
where x = —3. Find the coordinates of the other point where this normal
intersects the curve again.

— A3
7 Consider the function g(x) = ! x“x . Find the equation of both the tangent and

the normal to the graph of g at the point (1, 0).

8 The normal to the curve y = ax® + bxat the point where x = 1 has a slope of 1
and intersects the y-axis at (0, —4). Find the value of a and the value of b.

9 a) Find the equation of the tangent to the function f(x) = x> + %xz + 1 at the
point (—1,%).
b) Find the coordinates of another point on the graph of fwhere the tangent is
parallel to the tangent found in a).

10 Find the equation of both the tangent and the normal to the curve
y =vx (1 — vx) at the point where x = 4.
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11 Consider the function f(x) = (1 + x)2(5 — x).
a) Show that the line tangent to the graph of fwhere x = 1 does not intersect
the graph of the function again.
b) Also show that the tangent line at (0, 5) intersects the graph of fat a turning
point.
c) Sketch the graph of fand the two tangents from a) and b).

12 Find equations of both lines through the point (2, —3) that are tangent to the
parabola y = x? + x.

13 Find all tangent lines through the origin to the graph of y = 1 + (x — 1)2.

14 a) Find the equation of the tangent lineto y = Vxatx =8

b) Use the equation of this tangent line to approximate V9 to three significant
figures.

15 Find the equation of the tangent line for f(x) = % atx=a.

16 The tangent to the graph of y = x3 at a point P intersects the curve again at
another point Q.
Find the coordinates of Q in terms of the coordinates of P.

17 Two circles of radius r are tangent to each other. Two lines pass through the
centre of one circle and are tangent to the other circle at points A and B as
shown in the diagram. Find an expression for the distance between A and B.

18 Prove that there is no line through the point (1, 2) that is tangent to the curve
y=4-x%

Practice questions

1 The function fis defined as f(x) = x2.

a) Find the gradient (slope) of fat the point P, where x = 1.5.

b) Find an equation for the tangent to fat the point P.

c) Draw a diagram to show clearly the graph of fand the tangent at P.

d) The tangent of part b) intersects the x-axis at the point Q and the y-axis at the
point R. Find the coordinates of Q and R.

e) Verify that Qis the midpoint of [PR].

f) Find an equation, in terms of a, for the tangent to fat the point S(a, a?), a # 0.

g) The tangent of part f) intersects the x-axis at the point Tand the y-axis at the point
U. Find the coordinates of Tand U.

h) Prove that, whatever the value of a, Tis the midpoint of SU.




3

8

10

The curve with equation y = Ax + B + §C x € R, x # 0, has a minimum at P(1, 4)

and a maximum at Q(—1, 0). Find the value of each of the constants A, Band C.

Differentiate:
a) x2(2 — 3x%)
1
b) x
Consider the function f(x) = % + 2x, x> 0.

a) Solve the equation f'(x) = 0. Show that the graph of fhas a turning point at (2, 8).
b) Find the equations of the asymptotes to the graph of £, and hence sketch the graph.

1

Find the coordinates of the stationary point on the curve with equation y = 4x? + =

The curve y = ax® — 2x? — x + 7 has a gradient (slope) of 3 at the point where x = 2.
Determine the value of a.

If f(2) = 3 and '(2) = 5, find an equation of a) the line tangent to the graph of fat
x = 2, and b) the line normal to the graph of fat x = 2.

The function g(x) is defined for —3 =< x < 3. The behaviour of g’(x) and g”(x) is given
in the tables below.

X | 3<x<-2|-2| -2<x<I1 1 1<x<3
q'(x) negative 0 positive 0 negative
1 _1) 1
X —3<x<-3 7 7<x<3
q"(x) positive 0 negative

Use the information above to answer the following. In each case, justify your answer.

a) Write down the value of x for which g has a maximum.

b) On which intervals is the value of g decreasing?

c) Write down the value of x for which the graph of g has a point of inflexion.

d) Given that g(—3) = 0, sketch the graph of g. On the sketch, clearly indicate the
position of the maximum point, the minimum point and the point of inflexion.

Given the function f(x) = x2 — 3bx + (c + 2), determine the values of b and ¢ such
that /(1) = 0 and f'(3) = 0.
Figure 1 shows the graphs of the functions £, £, £, f,. Figure 2 includes the graphs of
the derivatives of the functions shown in Figure 1.

Figure 1

fi fy /

(@)
Xy
o
<y

o

xy
/O

xy
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Figure 2

a) YA b) YA
0 /™, /

AN

<y
3

) YA d) YA

) X 9 X
e) YA

5 X

Complete the table below by matching each function with its derivative.

Function Derivative diagram
f
h
fi
fy

11 Consider the function f(x) = 1 + sinx.

a) Find the average rate of change of ffromx = 0 to x = 777
a
i

is the instantaneous rate of change
2

2

b) Find the instantaneous rate of change of fat x =

o
2
of fequal to the average rate of change of ffromx = 0 to x =

a))?

c) Atwhat value of x in the interval 0 <x <

answer to part

3x

— 2 The graph of this function has a vertical and a

12 Consider the function y = =

horizontal asymptote.

a) Write down the equation of
(i) the vertical asymptote
(ii) the horizontal asymptote.

. ady

b) Find g

¢) Indicate the intervals for which the curve is increasing or decreasing.

d) How many stationary points does the curve have? Explain using your result to b).




13

14

15

16

17
18

19

20

21

22

23

Show that there are two points at which the function h(x) = 2x? — x* has a maximum
value, and one point at which A has a minimum value. Find the coordinates of these
three points, indicating whether it is @ maximum or minimum.

The normal to the curve y = x% + x% at the point (1, 2) meets the axes at (a, 0) and
(0, b).
Find a and b.

The displacement, s metres, of a car, t seconds after leaving a fixed point A, is given by
() =10t — 122

a) Calculate the velocity when t= 0.

b) Calculate the value of t when the velocity is zero.

¢) Calculate the displacement of the car from A when the velocity is zero.

A ball is thrown vertically upwards from ground level such that its height h metres at

tseconds is given by h = 14t — 4.92.

a) Write expressions for the ball's velocity and acceleration.

b) Find the maximum height the ball reaches and the time it takes to reach the
maximum.

¢) At the moment the ball reaches its maximum height, what is the ball’s velocity and
acceleration?

Find the exact coordinates of the inflexion point on the curve y = x3 + 12x2 — x — 12.

Consider the function f(x) = 2 cos x — 3. At the point on the curve where x = 7§T find:
a) the equation of the line tangent to f
b) the equation of the line normal to f.

Express both equations exactly.

A manufacturer produces closed cylindrical cans of radius rcm and height hcm. Each

can has a total surface area of 5447 cm?.

a) Solve for hin terms of r, and hence find an expression for the volume, Vcm?, of
each can in terms of r.

b) Find the value of rfor which the cans have their maximum possible volume.

The curve y = ax? + bx + chas a maximum point at (2, 18) and passes through the
point (0, 10). Find &, band ¢

For the function f(x) = 1x? — 5x + 3, find:
a) the equation of the tangent line at x = —2
b) the equation of the normal line at x = —2.

Consider the function f(x) = x* — x3.

a) Find the coordinates of any maximum or minimum points. Identify each as relative
or absolute.

b) State the domain and range of f.

¢) Find the coordinates of any inflexion point(s).

d) Sketch the function clearly indicating any maximum, minimum or inflexion points.

Evaluate each limit.

.2 — 3x + 5x2 . Jx+4 -2
a) Jim = b)  lim ==—5—

Jae+h+2—Vx+2
h

3 —
lim % [
9 x@1x—1 cl h[no
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24

25

26

27

28

29
30

31

32

33

34

35

36

Find the derivative f'(x) for each function.
_x— 4 o ad
a) f(x)= = b) f(x) = x> — 3sinx
_ 1, x _ 7
(9) f(x)*y“‘i d) f(x)*w

A point (p, g) is on the graph of y = x* + x* — 9x — 9, and the line tangent to the
graph at (p, g) passes through the point (4, —1). Find pand g.

For what values of ¢, such that ¢ = 0, is the line y = —ﬂ—zx + cnormal to the graph of
y=x+1
Find the points on the curve y = %x3 — x where the tangent line is parallel to the line

¥ = 3x.

At what point does the line that is normal to the graph of y = x — x? at the point
(1, 0) intersect the graph of the curve a second time?

If f(x) = vx + 2, find f'(x) by first principles.

An object moves along a line according to the position function
s(t) = t3 — 9t? + 24t. Find the positions of the object when
a) its velocity is zero

b) its acceleration is zero.

A particle moves along a straight line in the time interval 0 < t < 2 such that its

displacement from the origin O'is s metres given by the function s = t + sin t.

a) Find the value(s) of tin the interval 0 < t < 2 when the particle’s direction
changes.

b) Show that the particle always remains on the same side of the origin O.

c) Find the value(s) of tin the interval 0 < t < 27 when the particle’s acceleration is
zero.

d) Sketch a graph of the particle’s displacement from O for 0 < t < 2, and state the
maximum value of s in this interval.

The curve whose equation is y = ax® + bx? + cx + dhas a point of inflexion at
(=1, 4), a turning point when x = 2, and it passes through the point (3, —7). Find the
values of a, b, cand d, and the y-coordinate of the turning point.

Find the stationary values of the function f(x) = 1 — % I l—? and determine their
nature.
a) Find the equation of the tangent to the curve y = %at the point (1, 1).

b) Find the equation of the tangent to the curve y = cos x at the point (777 O).
c) Deduce that % >cosxfor0sx< 777
Show that there is just one tangent to the curve y = x* — x + 2 that passes through

the origin.
Find its equation and the coordinates of the point of tangency.

The displacement, s metres, of a moving body B from a fixed point 0, at time t seconds,
is given by s = 50t — 10¢2 + 1000.
a) Find the velocity of Bin ms™".

b) Find its maximum displacement from O.



37 The diagram shows a sketch of the graph of y = f'(x) for a < x < b.

YA

y="f'(x)

<Y

On the grid below, which has the same scale on the x-axis, draw a sketch of the graph
of y = f(x) for a < x < b, given that f(0) = 0 and f(x) = 0 for all x. On your graph
you should clearly indicate any minimum or maximum points, or points of inflexion.

YA

<V

Questions 8, 10, 36 and 37 © International Baccalaureate Organization
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-urther lechnigues
and Applications

Assessment statements
6.2 Derivative of x" (n€Q), sin x, cos x, tan x, e* and In x.
Differentiation of a sum and a real multiple of a function.
The chain rule for composite functions.
Implicit differentiation.
Related rates of change.
The product and quotient rules.
Derivatives of secx, cscx, cotx, a¥, log,x, arcsinx, arccosx and arctan x.
Optimization problems.

‘ Introduction

The primary purpose of the earlier chapter on calculus, Chapter 13, was to
establish some fundamental concepts and techniques of differential calculus.
Chapter 13 also introduced some applications involving the differentiation
of functions: finding maxima and minima of a function; kinematic
problems involving displacement, velocity and acceleration; and finding
equations of tangents and normals. The focus of this chapter is to expand
our set of differentiation rules and techniques and to deepen and extend

the applications introduced in Chapter 13 — particularly using methods of
finding extrema in the context of finding an ‘optimum’ solution to a problem
and solving problems involving more than one rate of change. We start by
investigating the derivatives of some important functions.

Itis not an exaggeration to consider Isaac Newton (1642-1727) the most influential person in the
development of modern science and mathematics. Newton was educated at Cambridge University and
later was a professor of mathematics there. When Newton entered Cambridge in 1661, he did not know
much mathematics but he learned quickly by reading works of Euclid and Descartes and attending
lectures of Isaac Barrow, the first professor of mathematics at Cambridge. Cambridge was closed in 1665
and 1666 because of the Great Plague that swept through London and other parts of England. Studying
and thinking on his own during these two years (and still not yet 25 years old), Newton discovered that
white light can be decomposed into rays of different colours, how to represent functions using infinite
series (including the binomial theorem), formulated the law of universal gravitation, and developed
differential and integral calculus (several years before its independent discovery by Leibniz - see page
707). These great discoveries were all published much later because of Newton'’s fear of criticism and
controversy. In 1687, Newton published his Principia Mathematica, one of the greatest scientific works ever written, in which he
presented his version of calculus and applied it to investigate and explain a wide range of physical phenomena.

Newton’s intellectual interests were not restricted to physics and mathematics. He left behind many papers dealing with theology
and alchemy (attempting to change ordinary metals into gold). He was also a successful Warden of the Royal Mint (overseeing
the production of official coins) and held political office, representing Cambridge University in Parliament several times.




Derivatives of composite functions,
products and quotients

Derivatives of composite functions: the chain
rule

We know how to differentiate functions such as f(x) = x* + 2x — 3 and
g(x) = vx, but how do we differentiate the composite function

f(g(x)) = Vx> + 2x — 3?2 The rule for computing the derivative of the
composite of two functions, i.e. the ‘function of a function) is called the
chain rule. Because most functions that we encounter in applications are
composites of other functions, it can be argued that the chain rule is the
most important, and most widely used, rule of differentiation.

Below are some examples of functions that we can differentiate with the
rules that we have learned thus far in Chapter 13, and further examples of
functions which are best differentiated with the chain rule.

Differentiate without the chain rule Differentiate with the chain rule
Yy = Cosx y = COs2x
y=3x?+5x x =/3x% + 5x
y=sinx y=sinx
) 3%2 r= 3x21+ X

The chain rule says, in a very basic sense, that given two functions,

the derivative of their composite is the product of their derivatives —
remembering that a derivative is a rate of change of one quantity (variable)
with respect to another quantity (variable). For example, the function
y=28x+ 6 = 2(4x + 3) is the composite of the functions y = 2u and

u = 4x + 3. Note that the function y is in terms of u, and the function u is
in terms of x. How are the derivatives of these three functions related?

d d
Clearly, & _ 8, Y _ 2 and du _ 4. Since 8 = 2-4, the derivatives relate
dx du dx
dy _ dy  du .
such that I du dx In other words, rates of change multiply.

Again, if we think of derivatives as rates of change, the relationship

dy d
Y _D du can be illustrated by a practical example. Consider the pair of

dx du dx

levers in Figure 15.1 with lever endpoints U and U’ connected by a
segment that can shrink and stretch but always remains horizontal. Hence,
points U and U’ are always the same distance u from the ground.




Figure 15.1 Two levers with
horizontal connection between U’
and U.

Figure 15.2 dx, du and dy
represent the change in distance
from the ground for X, U and Y.
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ground

As point Y moves down, points U and U’ move up, and point X moves down
but at a rate different from that of Y. Let dy, du and dx represent the change
in distance from the ground for the points Y, U and X, respectively. Because
YF, = 6 and UF, = 2, if point Y moves such that dy = 3, then du = 1. Since

U'F, = 4 and XF, = 2, if point U’ moves so that du = 2, then dx = 1.
du _

dy
Hence,% =3 anda =2.

A

A
ly
v

ground

Combining these two results, we can see that for every 6 units that Y’s

d
distance changes, X’s distance will change 1 unit. That is, ) — .

zx =
dy d
Therefore, we can write G _ Y du_ 3.2 = 6. In other words, the rate
dx du dx
of change of y with respect to x is the product of the rate of change of y

with respect to u and the rate of change of u with respect to x.

Example 1

The polynomial function y = 16x* — 8x? + 1 = (4x? — 1)*is the
dy
x

composite of y = u? and u = 4x? — 1. Use the chain rule to find —, the

derivative of y with respect to x.

Solution
dy
= 2 — =
y=u = T 2u
u=4x> -1 = @=8x
dx
. . dy _dy du _
Applying the chain rule: T du A 2u+8x
= 2(4x* — 1)-8x
= 64x° — 16x

In this particular case, we could have differentiated the function in expanded
form by differentiating term-by-term rather than differentiating the factored

. d}’ _ d 4 2 — 3
form by the chain rule. T Ec(l6x 8x2+ 1) = 64x° — 16x



confirming the result above. It is not always easier to differentiate powers of
polynomials by expanding and then differentiating term-by-term.

For example, it is far better to find the derivative of y = (3x + 5)® by the
chain rule.

In Section 2.2, we often wrote composite functions using nested function
notation. For example, the notation f(g(x)) denotes a function composed
of functions fand g such that gis the ‘inside’ function and fis the ‘outside’
function. For the composite function y = (4x> — 1)? in Example 1, the
‘inside’ function is g(x) = 4x? — 1 and the ‘outside’ function is f(u) = v’
Looking again at the solution for Example 1, we see that we can choose

to express and work out the chain rule in function notation rather than
Leibniz notation.

Fory = f(g(x)) = (4x> — 1)?and y = f(u) = v’ u = g(x) = 4x*> — 1,

Leibniz notation Function notation

dy _dy du_ d N

T dn d 2w T f(@G0)] = f(u)g' (%) = 2u-8x
=2(4x* — 1)-8x = f'(g(x) g (x) = 2(4x* — 1)-8x
= 64x> — 16x = 64x° — 16x

This leads us to formally state the chain rule in two different notations.

The chain rule

If y = f(u) is a function in terms of u and u = g(x) is a function in terms of x, the function
y = flg(x)) is differentiated as follows:

dy _ 9y du ibni
e (Leibniz form)
or, equivalently,
@y 4 (fig G = F(g ()’ ) (function notation form)
dx dx

Let Au be the change in u corresponding to a change of Ax in x, that

is, Au = g(x + Ax) — g(x). Then the corresponding change in y is

Ay = f(u+ Au) — f(u). It would be tempting to try to prove the chain
L Dy Ly Aw ,

rule by writing RN which is a true statement if none of the

denominators are zero. Recognizing that the definition of the derivative

von _ St h) = f(x)
Fo = fim
proceed as follows:

Ay Ay Au

Aim Ay = Amy (E ‘ E) = fim oy Aim AT

d
,1s equivalent to d_i/c = Alim0 A—z, we could then

= lim =), lim —ubecause if Ax — 0 then Au—0
Au—0 AM Ax—0 Ax

_dy du

Cdu dx




e Hint: The chain rule is our most
important rule of differentiation.
Itis an indispensable tool in
differential calculus. Forgetting to
apply the chain rule when it needs
to be applied, or by applying it
improperly, is a common source of
errors in calculus computations. It is
important to understand it, practise
it and master it.
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This would work as a proof if we knew that Au, the change in u, was
non-zero — but we do not know this. It is possible that a small change in x
could produce no change in u. Nonetheless, this reasoning does provide an
intuitive justification relating the chain rule to the limit definition of the
derivative. A properly rigorous proof can be constructed with a different
approach, but we will not present it here.

The chain rule needs to be applied carefully. Consider the function
notation form for the chain rule d—a; [f(g(x)] = f'(g(x))-¢ (x). Although it

is the product of two derivatives, it is important to point out that the first
derivative involves the function fdifferentiated at g(x) and the second is
function g differentiated at x. The chain rule written in Leibniz form,

dy dy du

— = —+== is easily remembered because it appears to be an obvious
dx du dx Y pp

statement about fractions — but, they are not fractions. The expressions
dy dy

and du are derivatives or, more precisely, limits and although du

dx’ du dx
and dx essentially represent very small changes in the variables u and x, we
cannot guarantee that they are non-zero.

The function notation form of the chain rule offers a very useful way of
saying the rule ‘in words’, and, thus, a very useful structure for applying it.

fis ‘outside’ function gis ‘inside’ function

2 =4 [flel) = r(g)-¢ )
-

derivative of ‘outside’ function

RN . X derivative of ‘inside’ function
with ‘inside’ function unchanged

The chain rule in words:

derivative of | _ [ derivative of ‘outside’ function ( derivative of )
composite with ‘inside’ function unchanged ‘inside’ function

Although this is taking some liberties with mathematical language,

the mathematical interpretation of the phrase “with ‘inside’ function
unchanged” is that the derivative of the ‘outside’ function fis evaluated at
g(x), the ‘inside’ function.

The chain rule acquired its name because we use it to take derivatives of composites
of functions by ‘chaining’together their derivatives. A function could be the
composite of more than two functions. If a function were the composite of three
functions, we would take the product of three derivatives ‘chained’ together. For

example, if y = flu), u = g(v) and v = h(x), the derivative of the function
_ d)’ 4y du. dv



Example 2

Differentiate each function by applying the chain rule. Start by
‘decomposing’ the composite function into the ‘outside’ function and the
‘inside’ function.

a) y= cos3x b) y=v3x*+ 5x
-1 — gin2

<)y 32 T x d) y=sin’x

e) y = sinx? f) y=3(7 — 5x)?

Solution

a) y= f(g(x)) = cos 3x=>‘outside’ function is f(u) = cos u
= ‘inside’ function is g(x) = 3x

bnig form: L = DA s
In Leibniz form: Ix du - (Tsin u) * 3 = —3sin(3x)

Or, alternatively, in function notation form:
d ) .
= F(g(0) - gx) = [=sin(3x)] - 3 = =3sin(39

7

derivative of ‘outside’ function

e e . X derivative of ‘inside’ function
with ‘inside’ function unchanged

b) y=f(g(x)) = V3x* + 5x=
‘outside’ function is f(u) = Vu =
f(u) = %uif = ‘inside’ function is g(x) = 3x + 5x
dy

T = [(8(0) - g0 =303 + 5x) 7+ (6x + 5)

Y __6x+t5 . 6x+5
dx  (3x>+5x)7 2V/3x + 5x

Q) y=flg¥) = 55
1

‘outside’ function is f(u) = = = u™!
u

f'(u) = —u?= ‘inside’ function is g(x) = 3x* + x
d
T L) g = ~Bx+ 0 (x4 1)

ﬂ’ _ _ _bx+1
dx (3x? + x)?
d) The expression sin? x is an abbreviated way of writing (sin x)2.
y = f(g(x)) = sin?x = (sin x)*=
‘outside’ function is f(u) = u?
];l’ (1) = 2u = ‘inside’ function is g(x) = sin x
y

. = f'(g(x)) * g'(x) = 2sinx - cosx

y .
— = 2SIN XCOS X

dx

e) The expression sin x? is equivalent to sin(x?), and is not (sin x)2.




e Hint: Aim to write a function

in a way that eliminates any
confusion regarding the argument
of the function. For example, write
sin(x?) rather than sinx% 1 + Inx
ratherthanInx + 1;5 + \/; rather
than Vx + 5:In(4 — x?) rather than
In4 — x2
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If y = f(g(x)) = sin(x?), then the ‘outside’ function is f(u) = sin u, and
the ‘inside’ function is g(x) = x%.

d
By the chain rule, d_i/c = f'(g(x) - g'(x)
= cos(x?) * 2x

d
9 _ 2x cos(x?)

dx

f) First change from radical (surd) form to rational exponent form.
y=V7 =597 = (7 = 5%)°
y=flg(x) = (7 — 5x)§ = ‘outside’ function f(u) = w
= ‘inside’ function g(x) = 7 — 5x
By the chain rule, % =f'(g(x) - ¢'(x)

=2(7 = 5x) 77+ (—5)
dy 10 or - 10
dx e ST —
3(7 — 5x)3 3(V7 — 5x)

Example 3

Find the derivative of the function y = (2x + 3)° by:
a) expanding the binomial and differentiating term-by-term
b) the chain rule.

Solution
a) y= (2x+ 3)> = (2x + 3)(2x + 3)?

=2x+3)4x*+ 12x+9)
= 8x> + 24x> + 18x + 12x* + 36x + 27

= 8x° + 36x% + 54x + 27
dy
dx

b) y=f(gx) = 2x+3)° = y=f(u) = v u=gx) =2x+3
= f'(u) =3u}¢'(x) =2

= 24x* + 72x + 54

dy dy du _ s
%—E a—?)u 2 =6u
= 6(2x + 3)?

=6(4x*+ 12x+9)
= 24x> + 72x + 54




The product rule

With the differentiation rules that we have learned thus far we can
differentiate some functions that are products. For example, we can
differentiate the function f(x) = (x* + 3x)(2x — 1) by expanding and then
differentiating the polynomial term-by-term. In doing so, we are applying
the sum and difference, constant multiple and power rules from Section
13.2.

flx) = (x* + 3x)(2x — 1) = 2x°> + 5x> — 3x
F) =24 ) + 5L () - 3Ly
f'(x) =6x*+ 10x — 3

The sum and difference rule states that the derivative of a sum/difference
of two functions is the sum/difference of their derivatives. Perhaps

the derivative of the product of two functions is the product of their
derivatives. Let’s try this with the above example.

f(x) = (x> +3x)(2x— 1)

f(x) = dix(x2 + 3x) -d—i(zx— 1)?

fl(x) = (2x+3)-22

f'(x) = 4x + 62 However, 4x + 6 # 6x% + 10x — 3.

Thus, one important fact we have learned from this example is that

the derivative of a product of two functions is #not the product of their
derivatives. However, there are many products, such as

y = (4x — 3)*(x — 1)*and f(x) = x?sin x, for which it is either difficult or
impossible to write the function as a polynomial. In order to differentiate
functions like this, we need a ‘product’ rule.

O Gottfried Wilhelm Leibniz (1646-1716)

Leibniz was a German philosopher, mathematician, scientist and professional
diplomat — and, although self-taught in mathematics, was a major contributor
to the development of mathematics in the 17th century. He developed the
elementary concepts of calculus independent of, but slightly after, Newton.
Nevertheless, the notation that Leibniz created for differential and integral calculus
is still in use today. Leibniz’approach to the development of calculus was more
purely mathematical, whereas Newton’s was more directly connected to solving
problems in physics. Leibniz created the idea of differentials (infinitely small
differences in length), which he used to define the slope of a tangent, before the
modern codncept of limits was fully developed. Thus, Leibniz considered the

b

derivative TS the quotient of two differentials, dy and dx. Though it caused

some confusion and consternation in his time (and to some extent still), Leibniz
manipulated differentials algebraically to establish many of the important
differentiation rules — including the product rule.
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The product rule

If yis a function in terms of x that can be expressed as the product of two functions u and
vthat are also in terms of x, the product y = uv can be differentiated as follows:

Y _d, _ odv_  du
E—E(UV) = UE‘F Va

or, equivalently, if y = f(x) - g (x), then
dy_ 4

T dx [fo)-gx)] =fx)+g'x) + gx)-f'(x)

Proof of the product rule

Let y = F(x) = f(x) - g(x) where fand gare differentiable functions of x
(i.e. derivative exists for all x) and their product is defined for all values of
x in the domain.

We proceed by applying the limit definition of the derivative and
properties of limits. Note that in the second line of the proof we have
introduced the additional term, f(x + h)g(x), and its opposite (thereby
adding zero) in the numerator. The purpose of this is to allow us to analyze
separately the changes in fand g as / goes to zero. Thus, in the fifth line we
are eventually able to isolate limits that are the derivatives of fand g

. flx+ hg(x+ h) — fx)g(x)

0 = i ;
i/ gt ) — fx + Wg(o) + flx + hg(x) — fx)g(x)
h—0 h

fx+ ) = f(x)
gl it

(x+h) —g(x)
- +

. g
= )
%Ln%[jf(x+ h)

= lim |f(x + s h;l - g(x)] + }liil})[g(x)w
= limf(x + h) - l11i_)mog(x * h})l —8W limg(x) - iﬂw

=f(x) - g'(x) + g(x) - f'(x)
A less formal but perhaps more intuitive justification can be provided by

considering the product rule written in the form

dy d _ dv+ du
o ) St v

and analyzing the relationship between the functions u, v and y when there
is a small change in the variable x. Recall that the definition of the
o , . , . . _changeiny
derivative (Section 13.2) is essentially the limit of ————= as the
change in x

‘change in X goes to zero. Let 8x (read ‘delta x’) and 8y represent small

o
changes in x and y, respectively. As éx — 0, then 8—1 - d—i, i.e. the derivative
of y with respect to x.

Any small change in x, i.e. x, will cause small changes, 6u and v, in the
values of functions u and v respectively. Since y = uv, these changes will also
cause a small change, dy, in the value of function y.

Now consider the rectangles in Figure 15.3. The area of the first smaller
rectangle is y = uv. The values of 1 and v then increase by ou and dv respectively.
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The area of the larger rectangle is y + oy = uv + udv + véu + Sudv.
The product uv changes by the amount 8y = udv + vou + Sudv.

g o v ou ov
Dividing through by dx: e Ysx T Ve T 8u§€.

Let 6x — 0 and du — 0, then:

oy sy Su ov dy  dy du dv
8—x—1/16—x+1/5—x+8u6—x = a—ua‘f‘Va‘FO'a

ody gy du
Giving I Yo + Vo the product rule.
Example 4

Find the derivative of the function y = (x? + 3x)(2x — 1) by:
a) expanding the binomial and differentiating term-by-term

b) the product rule.

Solution
a) Expanding gives y = (x* + 3x)(2x — 1) = 2x° + 5x* — 3x.

d
Therefore, Y _ 6x% + 10x — 3.
dx

b) Let u(x) = x* + 3xand v(x) = 2x — 1, then y = u(x) * (x) or simply y = uv.

By the product rule (in Leibniz form),

dy
dx

d d
V+V—Z=(x2+3x)-2+(2x—1)'(2x+3)

— d —
= E(uv) = uzc 3

= (2x% + 6x) + (4x* + 4x — 3)
=6x>+10x—3

This result agrees with the derivative we obtained earlier from
differentiating the expanded polynomial.

Example 5

Given y = x?sinx, find —y.

dx

Solution
Let y = f(x) - g(x) = x?sinx = f(x) = x*and g(x) = sinx.
By the product rule (function notation form),
dy _d _ , ,
=) g0 = fx) - g'(3) + g0 ()
= x2-cosx + (sinx) - 2x
dy .
—— = x“cosx + 2x sinx

dx

As with the chain rule, it is very helpful to remember the structure of the
product rule in words.

v uv
u
Sv| udv | dudv
U B uv vou
u du
v+ du
A
Figure 15.3
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first factor second factor

dy g N e
Y =14 g(9] = ) ) + gx) - 1
t 4 t t

product of first derivative second  derivative
two functions, = factor of second factor of first
i.e. factors factor factor
Example 6
Find an equation of the line tangent to the curve y = sin xcos(2x) at the
point where x = %T

Solution

To find the slope of the line tangent we need to find the derivative of

y = sin xcos(2x). To do this we will have to use more than one of the
differentiation rules. Firstly, we need the product rule since the function
consists of the two factors sin x and cos(2x). Secondly, the second factor
is a composite of cosine and 2x so we need the chain rule. In essence the
application of the chain rule will be ‘nested’ within the product rule.

d d d

d—i = sin x—(cos(Zx)) + COS(Zx)— sin x Product rule applied to entire function.
ﬂ = sin x(—2sin(2x)) + cos(2x)cos x Chain rule for -2 (cos(2x)

dx dx '

dy .

i —2sin xsin(2x) + cos xcos(2x)

sin= = sl gl )+ nfFenle
- —2an()an(3) o e[ 3) = =235 + (3] - -3

Hence, slope of the tangent line is — g

Find the y-coordinate of the tangent point:
Atx = %T,y = sin(ﬂ)cos(Z . 7—7) = sin(ﬂ)cos(z) = (l)(l) =1 tangent point is (%T,%)

6 6 6 3 2/\2 4
Using point-slope form for a linear equation, gives
1 V3w _ \/_ m/3 _ V3 6+ m/'3
y=3= G- %) == + O gory= gt O,
Therefore, an equation for the line tangent to y = sin xcos(2x) at x = %T is
V3 6+ w3

Y
Our GDC can give a quick visual check for this result. [%T ~ 0.523598 78]

Plotl Plot2 Plot3 WINDOW Y1=sin(X)cos(2x)
\Y18sin (X) cos (2x Xmin=-m/4 \f>_)‘\
) Xmax=m/2

\YoB( {(3)74)X Xscl=1
6+§N((3g()/)24 ) X Ymcl:n -1.5 \
\Y3= Ymax=1

Yscl=1

\Y4=
\Ys5= Xres=1 X=.52359878 Y=.25




The quotient rule

Just as the derivative of the product of two functions is not the product
of their derivatives, the derivative of a quotient of two functions is not
the quotient of their derivatives. Let’s derive a rule for the quotient of two

functions by, once again, returning to the limit definition for the derivative.
Lety = F(x) = % where fand gare differentiable functions of x and
their quotient is defined for all values of x in the domain.
As with the proof of the product rule we introduce a term, f(g)¢(x) in this
case, and its opposite (thereby adding zero) in the numerator (in the 3rd
line below). This allows us (in the 5th line) to isolate limits that are the
derivatives of fand g
feth)  f@
glx+h)  glx

h

_ i fle+ hg(x) — flo)glx+ h)
T h-g0gx+ h)

_ limf(x + h)g(x) — f(x)g(x) + flx)g(x) — fx)g(x + h)

o= fim

0 h-g(x)g(x+ h)
h) — +h) -
| g(x)f(x + ; f) f(x>g(x ; g(x)
B zlllg(l) g(x)g(x+ h)

h —
i im0
limg(x)g(x + h)
_8(%) - (%) — flx) - ¢'(x)
g(x)g(x)
_8() - f'(x) — flx) - g'(x)
[g(x)]?

The quotient rule

fx+h) — fkx)
h

_ fimg - iy

If y is a function in terms of x that can be expressed as the quotient of two functions u
and v that are also in terms of x, the quotient y = % can be differentiated as follows:

du _  dv
d—y = i(ﬂ) — Vd_x ud_x
dx dx\V v
or, equi o )
, equivalently, if y = 20 T
d_y -4d m] _ gx) - f'(x) — f(x) + g'(x)
dx dx|g) 9GP

As with the chain rule and the product rule, it is helpful to recognize the
structure of the quotient rule by remembering it in words:

derivative of

derivative of
numerator

) — (numerator) ( .
denominator

of quotient

derivative
(denominator)?

) (denominator) X (




e Hint: Since orderis important
in subtraction (subtraction is not
commutative), be sure to set up
the numerator of the quotient rule
correctly.

e Hint: Note that we could have
proved the quotient rule by writing

X)
the quotient—— as the product

gx)
f(x) [g(x))"" and apply the product
rule and chain rule. As some of the
examples here show, the derivative
of a quotient can also be found by
means of the product rule and/or
the chain rule.

Differential Calculus 1I: Further Techniques and Applications

Example 7
For each function, find its derivative (i) by the quotient rule, and (ii) by
another method.

—5x—1 _ 1 _3x—2
a) gx) =55 b) hx) =53 =5
Solution
. u_5x—1
a) () g =y=7="33
Jau _ dv
’(x)zﬂ: dx  “dx _3x:5—(5x—1)-6x
g dx 2 (3x2)?
_ 15x% — 30x* + 6x
9x*
_ 3x(—5x+2)
9x*
’ _ —5x+2
g (X) 3x3
(ii) Using algebra, ‘split’ the numerator:
g 3% 3% 3x2 3x 3% 3 3
Now, differentiate term-by-term using the power rule.
) =24 y_1d,
g 3dx ) de(x )
= 3(—x %) — 5(-2x7)
/ 5 2
= -2 4+ _ £
g(x) 3x* 3x°
Results for (i) and (ii) are equivalent:
5 .2 _ 5 . x,2 _ _5x._ 2 _ ~5x+2
3x* 3x° 3x* x  3x° 3x*  3x° 3x3
L f _ _
b) (i) y—@—m:m‘(x) =land g(x) =2x—3

By the quotient rule (function notation form),

dy_ dIfe)]_ g F0) — f0) g
dx  dx|g(x) [g(x)]?
(2x—3)-0—1-(2)
B (2x — 3)?
dy _ 2

dx _(2x — 3)?
(i)y = flg()) = 5 = (2x — 3) 1= ‘outside’ function is f(1) = u”"
=f'(u) = —u?

= ‘inside’ function is g(x) = 2x — 3
By the chain rule (function notation form),
Y_ . () — o
2= J(8X) - g(x) = —(2x=3)72-2

y_ 2
dx (2x — 3)?



N
[
<

d
— d — U
c) (i)f(x):y:%zgz_g f,(x):d_i:%

:(2x—5)-3—(3x—2)-2

(2x — 5)2
_6x—15—6x+4
(2x — 5)2

y _—11
fiix)= (2x — 5)?

(i) Rewrite f(x) as a product and apply the product rule (with chain
rule imbedded).

fo) = y=3E=2 = 3x—2)(2x—5) 'y = wpu=>3x—2

andv=(2x—5)"!

Note: v = (2x — 5) ! is a composite function, so we’ll need the

chain rule to find ﬂ

dx
voon . d _ dv du
f'(x) = a(uv) = ua%— v
= (3x—2)- d—‘i[(Zx— 571 + (2x— 5)71+ 3

=0Bx—2)[—2x—5)"%-2] +3(2x—5)"!

Chain rule applied fori [(2x — 5)7")].

ax
=(—6x+4)2x—5)"2+302x—5)"!

= (2x—5)?[(—6x+4) +3(2x—5)]
Factorizing out GCF of 2x — 5)%.
=(2x—5)2[—6x+ 4+ 6x— 15]

’ _ _11
f(x)—m

As Example 7 demonstrates, before differentiating a quotient it is
worthwhile to consider if performing some algebra may allow other more
efficient differentiation techniques to be used.

Higher derivatives

If y = f(x) is a function of x then, in general, the derivative — expressed as

d
either 4 or f'(x) — will be some other function of x. As we have learned

dx

the derivative indicates the rate of change of f(x) with respect to x, as a
function of x. In Section 13.3 we took the ‘derivative of the derivative’ of

2
a function, that is, a function’s second derivative, denoted by —}2/ or f"(x).

dx

The second derivative is an effective tool in verifying maximum, minimum

2
e Hint: The function h(x) = 3%

initially looks similar to the function
g in Example 7, part a) (they're
reciprocals). However, it is not
possible to‘split' the denominator

and express as two fractions.
3x?
5x —1
2 2
equivalent to 35% - 3% Hence, in
2
order to differentiate h(x) = 3x

5x —1
we would apply either the quotient
rule, or the product rule with
the function rewritten as
h(x) = 3x% (5x — 1)~ "and using the
chain rule to differentiate the factor
(G5x— 17"

is not

Recognize that
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2

and inflexion points on the graph of a function. In general, s will also be
a function of x and so may be digferentiated to give the third derivative of

y with respect to x, denoted by d—x}; The nth derivative of y with respect to
x is denoted by d—x)’: If the notation f(x) is used, the first, second and third

derivatives are written as f'(x), f"(x) and f"(x), respectively. The fourth
derivative and higher is denoted using a superscript number rather than a
‘prime’ mark. For example, f™(x) represents the fourth derivative of the
function fwith respect to x.

The process of computing the nth derivative of a function can be very
tedious and can only be achieved by computing the successive derivatives

in turn. It is worthwhile to attempt to simplify the function d_)’ before
2

differentiating to find de;, and in turn try to simplify this result before
d3

computing g and so on.
X

Example 8

n
Given y = %, find a formula for the nth derivative d—x);
Solution

Let’s take successive derivatives of the function until we can discern a
pattern and then formulate a conjecture for the formula.

_1_
y=x%=*
dy L, 1
ax T2

D= n-ri =2

d —
= y@wri=
x

da*
- e =%

PE —120
_y_( H@)B))(Mx e =—3

We observe that the sign of the result alternates: negative when 7 is odd,
and positive when # is even. Thus, we need to incorporate the expression
(—1)"into our formula since the successive values of (—1)"are —1,1, —1,
1, .... Another factor needs to be n! (n factorial) because n! = n(n — 1)(n
— 2) +++ 2+ 1. The last piece of the formula is that the power of x in the
denominator is one more than the value of n.

dy  (—1)n!

Therefore, W = W




1 Find the derivative of each function.

a) y=(3Bx— 98 b) y=v1—x Q) y=sinxcosx
d)y=2sin(§) e) y=u?+47? f) yzzJ_r]

9)y= x1+2 h) y = cos’x ) oy=x/1T—-x

. 1

D v v K y=vV2x+5 ) y=@x—13x*+1)
m)y=smT’C n)y=x9f2 o)y=i/Pcosx

2 Find the equation of the line tangent to the given curve at the specified value of
x. Express the equation exactly in the form y = mx + c.

a) y=@x*—17 x=-1 b) y=v3x?—2 x=3
Q) y=sin2x x=a d)y:x32-;1 x=1

3 An object moves along a line so that its position s relative to a starting point at
any time t = 0 is given by s(t) = cos(t> — 1).
a) Find the velocity of the object as a function of t.
b) What is the object’s velocity at t = 07

Q) Intheinterval 0 <t < 2.5, find any times (values of t) for which the object is
stationary.

d) Describe the object’s motion during the interval 0 < t < 2.5.

For questions 4-6, find the equation of a) the tangent, and b) the normal to the
curve at the given point.

2
2=
5y=Vi+4xat(23)

X
x+ 1

4y= at (3, 2)

6y= at(1,3)

7 Consider the trigonometric curve y = sin(2x - g)

dy dy
a) Find Ix and 7
b) Find the exact coordinates of any inflexion points for the curve in the interval
0<x<m

8 Acurve has equation y = x(x — 4)%
a) For this curve, find
(i) the x-intercepts
(ii) the coordinates of the maximum point
(iii) the coordinates of the point of inflexion.
b) Use your answers to part a) to sketch a graph of the curve for 0 < x < 4,
clearly indicating the features you have found in part a).

x*—3x+4

9 Consider the function f(x) = x+ 17

’ — 5x — 11
a) Show that f'(x) P

_ —10x+ 38
(x+ 1%
c) Does the graph of f have an inflexion point at x = 3.8? Explain.

b) Show that "(x)
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10 Find the first and second derivatives of the function f(x) = ;C ; g.
. 1 o dYy
11 Given y = ———, find a formula for the nth derivative —.
1—x dx"

_8
4+ x?
a) Find the exact coordinates of any extreme values or inflexion points.

b) Determine all values of x for which (i) g (x) < 0, (ii) g (x) = 0, and (iii) g (x) > 0.
c) Find (i) Xllrr_\xg (x), and (i) Xlirrlwg (%).

12 The graph of the function g (x) = is called the witch of Agnesi.

d) Sketch the graph of g.

13 Use the product rule to prove the constant multiple rule for differentiation. That

e fog) =c-

d
Ox (f(x)) for any constant c.

is, show that —
ax

2

d d
14 If y = x* — 6x? show that y, % and a); are all negative on the interval 0 < x < 1,
3

but that EJ; is positive on the same interval.

Derivatives of trigonometric and
exponential functions

Although it is important to provide formal justifications for any of

our differentiation rules (as we did in the previous section), we should
not forget that the derivative is a rule that gives us the slope of the line
tangent to the graph of a function at a particular point. Thus, we can use a
function’s derivative to deduce the behaviour of its graph. Conversely, we
can gain insight about the derivative of a function from the shape of its

graph.
1y j ) In Chapter 13, we formally determined that the derivative
y 5 sinx of sin x is cos x and that the derivative of cos x is —sin x by
using the limit definition of the derivative. We could have
| made a very confident conjecture for the derivative of sin x
Az | pr | - 0 l | 3k X by analyzing its graph as follows.

We start with the graph of f(x) = sin x (Figure 15.4). The

- graph of y = sin x is periodic, with period 2, so the same
will be true of its derivative that gives the slope at each point
on the graph. Therefore, it’s only necessary for us to consider
Figure 15.4 the portion of the graph in the interval 0 < x < 2.

Figure 15.5 shows two pairs of axes having equal scales on the x- and y-axes
and corresponding x-coordinates aligned vertically. On the top pair of axes
y = sin x is graphed with tangent lines drawn at nine selected points. The
points were chosen such that the slopes of the tangents at those points,

in order, appear to be equal to 1, %, 0, —%, -1, —%, 0, %, 1. The values of
these slopes were then plotted in the bottom graph with the y-coordinate




of each point indicating the slope of the curve for that particular x value.
Hence, the points in the bottom pair of axes should be on the graph of the
derivative of y = sin x.

VA < Figure 15.5: Analyzing the slope
L of tangents to the graph of
- Yy =sinx.
y = sinx
O T T T T T T :
2 3 4 5 7 X
SR
slope
yA
1-
0 T T T T T T T ;
1 2 3 4 5 6 7 X
—1- e Hint: Note that the graphs in
Figures 154, 15.5,15.6 and 15.7
have x in radians. As mentioned
Figure 15.6 is the same as Figure 15.5 except with the graph of y = sin x, previously, we must only use radian
the grid lines and the lines connecting points between the two graphs measure when trigonometric
removed. functions are involved in calculus.
y4 4 Figure 15.6
1 > 9
O T T T ;
1 2 7 X
—11
Y4 dFigure 15.7
14 °
L] o
0 T T T T T T T :
1 2 3 4 5 6 7 X
L] L]
—11 o
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Clearly the points representing the slope of the tangents to y = sin x
plotted in Figure 15.7 are tracing out the graph of y = cos x.

Although we will use this informal approach to conjecture the derivatives
for y = e*and y = In x, it does not always work so smoothly. For example,
let’s analyze the graph of y = tan x in an attempt to guess its derivative.

We can use our GDC command that evaluates the derivative of a function
at a specified point to graph the value of the derivative at all points on

a graph. We used this technique in Chapter 13 to confirm the result in
Example 9 part d). The GDC screen images below show the graph of

y = tan x and then the GDC graphing its derivative (in bold) on the

same set of axes. Although, as pointed out in Section 13.3, in general it is
incorrect to graph a function and its derivative on the same pair of axes
(units on the vertical axis will not be the same), it is helpful in seeing the
connection between the graph of a function and that of its derivative.

Plotl Plot2 Plot3 WINDOW
\YiEtan (X) Xmin=-1.570796...
\Yo= Xmax=7.8539816...
\Y3= Xscl=m/2
\Ya= Ymin=-3
\Ys= Ymax=3
\Ye= Yscl=1
\Y7= Xres=1
Plotl Plot2 Plot3
\YiEtan (X) \/ U U
}\{3){25 nDeriv (Y1, X,

\Y3=
\Y4=
\Y5=
\Y6:

The graph of the derivative of tan x is always above the x-axis meaning
that the derivative is always positive. This clearly agrees with the fact that
the tangent function, except for where it is undefined, is always increasing
(moving upwards) as the values of x increase. However, the shape of

the graph does not bring to mind an easy conjecture for a rule for the
derivative of tan x.

Rather than use the limit definition for finding the derivative of tan x let’s

write tan x as f:g;fc and use the quotient rule.
. cos xi(sin x) — sin xi(cos X)
i(tanx) :i(smx) _ dx dx
dx dx\Ccos x cos? x
_ cosxcosx — sin x(—sin x)
B cos? x
_ cos’x + sin?x
cos? x
_ 1
cos® x
= sec’x Therefore, d—i(tan x) = sec’ x.
Similarly, it can be shown that dix(cot x) = —csc? x.
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To find the derivative of sec x we can use the chain rule as follows.

1

d _d _d _
Ec(sec x) = Zc(m) = EC[(COS x)

= —(cosx) *(—sinx)

_ sinx

cos? x

__1 _ sinx
COSX COSX

= secxtan x

Therefore, d—‘i(sec X) = sec xtan x.

']

Applying chain rule.

Similarly, it can be shown that %C(csc X) = —cscxcotx.

The table below lists the derivatives of the six trigonometric functions.

f(x) f'(x)
sin x COS X
COS X —sinx
tanx sec? x
cotx —csc?x
secx secxtanx
CSCX —Ccscxcotx
Example 9
Find the derivative of each function.
3
a) y= cos(vx) b) y=2—
¢) y= x*tan(3x) d) y = sec*(3x)

Solution
dy d

a) — = a[cos(\/})] = —sin(Vx) - %(\/;c)

dx

—sin(vx) * d—i(x%)

= —sin(Vx) * (%x%)
dy sin(v/'x)
Therefore, =— = — .
erefore, - e

b) Method 1 (quotient rule):

dy d| sinx -« dii()@) — x> d%c(sin X)
dx a(sinx - sin? x
Theref 3x2sin x — x> cos x

erefore, — = .

dx sin? x

Applying chain rule.

Applying power rule.

Applying quotient rule.
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Method 2 (product rule and chain rule):

dy dl x3 d . . N
I desnx) a[x + (sinx) 1] Rewriting as a product.
=x3- c%c[(sm x)"1 + (sinx)"!- d—{i(x3) Applying product rule.
= x3[—(sin x) 2 cos x] + (sin x) " !(3x?)
= (sin x) 2[—x? cos x + 3x?sin x| Factor out common factor of
(sinx)~2
Therefore, Q = 3 sin)'c _2 X" cos x'
dx sin’ x
dy d_ ., d d,
) T Ec[x tan(3x)] = x Ec(tan(.%x)) + tan(3x) a(x )
= x2. d_i(tan(?,x)) + tan(3x) - d—i(xz) Applying product rule.
= x*(3sec’(3x)) + (tan(3x))(2x) Applying chain rule for
% (tan(3).

3x%sec?(3x) + 2xtan(3x)

dy d_ | o d 5

d) T Ec[sec (Bx)] = $[(se<:(3x)) ]

= 2sec(3x) ° dix(sec(fix)) Applying chain rule 1st time.

= 2sec(3x) - (sec(3x)tan(3x) d—i(fix)) Applying chain rule 2nd time.

= 2sec(3x) - (sec(3x)tan(3x) - 3)

= 2 . 6sin (3x)

6 sec?(3x)tan(3x) Equivalent to o5 31"

Example 10
The motion of a particle moving along a straight line for the interval
0 < < 12 (tin seconds) is given by the function s(¢) = sin(ztz‘ — cos(%) + 1,
where s is the particle’s displacement in centimetres from the origin O. The

particle’s displacement is negative when left of O and positive when right
of O.

a) Find the exact time and displacement when the particle is (i) furthest to
the right and (ii) furthest to the left during the interval 0 < t < 12.

b) Find the particle’s maximum speed to the right exactly and at what
exact time it occurs.

Solution

For part a) displacement can only be a maximum or minimum when
velocity is zero, i.e. () = 0. Similarly for part b) velocity can only be a
maximum or minimum when acceleration is zero, i.e. a(t) = 0. So we
begin by finding the first and second derivatives of s(¢) giving us the
velocity function, (), and acceleration function, a(t), respectively.




a) (i) =45 = %[sm( ) - cos(z) + 1] = %cos(%) + %sin(%)

Solve lcos(%) + lsin(—l‘) =0:

2 2 2
sin(—t) = —cos(—t)
2 2
. ([t
in(3)
= tan(i) =—-1 Given that cos (%) # 0.
cos(—)
2
= _ t_3m .
tan(z)— lwhen2 a +k-mkEZ
Thus,t=3777+ k-2m k€ Z.For0 < t< 12,t—37770rt—7777.

(i) Checking the sign (direction) of the particle’s velocity just before

and after these two times will show if they are maximum or

minimum values. Test values are t = 7rand 27 for t = 3—77.

2
1 . 7\ _ l . _ l .
Am) = ECOS( 2) * fsm(f )_ 0+ 5+1=35>0= displacement
increasing before t = 3777
2 1. 277 _
n2m) = _COS 5 ) Tasinl5) = ( 1) + 0 < 0 = displacement
decreasing before t = 3777

e 3] - ol - ol 3] 1 - 3 (4

=1 + V2 is a maximum.

Therefore, the particle is furthest to the right (maximum

displacement) at t = 3T seconds when its displacement is

1+ V2cm. 2

(ii) Test values are t = 37rand 47 for t = 7777
v(3m) = —cos(3277) + %sin(% )= 0+ %(—1) < 0 = displacement
decreasing before t = 7777
v(4) = —cos(27r) + —s1n(27r) —(1) + 0 > 0 = displacement
increasing after t = 7777
Hence, 5(7777 )— sm(7477 )— cos(%) +1= —g - (g) +

1=1— V2 isaminimum.

Therefore, the particle is furthest to the left (minimum

displacement) at t = 7777 seconds when its displacement is
1 —V2cm.
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b) a(f) = V(1) = d—i[

Solveicos(%) - isin(%) =0
sin(zt) = cos(zt)
sinf3)
= tan(z) =1 Given that cos(%) # 0.

=

tan(%)= lwhenit:%—kk-w,kEZ

Thus,t=g+ k'ZW,kEZ.ForO<t<12,t=gort=5777.

To find maximum velocity (moving right, speed > 0), let’s evaluate the
velocity at all critical points, i.e. at endpoints for the time interval, t = 0

and t = 12, and where the acceleration is zero, t = %T and t = 5777
W0) = % cos(0) + L sin(0) = &
2 2 2
my _ 1 T 1. /m _ V2 V2 _ \/§~
3) = geos(G )+ ysin(§) =5 + 5 =5 = 0707
Smy_1 (5_77) 1 (5_77) _ V2 a2 _ 2
V( 5 ) 5 cos| +231n 1 1 1 5 0.707
W12) = %cos(6) + %sin(6) ~ —0.424

Therefore, the particle has a maximum velocity of g cm/sec when t = %T
seconds.

A graph of the displacement function s(t) = sin(—t) - cos(—t) + 1 givesa

2 2

good visual confirmation of our results.
YA

37 (%1 +v2)
4 ) =1+ sin(%)— cos(%
maximum velocity 2 & (2) (2)

(slope of s(t) curve) ~
‘I -

I S S
(71-v2)

Derivatives of exponential functions

Let’s review some important facts about exponential functions in general.
An exponential function with base b is defined as f(x) = b* b > 0 and

b # 1. The graph of fpasses through (0, 1), has the x-axis as a horizontal
asymptote, and, depending on the value of the base of the exponential
function b, will either be a continually increasing exponential growth
curve (Figure 15.8) or a continually decreasing exponential decay curve
(Figure 15.9).




o

A
Figure 15.8

<y

asx — &, f(x) —

fis an increasing function

exponential growth curve

yA

1)

A
Figure 15.9

as x — o,

A
X

fx) =0

fis a decreasing function

exponential decay curve

In Chapter 5 we learned that the exponential function e*, sometimes
written as ‘exp ), is a particularly important function for modelling

exponential growth and decay. The number e was defined in Section 5.3 as
the limit of (1 + i) as x — o0, Although the method was not successful in

coming up with a conjecture for the derivative of the tangent function, let’s

try to guess the derivative of e* by having our GDC graph its derivative.

Plotl Plot2 Plot3 WINDOW
\YiEe~ (X) Xmin=-2
\Yo= Xmax=2
\Y3= Xscl=1
\Ya= Ymin=--
\Ys5= Ymax="7
\Ye= Yscl=1
\NY7= Xres=1

Plotl Plot2 Plot3
\YiEe " (X)
}\iﬁ)fzsnDerlv (Y1, X,
\Y3=
\Y4=
\Y5=
\Y6:

/

The graph of the derivative of e appears to be identical to e* itself! This is
a very interesting result, but one which we will see fits in exactly with the
nature of exponential growth/decay.

Let’s try to apply the limit definition of the derivative to provide a formal

justification.
d, o .. eXTh— ex o o feth) — flx)
dx(e )= ]];11}%) A Applying limit definition ' (x) = hlgwo p
. ere €h — e*
= %11‘1}) i Reverse of law of exponents: a” - a” = a™ * ",
= limM Factorizing
h—0 h ’
. . (e"—1)
= lime* - lim————  Applying properties of limits.
h—0 h—0 I’l
. el —1
=e* }llrr(l) A e*is not affected by the value of h.

e Hint: You may be tempted to
find the derivative of e* by applying
the rule for differentiating

powers dix(x”) = nx"~" but this
only applies if a variable is raised to
a constant power. An exponential
function, such asy = e%,is a
constant raised to a variable power,
so the power rule does not apply.

723




Differential Calculus II: Further Techniques and Applications

A closer look at the limit that is multiplying e* reveals that it is equivalent
eO+h 0 i eh -1

= lim

h h—o h

To finish our differentiation of e* by first principles, we need to evaluate

this limit. It is beyond the scope of this course to give a formal algebraic

proof for the limit. Nevertheless, we can provide a convincing
e —1
h

to the slope of the graph of y = e¥at x = 0: ;llmé

for values of h

informal justification by evaluating the expression

approaching zero, as shown in the table.

0.1 1.051709 181
0.01 1.005 016 708
0.0001 1.000 050 002
0.000001 1.000 000 005

e —1
h

derivative of e*.

Thus, }lln}) = 1 and we can complete our algebraic work for the

d el —1
X) = x-l =¥ ]l = ¥
)= e m e =

h

The derivative of the exponential function is the exponential function.
More precisely, the slope of the graph of f(x) = e*at any point (x, e¥) is
equal to the y-coordinate of the point.

The derivative of the exponential function

If f(x) = e*, then f'(x) = e*. Or, in Leibniz notation,c%c(e") = e*,

Example 11
Differentiate each of the following functions.

o o o ex J— e—x
a) y= 62x+lnx b) y= /xz + e4x C) y= P
Solution
a) Because e tInx = 2xgnx and dnx = x then e2¥ ¥ = ye2x,

d)/_ d 2x+Inx) — d 2x
E_Ec(e )—a(xe )

=x- d—i(ezx) + e %C(x) Applying the product rule.

d
Therefore, Y _ 2xe** + e?*,

dx

d)/_d 2 4x—d 2 4x%
b) = = (/a2 + ) = (e + et]

-1
= %(x2 + et 2. %(x2 + e**)  Applying power rule and chain rule.

_2x+ 4e*

2/ x? + e
dy  x+ 2eM

dx Va2 + et

Therefore,




d d [ex — o
) g mleres)

e+ e *

(e¥+ e - i(e" —e) —(ef—e - i(ex +e™)
= dx &+ ) dx Quotient rule.
(et e M(erte) —(e"—eM)(er— e

(e*+ e ¥)?

(e¥ 4+ 2e¥e ™+ e %) — (¥ — 2e¥e ¥ + e )
B eX + e7%)?
__4de*e™ ( )

(eX+ e ¥)?

dy 4
Therefore, EC = m .

What about exponential functions with bases other than ¢? We now
differentiate the general exponential function f(x) = b, b>1, b # 0,
repeating the same steps we did with f(x) = e*.

d . bx+h — b*
Ec(bx) = }llrr(l]T Definition of derivative.
Xxe hh — Lx
= llinol% Reverse of @™ - a" = am*",
. b -1
= l}ln}% Factorizing.
b=
= p*- llllm A b*is not affected by the value of h.
—0

As with e, }lin%) 1 is equivalent to the slope of the graph of f(x) = b*
at x = 0, i.e. f'(0). Therefore, the derivative of the general exponential
function f(x) = b*is b* - f'(0). Although the value of f'(0) will be a constant,

it will depend on the value of the base b.

Application of the chain rule gives us the means to determine the value of
£'(0) in terms of b for the function f(x) = b*. We can then state the rule for
the derivative of the general exponential function f(x) = b~

We can use the laws of logarithms to write b* in terms of e*. Recall from
Section 5.5 that b°%* = x, and if b = e then e!"* = x. Hence, b* = e*In?
because e*"? = ¢t = p* We can now find the derivative of b* by applying
the chain rule to its equivalent expression e*!"?,

y = f(g(x)) = e*"t = ‘outside’ function is f(u) = e
f'(u) = e = ‘inside’ function is g(x) = xIn b
¢ (x) =Inb [In bis a constant]

% =f(g(x) - g(x)=eM?-Inb
dy

az b*Inb

Therefore, i(b") = b*Inb.
dx
d
rule i(b") = b*In b, then i(e") = e"[ﬁ e.Since In e = 1 then i(e") =e*
dx ’ dx ’ dx '

This result agrees with the fact that ——(e*) = e* Using this ‘new’ general




e Hint: Be careful to distinguish
between the power rule,

a
dx
is a variable and the exponent
is a constant, and the rule for
differentiating exponential

(x" = nx"~', where the base

functions, i(b") = b*In b, where
ax

the base is a constant and the
exponent is a variable.
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The derivative of the general exponential function
Forb>0and b # 1,if f(x) = b* then f'(x) = b*In b. Or, in Leibniz notation,

d X\ — hX
a(b) b*Inb.

Earlier we established that the derivative of the general exponential
function f(x) = b*is b* - f'(0), where f'(0) is the slope of the graph at

x = 0. From our result above, we can see that for a specific base b the slope
of the curve y = b*when x = 0 is In b because 5°In b = In b. The first GDC
screen image below shows the value of f'(0) for b = 2, 3 and % Evaluating
In2,In3 and ln(%) confirms that f'(0) is equal to In b.

nDeriv(2*X,X,0) In(2)
peri Iy %28§1 I (3)- 8931471806
V205861261 |7 7'1.098612289
nDerlv]( (1/2§AX,X In(1-2)
,0) -.6931471806
-.6931472361
Example 12

Find the equation of the line tangent to the curve y = 2* at the point
where x = 3. Express the equation of the line exactly in the form
y=mx + c

Solution
We first find the derivative of y = 2* and then evaluate it at x = 3 to get the
slope of the tangent.

y%=§gr)=zmnm:>y@)=z%mz)=smz=1nﬁ
=1In256 = m =1n256

Finding the y-coordinate of the tangent point, y(3) = 2°> = 8 = point
is (3, 8)

Substituting into the point-slope form for a linear equation, gives
y—yn=mx—x)=y—8=In256(x — 3)
Therefore, the equation of the tangent line is y = (In256)x + 8 — 31n 256.

The GDC images below nicely confirm the result.

Plotl Plot2 Plot3 WINDOW
\YlE%l"X Xmin=-1
\Y2E(1n (256) ) X+8 Xmax=>5
-31n(256) Xscl=1
\Y3= Ymin=-5
5= scl=
\Ye= Xreg=1 wil / vs




Example 13

Find the coordinates of the point Plying on the graph of y = 5% such that
the line tangent to the curve at P passes through the origin.

Solution

d
Let P = (xy, ¥,) be a point on the graph of y = 5*. Since d_i/c = 5%(In5)

d
the slope of the tangent line to the curve at P is given by d—i: = 5%(In 5).

Substituting into the point-slope form for a linear equation gives,

y = yo = 5%(In5)(x — x,)
If the line passes through the origin then (0, 0) must satisfy the equation.

0 — yo=>5"(In5)(0 — xy) = —y, = 5 0(In5)(—x,)
5*0 1

But y, = 5%, s0 —5% = 5%(In 5)(—x,) = x, = 0In5  In5
Then y, = 55 = (yo)"® = <5ﬁ>lns = (y,)° = 5=y, = ebecause e""* = x.
Therefore, the point P on the graph of y = 5* has coordinates (ﬁ, e).
As a check let’s find the equation of the tangent to y = 5% at this point.

d |
Since 9 _ 5%0(In 5) the slope is 55(In 5), but we showed above that

dx

575 = . So the slope is equivalent to eln 5. Substituting in the point-slope
form gives y — e = eln S(x - ﬁ) = y = e(In 5)x. Clearly this line passes
through (0, 0).

?XIL_OESPlotZ Plot3 YI-5*X | YI=5°X
Y1 !
\Y2S (%1’1 (5))X
\Y3=
\Ya= [ [
\Y5= —F N . —F
\Y6= L L
\Y7= X=1/1n(5) X=.62133493 ¥=2.7182818

If f(x) = b* then f'(x) = b* - f'(0). The value of f'(0) is the slope of the graph of

fx) = b* at the point (0, 1). Hence, this will be a particular constant for each value

of b(b>1,b # 0). Therefore, if f(x) = b, then f'(x) = kb* where ks a constant

dependent (()jn the value of b. If the amount of a quantity y at a time t is given by
iy

y = b'then T kb' = ky.In other words, the rate of change of the quantity y at

time tis proportional to the amount of y at time . This is the essential behaviour of
exponential growth/decay. It is because of this property that exponential functions
have so many applications to real-life phenomena. Here are some good examples:
1 The rate of population growth for many living organisms is proportional to the

size of the population p: Ff = kp.

2 The rate at which a radioactive substance decays is proportional to the amount A

of the substance present: % = KA.

3 Newton’s law of cooling states that if a substance is placed in cooler surroundings
then its temperature decreases at a rate proportional to the temperature
difference T between the temperature of the substance and the

temperature of its surroundings: C;—Z = KT.




Differential Calculus 1I: Further Techniques and Applications

1 Find the derivative of each function.

a) y = x%" b) y =& Q) y=tane*
_ 3% :e_x —1 3 —
d) y — ey - f) y=35ec2x — sec2x
g y=47* h) y = cosxtanx i) y=ﬁ
) y=4cos(sin3x) k) y=2*"" b 5= e e

2 Find the equation of the line tangent to the given curve at the specified value of
x. Express the equation exactly in the form y = mx + c.

x
|

a) y=sinx
b) y=x+e* x =

Q) y=4tan2x x =

o[3 Wiy Wiy

3 Consider the function g (x) = x + 2 cos x. For the interval 0 < x < 2.
a) find the exact x-coordinates of any stationary points

b) determine whether each stationary point is a maximum, minimum or neither
and give a brief explanation.

4 Find the coordinates of any stationary points on the curve y = x — e, Classify
any such points as a maximum, minimum or neither and explain.

5 Find the coordinates of any stationary points for each function on the interval
0 < x < 2. Indicate whether a stationary point is a maximum, minimum or
neither.

a) flx) =4sinx — cos2x b) g(x) = tan x(tanx + 2)

6 Find the equation of the normal line to the curve y = 3 + sin x at the point

where x = g

7 Consider the function f(x) = e* — x>,

a) Find f'(x) and "(x).

b) Find the x-coordinates (accurate to three significant figures) for any points
where f'(x) = 0.

) Indicate the intervals for which f(x) is increasing, and indicate the intervals for
which f(x) is decreasing.

d) For the values of x found in part b), state whether that point on the graph of f
is @ maximum, minimum or neither.

e) Find the x-coordinate of any inflexion point(s) for the graph of f.

f) Indicate the intervals for which f(x) is concave up, and indicate the intervals
for which f(x) is concave down.

8 Show that the curves y = e~*and y = e~*cos x are tangent at each point
3m
5
9 A particle moves in a straight line such that its displacement, s metres, is given by
s(t) = 4 cost — cos 2t. If the particle comes to rest after T seconds, where T > 0,
find:
a) the particle’s acceleration at time T

b) the maximum speed of the particle for0 <t <T.

common to both curves. Sketch the two curves over the interval —g sSx<

10 Find an equation for a line that is tangent to the graph of y = e* that passes
through the origin.
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11 Consider the exponential function f(x) = 2*.
a) Find f'(x).
b) Find the equation of the tangent to the graph of fat the point (0, 1).
c) Explain why the graph of f has no stationary points.

. . _ =3
12 Consider the function h(x) = o

a) Find the exact coordinates of any stationary points.
b) Determine whether each stationary point is a maximum, minimum or neither.
c) What do the function values approach as (i) x — o0 and (i) x — —co.
d) Write down the equation of any asymptotes for the graph of h(x).
)

e) Make an accurate sketch of the curve indicating any extrema and points

where the graph intersects the x- and y-axis.
d? E

= sin(x + b) and 9y sin(x + ©),

. . V_ «
= 2= +a), 4=
13 Given y = sinx, and sin(x + a), T e

find: e

a) thevalues of g, band ¢
d(n)y

d_x(n)‘

14 a) Find the first three derivatives of y = xe*.

b) a formula for

(n)
b) Suggest a formula for %(xe") that is true for all positive integers n.
X

) Prove that your formula is true by using mathematical induction.

Implicit differentiation,
logarithmic functions and inverse
trigonometric functions

Implicit differentiation

An equation such as 3x — 2y — 8 = 0 is said to define y as a function of

x because it satisfies the definition of a function in that each value of x
(domain) determines (corresponds to) a unique value of y (range). We
can manipulate the equation in order to solve for y in terms of x, giving
y= %x — 4. In this form, in which y is alone on one side of the equation,
the equation is said to define y explicitly as a function of x. In the original
form of the equation, x — 2y — 8 = 0, the function is said to define y
implicitly as a function of x. If we wish to find the derivative of y with

respect to x, d_i/c’ from an equation in which y is defined implicitly as a

function of x we can often solve for y and then differentiate using one of

d
the rules that we have established. For example, if we were asked to find o4

dx
for the equation xy = 1 we can write y explicitly as a function of x and then
differentiate.

— I S e S §
xy=1=y o x :>dx dx(x ) X p
Most of the functions that we have encountered thus far can be described

by expressing one variable explicitly in terms of another variable — for
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example, y = cos(2x) or y = v 1 — x2. But how do we find the derivative y
for an equation where we are not able to solve for y explicitly? For example,
if we have the equation

x* + y* — 9xy = 0 (Figure 15.10)

we cannot solve for y in terms of x. However, there may exist one or more
functions fsuch that if y = f(x) then the equation

x + [f)] — 9x[fx)] =0

holds for all values of x in the domain of f. Hence, the function fis defined
implicitly by the given equation.

With the assumption that the equation x*> + y*> — 9xy = 0 defines y as at
least one differentiable function of x (see Figure 15.11), the derivative

of y with respect to x, —y, can be found by the technique of implicit

dx
differentiation.

Figure 15.10 The graph of > 4
x>+ y® — 9xy = 0 (called a folium, 57
Latin for‘leaf’). This type of curve

was first studied by Rene Descartes
in 1638. \

0 5 X
Figure 15.11 Although the > YA YA YA
equation x* + y* — 9xy = 0's 5 54 51
not a function, we can see that
the graph of the equation can \ /
be separated into the graphs of — > — —>
three separate functions (they 0 5 X 0 5 X © 5 X
each pass the vertical line test for
a function). This demonstrates that

the equation implicitly defines y as
three functions of x.

Initially we differentiate term-by-term, with respect to x, obtaining
iy Aoy d _d
dx(x )t dx(y ) dx(9xy) dx(o)'

The first and last terms are easily differentiated, and we can apply the
constant rule to the third term, giving

2 i 3) i =
3x2 + dx(y) 9dx(xy) 0.

Differentiating the second and third terms is a little more complicated
requiring the use of the chain rule (and also product rule for the third
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term). If y is defined implicitly as a function of x, then y° is also a (composite)
function of x. Thus, applying the appropriate rules, we have

> 2. doy ( .d .d ):
3x* + 3y dx(y) 9 x dx(y)+y dx(x) 0

dy dy )
2 2.7 Ly =
3x* + 3y e 9 x pERIDY 0
dy dy
2 2 — — =
3x* + 3y e 9xdx 9y =0

Now we solve the equation for _)/‘

dx

dy, B 5 dy  —3x*+9y
EC(S)/ 9x) = —3x* + 9y = dx 37 —ox
_ —x*+3y
Therefore,a = m

d
The process of implicit differentiation has given us a formula for Y that is

dx

the slope of the curve at any point (except where there is a vertical tangent
and slope is undefined) and it is in terms of both x and y. This is not

unexpected since we can see from the graph of the equation (Figure 15.10)
that it is possible for two or three different points on the curve to have the

same x-coordinate and the slope of the curve (given by d—i;) will depend

on the values of both x and y, and not only x as with functions where y is
explicitly defined in terms of x.

In the examples and exercises of this section it is assumed that for any given
equation y is implicitly defined as a differentiable function of x (or more
than one differentiable function as in the above example) so that the
technique of implicit differentiation can be applied.

Process of implicit differentiation
1 Differentiate, term-by-term, both sides of the equation with respect to x. The chain
rule must be applied for any terms containing y.

d
2 Collect all terms containing d_glc on one side of the equation and all other terms on
the other side.
dy
3 Factor out—.
dx
ay : o dy
4 Solve fora by dividing both sides by the factor multiplying P

5 Simplify the result, if possible.

Example 14
Consider the equation for the unit circle x> + y? = 1 which is a relation
(not a function).

a) Solve for y, and write all equations that express y as a function of x.

d
Find o4 for each of these functions.

dx

d
b) Find d_i by implicit differentiation.

¢) Find the equation of the line tangent to the unit circle at the point ( —1 ?)

E)




e Hint: Example 14 illustrates that
even when it is possible to solve an
equation explicitly for y in terms of
X, it may be more efficient to

d
find d_ilc by implicit differentiation.
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Solution

a)

Solving for y produces two equations, each defining y as a function of x.
Xty =l=y'=l—-x*=y=Vl—x*andy=—V1—x*
Differentiating each of these with respect to x gives,

dy——(m—x)— = 2p] =30 - -2 =

d)’ —X
dx l—x
dy _ B X
T dx —V1=x?) = [ 1 - x)t]
R T Y__ x
2(1 x*)2( 2x):>dx —
dy _
For the function y = V1 — x? we have d_ : X =.
- X
Since y = V1 — xz,then—y =X
dx y
d
For the function y = —v1 — x* we have 2 = —%
dx 1—x2

— d
Since y = — 1_x2,:>—)/=v1—x2,thend—);=—§_

b) dix(xz) + %C(yz) = %(1) Differentiating both sides term-by-term.

c)

d
2x + Zyd—z = Chain rule applied to differentiate y2.
dy
2)/5(: = —2x
ﬂ = 2 Solvin forﬂ
dx 2y 9o ax
d
Therefore, L. —X
dx y
1
d 2
At the point (—l, ﬁ) the slope of the tangent line is T _2
2’2 dx /3
1L _3 2
/3 3"
Substituting into the point-slope form gives,
_V3_ V3 1 V3 L V3 V3 V3., 2/3
S =5lxtg)=y=5 +?+7:’V—? +22

We can get a visual check by graphing the unit circle and the tangent
line on our GDC. In order to graph the complete unit circle on our
GDC we need to graph both functions found in part a).

Plotl Plot2 Plot3 WINDOW Y1=T(1-X7) /
\YEN (1 -X2) Xmin=-3
B (1-X2) Xmax=3 /ff‘\
?%Eésl'(?s)/3)x+2~l' }ésc;l=12 .

/ min=—
\Ya= Ymax=2 k/
\Ys5= Yscl=1
\Ye= Xres=1 X=-. V=.8660254




Example 15

a) Find the points on the graph of x* + 4xy + 13y? = 9 at which the
tangent is horizontal.
b) Determine whether each point is a maximum, minimum or neither.
Solution i
a) We need to find d_z which we do by implicit differentiation.
d, , d d, d . .
L) +4L(x) + 1341 =L ff h
dx(x ) dx(xy) 3 dx()/ ) dx(9) D\ erentiating bot
sides term-by-term.
d d d _ . .
2x + 4l x==(y) + y==(x) | + 13{2y ==(y) | = 0 Applying chain and
dx dx dx
product rules.
2x+ 4 dy+4 + 26 dy—O Collecti
X+ dx— T4y Y 2 ollecting t((ejryms
containing Jx Onone side.
d d
d—i;(4x +26y) = —2x — 4y Factor out d—z
dy —2x—4y —x—2 ‘ dy
dx dx+26y 2x+ 13y soing for g
To find horizontal tangents, solve d—z =0.
A 2y=0=y=—3
X+ 13y P XTI TYTE T
Of course, there are an infinite number of ordered pairs (x, y) that
satisfy the equation y = —%. But the only ordered pairs that we want
are ones that are on the curve x? + 4xy + 13y? = 9. So we substitute
—% for y and solve to find x-coordinates of points on the curve
where d_i/c =0. 2
2 2 — 2 _X X\ =
x*+4xy + 13" =9=x +4x( 2)+13( 2) 9
x2—2x2+14—3x2=9
4x> — 8x2 + 13x2 = 36 Multiplying both sides by 4.
9x% = 36
x)*=4=x=2o0rx=—2
y-coordinates: for x = 2, y = —% = —Liforx=—2,y=— (_72> =1
Therefore, the tangents to the curve at (2, —1) and (—2, 1) are
horizontal.
b) It is very difficult to determine the nature of the points (2, —1) and

(—2, 1) by testing the sign of the derivative to either side of each point.

Since 4 is in terms of both x and y we need an explicit equation for y in

dx

terms of x to find the y-coordinate — but no explicit equation for y exists.
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It is also impossible to graph the curve x* + 4xy + 13y* = 9 ,

d

on our GDC to see its shape. Let’s find the second derivative, e an
x

apply the second derivative test (Section 13.3).

dy d[—x-2
x> dx 2x + 13y

(x+ 139 (—x = 2)| = (=x = 29l x + 13p)]

= Applying quotient
2
(2x + 13y) e,

(2x + 13y) (—1 —2%) + (x+2y) (2 ‘13 dy)

_ dx
(2x + 13y)?

B —x— 2y —x— 2y o dy
= (2X+ 13)/) -1—-2 m + (x-|— 2)/) 2+ 13 m Substituting fora.
24 139 -1+ V) (|2 - PEE 2O

_2x+ 13y (2x+13y) xr 13y TETY) 2x + 13y
- 2x+ 13y (2x + 13y)°

_ (2x+ 13y)(—2x — 13y + 2x + 4y) + (x + 2p)(4x + 26y — 13x — 26y)
B (2x + 13y)

_(2x+ 139)(=9y) + (x + 2)(—9x)

(2x + 13y)°

d’y _ 9x’ +36xy + 117y*  —9(x* + 4xy + 13y?)

dx? (2x + 13y)? (2x + 13y)?

d
Now applying the second derivative test for both points where A 0, we have

dx
Ay —9(2* +4(2)(—1) + 13(—1)?)
x> (22 + 13(=1)
_ 81
T 125

d’y _=9(—2)2 +4(=2)(1) +13(1)%)
for (=2,1), 75 = (2(—2)* + 13(1))°

=35 < 0= (—2,1)is a maximum

for (2, —1),

> 0= (2, —1) is a minimum

2 Even though it is not possible to graph the curve
(=2,1) x? + 4xy + 13y* = 9 on our GDC, it is possible to find
T XAy 13y =9 graphing software that can. The graph visually confirms our

: i : , : results for parts a) and b) of Example 15.
—4 \\O 2 2 4
— ’I -

2,-1

Xy

Previously we have established the rules for differentiating trigonometric functions and
exponential functions. We still need to determine how to differentiate other important non-
algebraic functions, namely logarithmic functions and inverse trigonometric functions.

734




Derivatives of logarithmic functions

At the start of the previous section we explored how we can often form a
strong conjecture for the derivative of a function by analyzing the shape of
the function’s graph with the aid of some features of our GDC. Let’s take
this informal approach for finding the derivative for the natural logarithm
function, y = In x, and then check our conjecture by deriving a(ln x) by
means of implicit differentiation.

The graph of y = In x (Figure 15.12) is a particularly straightforward one.
Its x-intercept is (1, 0), and since its domain is all positive real numbers,

it has no y-intercept. It is asymptotic to the y-axis, and the graph rises
steadily, though less steeply as x — . There is neither an upper nor a lower
bound, so its range is all real numbers.

Let’s cleverly use our GDC to view a graph of y = In x, a graph of its
derivative, and to construct a table of ordered pairs with x and the value of
the derivative at x (as computed by the GDC).

plotl Plot2 Plot3 WINDOW
WYiB1n (X)N Xmin=0 I /
\Yo= Xmax=10 I
\Y3= Xscl=1
Ya= Ymin=-3
\Ys5= Ymax=3 I
Ye= Yscl=1
o= Xres=11 I

Plotl Plot2 Plot3 [ X Yo
\Yi1=1n (X)H I RN | ERROR
\Y2BnDeriv (Y1, X, | [} i i
bl I I | 3 133333
\Y3: Aé .%5
:%g; i 6 16667
\Ye= L X=0

In the table, each value in the Y, column is the slope of the curve
(derivative) at the particular x value for y = In x. From the graph of the
derivative and especially from the table, we conjecture that the derivative of
Inxis i This agrees with the fact that for x > 0, the slope of the graph of

y = In x is always positive and as x increases the slope decreases.

The inverse of y = In xis y = e*. Knowing this and that d—i(e") = e*, we can
use implicit differentiation to confirm our conjecture.

y=lInx
e/ =x Inverse function relationship.
d—i(ey) = d—i(x) Differentiate implicitly.
dy
y 2L =
e ix 1
dy 1
dx e
d
d—i = i Substituting x for e”.
Therefore, %(ln x) = i

yA

3_

2_

1 y=Inx
o073 1 & & Tox

A
Figure 15.12
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The derivative of the natural logarithm function
_ 1y — i | ol . d _ 1
If f(x) = Inx, then f'(x) = b Or, in Leibniz notatlon,a(ln X) = b

It is interesting to note that that the derivative of the non-algebraic function
f(x) = In x is the algebraic function f'(x) = % Non-algebraic functions, such
as trigonometric, exponential and logarithmic functions are often referred to

as ‘transcendental’ functions. A transcendental function is a function that is
not algebraic — in other words, it cannot be composed of a finite number of
the elementary operations of addition, subtraction, multiplication, division and
extracting a root. A transcendental number is a real number that is not a root
of any polynomial equation with rational coefficients. For example, 7rand e are
transcendental numbers.

What about the derivative of a logarithmic function with a base, b, other
than e; that is, logarithmic functions other than the natural logarithmic
function?

To find the derivative of log, x with any base (b > 0, b # 1), we can use the
change of base formula (Section 5.4) for logarithms to express log; x in terms
of the natural logarithm, In x, and then differentiate.

In x

log, x = Inb

Applying change of base formula.

—(logb x) = dx( In x) d (1 lb In x) Differentiating both sides.

Inb dx
= ﬁ . %c(ln x) ﬁ is a constant.
=1 .1
Inb x

Therefore, Ix (logbx) lnb

The derivative of the general logarithm function

If f(x) = log,x(b>0,b# 1), then f'(x) = I b Or, in Leibniz notation,
1

xInb’

d _
a(lOng) =

Example 16

a) Given g(x) = t z’ find ¢'(x).

b) Hence, find f'(x) for f(x) = ln(i t i)

¢) (i) Show that f(x) is an odd function.
(ii) Show that f(x) has no stationary points.
(iii) Show that f(x) has one point of inflexion, and give its coordinates.
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Solution
(1 —x)%c(l Fx)— (1 +x)d—i(1 — ¥
(1—x)?

a) g’(x) = Applying quotient rule.

_1l—x+1+x
(1 —x)?

() = 2
g(x)—(l_x)z

) =i[ (1+x>]: 1 _i(l+x) - d 1
b) f'(x) dxln = T+ x Ze\T—x Applying dx(lnx)—xand
1 —x chain rule.
_(1—x 2 o
= (1 - X)(—(l = x)z) Substituting result from
part a).
_ 1 .2
1+x 1—x

. __ 2
"f(‘x) 1_x2

c) (i) In Section 7.3 we stated that a function fis odd if, for each xin
the domain of f, f(—x) = —f(x) with its graph symmetric about
the origin. This symmetry leads to the fact (see question 25 in
Exercise 13.2) that the graph of the derivative of an odd function
is symmetric about the y-axis, i.e. an even function. A function fis
even if f(—x) = f(x). Thus, it will suffice to show that f'(x) is even
in order to show that f(x) is odd.

1 — 2 -2 _
e e g [0
Therefore, f'(x) is even and it follows that f(x) is odd.

(ii) A stationary point for a function can only occur where its
derivative is zero.

Clearly, f'(x) =

7 5 7 0 because a rational expression can
— X

only equal zero when its numerator is zero. Therefore, f(x) has no
stationary points.

(iii) To find any inflexion points we start by finding where the second
derivative is zero.

f(x) = d_cic(l —2x2) = 26%[(1 — x2)7!]  Power and chain rules instead

of quotient rule.

= 2[=(1 = ) *(~2x)]

—l — 4x = =

= "(x) L Owhenx=0
To confirm that an inflexion point does occur at x = 0 we need to
show that the concavity of the graph of fchanges at x = 0 (f"(x)
changes sign). Because f(x) is defined only for —1 < x < 1, we

1 1 .
choose x = —3 and x = 5 as test points.
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1
{3
{1\ _ 2 32
f(_f)_ Vi 9<Oand
(1= (-3
1
F1) = 4(5) _32
ST
2
Since f"(x) changes sign (and f(x) changes concavity) at x = 0, fhas
an inflexion point there. f(0) = ln(%) = In(1) = 0. Therefore,

the inflexion point is at (0, 0). (See GDC images below).

Plotl Plot2 Plot3 WINDOW [
\YiBEIn (((14X)7 (1- Xmin=-1.25 i
X)) Xmax=1.25 [
\Yo= Xscl=1 \ [ .
\Y3= Ymin=-6 [
\Y4a= Ymax=6
\Y5= Yscl=1
\Y6= Xres=1
Example 17

Find the equation of the line tangent to the graph of y = log,,(x°) at
the point x = 4. Express the equation exactly with any logarithms being
expressed as natural logarithms.

Solution
dy d
T Ec[loglo(aﬁ)] =5 lil o dix(x3) Applying %C(Iogbx) = mand chain rule.
—_ 1 30
x*In 10 3x
dy _ 3
dx xIn10

[Alternatively, we could have used laws of logarithms to write

dy d 3 -
y = log,o(x*) = 3log,, x and then Te SZC(loglo x) = In 10’ avoiding use

d nl10
of the chain rule.]

When x = 4’% = 110 and y = log,,(4°) = log,,64 = In10 (using
change of base formula). Thus, the tangent line intersects the curve at the

. In 64) 3 TR .
point (4, In 10 and has a slope of 110" Substituting into the point-slope
form for a linear equation gives:

_ln64_ 3 _ __3x _ 3 In 64

m10 mo®* Y 7 YT Wi W
3x —3 +1In64

Y= 410 T Inlo
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Graphing the curve y = log,,(x*) and the computed tangent line appears
to give a good visual confirmation that the equation of the tangent line is
correct.

Plotl Plot2 Plot3 Y1=109(X*3)
Y18l og (X43)
\Y2B (37(41n(10))
X+ (-3+1n(64) )7 1n

(10)

\Y3=

\Y4= 7/ Intersection

\Y5= X=4 Y=1.80618 X=4.0000035 Y=1.8061811

Derivatives of inverse trigonometric functions

In the preceding pages, we established that the derivative of the non-
algebraic (transcendental) function f(x) = In x is the algebraic function
f'(x) = % The same is true for the inverse trigonometric functions —

they are transcendental but their derivatives are algebraic. The inverse
trigonometric functions were discussed in Section 7.6. We will now use
implicit differentiation to find the derivatives of the inverse functions for
sine, cosine, and tangent functions — which are usually referred to as

arcsin x, arccos x and arctan x respectively. Their graphs are shown again in
Figure 15.13.

% ) y4 dFigure 15.13

NS
NS

[SIB

| 3 -2 1 /10 1 2 3«

-1 0 1 X y = arccos x y = arctan x

y = arcsinx

<y

- O 1

Given the smooth shape of their graphs we will assume that the functions
y = arcsin x, y = arccos x and y = arctan x are differentiable (i.e. the

derivative exists) except where a vertical tangent exists. Since y = arcsin x e Hint: Recall from Chapter 7 that
the notations y = arcsin x and

y = sin~!x are synonymous, but we
will generally use y = arcsin x.

and y = arccos x have vertical tangents at x = —1 and x = 1 they are
differentiable throughout the interval —1 < x < 1. y = arctan x is
differentiable for all real numbers.

Recall the definition of the arcsine function,

y = arcsinx = siny = x for — g$y$ %T

Differentiating sin y = x implicitly with respect to x gives:
i(sin y) = i(x) Differentiating both sides.
dx dx

dy
(cosy) T 1 Implicit differentiation.

dy 1

Ix  cosy Dividing by cos y.

That is, d—‘i(arcsin x) = cols 7
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Dividing by cos y in the last step is allowed because cos y # 0 for
the interval in which y = arcsin x is differentiable, i.e. —%T <y< %T
(quadrants I and IV). In fact, cos y > 0 for —%T <y< %T From the identity

sin?x + cos?x = 1 we have cos x = *V'1 —sin? x. Since cos y > 0 we can
replace cos y with /1 — sin? y and because sin y = xwe get cosy = V1 — x°.
I S

V1= %2

We can apply a similar process to find the derivative of the arcos x

function, obtaining the result
1

V1 —x2

Although the domain for the inverse sine and inverse cosine functions is
the fairly narrow closed interval —1 < x < 1 and they are differentiable on
the open interval —1 < x < 1, the inverse tangent function is defined and

i 1 =
Therefore, dx(arcsm x)

d - _
dx(arccos X)

differentiable for all real numbers. To find dix(arctan x), we follow a similar
d

procedure to that for dx(arcsin x).
The definition of the inverse tangent (arctan) function is
y = arctan x = tan y = x for —%Ts y< %T
Differentiating tan y = x implicitly with respect to x gives:
dix(tan y) = %(x) Differentiating both sides.
(sec? )é} =1 Implicit differentiation
Y dx p .
dy 1
- = Dividing by sec?y.
dx sec’y IRysecy

— = Applying identity T + tan?y = sec?y.

Therefore, d—i(arctan X) = tany = x.

1+ x*
The derivatives for the inverse secant, inverse cosecant and inverse
cotangent functions can also be found by means of implicit differentiation.
They are included in the list below but are not necessary for this course.

Derivatives of the inverse trigonometric functions

C%c(arcsin x) = \/1]——x2 dix(arccsc x) = _xx+—1

d%(arccosx) =— \/11_—962 d%(arcsec %)= xl —

%(arctan X) =+ Jr]xz %(arccotx) =— +]x2
Example 18

Find the % for each of the following.
a) y=cos !(e¥)

b) y = xarcsin2x + %\/1——4x2

¢) In(x+ y) = arctan (f)




Solution

dy
a) — = —[cos”!(e¥)]= ( 2x) Chain rule and
dx dx 2 d
e c
——(arccos x) = .
ax 1 _xz
_ _1 2. . .
= A Chain rule, again.
V1 —e* ?
b 2e*
dx 1 — e
dy _d . 1 e
b) I (xarcsm 2x + —(1 4x )2)

x—(arcsm 2x) + arcsin 2x—(x) + = (1 4x2)7%%€(1 — 4x?%)

= (2x) + arcsin 2x + i
\/1—(2 J1 = (2x)2 dx 4/1 — 4x?
2x . —2x
= ——— t+arcsin2x + ————
V1 — 4x V1 — 4x?
A arcsin 2x
dx
c) [ln (x+ )] = arctan (x” Differentiating both sides
dx Y implicitly.
dy
d Y=g
L(1 + _}’) = 1 dx Chain rule,
x+ty\dx 22y 9 rctan ) = |
5 gyarcany) = - —
p p quotient rule.
4 4
_|_ -2 f— S
! dx _ Y Yax
x+y x*+y?
2 2 Y 2 @ 2 — 2 ﬂ/ 2 ﬂ/
x*+y +dx +dxy xy+y dxx dxxy
@(sz + xy+ y?) =xy — x?
dx
dy  xy—x
dx  2x?+ xy + y?
Example 19
A painting that is 175 cm from top to bottom is hanging on the wall of 11; s
m
a gallery such that it’s base is 225 cm above the eye level of an observer. ‘ ‘
How far from the wall should the observer stand to get the best view of the

0
painting, that is, so that the angle subtended at the observer’s eye by the fﬁ 2l25 cm

painting is a maximum? (This is similar to Example 34 in Section 7.6.)

Solution

Change all lengths from centimetres to metres.

% [lo

tanHZ%andtanBZ
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Because 0 < 6 < %T and0 < B < g, we have
£l
— 4 _ 4
0 = arctan— and 8 = arctan—.
X X
Substituting these values of 6 and 3 into the equation & = 6 — S gives
9
— 4 4
a = arctan— — arctan—.
X X

Differentiating with respect to x gives:

da_ d )~ arctan (2]
I dx arctan (4x~!) — arctan a*
1 - 1 9 _
=—— (—4xY) - ————{ —2x 2)
12 2
1+ (4x71) 1+ <2x_1) 4
4
9
= 2_—416 + 4
x- + , . 81
**16

—4 T 36
x2+16 16x*+ 81

Setting % = 0, we get:
36(x* + 16) — 4(16x* + 81) =0
—28x2+252=0

x2=%=9:>x= *3, however x # —3

We use the first derivative test to determine if the angle « is a maximum
when x = 3, using test values of x = 2 and x = 4.

_, da_ 7 _ g da_ _ 9
When x = 2, dx—145>0andwhenx—4, I 2696<0.

Hence, the angle « has an absolute maximum value at x = 3. Therefore, the
observer should stand 3 metres away from the wall to get the ‘best’ view of
the painting.

Summary of differentiation rules

Derivative of f(x) y=1x) = f'(x)=Ilm Flr + h;) — G0

h—0
Derivative of x” f(x) = x" = f'(x)=nx"""
Derivative of sin x f(x) = sinx = f'(x) =cosx
Derivative of cos x f(x) = cos x = f'(x) = —sinx
Derivative of tan x f(x) = tanx = f'(x) =sec’x
Derivative of sec x f(x) = secx = f'(x) =secxtanx
Derivative of cscx f(x) = cscx = f'(x) = —cscxcotx
Derivative of cot x f(x) = cotx = f'(x) = —csc?x

Derivative of e* flx) = e* = f'(x)=¢e*
Derivative of b* f(x) = b* = f'x)=b*Inb
Derivative of In x fx) =Inx = f'x)= %
Derivative of log, x f(x) = log, x = f'x)= 1




e 8 8 1
Derivative of arcsin x f(x) = arcsinx = f'(x)=
V1 —x?
L 1
Derivative of arccos x f(x) = arccosx = f'(x)=—
V1 —x?
Derivative of arctan x flx) = arctanx = /(%) = — 5
1+ x
Derivative of arcsec x f(x) = arcsecx = f'(x) = J
sal/se? =1
Derivative of arccsc x f(x) = arccscx = f'(x) = — 1
xV/x?—1
Derivative of arccot x f(x) =arccotx = f'(x)= 3 _: P
Chain rule f ite functions: C/y—d[f(())]—f’(())' '(x)
ain rule for composite functions: o gl =f'(gx)-g'x
Product rule: dy—d[f()' ] =fx)+g'x)+gx)-rfx)
roduct rule: a—axgx—xgx g (x X
dy _ d[f)]_ g fx)—Fx)-g'kx)

Quotient rule: T dxlato | =

In questions 1-12, find the derivative of y with respect to x, ==, by implicit

differentiation. o
1x2+y>=16 2 x’y+xy’=6

3 x=tany 4 x°—3xy’ +yx —y?=2
5?—%=1 6 xy/xty=1

7 x+siny=uxy 8 x’y=x*—y*

9 xy+e=0 10 (x +2)° + (y+ 3 =25
11 x=tany 12 y + /Xy = 3x°

In questions 13-16, find the lines that are a) tangent and b) normal to the curve at
the given point.

13 x° —xy —3y2=0,(2, —2) 14 16x* + y*=32,(1,2)
S T
15 2xy+7rsmy—277,(1,§) 16 \/7 T4x +y,(2, —32)

17 For the circle x2 + y2 = r? show that the tangent line at any point (x;, y;) on the
circle is perpendicular to the line that passes through (x;, y;) and the centre of
the circle.

18 Consider the equation x? + xy + y2 = 7.

a) Find the two points where the curve intersects the x-axis. Show that the
tangents to the curve at these two points are parallel.

b) Find any points where the tangent to the curve is parallel to the x-axis.
¢ Find any points where the tangent to the curve is parallel to the y-axis.

19 The line that is normal to the curve x? + 2xy — 3y = 0 at (1, 1) intersects the
curve at what other point?

dy

: d’y : :
In questions 20 and 21, find o and E for the given equation.

20 4x° + 9y2 =36 21 xy =2x — 3y
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d @”
22 Consider the equation xy* = 1. Find % and E); by two different methods.

a) Solve for y in terms of x and differentiate explicitly.
b) Differentiate implicitly.

23 The graph (shown right) of the equation YA
x? + y2 = 2x? + 2y? — x?is a type of curve
called a cardioid. A cardioid is a heart-shaped
curve generated by a fixed point on a circle as
it rolls around another circle having the same
radius. Find the equation of the line tangent to 9 05 X
this particular cardioid at the point (0, ]3).

0.5

—0.5

. o ‘ dy
In questions 24-33, find the derivative of y with respect to x, I
24 y=In(x*+1) 25 y = In(sinx)
26 y = logs/x? — 1 27 y=In 122
28 y = /log,ox 29 y=In (g;_x)

p— COS X' = ]

30 y = In(e“7) 31y R
32 y=xIn(x) — x 33 y=In(ax) — (Inb)log, x

34 Find the equation of the line tangent to the graph of y = log, x at the point
x = 8. Express the equation exactly. Can you find a way to graph y = log, x on
your GDC in order to check your answer?

2 _ d
35 Giveny = ,/iz T 1 we could find d_ilc by applying the chain rule and the

quotient rule. However, it is much easier to first take the natural logarithm of
both sides, use the properties of logarithms to simplify as much as possible,

and then differentiate implicitly to find d—g: This technique is called logarithmic

differentiation. Use this technique to show that d_y = +
MR C TR T b

36 Find the x-coordinate, between 0 and 1, of the point of inflexion on the graph of
the function f(x) = x2In (x?). Express your answer exactly.

37 a) Giveng(x) = InTx find expressions for g'(x) and g"(x).

b) Show that g has an absolute maximum at x = e, and state the maximum
value of g.

d
In questions 38-41, find the derivative of y with respect to x, o4

"dx’
38 y=arctan(x + 1) 39 y= sin”( X )
J J V14 x2
40 y = arccos (%) 41 Inv1 +x? =xtan'x

42 Given that f(x) = arcsin x + arccos x, find f'(x). What can you conclude about
the function 17
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43 Show if g is a constant that
d X a d (X 1
a) — |arctan (=] | = b) — larcsin (=] | = ———
) dx[ (a)] @ 3 55 ) dx[ (a)] Va2 — x2
44 Find the equation of the line tangent to the curve y = 4x arctan 2x at the point
on the curve where x = 13 Express the equation exactly in the form y = mx + ¢,
where m and ¢ are constants.

45 Consider the function f(x) = arcsin (cos x) with domain of 0 < x < .
a) Prove that fis a linear function.
b) Express the function exactly in the form f(x) = ax + b, where aand b are
constants.

46 A 3-metre tall statue is on top of a column such that the bottom of the statue is 2
metres above the eye level of a person viewing the statue. How far from the base
of the column should the person stand to get the best view of the statue, that is,
so that the angle subtended at the observer's eye by the statue is a maximum?

47 A particle moves along the x-axis so that its displacement, s (in metres), from the
origin at any time t = 0 (in seconds) is given by s(t) = arctan V.
a) Find the exact velocity of the particle at (i) t = 1 second, and at (i) t = 4 seconds.
b) Find the exact acceleration of the particle at (i) t = 1 second, and at (i) t = 4
seconds.
c) Describe the motion of the particle.
d) What is the limiting displacement of the particle as t approaches infinity?

@ Related rates

A claim was made in the first section of this chapter that ‘the chain rule
is the most important, and most widely used, rule of differentiation’. The
chain rule has been repeatedly applied in all parts of this chapter thus far.
Another important use of the chain rule is to find the rates of change of
two or more variables that are changing with respect to time. Calculus
provides us with the tools and techniques to solve problems where
quantities (variables) are changing rather than static.

When a stone is thrown into a pond, a circular pattern of ripples is formed.
In this situation we can observe an ever-widening circle moving across

the water. As the circular ripple moves across the water, the radius r of the
circle, its circumference C, and its area A all increase as a function of time ¢.
Not only are these quantities (variables) functions of time, but their values
at any particular time ¢ are related to one another by familiar formulae
such as C = 27rrand A = 7. Thus their rates of change are also related to
one another.

Example 20
A stone is thrown into a pond causing ripples in the form of concentric

circles to move away from the point of impact at a rate of 20 cm per
second. Find the following when a circular ripple has a radius of 50 cm and
again when its radius is 100 cm.

a) the rate of change of the circle’s circumference

b) the rate of change of the circle’s area




e Hint: There is a slightly different

method to determine % We can

find the rate by differentiating
implicitly with respect to time, t,

both sides of the equation, C = 2,

that gives the relationship between
the two changing quantities
(variables).

C=2mqr

Differentiate both sides with

respect to t:

d d
E(O dt(zm)
Implicit differentiation:
dC _,_dr
g =2
Substitute dar_ 20:
dt
dc

L= =27-20=14
gt 7r+ 20 = 407rcm/sec
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Solution

In calculus, a derivative represents a rate of change of one variable with
respect to another variable. If the circles are moving outward at a rate of
20 cm/sec, then the rate of change of the radius is 20 cm/sec, and in the
notation of calculus we write

dr _
o= 2.

a) Knowing that the relationship between the radius, r, and the
circumference, C, is C = 271, and that the rate of change of the radius

with respect to time is dr _ 20, we can use the chain rule to find the

dt
rate of change of the circumference with respect to time, i.e. 7?
dc _ dC  dr
dt dr dt

We need to find d—C, the rate of change (derivative) of the circumference

dr
with respect to the radius. This rate can be derived from the
relationship between the variables.

C=27r

d _d . 4 . 4

—(C) = =(27r) Differentiate both sides with respect to r.
dr dr

dcC _ ) o L .

ar T Implicit differentiation on the left side.

Since the circumference Cis a linear function of the radius r (C = 27r),
the derivative ac is a constant.

dr
We now substitute in for il—f and Zr

circumference with respect to time,

dc
dC _ dC d dC a
r
ikl E‘:}E = 27+ 20 = 407 cm/sec

to find the rate of change of the

The rate of change of a circular ripple’s circumference is constant
(4077). Therefore, the rate of change of the circumference is 407 cm/sec
when the radius is 50 cm and also when its 100 cm.

b) Similarly, to find the rate of change of the area with respect to time, %,
we can use the chain rule to write
dA _dA dr
dt — dr dt’
Find % from the formula, A = 772, that relates the variables A and r.
d (A) = i(wrz) Differentiate both sides with respect to r
dr dr '
dA _

=== 7(2r) = 27rr  Implicit differentiation on the left side.

dr



Since the area A is a non-linear function of the radius r (A = @?), the

derivative %4 is not a constant but has different values depending

dr

on the value of r.

We substitute in for dA and %

i to find the rate of change of the area

with respect to time, %

dA _dA dr  dA_ ,_ 5, _
a o ar dt:>dt 27rr+ 20 = 407r

Thus, the rate of change of the circle's area with respect to time, %, isa
linear function in terms of the radius r.

When the radius is 50 cm, % = 407+ 50 = 200077 cm?/sec

=~ 6280 cm?/sec [= 0.628 m?/sec].

When the radius is 100 cm, % = 407+ 100 = 40007 cm?/sec

=~ 12600 cm?/sec [= 1.26 m?/sec].

Note that when r = 100 cm the area is changing at twice the rate it was
when r = 50 cm.

e Hint: [tisimportant to include
the appropriate units when giving a
rate of change (derivative) answer.
Example 21 For example cm/sec, m%/hour,
litres/sec, etc.

A 4-metre ladder stands upright against a vertical wall. If the foot of the
ladder is pulled away from the wall at a constant rate of 0.75 m/sec, how
fast is the top of the ladder coming down the wall at the instant it is (i) 3
metres above the ground, and (ii) 1 metre above the ground. Give answers

approximate to three significant figures.
Solution \4 o
Let x and y represent the distances of the foot and top of the ladder,
respectively, from the bottom of the wall. Then from Pythagoras’ theorem,
we have
x? + y* = 16. x>
Given that the ladder is being pulled away at a rate of 0.75 m/sec, then
dx _ _3
P 0.75 g )
So we know the rate %, and we need to find j); when y = 3 and when y = 1.

Rather than starting with the chain rule and writing an equation relating
the different rates, let’s utilize the chain rule by differentiating implicitly
with respect to time the equation relating the relevant variables x and y.

dipy pyod
£+ ) = £016)

dx dy _
23(3% + 2)/E =0
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Y _ _xdx
dt y dt
d
(1) We know % = %, so to find j); when y = 3 m, we find the

corresponding value for x.
x2+y2: 16:>X:\/]_67—y2; fory:3:x:m:\/7
dy V7 3_ V7

Hence, when y = 3: - 3% v —0.661 m/sec.

4
(i) Fory=l:x= V16 — 12 = /15
d_ V15 3 _ 3/15

Hence, when y = l:ﬁ =—1 i~ Tz =~ ~290m/sec.

d
It makes sense that jjt/ is negative because the distance y decreases as the

ladders slides down.

Example 22

In the preceding example, how fast is the angle between the ladder and the
ground changing when y = 2 m?

Solution

We know % = % and we seek to find % We need a relationship, true at

any instant, between the variables 6 and x. Several trigonometric ratios
could be used, but perhaps the most straightforward is

x = 4 cos 6.

Now we differentiate implicitly with respect to tand solve for %

d ) _d
E‘(X) = dt(4 cos 0)

dx_ g pdo
0t 48m0dt
do _ 1 dx

dt 4sinfdt
When y = 2 we find that sin § = % Substituting appropriately for sin 6

and @, we have
dt

do_ _ 1 3__3

dt 4(%) "3 8
Therefore, the angle is decreasing at a rate of % radians/sec (or
approximately 21.5%/sec).

The solution strategy used in the preceding two examples is summarized
below.
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Solving problems involving related rates
1. Identify any rate(s) of change you know and the rate of change to be found.
2. Draw a diagram with all of the important information clearly labelled.

3. Write an equation relating the variables whose rates of change are either known or are
to be found.

4. Using the chain rule, differentiate the equation implicitly with respect to time. Solve
for the rate to be found.

5. Substitute in all known values for any variables and any rates of change. Compute the
required rate of change. Be sure to include appropriate units with the result.

Example 23

|
5 T T &m

h

l

Consider a conical tank as shown in the diagram. Its radius at the top is
4 metres and its height is 8 metres. The tank is being filled with water at

a rate of 2 m*/min. How fast is the water level rising when it is 5 metres
high?

Solution

We know the rate of change of the volume with respect to time, that is,

il_‘t/ = 2 m*/min and we seek to find the rate of change of the height of the

water level with respect to time, call it @

dt
Not including ¢, there are three variables involved in this problem: V, r
and h. The formula for the volume of a cone will give us an equation that
relates all of these variables.

V= %7712}1

If we differentiate this equation now we will get the rate 4r our result.

dt
We need to either find Z—: (which is possible) or eliminate r from the

equation by solving for it in terms of one of the other variables and

substitute. By using similar triangles we can write a proportion involving r
and h.

r_4_ . _h
z—8:>1’—2
=1 (h)z = T3
Hence, V 375 h=V 12h’

Differentiating implicitly with respect to ¢t and solving for dh,

dt
av _ m  spdh _ AV _ wpadh _ dh 4 dV
TR U R L P ri s P i v




e Hint: Be careful not to substitute
in known quantities too early in the
process of solving a related rates
problem. Substitute the known
values of any variables and any rates
of change after differentiation. For
example, in Example 23 h remained
a variable (itis a quantity that is
changing over time) until the last
stage of the solution when we
substituted h = 5. If we substituted

earlierinto V = %fﬁ, we would

have obtained ((jj—\r/ = 0, which'is

obviously wrong.
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Substituting & = 5 and Lil_‘t/ = 2 gives
dh _ 4 _ 8

dt - a5? -2 = T 0.102 m/min [or 10.2 cm/min].

Therefore, the water level is rising at a rate of 0.102 m/min when the water
level is at 5 m.

The following example involves two rates of change.

Example 24

At 12 noon ship A is 65 km due north of a second ship, B. Ship A sails
south at a rate of 14 km/hr, and ship B sails west at a rate of 16 km/hr.

a) How fast are the two ships approaching each other 1% hours later at 1:30?

b) At what time do the two ships stop approaching and begin moving
away from each other?

i b
s C,/T%

«—p—>

Solution

Let a and b be the distances that ships A and B, respectively, are from the
intersection of the ships’ paths (see diagram). Let ¢ be the distance between

the two ships. Since a is decreasing and b is increasing, we know that
da _ db

i —14 km/hr andE = 16 km/hr.

a) The three variables are related by the equation
é=a*+ b

Differentiating implicitly with respect to ¢ gives

dc da db
2CE =2a E + 2b= a

The rate at which the ships are approaching is % Solving for Zi
da + pdb db
dc _ Car dt
dt ¢
Substituting Z —14 and Zb 16:

dc _ —14a + 16b
dr ¢

The distances a and b are both functions of time; thus, they can be
written in terms of tas

a= 65— 14t and b = 16t.



Evaluating these expressions when ¢t = 1%, gives a = 44, b = 24 and
¢ = V44? + 247 = 50.12. Substituting these values into the expression

for % gives
dt
de__ —14(44) +16(24)
i 5012 ~ —4.629.

Therefore, at 1:30 the distance between the two ships is decreasing at a
rate of approximately —4.63 km/hr.

b) The time at which the two ships will stop approaching each other and

begin to move away is when the value of % changes from negative to

positive. So we need to find when de _ .

dt
E:M:():_MQ_F 16b=0
dt c
Substituting in a = 65 — 14tand b = 16¢ gives:

910
452

Therefore, just moments after 2:00 the two ships will stop approaching
and start moving away from each other.

—14(65 — 14t) + (161) = 0 =452t — 910 = 0=t = ~2.013

Exercise 15.4

1 A water tank is in the shape of an inverted cone. Water is being drained from the

tank at a constant rate of 2 m3/min. (Since volume is decreasing, Z_\t/ is negative.)

The height of the tank is 8 m, and the diameter of the top of the tankis 6 m.
When the height of the water is 5 m, find, in units of cm/min, the following:

a) the rate of change of the water level
b) the rate of change of the radius of the surface of the water.

2 A spherical balloon is being inflated at a constant rate of 240 cm?/sec. [V = %77/3]
a) At what rate is the radius increasing when the radius is equal to 8 cm?
b) At what rate is the radius increasing 5 seconds after the start of inflation?

3 Qilis dripping from a car engine on to a garage floor, making a growing circular
stain. The radius, r, of the stain is increasing at a constant rate of 1 cm/hr. When
the radius is 4 cm, find:

a) the rate of change of the circumference of the stain
b) the rate of change of the area of the stain.

4 Ahot air balloon is rising straight up from a level field at a constant rate of
50 m/min. An observer is standing 150 m from the point on the ground where
the balloon was launched. Let 6 be the angle between the ground and the
observer's line of sight to the balloon from the point at which the observer is
standing (angle of elevation of the balloon). What is the rate of change of 6 (in
radians/min) when the height of the balloon is 250 m?

5 Jenny is flying a kite at a constant height above level ground of 72 m. The wind
carries the kite away horizontally at a rate of 6 m/sec. How fast must Jenny let out
the string at the moment when the kite is 120 m away from her?
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10

11

12

13

14

15

16

A 5-foot boy is walking toward a 20-foot lamp post

at a constant rate of 6 ft/sec. The light from the

lamp post causes the boy to cast a shadow.
How fast is the tip of his shadow moving? 20ft

Two cars start from a point A at the same time. One travels west at 60 km/hr
and the other travels north at 35 km/hr. How fast is the distance between them
increasing 3 hours later?

dx
A point moves along the curve y = vx? + 1 in such a way thatE =4,

; 'y _
Find T when x = 3.

A horizontal trough is 4 m long, 1.5 m wide and 1 m deep. Its cross-section is an
isosceles triangle. Water is flowing into the trough at a constant rate of

0.03 m3/sec. Find the rate at which the water level is rising 25 seconds after the
water started flowing into the trough.

/4m/ <«<—15m—>

If the radius of a sphere is increasing at the constant rate of 3 mm/sec, how fast is
the volume changing when the surface area is 10 mm?? [Surface area = 4711?]

Two roads, A and B, intersect each other at an angle of 60°. Two cars, one on
road A travelling at 40 km/hr and the other on road B travelling at 50 km/hr, are
approaching the intersection. If, at a certain moment, the two cars are both 2 km
from the intersection, how fast is the distance between them changing?

If the diagonal of a cube is increasing at a rate of 8 cm/sec, how fast is a side of
the cube increasing?

A point P is moving along the circle with equation x* + y? = 100 at a constant
rate of 3 units/sec. How fast is the projection of P on the x-axis moving when P is
5 units above the x-axis?

Ajet s flying at a constant speed at an altitude of 10000 m on a path that will
take it directly over an observer on the ground. At a given instant the observer

determines that the angle of elevation of the jet is %T radians and is increasing at
a constant rate ofg—o radians/sec. Find the speed of the jet.

A television cameraman is filming an automobile race from a platform that is

40 metres from the racing track, following a car that is moving at 288 km/hr. How
fast, in degrees per second, will the camera be turning when a) the car is directly
in front of the camera and b) a half second later? Answer to the nearest whole
degree.

A plane is flying due east at 640 km/hr and climbing vertically at a rate of

180 m/min. An airport tower is tracking it. Determine how fast the distance
between the plane and the tower is changing when the plane is 5 km above the
ground over a point exactly 6 km due west of the tower. Express the answer in
km/hr.



@ Optimization

Many problems in science and mathematics involve finding the maximum or
minimum value (optimum value) of a function over a specified or implied
domain. The development of the calculus in the seventeenth

century was motivated to a large extent by maxima and minima
(optimization) problems. One such problem lead Pierre de Fermat
(1601-1665) to develop his Principle of Least Time: a ray of light will follow
the path that takes the least (or minimum) time. The solution to Fermat’s
principle lead to Snell’s law, or law of refraction (see the investigation at

the end of this section). The solution is found by applying techniques of
differential calculus — which can also be used to solve other optimization
problems involving ideas such as least cost, maximum profit, minimum
surface area and greatest volume.

Previously, we learned the theory of how to use the derivative of a function
to locate points where the function has a maximum or minimum (i.e.
extreme) value. It is important to remember that if the derivative of a
function is zero at a certain point it does not necessarily follow that the
function has an extreme value (relative or absolute) at that point — it only
ensures that the function has a horizontal tangent (stationary point) at that
point. An extreme value may occur where the derivative is zero or at the
endpoints of the function’s domain.

The graph of f(x) = x* — 8x° + 18x> — 16x — 2 is shown left. The derivative
of f(x) is f'(x) = 4x° — 24x* + 36x — 16 = 4(x — 4)(x — 1) The function
has horizontal tangents at both x = 1 and x = 4, since the derivative is zero
at these points. However, an extreme value (absolute minimum) occurs

only at x = 4. It is important to confirm — graphically (see GDC images)

or algebraically — the precise nature of a point on a function where the
derivative is zero. Some different algebraic methods for confirming that a
value is a maximum or minimum will be illustrated in the examples that
follow.

It is also useful to remember that one can often find extreme values
(extrema) without calculus (e.g. using a ‘minimum’ command on a
graphics calculator, as shown). Calculator or computer technology can be
very helpful in modelling, solving or confirming solutions to optimization
problems. However, it is important to learn how to apply algebraic
methods of differentiation to optimization problems because it may be the
only efficient way to obtain an accurate solution.

Let’s start with a relatively straightforward example. We can use the steps
in the solution to develop a general strategy that can be applied to more
sophisticated problems.

Example 25 - Finding a maximum area (Developing a general strategy)

Find the maximum area of a rectangle inscribed in an isosceles right
triangle whose hypotenuse is 20 cm long.

(CALCULATE NN

l:value
2:Zero
[EBminimum

4 :maximum
5:1ntersect
6:dy/dx

7: 0T (x)dx

Minimum
X=4.0000008 Y=-34
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Solution

Step 1: Draw an accurate diagram. Let the base of the rectangle be xcm
and the height ycm. Then the area of the rectangle is A = xycm?.

Step 2: Express area as a function in terms of only one variable.

» It can be deduced from the diagram that y = 10 — %C
y 2
l Therefore, A(x) = x(lO - 2) =10x — =.
45° ] 45° 2 2
X <10-5—> x must be positive and from the diagram it is clear that
20cm x must be less than 20 (domain of A: 0 < x < 20).

Step 3: Find the derivative of the area function and find for what
value(s) of x it is zero.

A'(x) =10 — x A'(x) = 0 when x = 10

Step 4: Analyze A(x) at x = 10 and also at the endpoints of the
domain, x = 0 and x = 20.

The second derivative test (Section 13.3) provides information
about the concavity of a function. The second derivative is A”(x)
= —1 and since A”(x) is always negative then A(x) is always
concave down, indicating A(x) has a maximum at x = 10.

A(0) = 0 and A(20) = 0, indicating A(x) has an absolute
maximum at x = 10.

Therefore, the rectangle has a maximum area equal to

A(10) = 10(10 - 12—0) = 50 cm?.

General strategy for solving optimization
problems

Step 1: Draw a diagram that accurately illustrates the problem. Label all
known parts of the diagram. Using variables, label the important
unknown quantity (or quantities) (for example, x for base and y
for height in Example 25).

Step 2: For the quantity that is to be optimized (area in Example 25),
express this quantity as a function in terms of a single variable.
From the diagram and/or information provided, determine the
domain of this function.

Step 3: Find the derivative of the function from Step 2, and determine
where the derivative is zero. This value (or values) of the derivative,
along with any domain endpoints, are the critical values
(x =0, x = 10 and x = 20 in Example 25) to be tested.

Step 4: Using algebraic (e.g. second derivative test) or graphical (e.g. GDC)
methods, analyze the nature (maximum, minimum, neither) of the
points at the critical values for the optimized function. Be sure to
answer the precise question that was asked in the problem.
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Example 26 - Finding a minimum length — two posts problem

Two vertical posts, with heights of 7m and 13 m, are secured by a rope
going from the top of one post to a point on the ground between the posts
and then to the top of the other post. The distance between the two posts
is 25 m. Where should the point at which the rope touches the ground be
located so that the least amount of rope is used?

Solution

Step 1:

Step 2:

Step 3:

An accurate diagram is drawn. The posts are drawn as line
segments PQ and TS and the point where the rope touches the
ground is labelled R. The optimum location of point R can be
given as a distance from the base of the shorter post, QR, or from
the taller post, SR. It is decided to give the answer as the distance
from the shorter post — and this is labelled x. There are two other
important unknown quantities: the lengths of the two portions of
the rope, PR and TR. These are labelled a and b, respectively.

The quantity to be minimized is the length L of the rope, which is
the sum of a and b. From Pythagoras’ theorem, a = v x* + 49 and

b=,/(25 — x)* + 169. Therefore, the function for length (L) can
be expressed in terms of the single variable x as

L(x) = Vx2+ 49 + /(25 — x)* + 169

=Vx2+ 49 + V¥ — 50x + 625 + 169

L(x) = Vx> + 49 + Vx? — 50x + 794

From the given information and diagram, the domain of
L(x)is 0 < x < 25.

To facilitate differentiation, express L(x) using fractional exponents:
L(x) = (2 + 49): + (2 — 50x + 794)

Then apply the chain rule for differentiation:
dL _ 1

5 =302 +49) 2(2x) + 5 — 50x+794) *(2x— 50) =

dar _ x x—25
dx /x> +49 /x> —50x + 794

By setting % = 0, we obtain
x/x?* = 50x + 794 = — (x — 25)Vx* + 49
x2(x? — 50x + 794) = (25 — x)*(x* + 49)
x* —50x° + 794x* = x* — 50x° + 674x* — 2450x + 30625
120x> + 2450x — 30625 = 0
5(4x — 35)(6x + 175) =0
=3 _175

XTOI'XZ 6
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Step 4: Since x = — % is not in the domain for L(x), then the critical
values are x = 0, x = ’%5 and x = 25. Simply evaluate L(x) for these

critical values.

L(0) =7 + V794 = 35.18, L(25) = V674 + 13 = 38.96,

L(34—5) — 5/41 ~ 32.02

Therefore, the rope should touch the ground at a distance of
%TS = 8.75m from the base of the shorter post, to give a minimum

rope length of approximately 32.02 m.

The minimum value could also be confirmed from the graph of L(x), but
it would be difficult to confirm using the second derivative test because
of the algebra required. From this example, we can see that applied
optimization problems can involve a high level of algebra. If you have
access to suitable graphing technology, you could perform Steps 3 and 4
graphically rather than algebraically.

Plotl Plot2 Plot3 WINDOW \—/

NYIEV (X2+49) +V (X ij_ngo

2-50X+794) Xmax=25 [

\Yo= Xscl=5

\Y3= Ymin=0

\Ya= Ymax=40

\Ys5= Yscl=5

\Ye= Xres=1

4
g:intersect
7

:dy/dx inimum
:J‘\f/ (x)dx X=8.7499988 Y=32.015621

It is interesting to observe that the result for x produced by the calculator
does not appear to be exact. Why is that? Algebraic techniques using
differentiation give us the certainty of an exact solution while also allowing
us to deal with the abstract nature of optimization problems involving
parameters rather than fixed measurements (e.g. the heights of the posts).

In both Example 25 and 26, the extreme value occurred at a point where
the derivative was zero. Although this often happens, an extreme value may
occur at the endpoint of the domain.

Example 27 - An endpoint maximum

A supply of four metres of wire is to be used to form a square and a circle.
How much of the wire should be used to make the square and how much
should be used to make the circle in order to enclose the greatest amount
of area? Guess the answer before looking at the following solution.
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Solution
Step 1: Let x = length of each edge of the square and r = radius of the circle.

Step 2: The total area is given by A = x> + 77, The task is to write the
area A as a function of a single variable. Therefore, it is necessary
to express 7 in terms of x, or vice versa, and perform a substitution.

The perimeter of the square is 4x and the circumference of the

circle is 27rr. The total amount of wire is 4 m which gives
2(1 — x)
4=4x+2mr = 2mr=4—4x = 1r=—F—

2(1 — %)
Substituting gives A(x) = x> + [7< T x)] =x+

4(1 — x)?
T

= Li(m+ 42 — 8x+ 4]

Because the square’s perimeter is 4x, then the domain for A(x) is

0=x=1.

Step 3: Differentiate the function A(x), set equal to zero, and solve.

4m

d(1 1
L7+ 02 — 8x +4]) = Z2(m + 9x— 8] =0
-_ = = = L ~
Am+4)x—8=0 = (m+4x=4 = x=_—"—7=05601
The critical values are x = 0, x = 0.5601 and x = 1.
Plotl Plot2 Plot3 WINDOW Y1=(1/m) ( (m+4)X?-8X+4)
\YiE (1/%) ((n+4) X| | Xmin=0
2-8X+4)m Xmax=1
\Yo= Xscl=1
\Y3= Ymin=0
\Ya= Ymax=1.5
\Ys= Yscl=1
\Ye= Xres=1 X=0 Y=1.2732395.

Step 4: Evaluating A(x): A(0) = 1.273, A(0.5601) = 0.5601 and A(1) = 1.
Therefore, the maximum area occurs when x = 0 which means all
the wire is used for the circle.

What would the answer be if Example 27 asked for the dimensions of the
square and circle to enclose the least total area?

Example 28 - Minimizing time

A pipeline needs to be constructed to link an offshore drilling rig to an
onshore refinery depot. The oil rig is located at a distance (perpendicular
to the coast) of 140 km from the coast. The depot is located inland at a
distance (perpendicular) of 60 km from the coast. For modelling purposes,
the coastline is assumed to follow a straight line. The point on the coastline
nearest to the oil rig is 160 km from the point on the coastline nearest to
the depot. The rate at which crude oil is pumped through the pipeline
varies according to several variables, including pipe dimensions, materials,
temperature, etc. On average, oil flows through the offshore section of the
pipeline at a rate of 9 km per hour and 5 km per hour through the onshore
section. Assume that both sections of pipeline can travel straight from

one point to another. At what point should the pipeline intersect with the
coastline in order for the oil to take a minimum amount of time to flow
from the rig to the depot?




Solution

R Step 1:

160km

Step 2:

Steps 3/4:

Differential Calculus 1I: Further Techniques and Applications

The optimum location of the point, C, where the pipeline comes
ashore will be designated by the distance, x, it is from the point
on the coast that is a minimum distance (perpendicular) from
the rig, R (140 km). The distance from R to Cis v x*> + 140? and
the distance from D (depot) to Cis /(160 — x)* + 602

The quantity to be minimized is time, so it is necessary to
express the total time it takes the oil to flow from Rto D in terms
of a single variable.

. distance . _Vx*+19600km
time = ——r— = time (offshore) = 9km/hr ;

V2 — 320x + 29200 km
5 km/hr

The function for time T in terms of x is:

2 2
T(x) = V% +9196OO e 320;c+29200

and the domain for T(x) is 0 < x < 160.

time (onshore) =

The algebra for finding the derivative of T(x) is similar to that of
Step 3 in Example 26. Let’s use graphing technology to find the
value of x that produces a minimum for T(x).

Plotl Plot2 Plot3
\Y1EV (X?+19600) /
9+/ (X?-320X+2920
0)/5

\Y2=

\Y3:

\Ya= Minimum

\Y5= X=134.93037 Y=34.609604

Therefore, the optimum point for the pipeline to intersect with
the coast is approximately 134.9 km from the point on the coast
nearest to the drilling rig.

The result could also be obtained by having a calculator or
computer graph the derivative of T(x) and compute any zeros
for T'(x) in the domain.

Plotl Plot2 Plot3
\Y1=v(X?+19600) / W%ﬂ?%
9+V (X?-320X+2920 Xmax=160
0)/5 Xscl=10
\Y>BnDeriv (Y1, X, Ymin=-.25
X) Ymax=.1
\Y3= Yscl=.1
\Ya= Xres=110

:maximum
:lntersect

:dy/dx Z
: J‘% (x)dx Xe134.93036 Y=0

See the Investigation and how solving a problem similar to Example 28

derives Snell’s law (or law of refraction).
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Investigation - Snell’s law

The speed of light depends on the medium through which light travels and
is generally slower in denser media. The speed of light in a vacuum is an
important physical constant and is exactly 299792 458 m/s. A metre is defined

. . . . 1
to be the distance that light travels in a vacuum in 399797 458 of a second.

Typically, the speed of light in a vacuum (denoted by the letter ¢) is given the
approximate value of 3 X 108 m/s, but in the Earth’s atmosphere light travels
more slowly than that and even more slowly through glass and water. Normal

Fermat’s principle in optics states that light travels from one point
to another along a path for which time is a minimum. Investigate A Medium 1
the path that a ray of light will follow in going from a point A in a
transparent medium, where the speed of light is ¢, to a point B in
a different transparent medium, where its speed is ¢, as illustrated riarEEe & p d
in the diagram left. Using algebra and differentiation, prove that for Y
time to be a minimum the following relationship must hold:

sin 6 sin 6 . . . > o
G L= 5 2. This equation is known as Snell’s law or the law Medium 2

3
>
X

X 02

of refraction. Why is a graphics calculator not helpful? d—x

Assume that the two points, A and B, lie in the xy-plane and the x-axis
(interface) separates the two media. A light ray is refracted (deflected)
when it passes from one medium to another. 6, is the angle of incidence
and 6, is the angle of refraction (both angles measured between ray and
normal to the interface).

1 Find the dimensions of the rectangle YA
with maximum area that is inscribed
in a semicircle with radius 1 cm.
Two vertices of the rectangle are
on the semicircle and the other
two vertices are on the x-axis,
as shown in the diagram.

3
»

(-1,0 0 (1,00 X

2 Arectangular piece of aluminium is to be rolled to make a cylinder with open
ends (a tube). Regardless of the dimensions of the rectangle, the perimeter of
the rectangle must be 40 cm. Find the dimensions (length and width) of the
rectangle that gives a maximum volume for the cylinder.

3 Find the minimum distance from the graph of the function y = Vx and the point
G 0.

4 A rectangular box has height h cm, width x cm and length 2x cm. It is designed
to have a volume equal to 1 litre (1000 cm?).

a) Show thath = Sxizocm.

b) Find an expression for the total surface area, Scm?, of the box in terms of x.
c) Find the dimensions of the box that produces a minimum surface area.




e Hint: Write an equation for 8in
terms of x and find the value of x
which makes 6 a maximum by using
your GDC.

Differential Calculus 1I: Further Techniques and Applications

5 The figure right consists of

a rectangle ABCD and two
semicircles on either end.
The rectangle has an area of
100 cm?. If x represents the
length of the rectangle AB,
find the value of x that makes
the perimeter of the entire

figure a minimum.

Two vertical posts, with heights 12
metres and 8 metres, are 10 metres
apart on horizontal ground. A rope
that stretches is attached to the top of
both posts and is stretched down so
that it touches the ground at point A
between the two posts. The distance
from the base of the taller post to point
A'is represented by x and the angle
between the two sections of rope is 6.
What value of x makes 6a maximum?

A ladder is to be carried horizontally
down an L-shaped hallway. The first
section of the hallway is 2 metres
wide and then there is a right-angled
turn into a 3-metre wide section.
What is the longest ladder that can be
carried around the corner?

Charlie is walking from the
wildlife observation tower
(point T) to the Big Desert road

Park office (point O). The
tower is 7 km due west and
10 km due south from the
office. There is a road that
goes to the office that Charlie
can get to if she walks 10 km
due north from the tower.
Charlie can walk at a rate of
2 kilometres per hour (kph)
through the sandy terrain of
the park, but she can walk

a faster rate of 5 kph on the
road. To what point, A, on the
road should Charlie walk to

A B
P X >
D C
12m
8m
~—x——A
< 10m >
3lm
<«2m—>»
< 7km >
«—d—>
e --—-—-—-—-—-—-—-—-—-——— =) |
A A [0)
10km
vy
T

in order to take the least time to walk from the tower to the office? Find the
value of d such that point A is d km from the office.

Two vertices of a rectangle are on the x-

the curvey = xzi_ 7 (See Exercise 15.1

the rectangle.

axis, and the other two vertices are on

, question 12.) Find the maximum area of



10 A ship sailing due south at 16 knots is 10 nautical miles north of a second ship
going due west at 12 knots. Find the minimum distance between the two ships.

11 Find the height, h, and the base radius, r, of the largest right circular cylinder that
can be made by cutting it away from a sphere with a radius of R.

(||

12 Nadia is standing at point A that is a km away in the countryside from a straight
road XY (see diagram). She wishes to reach the point Y where the distance from
Xto Yis bkm. Her speed on the road is rkm/hr and her speed travelling across
the countryside is c km/hr, such that r > c. If she wishes to reach Y as quickly as
possible, find the position of point P where she joins the road.

A

|
L

b

13 A cone of height h and radius ris constructed from a circle with radius 10 cm by
removing a sector AOC of arc length x cm and then connecting the edges OA
and OC. What arc length x will produce the cone of maximum volume, and what
is the volume?

h 10cm
A
C - I
NOT TO SCALE
14 Point Pis a units above the line AB,
and point Qis b units below line AB
(see diagram). The velocity of light
is u units/second above AB and v o
units/second below AB, and u >v. a
The angles @ and B are the angles ’
that a ray of light makes with a ’ R Q
perpendicular (normal) to line AB A P B
above and below AB, respectively.
Show that the following b
relationship must hold true. B

sina __ U

sinB v Q
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Practice questions

1 The diagram shows the YA
graph of y = f(x).

o
<y

Copy the grid right and sketch VA
the graph of y = f'(x).

0 X
2 The diagram right shows part of the graph YA
of the function f:x+— —x3 — 2x2 + 8x. f(x) 10+
The graph intersects the x-axis at (—4, 0), 5
(0, 0) and (2, 0). There is a minimum point - —— T —
. . =5 -¥ =3 =2 =1 1 2\ 3
at Cand a maximum point at D. 5
a) The function may also be written in the 10
form f:x— — x(x — a)(x — b), where 15
a < b. Write down the value of C —>o-
(i) a (i) b.
b) Find
(i) 7'(x)

(i) the exact values of x at which f'(x) = 0
(iii) the value of the function at D.

c) (i) Find the equation of the tangent to the graph of fat (0, 0).
(ii) This tangent cuts the graph of fat another point. Give the x-coordinate of this point.

3 In a controlled experiment, a tennis
ball is dropped from the uppermost
observation deck (447 metres high) of
the CN Tower in Toronto.

The tennis ball’s velocity is given by

v(t) = 66 — 66013

where Vvis in metres per
second and tis in seconds.




10

11

a) Find the value of vwhen
(i) t=0 (ii) t=10.
b) (i) Find an expression for the acceleration, &, as a function of t.
(ii) What is the value of awhen t = 0?
c) (i) Astbecomes large, what value does vapproach?
(ii) As tbecomes large, what value does a approach?
(iii) Explain the relationship between the answers to parts c)(i) and (ii).

Given the function f(x) = x3 + 7x% + 8x — 3,

a) identify any points as a relative maximum or minimum and find their exact
coordinates

b) find the exact coordinates of any inflexion point(s).

Consider the function g(x) = 2 + 1

e¥

a) (i) Find g'(x).

(i) Explain briefly how this shows that g(x) is a decreasing function for all values

of x (i.e. that g(x) always decreases in value as x increases).

Let P be the point on the graph of g where x = —
b) Find an expression in terms of e for

(i) the y-coordinate of P

(ii) the gradient of the tangent to the curve at P.
) Find the equation of the tangent to the curve at P, giving your answer in the form

y=mx+c

il
o

2x2 — 13x + 20

Consider the function fgiven by f(x) = a1 x # 1.
a) Show that f'(x) = 9x = 27, x# 1.

(x— 1P
The second derivative is given by (x) = % x # 1.

b) Using values of f'(x) and "(x), explain why a minimum must occur at x = 3.
c) There is a point of inflexion on the graph of £. Write down the coordinates of this
point.

Differentiate with respect to x:
_ 1
V=

b) y = esin 5x
c) y=tan¥x?

The curve with equation y = Ax + B + g x € R, x # 0, has a minimum at P(1, 4)

and a maximum at Q(—1, 0). Find the value of each of the constants A, Band C.
o dy dYy .

Find i and Tl at the point (1, 1) on the curve x3 + y3 = 2.

Differentiate with respect to x:

a) y= b) y = e*sin2x € y=(x2—1)In(3x)

X
e* —1
The normal to the curve y = x? — 4x at the point (3, —3) intersects the x-axis at point

P and the y-axis at point Q. Find the equation of the normal and the coordinates of P
and Q.
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12

13

14

15

Let y = h(x) be a function of x for 0 < x < 6. The graph of A has an inflexion point at
P and a maximum point at M.
Partial sketches of the curves of h’(x) and h”(x) are shown below.

h'(x) A Hi() A
6 6
5 54
41 4-
3 3
2 2
1 1
o EEIETREYREREL
Lo L5
L3 L3
L4 L4
L5 L5
L6 L6
y=hx) y="h"(x)

Use the above information to answer the following.

a) Write down the x-coordinate of Pand justify your answer.

b) Write down the x-coordinate of M and justify your answer.

c) Given that h(3) = 0, sketch the graph of h. On the sketch, mark the points Pand M.

Find the equation of the normal to the curve x2 + xy + y2 — 3y = 10 at the point (2, 3).

A cylinder is to be made with an exact volume of 1287 cm?. -
What should be the height h and the radius r of the

cylinder's base so that the cylinder's surface area is a

minimum? I
A rectangle has its base on the VA
x-axis and its upper two vertices 151
on the parabola y = 12 — x2, as
shown in the diagram. What is the
1 — 2

largest area that the rectangle can oL INAT /=7
have, and what are its dimensions
(i.e. length and width)?

5 -

—'5—'4/—'3—'2—'10 12 é\i 5 X




16 The figure below shows the graph of a function y = f(x). At which one of the five
points on the graph:
a) are f'(x) and "(x) both negative?
b) is f'(x) negative and f"(x) positive?
c) s f'(x) positive and f"(x) negative?

YA

0 X

2x—1

17 Find the equation of the normal to the curve with equation y = T

(=3, 7).

at the point

18 Find the equation of a) the tangent, and b) the normal to the curve y = In (4x — 3) at
the point (1, 0).

19 Consider the function 7(x) = x%In x.
a) Find the exact coordinates of any stationary points. Indicate whether it is a
maximum or minimum (and absolute or relative).
b) Find the exact coordinates of any inflexion points.

20 a) Determine the constant a such that the function f(x) = x2 + 5 has (i) a local
minimum at x = 2 and (ji) a local minimum at x = —3.
c) Show that the function cannot have a local maximum for any value of a.

21 Aline passes through the point (3, 2) and intersects both the x-axis and the y-axis,
forming a triangular region in the first quadrant bounded by the x-axis, the y-axis and
the line. Find the equation of such a line that creates a triangle of minimum area.

22 Find the equation of both the tangent and normal to the curve y = xtan x at the point

a
where x = &,
4

23 A very important function in statistics is the equation for the standard normal curve
_x
e 2

ezo)

a) Find the coordinates of any stationary points and of any inflexion points.

b) What happens when x — oo, and when x — —oo? Give the equation for any
asymptotes.

c) Sketch a graph of f(x) and indicate the location of any of the points found in part a).

(mean = 0, standard deviation = 1) given by f(x) =

24 Let fbe the function given by f(x) = 2In(x2 + 3) — x.
a) Find the x-coordinate of each maximum and minimum point of £. Justify your
answer(s).
b) Find the x-coordinate of each inflexion point of 1. Justify your answer(s).

25 The rate at which cars on a road pass a certain point is known as the flow rate and is in

units of cars per hour. The flow rate, £, of a certain road is given by
Flx) = ﬁxmw where x is the speed of the traffic in kilometres per hour. What

speed will maximise the flow rate on the road?
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26
27
28

29

30

31

32

33

34

35

36

37

38

39

d
If 2x? — 3y% = 2, find the two values ofd—zwhen x =5,

Differentiate y = arccos(1 — 2x?) with respect to x, and simplify your answer.

For the function 7:x — x2 1nx, x > 0, find the function f’, the derivative of fwith
respect to x.

For the function f:x — %sin 2x + cos x, find the possible values of sin x for which
f'(x) = 0.

Find the gradient of the tangent to the curve 3x2 + 4y? = 7 at the point where x = 1
and y > 0.

If f(x) =
a) f'(x)
b) the value of x where the gradient of f(x) is equal to x.

In(2x — 1), x > % find

Find the x-coordinate, between —2 and 0, of the point of inflexion on the graph of the
function f:x — x2e*. Give your answer to 3 decimal places.

A normal to the graph of y = arctan (x — 1), for x > 0, has equation y = —2x + ¢,
where ¢ €R. Find the value of c.

The function fis given by f:x — e' ™" ™, x = 0.
a) Find f'(x).

Let x, be the value of x where the (n + 1)th maximum or minimum point occurs, n €
{N} (i.e. x4 is the value of x where the first maximum or minimum occurs, x; is the value
of x where the second maximum or minimum occurs, etc.).

b) Find x, in terms of n.

Let f(x) = x(/(x? — 1)), —14<x< 14
a) Sketch the graph of f(x). (An exact scale diagram is not required.)
On your graph indicate the approximate position of
(i) each zero
(ii) each maximum point
(i) each minimum point.
b) (i) Find f'(x), clearly stating its domain.
(i) Find the x-coordinates of the maximum and minimum points of #(x),
for =1 <x<1.
) Find the x-coordinate of the point of inflexion of f(x), where x > 0, giving your
answer correct to four decimal places.

The line y = 16x — 9 is a tangent to the curve y = 2x3 + ax? + bx — 9 at the point
(1, 7). Find the values of a and b.

Consider the function y = tanx — 8sinx.
. dy _ o dy
a) Find—=.  b) Find the value of cos x for which —= = 0.
dx dx
Consider the tangent to the curve y = x* + 4x? + x — 6.
a) Find the equation of this tangent at the point where x = —1.

b) Find the coordinates of the point where this tangent meets the curve again.
Let y = sin (kx) — kx cos (kx), where kis a constant.

dy )
Show that == = k%x sin (kx).
dx



40

41

42

43

44

45

46

47

48

A curve has equation xy® + 2x% = 3. Find the equation of the tangent to this curve at
the point (1, 1).

The function fis defined by
flx) = xX—x+1
x2+x+1

a) (i) Find an expression for f'(x), simplifying your answer.

(i) The tangents to the curve of f(x) at points A and B are parallel to the x-axis.

Find the coordinates of A and of B.

b) (i) Sketch the graph of y = '(x).

(i) Find the x-coordinates of the three points of inflexion on the graph of £
¢) Find the range of

(i) f

(ii) the composite function fo f
Air is pumped into a spherical ball which expands at a rate of 8 cm? per second
(8cm? s7"). Find the exact rate of increase of the radius of the ball when the radius is
2.cm.

A curve has equation x?y? = 8. Find the equation of the normal to the curve at the
point (2, 1).

2
The function fis defined by f(x) = % for x > 0.
a) (i) Show that
Fx) = 2x _2352 In2
(i) Obtain an expression for f”(x), simplifying your answer as far as possible.
b) (i) Find the exact value of x satisfying the equation f'(x) = 0.
(ii) Show that this value gives a maximum value for (x).
¢) Find the x-coordinates of the two points of inflexion on the graph of f.

Consider the function f(f) = 3 sec? t + 5t.
a) Find 7' (2.
b) Find the exact values of

(i) f(m)

(ii) '(m).
Consider the equation 2xy% = x% + 3.
a) Find ywhenx = 1andy <0.

. dy
b) Find —=whenx = 1andy <0.

dx

Let y = e¥*sin (mx).
o dy
a) Find Ix

d
b) Find the smallest positive value of x for which d_ilc = 0.

An airplane is flying at a constant speed <—Plane
at a constant altitude of 3 km in a straight

line that will take it directly over an observer

at ground level. At a given instant the 3km
observer notes that the angle 0 is %77 l
radians and is increasing at 61—0 radians per

second. Find the speed, in kilometres per

hour, at which the airplane is moving towards the observer.

Observer
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49

50

51

52

53

54
55

56

57

58

59

60

3 a#0,b>0,c>0.
b+ e @

_acke (e ™ = b)

= e

b) Find the coordinates of the point on the curve where f”(x) = 0.
¢) Show that this is a point of inflexion.

A curve has equation f(x) =

a) Show that f”(x)

The point A1, p), where p > 0, lies on the curve 2x2y + 3)/2 = 16.
a) Calculate the value of p.
b) Calculate the gradient of the tangent to the curve at P.

The function fis defined by f: x — 3*.
Find the solution of the equation 7(x) = 2.

The following diagram shows an isosceles triangle ABC with AB = 10 cm and
AC = BC.The vertex Cis moving in a direction perpendicular to (AB) with speed 2 cm
per second.

Calculate the rate of increase of the angle CAB at the moment the triangle is
equilateral.

iy = In(2x — 1), find 22

¥ = In(2x ,fin e
Find the equation of the normal to the curve x> + y3 — 9xy = 0 at the point (2, 4).
The function " is given by f'(x) = 2sin (Sx = 777)
a) Write down ”(x).

b) Given that f(g) =1, find f(x).

Find the gradient of the normal to the curve 3x%y + 2xy? = 2 at the point (1, —2).

The function fis given by f(x) = X'+ 2

, x 7 0.There is a point of inflexion on the

x
graph of fat the point P. Find the coordinates of P.

An experiment is carried out in which the number n of bacteria in a liquid is given

by the formula n = 650e*, where tis the time in minutes after the beginning of the
experiment and k is a constant. The number of bacteria doubles every 20 minutes. Find
a) the exact value of k

b) the rate at which the number of bacteria is increasing when t = 90.

Let fbe a cubic polynomial function. Given that £(0) = 2, f'(0) = —3, f(1) = f'(1) and
(—1) = 6, find (x).

Let f(x) = cos* (4x + 1), 0 <x < 1.
a) Find 7' (x).
b) Find the exact values of the three roots of f'(x) = 0.
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62

63

64

65

66

67
68

. . dy
Given that 3**J = x3 + 3y, find —.
dx

Let 7be the function defined for x > —% by f(x) = In3x + 1).
a) Find 7'(x).
b) Find the equation of the normal to the curve y = f(x) at the point where x = 2.

Give your answer in the form y = ax + bwhere a, b € R.

o> _
Letyzxarcsinx,xE(—L1).Showthat—y= 2 x23.
ax? (1 — x92
dy

Given that eV — y2Inx = efor x = 1, find — at the point (1, 1).

dx

The function fis defined by f(x) = sz for x = bwhere b € R.
x4+ 6

o 12 — 2x2

a) Show that f'(x) = m

b) Hence, find the smallest exact value of b for which the inverse function =" exists.
Justify your answer.

Consider the curve with equation x* + xy + y? = 3.

a) Find in terms of , the gradient of the curve at the point (—1, k).

b) Given that the tangent to the curve is parallel to the x-axis at this point, find the
value of k.

Find the gradient of the tangent to the curve x3y? = cos (#ry) at the point (—1, 1).

André wants to get from point A located in the sea to point Y located on a straight
stretch of beach. P is the point on the beach nearest to A such that AP = 2 km and
PY = 2 km. He does this by swimming in a straight line to a point Q located on the
beach and then running to Y. A

Y
2km

When André swims he covers 1km in 5v/5 minutes. When he runs he covers 1 kmin 5

minutes.

a) IfPQ = xkm, 0 < x < 2, find an expression for the time T minutes taken by André
to reach point Y.

msmem%gz—EEZ——

&Vt d
o(nwW%:u

(ii) Use the value of x found in part c) (i) to determine the time, T minutes, taken

for André to reach point Y.
d2T _ 205
dx’ (2 + 4y
is a minimum.

(iii) Show that and hence show that the time found in part c)
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69 The function fis defined by f(x) = xe?".

It can be shown that f)(x) = (2"x + n?"~")e? for all n € Z*, where f(x) represents
the nth derivative of f (x).
a) By considering f(x) for n = 1 and n = 2, show that there is one minimum point P
on the graph of £, and find the coordinates of P.
b) Show that fhas a point of inflexion Qat x = —1.
c) Determine the intervals on the domain of f where fis
(i) concave up
(ii) concave down.
d) Sketch 7', clearly showing any intercepts, asymptotes and the points Pand Q.
e) Use mathematical induction to prove that f™(x) = (2x + n2"~")e? for all
n € Z*, where 1(x) represents the nth derivative of f (x).

70 The diagram below shows the boundary of the cross-section of a water channel.

YA
—12 12 .
0 X
Water depth
—16

The equation that represents this boundary is y = 16 sec (g—g) — 32 where x and y
are both measured in cm.

The top of the channel is level with the ground and has a width of 24 cm. The maximum
depth of the channel is 16 cm.

Find the width of the water surface in the channel when the water depth is 10 cm. Give
your answer in the form aarccos b where a, b € R.

71 The graphs given below are those of the same function y = 7 (x) fora < x < b.

. d @y

Sketch, on the given axes, the graphs of a) W and b) e
Indicate clearly the positions of any asymptotes.

YA YA

Q-

o
(S

<Y
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@ ntegral Calculus

Assessment statements

6.4 Indefinite integration as anti-differentiation.
Indefinite integral of x”, sin x, cos x, 1/x and e*.
The composites of any of these with a linear function.

6.5 Anti-differentiation with a boundary condition to determine the constant
term.
Definite integrals.
Area of the region enclosed by a curve and the x-axis or y-axis in a given interval.
Areas of regions enclosed by curves.
Volumes of revolution about the x-axis or y-axis.

6.6 Kinematic problems involving displacement s, velocity v and acceleration a.
Total distance travelled.

6.7 Further integration: integration by substitution; integration by parts.

‘ Introduction

In Chapters 13 and 15 you learned about the process of differentiation.
That is, given a function, how you can find its derivative. In this chapter, we
will look at the reverse process. That is, given a function f(x), how can we
find a function F(x) whose derivative is f(x). This process is the opposite of
differentiation and is therefore called anti-differentiation.

@ Anti-derivative

An anti-derivative of the function f(x) is a function F(x) such that

d F(x) = F'(x) = f(x) wherever f(x) is defined. Table 16.1

dx v
. . . . . o Function | Anti-derivative
For instance, let f(x) = x2 It is not difficult to discover an anti-derivative f(x) Fx)
of f(x). Keep in mind that this is a power function. Since the power rule : N
reduces the power of the function by 1, we examine the derivative of x°: e
X X2
di (x3) = 3x2. 2
X 3x? x3
This derivative, however, is 3 times f(x). To ‘compensate’ for the ‘extra’ 3, x4 x°
we have to multiply by %, so that the anti-derivative is now %x3. Now, >
dn COos x sinx
—(—x3)=x2. 5 Tano
dx \3 oS 2x 3sin2x
And, therefore, %x3 is an anti-derivative of x2. e e*
Table 16.1 shows some examples of functions, each paired with one of its onx —Cosx
. . . 2
anti-derivatives. 2x x
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The diagrams below show the relationship between the derivative and the

integral as opposite operations.
C_wm D

Anti-derivative
F(x)

(Anti—differentiation) ( Differentiation )

e ]

Differentiation

Derivative
f'(x)

Example 1

Given the function f(x) = 3x%, find an anti-derivative of f(x).

Solution
F,(x) = x° is such an anti-derivative because d_dx (F,(x)) = 3x%

The following functions are also anti-derivatives because the derivative of
each one of them is also 3x%

H,(x) = x> + 27, H,(x) = x> — m,0or Hy(x) = x> + V5

Indeed, F(x) = x*> + cis an anti-derivative of f(x) = 3x? for any choice of
the constant c.

This is so simply because
(F(x) + ¢ =F'(x) + " =F(x) +0=f(x!

Thus, we can say that any single function f(x) has many anti-derivatives,
whereas a function can have only one derivative.

If F(x) is an anti-derivative of f(x), then so is F (x) + ¢ for any choice of the constant c.
Stated slightly differently, this observation says:

If F(x) is an anti-derivative of f(x) over a certain interval /, then every anti-derivative of
f(x) on /s of the form F(x) + c.

This statement is an indirect conclusion of one of the results of the mean
value theorem.




Two functions with the same derivative on an interval differ only by a constant on that
interval.

We will state the mean value theorem here in order to establish the general
rule for anti-derivatives.

Mean value theorem
A function H(x), continuous over an interval [a, b] and differentiable over ]a, b|, satisfies
H(b) — H(a) = (b — a)H'(c) for some ¢ € a, b[.

Let F(x) and G(x) be any anti-derivatives of f(x), i.e. F'(x) = G'(x).

Take H(x) = F(x) — G(x) and any two numbers x, and x, in the interval
[a, b] such that x, < x,, then

H(x,) — H(x) = (x; — x))H'(¢) = (x; — x1)*(F'(¢c) — G'(0))
= (x; — x,):0 = 0= H(x;) = H(x,)
which means that H(x) is a constant function.

Hence, H(x) = F(x) — G(x) = constant. That is, any two anti-derivatives
of a function differ by a constant.

Notation:
The notation

ff(x)dx = F(x) + ¢ (1)
where cis an arbitrary constant, means that F(x) + cis an anti-derivative
of f(x).

Equivalently, F(x) satisfies the condition that
i = ’ =
4 (F() = F'() = f(x) @

for all x in the domain of f(x).
It is important to note that (1) and (2) are just different notations to

express the same fact. For example,

[x*dx = 3x* + cis equivalent to d (%X3) = x%

dx
Note that if we differentiate an anti-derivative of f(x), we obtain f(x) back again. O

d _
Thus, —=( [fx)dx) = f(x).

The expression ff(x)dx is called an indefinite integral of f(x). The function f(x) is called the integrand and the constant c is
called the constant of integration.

The integral symbol [is made like an elongated capital S. It is, in fact, a medieval S, used by Leibniz as an abbreviation for the
Latin word summa.

We think of the combination [[1dx as a single symbol; we fill in the ‘blank’ with the formula of the function whose anti-
derivative we seek. We may regard the differential dx as specifying the independent variable x both in the function f(x) and in
its anti-derivatives.

If an independent variable other than x is used, say t, the notation must be adjusted appropriately.

Thus, %(ff(r)dr) = f(t) and [f(t)dt = F(t) + c are equivalent statements.
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Derivative formula Equivalent integration formula
%(ﬁ) = 3x? [3x%dx =x*+c
%(ﬁ)=ﬁ f%dx=ﬁ+c
%(tan f) = sec?t [sec’tdt=tant+ ¢
j/( %)—%V% f%v%dv=v%+c

Note: The integral sign and differential serve as delimiters, adjoining the integrand
on the left and right, respectively. In particular, we do not write [dx f(x) when we
mean Jf(x)dx

Basic integration formulae

Integration is essentially educated guesswork — given the derivative f(x) of
a function F(x), we try to guess what the function F(x) is. However, many
basic integration formulae can be obtained directly from their companion
differentiation formulae. Some of the most important are given in Table 16.2.

Table 16.2 > Differentiation formula Integration formula

1] L =1 [dx=x+c
dx

2 d(x”*) (n+ 1)x"n#—1 [x dx——++cn;é—1
dx ' n+1

3 | =Ginx) = cosx [cosxdx =sinx+c
dx

4 d—(cosx) —sinx [sinvdv = —cosv+c
d 2 2 —

5 | ZplanD=sec’t [sec?tdt=tant + ¢
d vV 2 P v

6 | @ =e [erdv=re"+c
d 1

7 d—(|n|x|)=§ f]}dx= Inx| + ¢
i( x Xy = o

8 dx\Ina Jadx InanrC
d ) 1 ax .
4, = —2 = arcsinx + ¢

9 dx(arcsm X) — f ——

10 i(arctan x) = ! f dx arctanx + ¢
dx 1+ x? T+ x?

Formula (7) is a special case of the ‘power’ rule formula (2), but needs
some modification.

If we are given the task to integrate alc’ we may attempt to do it using the
power rule:

f%dx = [xldx= (—D%lx(il)ﬂ +c= %x‘) + ¢, which is undefined.
However, the solution is clearly found by observing what you learned in
Chapter 15.




In Section 15.3 you learned that
d—i(lnx) = )lc, x> 0.
This implies
f%dx= Inx+ ¢ x> 0.
However, the function % is differentiable for x < 0 too. So, we must be able
to find its integral.
The solution lies in the chain rule!
If x < 0, we can write x = —u where u > 0. Then dx = —du, and
f%dxz f_iu(—du) = f%du =lnu+cu>0.
But u = —x, therefore when x < 0

f ch dx=Inu+ c¢=In(—x) + ¢ and, combining the two results, we have

f%dx=1n|x| +6x#0.

Suppose that f(x) and g (x) are differentiable functions and k is a constant, then:
1. A constant factor can be moved through an integral sign, i.e.

[kfx)dx = k[fx)dx

2. An anti-derivative of a sum (difference) is the sum (difference) of the anti-derivatives,
ie.

J(fx) + g)dx = [fx)dx + [g)dx, or [(fx) — gx)dx = [fx)dx — [g(x)dx

Example 2

Evaluate:
a) [3cosxdx b) [(x* + x?)dx
Solution
a) [3cosxdx=3[cosxdx=3sinx+ c
4 3
b) [+ xNdx= [x*dx+ fxzdx=xz+%+ c

Sometimes it is useful to rewrite the integrand in a different form before
performing the integration.

Example 3
Evaluate:
=3 x + 5x*
N e b [P
Solution
£—365, (B (3 o, _t'
a)f 5 dt—ftsdt s dt= [t2dt f3dt—_—1 3t+ ¢
=_—tl—3t+c

4 4
b) fix—t;x dxzfx—jgdx+f%dx=f%dx+f5x2dx=ln|x] +5.x?3+ c
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Integration by simple substitution

In this section, we will study a technique called substitution that can often
be used to transform complicated integration problems into simpler ones.

The method of substitution depends on our understanding of the chain
rule as well as the use of variables in integration. Two facts to recall:

1. When we find an anti-derivative, we established earlier that the use of
x is arbitrary. We can use any other variable as you have seen in several
exercises and examples so far.

So, [f(u)du = F(u) + ¢, where u is a ‘dummy’ variable in the sense that
it can be replaced by any other variable.

2. The chain rule enables us to say
4 (F(u() = P (u(x))-u'(x),
This can be written in integral form as
JF (u(x)-u'(x)dx = F(u(x)) + ¢
or, equivalently, since F(x) is an anti-derivative of f(x),
ff(u(x))-u’(x)dx = F(u(x)) + c
For our purposes, it will be useful and simpler to let u(x) = u and to write
du

== = u/(x) in its ‘differential’ form du = u'(x)dx, or, simply, du = u'dx.

dx

With this notation, the integral can now be written as

ff(u(x))-u’(x) dx = ff(u)du = F(u) + c

The following example explains how the method works.

Example 4

Evaluate:

a) [(x®+2)1%3x%dx b) [tanxdx

c) [cos5xdx d) [cosx*xdx

e) fe3x+ 1 dx

Solution
a) To integrate this function, it is simplest to make the following
substitution.
Let u = x* + 2, and so du = 3x*dx. Now the integral can be written as
11 X 4 2)1
[ +2)193x2dx = [udu = 1’11—1 +c= 7( 71 ) +c
b) This integrand has to be rewritten first and then we make the substitution.
[tan xdx = fgg;fc dx = fcolsx - sin xdx
We now let u = cos x = du = —sin xdx, and

[tan xdx = fﬁ-sinxdx = f%-(—du) = —f%du = —Inju| + ¢



This last result can be then expressed in one of two ways:

[tan xdx = —In|cos x| + ¢, or
[tan xdx = —In|cos x| + ¢ = In|(cos x) 7| + ¢
— In|—1 + ¢=In|sec x| + ¢

(cos x)
c¢) Welet u = 5x, then du = 5dx = dx = édu, and so
[cos5xdx= [cosu-tdu=1[cosudu=1sinu+c

1 .
=§sm5x+ C.

Another method can be applied here:

The substitution u# = 5x requires du = 5dx. As there is no factor of 5 in
the integrand, and since 5 is a constant, we can multiply and divide by 5 so

. o In integration, multiplying b
that we group the 5 and dx to form the du required by the substitution: O J PV By

a constant ‘inside’the integral

and ‘compensating’for that

with the reciprocal ‘outside’the

= % sin5x + ¢ integral depends on theorem 1
(page 775).That is,

[Kkfx)dx = k[f(x)dx.

Jcos5xdx=1[cosx-5dx =1 [cosudu=1sinu+c

d) Byletting u = x% du = 2xdxand so

2. =1 2. =1 N :
[cos x?-xdx = Efcos x?2xdx = zfcos udu=5sinu+c However, you cannot multiply
1 o 5 with a variable. So, you cannot
=5 smx"+ ¢
say, for example,
1 1 1 1 _ ]
e) [ ldx=3[e**13dx =3 [e"du= s+ c= 36>+ ¢ Jeosx? dx = 5 [cos x?-2x dx.

Note: The main challenge in using the substitution rule is to think of an
appropriate substitution. You should try to select u to be a part of the
integrand whose differential is also included (except for the constant). In
Example 4a), we selected u to be (x* + 2) knowing that du = 3x*dx. Then
we ‘compensated’ for the absence of 3! Finding the right substitution is a bit
of an art. You need to acquire it! It is quite usual that your first guess may
not work. Try another one!

Example 5

Evaluate each integral.

a) [e ¥dx b) [sin?xcos xdx
¢) [2sin(3x — 5)dx d) [em*rdx

e) [x/xdx,and F(1) =2

Solution
a) Let u = —3x, then du = —3dx, and

fe‘3xdx= —%fe‘”(—.’ydx) = —%fe“du = —%e“ + ¢

l,-3
z€ *+ ¢
b) Let u = sin x, then du = cos x dx, and

. 1 1 -
[sin?x cosxdx = [uldu= v’ + c=3sin’x+c
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¢) Let u = 3x — 5,then du = 3dx, and
f2 sin(3x — 5)dx = 2-%fsin(3x — 5)3dx = %fsin udu

= —%COSLH— c= —%cos(3x—5)+c.

d) Let u = mx + n, then du = mdx, and

fmx+ndx_ lfemx+n dx = %/eudu
_ 1. L m
=t c=qemt +c

e) F(x) = fxfdx—fxzdx— +c=zx"+ cbut F(1) =2

5

F(1)=21"+ c=
Therefore, F(x) =

The previous discussion makes it clear that Table 16.2 is limited in scope,
because we cannot use the integrals directly to evaluate composite integrals
such as the ones in Examples 4 and 5 above. An adjusted table is therefore
presented here.

Table 16.3
v

Differentiation formula Integration formula
1 dix(u(x)) =Uu'(x) = du = u'(x)dx Jdu=u+c

d yt! —n _ untt — n
2 a((n_i_”)—uu(x),n# 1#(1((”_’_1)) U’ (x)dx Jurdu =4 +]+cn¢ 1
3 %(sin(u)) = cos(uu’(x) = d(sin(u)) = cos(u)u’(x)dx fcosudu =sinu+c
4 C%c(—cos(u)) = sin(u)u’(x) = d(—cos(u)) = sin(u)u’ (x)dx [sinudu= —cosu + ¢
5 dg(tan u) = sec’uu’(t) = dtanu) = sec?u u’ (Hdt fsec2udu =tanu+c

t

6 dcic( ) = ey’ (x)dx = d(e¥) = e“u’ (x)dx fevdu = e+ c

d —_ ] ! —_ ] ! ] pa—
7| Zlnluh) = “u'(0) = dlinju]) = ' Gdx J~du=Inu| + ¢

X u u u

i Gu — AU au — AU u = a_u
8 dx(lna) au(x):>d(|na) au’ (x)dx fatdu ngte

d . 1 ; 1 .
9 a. — ’ — ’ —

C/x(arcsm u) — u'(x) = dlarcsin u) — u'(x)dx f\/i arcsinu + ¢

d 1 1
1 U — ’ — ’ —
0 dx(arctan u) Ll (%) = d(arctan u) L (x)dx f] L - arcanu +c




Example 6

Evaluate each integral.

a) [Véx+ 11dx
b) [(5x% + 2)8x%dx

<) fsxidx
Vxt—8x+ 13

d) [sin*(3x%)cos(3x%)xdx
Solution
a) Welet u = 6x + 11 and calculate du:

u=06x+11= du= 6dx

Since du contains the factor 6, the integral is still not in the proper form

[f(u)du. However, here we can use of two approaches:

(i) Introduce the factor 6, as we have done before, i.e.

JVex+ 11dx=1[Vex + 11
6
— Al = Lt

+c=

8]

3

u+c

2
18

N
lelE

=Llex+11):+c
Or,

(ii) Since u = 6x + 11 = du = 6dx = dx = %, then

JVex + 11dx = f\/ﬂ% = éfu%du, then we follow the
same steps as before.

b) Welet u = 5x* + 2, then du = 15x?dx. This means that we need to
introduce the factor 15 into the integrand:

(555 + 2)8xdx = 1—15f(5x3 + 2)815x2dx

~Lppsgy= LW
—15fudu—159+c
-1 =3 9
135(Sx +2)Y +¢

c) Weletu=x*—8x+ 13 = du= (4x> — 8)dx = 4(x*> — 2)dx.
f ¥ =2 dx_lf4(x3—2)dx _lf@

Vat— 8x + 13 4

Vx*—8x+13 4

1
us

4

G

+c

1 -1, _1
=4 du )

u1|.4>|:

=2 (¢ —8x+ 13) + ¢
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d) We let u = sin(3x*) = du = cos(3x?)6xdx using the chain rule!

[sin*(3x%)cos(3x%)xdx = %fsin4(3x2)cos(3x2)6x dx

=1 _ 1w
—6fu4du—6 =T

=1 53,2
3Osm(3x)+c

Exercise 16.1

In questions 1-15, find the most general anti-derivative of the function.

1 f(x)=x+2 2 f()=32—2t+1

3 gx) = 7x3 4 f(t)=(t— 12t +3)

5 g(u)=u5—4u3 6 (1) =2/ — 52—

7 h(6) =3sin 6+ 4cos 6 8 f(t)=3t>—2sint

9 f(x) =vx(2x —15) 10 g(0) = 3cosf— 2sec’ 6
11 h() =¥~ 12 f(n =2

13 h() = —1 14 h(h) = e"bcos 0

In questions 16-20, find f.

16 f"(x) = 4x — 15x2 17 f'(x) = 1+ 3x2 — 4x3,f'(0) = 2, f(1) =
18 f"(t) = 8t —sint 19 f'(x) = 12x3 — 8x + 7,f(0) =

20 f'(A) = 2cos § — sin(26)

In questions 21-50, evaluate each integral.

21 247y 22
fx(3x )dx f X5
23 [2x°Y5x% + 2dx 24 f3+2r
25 [2/2F —7dt 26 f

. . sin(20 — 1)
27 [sin(7x — 3)dx 28 ficos(w— 539
29 [sec(56 — 2)d6 30 [cos(mx + 3)dx
31 [sec2ttan2tdt 32 [xe* *dx
33 [Vieidr 34 f%(ln 0)°do
sf 0z 36 [t/3—5cdt

zIn2z

2 sinvt

37 [62sec? 6°do 38 f Ve Lat

5 ) dx
39 [tan®2tsec?2tdt 40 fﬁ(ﬁ+2)



41 [sec52ttan 2tdt

43 f g
—E2 g
var— a‘x*

a5 [csc? mtdt

42 X+ 3
x>+ 6x+ 7

44 f3X\/X —1dx
46 (V1 + cos 6sin6do

)
a7 [/ —tdt a8 | =1 4
f f\/2r—1
e’ —e™ 242
49 xdx 50 dt
fe"2+e"‘2 f\/t—S

Methods of integration: integration
by parts

As far as this point, you will have noticed that while differentiation and
integration are so strongly linked, finding derivatives is greatly different from
finding integrals. With the derivative rules available, you are able to find

the derivative of about any function you can think of. By contrast, you can
compute anti-derivatives for a rather small number of functions. Thus far, we
have developed a set of basic integration formulae, most of which followed
directly from the related differentiation formulae that you saw in Table 16.2.

Using substitution, in some cases, helps us reduce the difficulty of evaluating
some integrals by rendering them in familiar forms. However, there are far
too many cases, where the simple substitution will not help. For example,

[xcos xdx

cannot be evaluated by the methods you have learned so far. We improve
the situation in this section by introducing a powerful and yet simple tool
called integration by parts.

Recall the product rule for differentiation:
d—i(u(x)V(x)) = u' ()v(x) + u(x)v'(x),
which gives rise to the differential form
d(u(x)v(x)) = v(x)d(u(x)) + u(x)d(v(x)), and for convenience,
we will write
d(uv) = vdu + udbv.

If we integrate both sides of this equation, we get
[d(wv) = [vdu + [udve uv = [vdu + [udv.

Solving this equation for udv, we get
Judv = uv— [vdu.

This rule is the integration by parts.

The significance of this rule is not immediately apparent. We will see its
great utility in a few examples.
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Example 7
Brook Taylor (1685-1731) O P
is credited with devising Evaluate fx cos x dx.
integration by parts. Taylor
is mostly known for his Solution
contributions to power series First, observe that you cannot evaluate this as it stands, i.e. it is not one of

where his ‘Taylor theorem’
has several very important

applications in mathematics Notice how you need to make a clever choice of u and dv so that the
and science.

our basic integrals and no substitution can help either.

integral on the right side is one that will ease your work ahead. We need to
choose u (to differentiate) and dv (to integrate); thus we let

u = x,and dv = cos x dx.

Then du = dx, and v = sin x. (We will introduce c at the end of the
process.)

It is usually helpful to organize your work in a table form:
u=x du = dx
dv=cosxdx v=sinx

This gives us:

fx cosxdx = [udv=w — [vdu
—_ —
u dv

= xsinx — [sinxdx

= xsinx + cosx+ ¢

To verify your result, simply differentiate the right-hand side.

d, . . .
d—(xsmx+ cosx + ¢) =sinx+ xcosx — sinx + 0 = xcos x
x

O Note: What other choices can you make?

There are three other choices of u and dv in this problem:

1 Ifwelet
U = Cos x du = —sinxdx : 5
_x x°
2 éfxcosxdx— 7cosx+ f75|nxdx
dv = dx v=7

This new integral is worse than the one we started with!

2 Ifwelet
U= xCOSx du = (cos x — xsin x)dx
= fxcos xdx = x?Cosx — fx(cosx — xsinx)dx
dv = xdx V=x

Again, this new integral is worse than the one we started with!
3 Ifwelet

u=1 du =0

dv = xcos xdx v=7"

This is obviously a bad choice since we still do not know how to integrate dv = xcos xdx.

782




The objective of integration by parts is to move from an integral [udv
(which we cannot see how to evaluate) to an integral [vdu which we can
integrate. So, keep in mind that integration by parts does not necessarily
work all the time, and that we have to develop enough experience with
such a process in order to make the ‘correct’ choice for u and vdu.

Example 8

Evaluate [xe *dx.

Solution
We let
U=x du = dx
_ = [xe¥dx = —xe* + [e¥dx
dv=e*dx v=—¢*
=—xe*—e*+tc
Example 9

Evaluate [In x dx.
Solution

u=Inx du=2% d
x :>flnxdx=xlnx—fx‘7x

dv=dx v=x
=xlnx—x+¢

Example 10

Evaluate [xIn x dx.

Solution
Since x? is easier to integrate than In x, and the derivative of In x is also
easier than In x itself, we make the following substitution:
u=Ilnx du= de s
X
3 :>fx21nxdx=?lnx—f
dv=x*dx v==

x dx
3 X

Inx— [3x’dx

lnx—%x3 + ¢

X3
3
X3
3

Example 11 - Repeated use of integration by parts

Evaluate [x?sin x dx.

Solution
Since sin x is equally easy to integrate or differentiate while x? is easier to
differentiate, we make the following substitution:

u=x? du = 2xdx

i } = [x?sin xdx = —x*cos x + 2 [xcos x dx
dv=sinxdx v= —cosx
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This first step simplified the original integral. However, the right-hand side
still needs further integration. Here again, we use integration by parts.

u=x du = 2xdx ) )
_ = [2xcos xdx = 2xsin x — 2 [sin x dx
dv=cosxdx v=sinx

=2xsinx + 2cosx + ¢

Combining the two results, we can now write
[x?sinxdx = —x?cosx + 2 [xcos x dx

= x%cosx + 2xsinx + 2cosx + ¢

O Note: When making repeated applications of the integration by parts, you
need to be careful not to change the 'nature’ of the substitution in successive
applications. For instance, in the previous example, the first substitution was
u = x?and dv = sin xdx. If in the second step, you had switched the
substitution to u = cos xand dv = 2xdx, you would have obtained

fxzsin xdx = —x?cosx + x’cosx + fx2 sin xdx
= fxzsinxdx,

thus‘'undoing’the previous integration and returning to the original integral.

Example 12

Evaluate [x?e*dx.

Solution
Since e* is equally easy to integrate or differentiate while x* is easier to

differentiate, we make the following substitution:

U= x? du=2xdx} fod ) Zf y
= |x“e*dx = x“e* — 2 |xe*dx
dv=¢e*dx v=¢

This first step simplified the original integral. However, the right-hand side
still needs further integration. Here again, we use integration by parts.
u=2x du=2dx

} = [2xe*dx = 2xe* — 2 [e*dx
dv=edx v=e¢"

=2xe*—2e*+ ¢
Hence,
[x2erdx = x?e* — [2xe*dx

= x2e* — 2xe* + 2e° + ¢




Using integration by parts to find unknown
integrals

Integrals like the one in the next example occur frequently in electricity
problems. Their evaluation requires repeated applications of integration by
parts followed by algebraic manipulation.

Example 13

Evaluate [cos x e* dx.

Solution
Let

u=e" du = e*dx ) )
) = [cos xe*dx = e*sinx — [sinxe*dx
dv=cosxdx v=sinx

The second integral is of the same nature, so we use integration by parts
again.
u=e* du = e*dx )
) = [sinxe*dx = —e*cosx + [cos xe*dx
dv=sinxdx v= —cosx

Hence,
[cos xe*dx = e*sin x — [sin xe* dx
= e*sinx — (—e*cosx + [cos xe* dx)
= e%sinx + e*cos x — [cos xe* dx.
Now, the unknown integral appears on both sides of the equation, thus

[cos xe*dx + [cos xe*dx = e*sinx + e*cos x
= 2 [cos x e*dx = e*sin x + e*cos x

e*sin x + e*cos x

3 + ¢

= [cosxerdx =

Example 14

Evaluate [xIn x dx.

Solution

u=Ilnx du=d—)gc

2
dv = xdx v=%

Alternatively, we could have used a different substitution:

u=xlnx du= (Inx+ 1)dx

}:fxlnxdxz Inx— [x(Inx+ 1)dx
dv=dx v=x

= x?Inx — [xInxdx — [xdx
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Adding [xIn x dx to both sides and integrating [xdx we get

2

[xInxdx+ [xInxdx= x*Inx — x7 + ¢

2

= 2[xInxdx = x*Inx — x7 +c

X ):m_z
:>fxlnxdx—2(xlnx > e > 7T C

Note: The constant cis arbitrary, and hence it is unimportant that we use
/2 or Cin our final answer.

Exercise 16.2

In questions 1-22, evaluate each integral.

1 [x%edx 2 [x%dx

3 [x?cos3xdx 4 [x?sinaxdx
5 [cosxIn(sin x)dx 6 [xInx2dx

7 [x?Inxdx 8 [x2e* — N)dx
9 [xcos mxdx 10 fe*cos2tdt
11 farcsin x dx 12 [x%e%dx

13 [e > sin2xdx 14 [sin(in x)dx

15 [cos(in x)dx 16 [in(x + x?dx
17 [eksinxdx 18 [xsec?xdx

19 fsinxsinzxdx 20 fxarctanxdx
21 f%dx 22 [tsec’tdt

23 In one scene of the movie Stand and Deliver, the teacher shows his students how
to evaluate fx2 sin x dx by setting up a chart similar to the following.

sinx
x%2 | —cosx | +
2x | =sinx | —

2 cosx | +

Multiply across each row and add the result. The integral is
[x?sinxdx = —x2cosx + 2xsinx + 2cosx + ¢

Explain why the method works for this problem.

In questions 24-26, use the result of question 23 to evaluate each integral.
24 [x*sinxdx
25 [x*cosxdx

26 [x'e*dx



27 Show that the method used in question 23 will not work with

[x?Inxdx.

28 Show that [x"e*dx = x"e* — n [x"~'e*dx, then use this reduction formula to
show that [x*e*dx = ax‘e* + bx3e* + cx’e* + dxe* + fe* + g, where a, b, ¢, ...,

g are to be determined.

n+1
29 Show that [x"Inxdx = = Inx — +c
fx xdx == lnx )
e™(m cos nx + nsin nx)

ey +c

30 Show that [e™ cosnxdx =

e™(m sin nx — N cos nx)

31 Show that fem"sin nxdx = 2+ 2

+ cC

@ More methods of integration

In the previous section, we looked at a very powerful method for
integration that has a wide range of applications. However, integration by
parts does not work for all situations, and in some cases where it works, it
may not be the most efficient of methods. We learned about substitution
before. In this section we will consider a few trigonometric integrals and
some substitutions related to trigonometric functions or their inverses.

This section is basically a set of examples that will show you how to deal
with a variety of cases.

Some of the trigonometric identities you learned before will prove very
helpful in this section. Key identities we will make use of are the following:

1 cos?0+sin?0=1

.21 —cos20
2 sin* 0 >
3 C0520:1+c20520

4 sec’0=1+ tan?0

Example 15

Evaluate [sin? x dx.

Solution
We can use identity (2) from the list above.

[sin? xdx = f%dx= %f(l — cos2x)dx

1(. 1.
—2(x 251n2x>+c
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Example 16
Evaluate [cos* 8d6.

Solution
Identity (3) will give us the following:

2
[cos* 6d6 = f(%) do = if(l + 2¢c0s26 + cos?26)d6

f(l + 2cos20 + 1+C—OS40)d0

2

o i L

(20+ 2sin20+ 0 + ismzw) Yo

= 3i2(126)+ 8sin 20 + sin46) + ¢

Here is a list of a few cases and how to find the integral. There are a few
more integrals that we did not list here. On exams, any non-standard cases
will be accompanied by a recommended substitution.

Integral How to find it

fsin’”x cos" x dx If m is odd, then break sin™ x into sin x and sin”~ ' x, use the
substitution u = cos x and change the integral into the form
Jcos? xsinxdx = [urdu. Similarly if n is odd.

ftanmx sec” x dx If m and n are odd, break off a term for sec x tan x dx and
express the integrand in terms of sec x
since d(sec x) = secx tan x dx.

Jtan" x dx Write the integrand as ftan"~2x tan? x dx, replace tan? x with
sec’x — 1and then use u = tan x.

fsec”xdx If nis even, factor a sec? x out and write the rest in terms of
tan?x + 1.1f n is odd, factor a sec® x out. Here, integration by
parts may be useful.

Example 17

Evaluate [sec x dx.

Solution
This integral is evaluated using a ‘clever’ multiplication by an atypical
factor, then:

[secxdx = [secx

tan x + Secx ;. — [secxtan x + sec’x
tan x + secx tan x + secx

Now use the substitution u = sec x + tan x = du = (sec xtan x + sec? x)
dx; hence,

[secxdx = fsecxtanx+ sec’ X 1 — f@
u

tan x + sec x

= In|u| + ¢ = In|tan x + secx| + c.




Example 18

Evaluate [sec’ x dx.

Solution
This can be evaluated using integration by parts and some of the results we
have already established.

U = secx du = sec xtan x dx
dv = sec? xdx y=tanx
Hence,

[sec® xdx = sec xtan x — [tan xsec xtan x dx

sec xtan x — [sec xtan? x dx

sec xtan x — fsecx[seczx — 1]dx

= secxtanx — [sec® xdx + [sec xdx.

Adding [sec® x dx to both sides:

2 [sec® xdx = sec xtan x + [sec x dx

= sec xtan x + In|sec x + tan x|

And finally,
sec xtan x + In|sec x + tan x|
[sec® xdx = + ¢
2
Example 19

Evaluate [sin’ xcos® x dx.

Solution
This integral can be evaluated by separating either a cosine or a sine, then
writing the rest of the expression in terms of sine or cosine.

We will separate a cosine here.
[sin® xcos® xdx = [sin’ xcos® x cos x dx
= [sin® x(1 — sin? x)cos x dx
= [(sin® x — sin® x)cos x dx

Now we let

u = sin x = du = cos x dx, and hence

[sin® xcos® xdx = [(sin®x — sin’ x)cos x dx

4 e
=f(u3—u5)du=uz—%+c

_sin*x _ sin®x

1 6+C
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Some useful trigonometric substitutions

Evaluating integrals that involve (a*> — u?), (a*> + u?) or (u?> — a*) may be
rendered simpler by using some trigonometric substitution like the ones
listed below.

Expression | Substitution | Simplified du

2 2 — 42 2cin2
as — us =g — a*sin“ 0
2 2 — H

a’—u u=asiné : acos 0dé
a’(1 —sin? ) = g’ cos? 6

a>+u=a+d’tan’ 6
2 + 2 — 2
a’+u u=atané = (1 +tan2 @) = a?sec? g | F5EC 0de

2 2 — 42 2 2
Ut —a*=a‘secc40 —a
2 2 —

uw—a u=aseco asec tan 646
=g¥(sec? @ — 1) = a’tan? @

As you notice, this substitution is not the usual form. For convenience,

we express the variable of integration in terms of the new variable. For
example, rather than saying let 6 = arcsin %, we say u = asin 6. This allows
us to easily find an expression for du. We will clarify the use of this type of
substitution with a few examples. One important aspect of the process is
how to revert back to the variable of integration. We will demonstrate that
in the following examples.

Example 20

Evaluate f __dx .

Solution

This integrand is of the form involving a*> — 12, where u = x. We use the
substitution x = asin 6.

= dx = acos 06d0,

Va2 — x2 = V@ cos? 6 = acos 0
Hence,

dx  _ [acos6df _ _
[ i = ao= o+

Now, consider the right triangle where

a
x=asin0<:>sin0=%c. X
dx _ _ X [
fﬁ—0+c—arcsma+a Ny

Example 21
Evaluate fL

/aZ _ tZ
Solution

This integrand is of the form involving a*> — u?, where u = t. We use the
substitution ¢ = asin 6.

= dt = acos 6d0,

a*> — > = a*cos*



And so

f dt _ facoseda=lfsec0d(9=%lnlsec0+tan()l + ¢

at— acosth ¢

Now, in the triangle right,

. .ot
f=asinf<«<sinf = a ;
[ 2 — 2
cosg=Y%4 1 a t; “Q
\/0271.2
t a
tan 0 = ———=; sec = ———
(7 — (2 — 2
Consequently,

dt 11 1 a t
= ZIn|sec@+ tan 0| + ¢ = =In
faz—l‘2 alnl | aNe -2 V-2
zélnai”_f_c‘
a2_t2

This is an acceptable answer. However, using the logarithmic properties
you learned in Chapter 5, you can simplify further.

[(a+ t)?
fidt =l att +c=%ln (a )2+c
a — t
n

az_tz_a /az_tz
1

_ [ (a+1t)? 1, [tat+)
—al m"‘(;—aln (a_t)+C

(a+1)
(a—1)

In +c

1
2a

Example 22

Evaluate dt .
at+

Solution
This integrand is of the form involving a* + % where u = t.
We use the substitution ¢t = atan 6.
= dt = asec? 6d0,
@+ 2 =a*1 + tan? 0) = a?sec’*
And so

dt  _ [asec?0dO _ 1 _ 1
faz-l-tz_f a*sec —afd0—50+c.

Since t = atan 6, then tan 6 = 7: = 0= arctané.

Consequently,

de _ 1 _ 1 t
fa2+t2—50+c—ﬁarctana+c.
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Example 23
Evaluate f Vx? + 5dx.

Solution

This integrand is of the form involving a*> + 1% where u = x. We use the
substitution x = atan § = /5 tan 6.

= dx = V5 sec? d6,
54+ x?> = 5(1 + tan? 6) = 5sec? 6d0
And so
fmdx = [/5sec? 05 sec? 6d6
= [5sec? 6d6.

Now, earlier in Example 18, we have seen that

secxtan x + In|sec x + tan x|

[sec® xdx = 3

And therefore
sec xtan x + In|sec x + tan x

f\/x2+5dx=5fsec30d0=5 2| |
Now, in the triangle right,

tan 0 = i, VeEr 2

\/g 5+ x .
5+ a2 5442 )
sec 0 = = ,and so V5

V5 5

fmdx: 5(sec ftan 6 + Inlsec 6 + tan GI) 4.

2
5+ x2 x ‘54—x2 x
*—=+1n + =
\ =5 /5 \ "5 t5
2

=5 +c
=§(v5 +x2x) +%ln(5++z+x) +c
=§(¢5 + % x) +%<ln(\/5 X2 +x)—In/5) + ¢
=§(x\/5 + %) +%<ln(\/5 Fx2+x)+C

In the last step we set — %lnx/g +c=C.




Example 24
Evaluate [V25 — 4x2 dx.

Solution
This integrand is of the form involving a> — u? where u = 2x. We use the
substitution 2x = 5sin 6.

2dx = 5cos 0d0 = dx = %cos 6do

V25 — 4x? = /25 — 25sin? 6 = 5cos
And so

[V25 — 4x2 dx = [5cos 6/3 cos 6d6 ) = 25 cos? 0deo
2 2

_ 25 [(1 + cos26 :2_5(Q 1. /

= 2—85(20 +sin26) + ¢

2x

0
V25 — 4x?

But, since 2x = 5sin 6, then sin 8 = % = 0 = arcsin %c’ and since
sin 26 = 2 sin 6 cos 6, then

[V25 — 4x? dx = %(20%— sin20) + ¢

v/ — 2
= E(Z arcsin 2% + 2(2_x)(725 dx ) +c
8 5 5 5
= 2—5arcsin2—x + 025 —4x® 4 ¢
4 5 2
Exercise 16.3
In questions 1-44, evaluate each integral.
1 [sin*tcos’tdt 2 [sin3tcos’tdt
3 1 s 2( 1
3 fsm 36cos36d6 4 ftzsm (?)cos (T)dt
5 f@dx 6 [tan®3xsec?3xdx
cos?x
7 [6tan® ¢ sec* ¢ d6 8 f%tanﬂ/—tseéﬁdt
dt e Hint: multiply the
9 [tan*(50)dt 1 f . — o
J T +sint integrand by %
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1 +sint
UL 1+ cos 0 12[ cost dt
13 sinx — 5cosx e Hint: find numbers a and b such that
sinx + cosx sinx — 5cosx = a(sinx + cos x) + b(cos x — sin x).
14 |s€¢ Htan() 15 farctantdt

1+ sec? 6 1+ ¢

[
[rees
f
J
[
f
f

3 sinx
18 [sin®xdx 19 fmdx
3
20 sin ‘ﬁd 21 fcostcos3(sim)dt
22 | 95; ;mz@de 23 frsecttantdt
24 2?;’;){ 25 e *tan(e ) dx
sec(vt) dt
26f vt at 27 f1+c052t
28 [V1 - 9x7dx zgf o
(x? + 4)2
5 3eldt
30 [V4+car 31 f4+em
1 1
32 | ——dx 33 | ——dx
fw — 4x? f\/4 + ox2
34 | —S5X gy 35 f X dx
f\/1+sin2x Al = 5¢”
g
36 fxzj‘_mdx 37 f“‘ X dx
38 fi 39 [x/1+ x2dx
9 —x2)
40 [e/1 + e dx 41 [ev/1—e¥dx
e*dx Inx
42 fez"+9 43 fﬁdx

3
a x
f(x o 2)2dx

45 The integral

2x g dx can be evaluated either by trigonometric substitution or

by direct substitution. Do it both ways and reconcile the results.

46 The integral f dx can be evaluated either by trigonometric substitution

or by rewriting the numerator as (x? + 9) — 9. Do it both ways and reconcile the
results.
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@ Area and definite integral

The main goal of this section is to introduce you to the following major
problem of calculus.

The area problem: Given a function f(x) that is continuous and non-
negative on an interval [a, b], find the area between the graph of f(x) and
the interval [a, b] on the x-axis.

YA y =1fx)

<y

We divide the base interval [a, b] into n equal sub-intervals, and over
each sub-interval construct a rectangle that extends from the x-axis to
any point on the curve y = f(x) that is above the sub-interval. The
particular point does not matter — it can be above the centre, above one
endpoint, or any other point in the sub-interval. In Figure 16.1 it is above
the centre.

For each n, the total area of the rectangles can be viewed as an approximation
to the exact area in question. Moreover, it is evident intuitively that as n
increases, these approximations will get better and better and will eventually
approach the exact area as a limit. See Figure 16.2.

3
¥

A traditional approach to this would be to study how the choice of where
to erect the rectangular strip does not affect the approximation as the
number of intervals increases. You can construct ‘inscribed’ rectangles,
which, at the start, give you an underestimate of the area. On the other
hand, you can construct ‘circumscribed’ rectangles that, at the start,
overestimate the area. See Figure 16.3.

Xy
Xy

e Hint: This is only an expository
treatment that explains to you how
the definite integral is developed.
You will not be required to
reproduce this calculation yourself.

YA

>
X

0 X

i

A
Figure 16.1

| Figure 16.2

4 Figure 16.3
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Figure 16.4

Figure 16.5

Figure 16.6

Figure 16.7

As the number of intervals increases, the difference between the
overestimates and the underestimates will approach 0.

a——— —— |

>
>
X

<y

Figure 16.4 above shows n inscribed and subscribed rectangles and
Figure 16.5 shows us the difference between the overestimates and the

=

X

underestimates.

——

Figure 16.5 demonstrates that as the number 7 increases, the difference
between the estimates will approach 0. Since, in Figure 16.1, we set up
our rectangles by choosing a point inside the interval, the areas of the

rectangles will lie between the overestimates and the underestimates,
and hence as the difference between the extremes approaches zero, the
rectangles we constructed will give the area of the region required.

If we consider the width of each interval to be Ax, the area of any rectangle
is given as

A; = f(x7)Ax.

The total area of the rectangles so constructed is

n
A, = E f(x)Ax
=0
where x7is an arbitrary point within any sub-interval [x; _ ;, x;], x, = a and
x,=b.

In the case of a function f(x) that has both positive and negative values on
[a, b], it is necessary to consider the signs of the areas in the following sense.

On each sub-interval, we have a rectangle with width Ax and height f(x*).
If f(x*) > 0, this rectangle is above the x-axis; if f(x*) < 0, this rectangle is
below the x-axis. We will consider the sum defined above as the sum of the
signed areas of these rectangles. That means the total area on the interval
is the sum of the areas above the x-axis minus the sum of the areas of the
rectangles below the x-axis.



We are now ready to look at a ‘loose’ definition of the definite integral.

If f(x) is a continuous function defined for a < x < b, we divide the interval
[a, b] into n sub-intervals of equal width Ax = (b — a)/n. We let x, = aand
x, = band we choose x7, x3, ..., X, in these sub-intervals, so that x}lies in the
ith sub-interval [x; _ |, x;]. Then the definite integral of f(x) from ato bis

‘[bf(x) dx = ’1% Zn:f(x*{)Ax.

i=1
b
In the notation f f(x) dx, in addition to the known integrand and
a

differential, a and b are called the limits of integration: a is the lower limit
and b is the upper limit.

Note: Because we have assumed that f(x) is continuous, it can be proved that
the limit definition above always exists and gives the same value no matter
how we choose the points x}. If we take these points at the centre, at two-
thirds the distance from the lower endpoint or at the upper endpoint, the
value is the same. This is why we will state the definition of the integral from
now on as

lbf(x) dx = ’11230 Zn:f(xi)Ax.

i=1

Calling the area under the function an integral is no coincidence. To make
the point, let us take the following example.

Example 25(l)

Find the area, A(x), between the graph of the function f(x) = 3 and the
interval [—1, x], and find the derivative A’ (x) of this area function.

YA
4_

(5]

<y

O x+ 1——>»x

Solution

The area in question is
A(x) =3(x—(—1)) = 3x+ 3,and
A'(x) = 3 = f(x).

]
o For a list of recommended

resources about definite
integrals, visit www.
pearsonhotlinks.com, enter the
ISBN or title of this book and
select weblink 2.
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Example 25(ll)

Find the area, A(x), between the graph of the function f(x) = 3x + 2 and
the interval [—2/3, x], and find the derivative A’(x) of this area function.

3x+2

<y

A

x+(3) » X
Solution
The area in question is

A(x) = 3(x + 2) (3x + 2) = £(3x + 2)? since this is the area of a
triangle.

Hence, A'(x) = % X2(3x+2) X3=3x+2=f(x).

Example 25(11I)

Find the area, A(x), between the graph of the function f(x) = x + 2 and
the interval [—1, x], and find the derivative A’ (x) of this area function.

x+2

<y

x+1 » X

A

Solution
This is a trapezium, so the area is
A(X) =30+ (x+2)(x+ 1) =2(x* + 4x + 3),and

Note that, in every case,
O A’(x)Z%X(2x+4)=x+2=f(x).

Al(x) = f(x).

The derivative of the area function A(x) is the function whose graph forms
the upper boundary of the region. It can be shown that this relation is true,
not only for linear functions but for all continuous functions. Thus, to find
the area function A(x), we can look instead for a particular function whose
derivative is f(x). This is, of course, the anti-derivative of f(x).

So, intuitively, as we have seen above, we define the area function as

Ax) = f f(t)dt, thatis, A’ (x) = f(x).

This is the trigger to the fundamental theorem of calculus which we will
introduce in the following few pages. As we stressed at the outset, our
intention here is to show you that this important theorem has its solid
mathematical basis. However, examinations will not include questions
requiring you to repeat the steps developed here. Just enjoy the discussion!

Before we begin the discussion, it is worth looking at some of the obvious
properties of the definite integral.
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Properties of the definite integral

1. [f(x) dx = —ff(x) dx

b
When we defined the definite integral [ f(x) dx, we implicitly assumed

that a < b. When we reverse a and b, then Ax changes from (b — a)/n

to (a — b)/n. Therefore, the result above follows.

2. [f(x) dx=0

When a = b, then Ax = 0 and so the result above follows.

The following are a few straightforward properties:

b
3. fcdx= c(b—a)

b b b
4. [[f(x) * g(x)] dx = jalf(x)dx i[g(x)dx

b b
5. f cf(x)dx = cf f(x)dx, where cis any constant

6. ff(x)dx= [f(x)dx+ [bf(x)dx

Property 6 can be demonstrated with a diagram (Figure 16.8) where
the area from a to b is the sum of the two areas, i.e. A(x) = Al + A2.
Additionally, even if ¢ > b the relationship holds because the area from

cto b in this case will be negative.

/\

—]

Al

A2

4 Figure 16.8

Al

(o)
Xy

A 4

[a)
<y

x
Xy
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Average value of a function

As you recall from statistics, the average value of a variable is

n
y = fix)
f(x,)
fi
f(T ) (X0
™ ,,
X3 Xk Xn X

We can also think of the average value of a function in the same manner.

Consider a continuous function f(x) defined over a closed interval [a, b].
We partition this interval into n sub-intervals of equal length in a fashion
similar to the previous discussion. Each interval has a length

Ax=tb—a

n

Now, the average value of f(x) can be defined as

av(f) :f(x1) +f(x2)n+ +f(xn).

Written in sigma notation:

n

Zf(xk)
av(f) =" —= 5> fx)
k=1

However,

_b—a _1_
Ax = 7 :>ﬁ—

x
—= hence,
b—a

() =53 f) = 2ES ) = 5 faax
k=1 k=1 k=1

A Riemann sum for f on [a, b]

This leads us to the following definition of the average value of a function
f(x) over an interval [a, b].

The average (mean value) of an integrable function f(x) over an interval
[a, b] is given by

b
av(f) = ﬁ f F(x)dx.



Max-min inequality

y
max. f|-----
| _— y= f(x)
b
[ fix)dx
. a
min. fl ...
0 a b X

If max. fand min. frepresent the maximum and minimum values of a
non-negative continuous differentiable function f(x) over an interval [a,
b], then the area under the curve lies between the area of the rectangle with
base [a, b] and the min. fas height and the rectangle with max. fas height.

That is,
(b — a)min. f< j;hf(x)dxs (b — a)max. f.

With the assumption that b > g, this in turn is equivalent to
min. f< ﬁff(x)dx < max. .

Now using the intermediate value theorem we can ascertain that there is at

b
least one point ¢ € [a, b] where f(¢) = ﬁf f(x)dx.

The value f(c¢) in this theorem is in fact the average value of the function.

The first fundamental theorem of integral calculus

Our understanding of the definite integral as the area under the curve for
f(x) helps us establish the basis for the fundamental theorem of integral
calculus.

In the definition of definite integral, let us make the upper limit a variable,
say x. Then we will call the area between a and x, A(x), i.e.

Ax) = f: f(r)dt.
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Consequently,

x+ h
Alx+ h) = f f(r)dt.

Now, if we want to find the derivative of A(x), we evaluate.

. Alx+ h) — A(x)
lim .
h—0 h

Using the properties of definite integrals discussed earlier, we have:

x+ h
A+ W)= A = | F(odi— ff(t)dt

= f:f(t)dt+ [+hf(t)dt

x+ h
=f f(rde
Therefore,
x+ h
dt X+ h
At — A J SWd
i h = fim — g = limg ), SO

Looking at this result and what we established about the average value of
f(x) over the interval [x, x + h] we can conclude that there is a point
¢ € [x, x + h] such that

x+ h
o =11 Fwa

What happens to cas h approaches 0?

y

Answer: as h approaches 0, x + h must approach x. This means, we are
‘squeezing’ ¢ between x and a number approaching x. So, ¢ must also
approach x. That is,

f(¢) = f(x), and consequently

. Alx+ h) — Ax)
lim =
h—0 h

1 x+ h
tim L[ st = f(0) = fo.



This last equation is stating that

L (A) = A = jx(f f(t)dt) = fx).

This very powerful statement is called the first fundamental theorem of
integral calculus. In essence it says that the processes of integration and
derivation are inverses of one another.

Note: It is important to remember that f f(t)dtis a function of x!
a

Example 26

Find each of the following.
d f 2 d | _dt

2) dx - > tdt b) dxdo 1 + ¢t
d o 1 d 2x + x° 1

) Tk T Dol 1A%
d x4+ x° 1

) &l T a®

Solution

a) This is a direct application of the fundamental theorem.

d%c | sec’tdt = sec’x

b) This is also straightforward.
d f‘ dt 1
dxdo 1+¢ 1+ x*

c) In this exercise, we need to rewrite the expression before we perform

the calculation.

a1 :if_ 1 :_if”l _ -1
dxx1+t4dt dx = 1+t4dt dxx1+t4dt 1+ x*

d) Remembering that this is a function of x, and that the upper limit

2x + x°
is a function of x, which makes f T+ 7 dt a composite of
U 0

1
'/(; 1+ ¢

2x + x° u
if 1 4dt: (if 1 1
dx o 1+¢ dudo 1 + ¢

__ 1 . du
1+ u* dx

dtand u = 2x + x°. So, we have to resort to the chain rule!

(%

1
= (2+3x
1+ (2x+ x*)* ( *)

2 + 3x2
1+ (2x+ x*)*
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e) Again, here we need to rewrite the integral before evaluation.

2x+x3 k 2 x+x3
N 1 dtzi(f 1 dt+f 1 dt)
dx Jx 1+ ¢ dx\dx 1+ ¢ k 1+ ¢

_ 2+3x2 1
1+ Q2x+ x> 1+«

The second fundamental theorem of integral calculus

Recall that A(x) = f‘ f(t)dt. If F(x) is any anti-derivatives of f(x), then
applying what we learned in earlier sections:

F(x) = A(x) + cwhere cis an arbitrary constant.

Now,

b
F(b) = A(b) + c= ff(t)dt-i— ¢, and
F(a) = A(a) + c= ff(t)dt+ ¢ = 0 — ¢ and hence
b
F(b) — F(a) = /f(t)dt-i— c—c¢

= fubf(t)dt.

Second fundamental theorem of calculus

b
[ fodt = Fo) - Fla)

The fundamental theorem is also referred to as the evaluation theorem.
Also, since we know that F'(x) is the rate of change in F(x) with respect to
x and that F(b) — F(a) is the change in y when x changes from a to b, we
can reformulate the theorem in words.

The integral of a rate of change is the total change.

b
jal F'(x)dx = F(b) — F(a)

Here are a few instances where this applies:

1. If V'(¢) is the rate at which a liquid flows into or out of a container at
time t, then

[ Vi (idt = Vi) — V(1)

is the change in the amount of liquid in the container between time t,
and t,.
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2. If the rate of growth of a population is n'(t), then

[ 7ot = nie) - ney

is the increase (decrease!) in population during the time period from #,
to t,.

3. Displacement situations are described separately later in the chapter.

This theorem has many other applications in calculus and several other
fields. It is a very powerful tool to deal with problems of area, volume and
work among other applications. In this book, we will apply it to finding
areas between functions and volumes of revolution as well as displacement
problems.

Notation:

We will use the following notation:

b
[ﬂom=ﬂwﬂ=ﬂw—Fw

Example 27

3
a) Evaluate the integral f X dx.
—1

b) Evaluate the integral [‘ VX dx.

2T

c) Evaluate the integral | cos 6 d6.

2 2
d) Evaluate the integral ‘[ 4 :314 du.
Solution
3 613 6
s X301 364
2) [lx dx 6]71 6 6 3
_2 %}422 i =16
b) fﬁdx 3%, 34 0 3
27T

2
c) cosGd@zsinG] =0—-0=0

2 74
4+ 4,1 — 2
d) [T“duzf(;Jrﬂ)du: 425 + tnjul]
2
= [—2u‘2+lnu}
1
=(=222+1n2) — (=2:1 +1n1) = —%+ln2+2

_3
—2+ln2
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Using substitution with definite integral

In Section 16.1 we discussed the use of substitution to evaluate integrals in
cases that are not easily recognized. We established the following rule:

ff(u(x)) cu' (x)dx = ff(u)du = F(u(x)) + c=F(x) + ¢
When evaluating definite integrals by substitution, two methods are available.

1 Evaluate the indefinite integral first, revert to the original variable, and
then use the fundamental theorem. For example, to evaluate

X
3
f tan® xsec? x dx,
o

we find the indefinite integral
Jtan®xsec xdx = [w>du= $u° = ttanSx,
and then we use the fundamental theorem, i.e.
. .
9

= 3

3

f tansxseczxdeétaﬁx] =1(/3)p=2L=2
0 0

2 Use the following ‘substitution rule’ for definite integrals:
u(b)

b
faf(u(x))u’(x)dx= » f(u)du

Proof:
If F(x) is an anti-derivative of f(x), then by the fundamental theorem

a b
fbf(u(x))u’(x)dx = F(u(x))]u = F(u(b)) — F(u(a)).
Also,
u(b) u(b)
fu(a) flw)du = F(u) ]u(m = F(u(b)) = F(u(a)).

Therefore, to evaluate

T
3

f tan’ xsec? x dx,
0

letting u = tan x = u(%) = /3, u(0) = 0, and so

H V3 1 V3 9
tan® xsec? x dx = wWdu=gus | =3.
0 0 0 2
Example 28
Evaluate f Vax + 1dx.
2
Solution

Let u = 4x + 1, then du = 4dx. The limits of integration are

u(2) = 9 and u(6) = 25, therefore
25

f 1 12 0\ ]°
2\/4x+ 1dx=z ; \/Hdu=z(§u2)]9

_1 _ 7y =49
= (125 -27) =3
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Observe that using this method, we do not return to the original variable
of integration. We simply evaluate the ‘new’ integral between the
appropriate values of u.

Exercise 16.4

In questions 1-42, evaluate the integral.

1 7
1 f (3x2 — 4x3) dx 2f8dx
=2 2
2 2
Sdt 4 f (cost —tant)dt
1t 2
5 I7de 6 fﬂcosede
1 VX 0
T 1
7 j; sin 6do 8 j; (5x* + 3x2) dx
3 e
w+2 2dx
3
1f 2X iy 12f (2 — vX)2dx
1 x4+ 2
7747 1
13]; 3sec? do 14L(8x7+ﬁ)dx
2 0 2
15 a) /(;|3x|dx b) f2|3x|dx ) f2|3x|dx
[ <
16 ! sin 2x dx 17 | ﬁdx
2 1 dx
18 [ e 19 [
8 L (e* —e M)dx 9 LT 2
5 d ' 4
20 f2 X 21 X
0 V1 —x? -1y/4 — x?
0 4 3
22 f ax _ 23 x3dx
24+ x 0 vVx2+1
ve . e2
sin(arin x) dt
24/]. — ax 25 L e
2
26f 3x/9 — x7 dx 27f X __
Ly 3+cosx
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eZ
Inx
28 fe de

30f —_—
1 x\/1— Inx

2 f‘”(%) e~ 2*dx
In2 V] — e %
VT

34 7x cos x? dx
0

' /3x
0 V4 — 3x4

‘/FZ
38 f xdx
13 +xt

ax

40 fo 120 05206

Vina
42 fo At sin(efz)dr

In questions 43-47, find the average value of the given function over the given

interval.
43 x4 [1,2]

45 sec’ x, [%T 727]

—In3
6

e3x
47
1+ e

,0

V3
29f Jarctanx

+ x?

1 f\nz ezx 4
2 e + 9 *

33 fz Vtan x sec? x dx
0

yPEa
Sinvx
35 L = ax
7]% ax
0 9+ 4x?
39 Lgﬂ — sin 3t)cos 3t dt

41 f§(3 + ePnsec? 2t dt
0

44 cosx, [O, g]

46 ¢ ¥ [0,4]

In questions 48-55, find the indicated derivative.

o 2[5ty

d
dx 4,

d [t cosy
dt —7r] ‘f’)/2

50 Slﬂ[dt

52

cosf

d 1

54 2| 1 _
d Yine 1 — x?

ax

2sg =57
56 Does the function F(x) = f cos(
0

57 a) Find f + 5

k
b) Given thatf

58 Given thatp, g € N, show that

o 3%

49 7\[ smxd
51 _f smud

gf dt
= ax dox 5+ t*

55 0 f"% et 3 g
dx ¥s

1 Z)dt have an extreme value?
1+t

giving your answer in terms of k.

= 1, calculate the value of k.

1 1
Lx% — x)dx = fo x9(1 — x)Pdx.
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Do not attempt to evaluate the integrals.

59 Given that k € N, evaluate the integral.
1
a) [x(1 — x)kdx b) fo x(1 — x)dx

60 LetF(x) = j; V5t% + 2 dt. Find
a) F(3) b) F'(3) q F'B3)

61 Show that the function

3.
_[Ta

f(x) A

is constant over the set of positive real numbers.

Integration by method of partial
fractions (Optional)

In this section, we will see how rational functions with polynomial
denominators can be integrated. For example, if we were to find the
. .. + 1
indefinite integral f —_xTi

& x>+ 5x+6
into partial fractions and then the integration process would be
straightforward.

x+1 —_a_ . b
x>+5x+6 x+2 x+3

dx, we first decompose the integrand

(See Section 3.6 for details.)

After solving for a and b we can perform the integration:

x+1 _ -1 2 _
fx2+5x+6_f(x+2+x+3)dx In |+ 2]+ 2In |x+ 3] + ¢
e,
I PR ) ¢
Example 29
Find the indefinite integral dx.

x*+4x+4
Solution
Using partial fractions will make the work simpler than otherwise.

From Example 42 of Section 3.6 we know:

3x—1_ _ 3 7
x?+4x+4 x+2 (x4 2)?

Hence, the integral can be rewritten as:

3x=1 ., (3 . [ 7
X2+ dx + 4dx_/x+2dx f(x+2)2dx
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These two integrals can be found by inspection, giving:

3x — 1 7
—2r L dx= +2l+ 5+
7t i 4dx 3InIx+ 2| 5 te

Example 30

Find the indefinite integral fmdx

Solution

Again, from Example 43 of Section 3.6, we have:
2 1 x+2

S+ 2x24+2x x x2P+2x+2

Hence, we can write the integral as:

f fdx x+2 dx:f@_/’x—i—l%—ldx
3+2x2+2x x24+2x+2 24 2x+2
:f@_l o 2x+4 _fdx 1 2x+4 .
x 2 2—|—2x+2 2J(x+ 1) +1
= In Ix| —iln(x2 +2x+2) —arctan (x+ 1) + ¢
Example 31

5x% + 16x + 17
34+ 9x2+7x—6

Find the indefinite integral f x

Solution

Again from Example 41 of Section 3.6 we have:

5x% + 16x + 17 dx 3
2x3+9x2+7x— 6 2x—1

=%1n|2x— 1l —Inlx+ 2l +2Inlx+ 3| + ¢

dx — dx+f 2 dx

Example 32

3x—1
Evaluate g de
Solution

We first factorize the denominator:
X2+ 8= (x+2)(x>—2x+ 4)

Now, by using partial fractions we have:

3x—1_ _a bx + ¢
x*+8 xt2 x2-2x+4

Solving for a, b, and c will yield:

3x—1=a(x*—2x+4) + (bx+ o)(x+2)
=(a+bx*+ 2b—2a+ o)x+ 4a+ 2c




[ a+b= 0
s . \2b—2a+c= 3
This implies: dg+2e= —1

Solving this system of equations will yield:

=7 4 _ 2
a=1pb= 2’ 73
Therefore, _7 7 7,42 D)
x>+ 8 x+ 2% —2x+ 4
Finally, using what you learned so far you can verify the answer to be:
3§+8d — 7 Inlx+2] +—ln (x*?—2x+4) —5\/_arctan (x\/%l) +c
Summary of procedures

In this book we will only consider five general cases. They are outlined below.

Possible cases for partial fractions

1 Denominator is a quadratic that factorises into two distinct linear factors, and
numerator p(x) is a constant or linear.

px) -_A ,_B
(ax +b)cx+d ax+b cx+d

2 Denominator is a quadratic that factorises into two repeated linear factors, and
numerator p(x) is a constant or linear.

P¥) _ A . B
(ax +b? ax+b (ax + b)?

3 Denominator is a cubic that factorises into three repeated linear factors, and
numerator p(x) is a constant, linear or quadratic.

px) A B, _C
(ax + b ax+b (ax+b? (ax+b)

4 Denominator is a cubic that factorises into one linear factor and one quadratic
factor (that cannot be factorised), and numerator p(x) is a constant, linear or
quadratic.

p(x) - _A L Bx+C O

(ax+ b)cx>+dx+e) ax+b cx2+dx+e
5 Denominator is a cubic that factorises into three distinct linear factors, and
numerator p(x) is a constant, linear or quadratic.

px) 6
(ax + b)cx +d)ex+f) ax+b cx+d ex+f

A consequence of the
Fundamental Theorem of
Algebra (see margin note
in Section 3.3) guarantees
that any polynomial with
real coefficients can only
have factors that are linear
or quadratic.
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Exercise 16.5

Evaluate each integral.

5x + 1 x + X+ 2
1 fx2+x—2dx 2 x? — /2+4x+3
4 /5x2+20x+6 5/2x2+x—12 fx2+2x—
34+ 2x% + x 31 ox? ¥ bx a4 s
5—Xx 3x +4
fx2+x—2 8 f22+x— gf(x+2)2dx
2 x+2
Y fx“—x3—2x2 11fx3+x /3+3x
x+5
1 14
3 / ./ f — 4x? —Sx

@ Areas

We have seen how the area between a curve, defined by y = f(x), and the
x-axis can be computed by the integral f f(x)dx on an interval [a, b],

where f(x) = 0. In this section, we shall find that integration can be used to
find the area of more general regions between curves.

Areas between curves of functions of the form
y = f(x) and the x-axis

If the function y = f(x) is always above the x-axis, finding the area is a

straightforward computation of the integral f f(x)dx.

Example 33

Find the area under the curve f(x) = x> — x + 1 and the x-axis over the
interval [—1, 2].




Solution
This area is simply
2

fz 3 _ x* x?
71(x —x+1)dx= [T_7+x]

-1

— (4 _ _(1_1_)_:1
=4-2+2) (4 > 1) 57

Using your GDG, this is done by simply choosing the ‘MATH’ menu, then

the ‘tnInt’ menu item. = 5.25

fnInt (X°3-X+1,X,
-1,2)

Or, you can type in your function and then go to the ‘CALC’ menu, where you
choose ¢ [f(x) dx and type in your integration limits. Here is what you see.

Y1=X"3-X+1

:value
:Zero

:minimum
:maximum
:intersect
: d¥ /dx Upper Limit? me——
JI (x)dx X=2 f£(x)dx=5.25

In some cases, you will have to adjust how you work. This is the case when
the graph intersects the x-axis. Since you are interested in the area bounded
by the curve and the interval [a, b] on the x-axis, you do not want the
‘signed’ areas to cancel each other. This is why you have to split the process
into different sub-intervals where you take the absolute values of the areas
found and add them.

Example 34
Find the area under the curve f(x) = x> — x — 1 and the x-axis over the
interval [—1, 2].

VA
6
5]
4
3_
2_
14

Solution
As you see from the diagram, a part of the graph is below the x-axis, and
its area will be negative. If you try to integrate this function without paying
attention to the intersection with the x-axis, this is what you get:
2 4 2 2
-[71(x3 —x—1)dx= [%_%_ x]il
1 1

:(4—2—2)—(4 E+1):_

A
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This integration has to be split before we start. However, this is a function
where you cannot find the intersection point. So, we either use our GDC to
find the intersection, or we just take the absolute values of the different parts
of the region. This is done by integrating the absolute value of the function:

b
Area = f | f(x)|dx

2
Hence, area = f71|(x3 —x— 1)|dx.

As we said earlier, this is not easy to find given the difficulty with the
x-intercept. It is best if we make use of a GDC.

Plotl Plot2 Plot3

\YiE abs (X~3-X-1)

\Y2=
\Y3:
\Ya=
\Y5=

\Ye6= SE (x) dx=3.6232289

Or, using ‘InInt’ directly:  [EnTnt (v1,X, -1, 2)
3.614515798

The difference between them is that the latter is more of a rough
approximation than the first.

Example 35

Find the area enclosed by the graph of the function f(x) = x* — 4x*> + x + 6
and the x-axis.

YA
8_




Solution
This function intersects the x-axis at three points where x = —1, 2 and 3.
To find the area, we split it into two and then add the absolute values:

Area = f_l|f(x)|dx=f_1f(x)dx+j;(—f(x))dx

2 3
=f (x3—4x2+x+6)dx+f(—x3+4x2—x—6)dx
-1 2

' S ]2 [_x_“ 4 2 _ T
—[4 3+2+6x_1+ 4+3 > 6x2
_45,7_7
_4+12 6

Area between curves

In some practical problems, you may have to compute the area between
two curves. Suppose f(x) and g(x) are functions such that f(x) = g(x) on
the interval [a, b], as shown in the diagram. Note that we do not insist that
both functions are non-negative, but we begin by showing that case for
demonstration purposes.

To find the area of the region R between the curves from x = ato x = b, we
subtract the area between the lower curve g(x) and the x-axis from the area
between the upper curve f(x) and the x-axis; that is,

b b b
Areaof R = ff(x) dx — fg(x) dx = f [f(x) — g(x)] dx.

Xy
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The fact just mentioned applies to all functions, not only positive
functions. These facts are used to define the area between curves.

If f() and g (x) are functions YA
such that f(x) = g (x) on the 4
interval [a, b], then the area 34

between the two curves is

given by 27
b Ly
A= fa [f(x) — g(x)] dx.

(-
|
] o
N_
xy

Example 36

Find the area of the region between the curves y = x* and y = x> — xon
the interval [0, 1]. (See diagram above.)

Solution
y = x> appears to be higher than y = x> — x with one intersection at x = 0.
Thus, the required area is

X3
3

1
o 127

%

A:fol[xS—(xz—x)]dx:[ +x72J

15N

In order to take all cases into consideration, we will present here another
case where you must be very careful of how you calculate the area. This is
the case where the two functions in question intersect at more than one
point. We will clarify this with an example.

Example 37
Find the area of the region bounded by the curves y = x* + 2x? and
y=x*+2x.

VA

4-

34

2_

Solution
The two curves intersect when

XH2 =+ 2x=>+ 2 —2x=0=x(x+2)(x—1) =0,
ie.whenx= —2,0o0r 1.




The area is equal to

0 1
A= f_z[x3 + 2x% — (x* + 2x)] dx +f0 [ 4 2x — (3 + 2x)] dx

0 1
= fiz[x3+x2—2x] dx+‘/; [—x% 4+ 2x — x*] dx

X z]o [_ﬁ_x_s 2]1

_[4+3 Sl I s S P
_[16 8 _ 1.1 =37

=017 73 4“[4 3“] 0=13-

This discussion leads us to stating the general expression you should use in
evaluating areas between curves.

If f(x) and g(x) are continuous functions on the interval [a, b], the area between the two
curves is given by

b
A= fa |F(x) — g(x)|dx.

The above computation can be done with your GDC as follows:

Plotl Plot2 Plot3 Y3=abs (Y1-Y2)
\Y1= X"3+2X%2
\Yo= X?+2X
\Y3E abs (Y1-Y2)
\YsH
\Ys= /\
\Ye= Upper Limit?
\Y7= =-2 1 Y=0 Sf (x)dx=3.083523

Areas along the y-axis

If we were to find the area enclosed by y = 1 — xand * = x + 1, it would
be best to treat the region between them by regarding x as a function of y
as you see in the graph here.
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The area of the shaded region can be calculated using the
following integral:

Ay) = L!(l =) = (= Dldy

2

‘ y
— — — 2 — e =
f_2|2 y=yldy ‘2y 3

%
3

O

1

2

If we were to use y as a function of x, then the calculation would have
involved calculating the area by dividing the interval into two: [—1, 0]
and [0, 3].

In the first part the area is enclosed between y = Vx + 1 and y = —vx + 1,
and the area in the second part is enclosed by y =1 — xand y = —vx + 1:
0 3
2/:1\/x+ 1dx+ fo (1—x)—(=V/x+1)) dx

(Calculation is left as an exercise.)

Exercise 16.6

In questions 1-22, sketch the region whose area you are asked for, and then
compute the required area. In each question, find the area of the region bounded by
the given curves.

= =7 —x2 = = = =
Ty=x+1ly=7—-x 2 y=cosxy=x—>x ™
3y=2xy=x—2 4 y=x}y=x>—2x=1
5 y=x%y=x’ 6 y=>5x—x’y=x°
7 y=2x—x3,y=x—x2 8 y =sinx,y =2 — sinx (one period)
9y=2y=vxx=9 10 )= y=3x-x

Y= ' Y= 707

1.1 _ o _ T T
11y—§,y—?,x—8 12y—Zsmx,y—\/§tanx,—zsxsZ
13 y=x—1landy’=2x+6 14 x=2y’andx =4 + y?
15 4x +y°=12andy = x 16 x—y=7andx=2y"—y+3
17 x=y?andx =2y’ —y = 2
18 y=x3+2x%2 y=x>—2x,x=—3andx =2

- — — m _
19 y =sec’x,y = secxtanx, x = —gandx—g,
20 y=x>+Tlandy=(x + 1) 21 y=x’+xandy=3x"—x

2Vx + 1

22 y=3—J/xandy= N y=8x2

23 Find the area of the shaded region.




24 Find the area of the region enclosed by y = e*, x = 0 and the tangent to y = e* at
x=1.

25 Find the area of the region inside the ‘loop'in the graph of the curve y?> = x%(x + 3).
26 Find the area enclosed by the curve y? = 2x2 — 4x*.

27 Find the area of the region enclosed by x = 3y?and x = 12y — y? — 5.

28 Find the area of the region enclosed by y = (x — 2)?and y = x(x — 4)°.

29 Find a value for m > 0 such that the area under the graph of y = e?* over the
interval [0, m] is 3 square units.

30 Find the area of the region bounded by y = x* — 4x? + 3x and the x-axis.

@ Volumes with integrals

Recall that the underlying principle for finding the area of a plane region is e Hint: This is an introductory
to divide the region into thin strips, approximate the area of each strip by section that will not be examined.
Itis only used to give you an idea

the area of a rectangle, and then add the approximations and take the limit
of why we use integrals to find

of the sum to produce an integral for the area. The same strategy can be

volumes.
used to find the volume of a solid.
The idea is to divide the solid into thin slabs, approximate the volume of
each slab, add the approximations and take the limit of the sum to produce
an integral of the volume. ya

Cross-section
Given a solid whose volume is to be computed, we start by taking cross- with area A(x)
sections perpendicular to the x-axis as shown in Figure 16.9. Each slab will
be approximated by a cylindrical solid whose volume will be equal to the

product of its base times its height.

b X
& = height A
Figure 16.9

If we call the volume of the slab v; and the area of its base A(x), then

v, = A(x)-h = A(x)-Ax;.
Using this approximation, the volume Y4 Planeatx,_, y4
of the whole solid can be found by

V= z”: A(x;)Ax;.

i=1

o/

AX; =X = X

Taking the limit as # increases and the
widths of the sub-intervals approach
zero yields the definite integral:

o/

Plane at x;

z b
V= lim O AG)Ax = | AG) dx

i=1 The cylinder’s base
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Note: If we place the solid along the y-axis and take the cross-sections
perpendicular to that axis, we will arrive at a similar expression for the
volume of the solid, i.e.

n b
V=lim > " A(y)Ay; = f Aly)dy
i=1

Example 38

Find the volume of the solid formed when the graph of the parabola
¥y = V2x over [0, 4] is rotated around the x-axis through an angle of 27
radians, as shown in the diagram.

Solution
The cross-section here is a circular disc whose radius is y = v 2x. Therefore,

A(x) = wR* = w(V2x)? = 2mx.

The volume is then

4 4 274
V= f A(x) dx = f 2axdx = [2#%]02 1677 cubic units.
0 0

Example 38 above is a special case of the general process for finding
volumes of the so-called ‘solids of revolution’

1 Ifaregion is bounded by a closed interval [g, b] on the x-axis and a function
f(x) is rotated about the x-axis, the volume of the resulting solid of revolution
is given by

b
V= f (f(x))? dx. o




2 [f the region bounded by a closed interval [¢, d] on the y-axis and a function
g(y) is rotated about the y-axis, the volume of the resulting solid of revolution is

given by

a

V= fd g (y)’dy.

v/ YA

P

d

x=4g(y) a(y)
Ay

C

0| X 0o X
Example 39

Find the volume of a sphere with
radius R = a.

Solution
If we place the sphere with its centre at the origin, the equation of the circle
will be

Pry=al=y= Ve — X
The cross-section of the sphere, perpendicular to the x-axis, is a circular
disc with radius y, so the area is

Alx) = 7R = 7y = m(Va® — x*) = w(a® — x%).
So, the volume of the sphere is

V= fﬂ(&lz —x¥) dx = W[azx— %3]

= w(a3—a—3) —7T(—a3+%3>

a3_2a_3)=477a3

7’(2 3 3
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Note: If we want to rotate the right-hand region of the circle around the
y-axis, then the cross-section of the sphere, perpendicular to the y-axis is a
circular disc with radius x. Solving the equation for x instead:

CrHy=ad=x= i\/m, and hence the area is
Ay) =7Rr=mx>=m (W)z = m(a® — y*),

and the volume of the sphere is

374
or-3] =olo-8)-nl-0+9

—a

V= f_aﬂ'(a2 —ydy =

— 3 _ 61_3)247703
7T(2a 23 3

This is the same result as above.

Example 40

Find the volume of the solid generated when the region enclosed by
y =V3x,x =3 and y = 0 is revolved about the x-axis.

Solution
3
V= f 7(f(x))*dx y
0
4 :
3 P
= 77[ (vV3x)2dx 3 B
/
2- <
213
2 o 2 /
R D S S
_’I_
_2_
_3_
_4_
Example 41

Find the volume of the solid generated when the region enclosed by
y =V3x,y = 3and x = 0 is revolved about the y-axis.

Solution

Here, we first find x as a function of y.
2

y= V3x = x= %, the interval on the y-axis is [0, 3]

So, the volume required is

3 }’22 - 3
_ 7 _m 4
V—f()w(3)dy 9/(;)/d)/

I
©ly
<.
w
\S)
~N
3




Washers

Consider the region R between two curves, y = f(x) and y = g(x), and
from x = ato x = bwhere f(x) > g(x). Rotating R about the x-axis
generates a solid of revolution S. How do we find the volume of §?

y B y y
gix)
A
o) a X b X o) o) X

Consider an arbitrary point x in the interval [a, b]. The segment AB
represents the difference f(x) — g(x). When we rotate this slice, the cross-
section perpendicular to the x-axis is going to look like a ‘washer’ whose
area is

A=m(R—r) = m((f(x)* — (gx)).

So, the volume of Sis

b b
V= faA(x)dx= Wfa ((f(x))* — (g(x))?)dx.

Note: If you are rotating about the y-axis, a similar formula applies.

d
V=] () - (4D

Note: To understand the washer more, you can think of it in the following
manner: Let P be the solid generated by rotating the curve y = f(x) and Q
be the solid generated by rotating the curve y = g(x). Then S can be found
by removing the solid of revolution generated by y = g(x) from the solid
of revolution generated by y = f(x), as shown.

y y y

Therefore, volume of S = volume of P — volume of Q. And this justifies
the formula:

b b b
V= Wfa (f(x))?dx — Wfa (g(x))%dx = Wfa ((f(x))* — (g(x))?)dx

Area =m(R>-1?)
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Example42
The region in the first quadrant y
between f(x) =6 — x*and 10
h(x) = = is rotated about the
5_
X-axis. Flnd the volume of the
generated solid. 0
_5_
— ‘I O_

Solution
The rotated region is shown in the diagram. f(x) is larger than h(x)in this
interval. Moreover, the two curves intersect at:

%=6—x2:>x=\/7,x=2
X

Hence, the volume of the solid of revolution is
2
- _ 2y ﬁ)z)
v wfﬁ((a 2 = () Jax

7Tf (x — 12x* + 36 — 24)dx

64]
3x* V2

[— — 4x3 + 36x +

_ 736 = 512/2 _
15

An alternative method: Volumes by cylindrical shells

Consider the region R under the curve y = f(x). Rotate R about the y-axis. We divide
R into vertical strips of width Ax each as shown. When we rotate a strip around the
y-axis, we generate a cylindrical shell of Ax thickness and height f(x). To understand
how we get the volume, we can cut the shell vertically as shown and ‘unfold’it. The
resulting rectangular parallelpiped has length 27, height f(x) and thickness Ax.

So, the volume of this shell is

Av; = length X height X thickness
= (2mx) X f(x) X Ax.

The volume of the whole solid is the sum of the volumes of these shells as the
number of shells increases, and consequently

V= ||m ZA\/ = I|m (2mx) X f(x) X Ax

b If
=27 f xf(x)dx. Ax

a 27X

In many problems involving rotation about the y-axis, this would be more accessible than the disc/washer method.



Example43
. . 39 y
Find the volume of the solid generated y
when we rotate the region under ,
flx) = ﬁ, x = 0 and x = 3 around the y-axis.
‘I -
Solution 0 X
Using the shell method, we have
71 T T T T T 1
Ve fx y —4-3-2-10 1 2 3 4
=2m| x X o dx
3 10
_ 2x du
=27 ol + x? dx =2 u

Exercise 16.7

In questions 1-19, find the volume of the solid obtained by rotating the region
bounded by the given curves about the x-axis. Sketch the region, the solid and a

typical disc.
1y=3—§,y=0,x=2,x=3 2y=2—-xy=0
3y=V16-x,y=0x=1x=3 4y=3y=0x=15%x=3
5y=3-xy=0x=0 6 y=vsinx,y=00sxs<m
7 y=Vosx,y=0-S<x<% 8 y=4-x2y=0
9 y=x>+2x+1,y=0x=1 10 y = —4x — x% y=x?
w o

M y=secxx=7x=35y=0 12 y=1-xy=x>+1
13 y=v36—x%y=4 14 x= [y, y=2x

— - T, _ T - =] x—
15 y=sinx,y=cosx,x=zx=3 16 y=2x’+4,y=xx=1x=3
17 y=vVx*+1,y=0x=1x=3 18 y=16—xy=3x+12,x=—1

_1._5
1Wy=xy=5-x

y

20 Find the volume resulting from a 44

rotation of this region about
a) the x-axis
b) the y-axis.
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In questions 21-31, find the volume of the solid obtained by rotating the region
bounded by the given curves about the y-axis. Sketch the region, the solid and a
typical disc/shell.

21 y=x2y=0,x=1,x=3
22 y=xy=vV9—x%,x=0
23 y=x’—4x’+4x,y=0

24 y=3x,x=5x=11,y=0

— A
BY=HY =T

26 y=Vx’+2,x=3y=0x=0
/X
27 y= x=3,y=0
J Vx3+7 4

28 y =sinx,y = COSX, X =

&3

X =

NI

29 y=2x’+4,y=x,x=1,x=3
30 y=sin(x?),y=0,x=0,x=va

31 y=5—x%y=5—4x

@ Modelling linear motion

In previous sections of this text, we have examined problems involving
displacement, velocity and acceleration of a moving object. In different
sections of Chapter 13, we applied the fact that a derivative is a rate of
change to express velocity and acceleration as derivatives. Even though our
earlier work on motion problems involved an object moving in one, two or
even three dimensions, our mathematical models considered the object’s
motion occurring only along a straight line. For example, projectile motion
(e.g. a ball being thrown) is often modelled by a position function that
simply gives the height (displacement) of the object. In that way, we are
modelling the motion as if it were restricted to a vertical line.

In this section, we will again analyze the motion of an object as if its
motion takes place along a straight line in space. This can only make sense
if the mass (and thus, size) of the object is not taken into account. Hence,
the object is modelled by a particle whose mass is considered to be zero.
This study of motion, without reference either to the forces that cause it or
to the mass of the object, is known as kinematics.

Displacement and total distance travelled

Recall from Chapter 13 that given time ¢, displacement s, velocity v and
acceleration a, we have the following:

v=é,a=ﬂ/, and a=—(—)

d

_ s




Let’s review some of the essential terms we use to describe an object’s
motion.

Position, distance and displacement
® The position s of a particle, with respect to a chosen axis, is a measure of how far it is
from a fixed point (usually the origin) and of its direction relative to the fixed point.

® The distance |s| of a particle is a measure of how far it is from a fixed point (usually
the origin) and does not indicate direction. Thus, distance is the magnitude of position
and is always positive.

® The displacement is the change in position. The displacement of an object may be
positive, negative or zero, depending on its motion.

It is important to understand the difference between displacement and
distance travelled. Consider a couple of simple examples of an object
moving along the x-axis.

1. In this first example, assume that the object does not change direction
during the interval 0 < ¢ < 5. In other words, its velocity does not
change from positive to negative or from negative to positive. If the
position of the object at = 0 is x = 2 and then the object moves so that
at t =15 its position is x = —3, its displacement, or change in position,
is —5 because the object changed its position by 5 units in the negative
direction. This can be calculated by (final position) — (initial position)

= —3 — 2 = —5. However, the distance travelled would be the absolute
value of displacement, calculated by |final position — initial position|
=|-3—2| = +5.
et ° -
5 -4 -3 -2 -10 1 2 3 4 5X

2. In this example, the object’s initial and final positions are the same as
in the first example — that is, at t = 0 its positionis x = 2 and at t = 5
its position is x = —3. However, the object changed direction in that it
first travelled to the left (negative velocity) from x = 2 to x = —5 during
the interval 0 < ¢ < 3, and then travelled to the right (positive velocity)
from x = —5 to x = —3. The object’s displacement is —5 — the same as in
the first example because its net change in position is just the difference
between final and initial positions. However, it’s clear that the object
has travelled further than in the first example. But we cannot calculate
it in the same way as we did in the first example. We will have to make a
separate calculation for each interval where the direction changed. Hence,
total distance travelled = |[=5 — 2| + |=3 — (=5)| =7+ 2 =09.

|
(O]
|
IS
|
w
|
N
|
-
o
-
N
w
IS
w1 4
xy
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There is no separate word to
describe the magnitude of
acceleration, |a|.

The definite integral is a
mathematical tool that can be
used in applications to calculate
net change of a quantity

(e.g. A position — displacement)
and total accumulation

(e.g. > area — volume).

828

Velocity and speed

® The velocity v = ds of a particle is a measure of how fast it is moving and of its

direction of motion relative to a fixed point.
® The speed |v| of a particle is a measure of how fast it is moving and does not indicate
direction. Thus, speed is the magnitude of velocity and is always positive.

Acceleration
dv

® The acceleration a = dt of a particle is a measure of how fast its velocity is changing.

Example 44

The displacement s of a particle on the x-axis, relative to the origin, is given
by the position function s(f) = —# + 6t, where s is in centimetres and ¢ is
in seconds.

— 0 —>

-6 -5 4 -3 -2 -1 0 1 2 3 4 5 6

s

a) Find a function for the particle’s velocity v(¢) in terms of . Graph the
functions s(#) and v(t) on separate axes.

b) Find the particle’s position at the following times: t = 0, 1, 3 and
6 seconds.

c¢) Find the particle’s displacement for the following intervals: 0 < t < 1,
Ist<33<t<6and0<t<6.

d) Find the particle’s total distance travelled for the following intervals:
0sr=s1l,1sr<33<t<6and0=t<6.

Solution

Position function: s(t) = —t2 + 6t Velocity function: v(t) = s'(t) = —2t + 6
sA
sK

10- %
5 5'\

T T T T T T Y —> | | T T T T T 't
=101 1 2 3 45 6 7° —_150_ 1.2 3 6 7
—54

~101 =10

a) v(p) = dit(—tz Y6 = 2646

b) The particle’s position at:
e t=01iss(0) = —(0)?+6(0) =0cm
e t=1iss(1)=—(1)?+6(1) =5cm
e t=3iss5(3)=—(3)*+6(3) =9cm
e t=061iss(6) = —(6)*+6(6) =0cm

c) The particle’s displacement for the interval:

e 0<t=lisAposition = s(1) —s(0) =5—0=5cm
1 <t=<3isAposition = s(3) — s(1) =9 —5=4cm
< t=< 6is Aposition = s(6) — s(3) =0 —9 = —9cm
< t=< 6is Aposition = s(6) — s(0) =0—0=0cm



This last result makes sense considering the particle moved to the right
9 cm then at t = 3 turned around and moved to the left 9 cm, ending where
it started — thus, no change in net position.

d) The particle’s total distance travelled for the interval:
e 0<t=<1lis|s(1) —s(0)=1]5—0] =5cm
o 1=<t=<3is|s(3) —s(1)| =19 — 5| =4cm
e 3=<t<6is|s(6) —s(3)|=10—9| =|-9| =9cm
e 0 =< r= 6: The object’s motion changed direction (velocity = 0) at
t = 3, so total distance is |s(3) — s(0)| + |s(6) — s(3)|
=9—0/+[0—9 =9+9=18cm

Since differentiation of the position function gives the velocity function
(i.e. y= %i ), we expect that the inverse of differentiation, integration, will

lead us in the reverse direction — that is, from velocity to position. When
velocity is constant, we can find the displacement with the formula:

displacement = velocity X A in time

If we drove a car at a constant velocity of 50 km/h for 3 hours, our
displacement (same as distance travelled in this case) is 150 km. If a
particle travelled to the left on the x-axis at a constant rate of —4 units/sec
for 5 seconds, the particle’s displacement is —20 units.

The velocity—time graph below depicts an object’s motion with a constant
velocity of 5 cm/s for 0 < ¢t < 3. Clearly, the object’s displacement is 5 cm/s
X 3 sec = 15 cm for this interval.

VA VA

vit)=5 vit)=5
5 5

e
The rectangular area (3 X 5 = 15) under the velocity curve is equal to the
object’s displacement.

Looking back at Example 44, consider the area under the graph of v(1)
fromt=0tot= 3.

Velocity function: v(t) = s'(t) = —2t + 6
SA

5_\ . k

T T T T T T T [t 0

19 1 2 3 6 7" 3

> Area=1x3x6=9
_‘Io_

Given the discussion above, we should not be surprised to see that the area
under the velocity curve for a certain interval is equal to the displacement
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for that interval. We can argue that just as the total area can be found by
summing the areas of narrow rectangular strips, the displacement can be
found by summing small displacements (v+At). Consider:

displacement = velocity X Aintime = s= v:At = s= v-dt
We learned earlier in this chapter that if f(x) = 0 then the definite integral

b
f f(x) dx gives the area between y = f(x) and the x-axis from x = ato

b
x = b. And if f(x) < 0 then / f(x) dx gives a number that is the opposite

of the area between y = f(x) and the x-axis from a to b.

Using integration to find displacement and total distance travelled
Given that v(t) is the velocity function for a particle moving along a line, then:

b
f v(t) dt gives the displacement fromt = atot = b.
a

b
f v(t) dt‘ gives the total distance travelled from t = a to t = b if the particle does not
a

change direction during the interval a < t < b.
If a particle changes direction at some t = ¢ for g < ¢ < b, the total distance

[v(r) dt l[bv(r) dr“

In general, the total distance travelled by an object from time t, to t;, with many switches
rl

in direction is given by i |v(®)]dt.

travelled for the particle is given by 4

Let’s apply integration to find the displacement and distance travelled for
the two intervals 3 < ¢ < 6 and 0 < < 6 in Example 40.
e For3st=<sé6:

J 6
Displacement = f (=2t+6)dt= [—tz + 643
3

=[-(6)*+6(6)] = [-(3)*+6(3)]=0—9=—9

6

Distance travelled = ‘[(—21‘ +6) ‘dt= ‘ [—t2 + 6t]3

=|[=(6)?>+6(6)] = [-3)2+6(3)]|=[0-9=9
e For0==r=<6:

6 6
Displacement = / (=2t+6)dt= [—tz + 640
0

=[-(6)>+6(6)] —[01 =0

Distance travelled =

3

f(—2t+ 6)dt‘ + f(—2t+ 6)dt‘
0 3

Particle changed direction at ¢ = 3.

6

= ‘ [—tz + 6t]
3

6
+H—t2+6t]3
=[(—=9+18) — 0| + |0 — (—9 + 18)|
=19+ |-9/=9+9=18



Example 45

The function v(t) = sin(7rt) gives the velocity in m/s of a particle moving
along the x-axis.

a) Determine when the particle is moving to the right, to the left, and
stopped. At any time it stops, determine if it changes direction at that
time.

b) Find the particle’s displacement for the time interval 0 < ¢ < 3.

c¢) Find the particle’s total distance travelled for the time interval 0 < ¢ < 3.

Solution

a) v(i) =sin(mt) =0 = sin(k'wm) =0forkE€EZ = mt=kmr =t=kk
€ Zfor0<t=<3,t=0,1,2,3. Therefore, the particle is stopped at t =
0,1,2,3.

Since t = 0 and ¢ = 3 are endpoints of the interval, the particle can only
change directionat t = 1 or t = 2.

v(%) = sin(w-%) =1; v(%) = sin(ﬂ'-%) = —1 = direction changes at t = 1
V(%) = sin(ﬂ'-%) =—-1 v(%) = sin(w-%) =1 = direction changes again
attr=2

3 3
b) Displacement = '/;sin(ﬂ't) dt = [—% cos(m‘)]0

= —%cos(SW) - (—% cos(0)>= —7%.(—1) +7LT(1) =7%.-~ 0.637 metres

c) Total distance travelled =

1 2
fsin(rrt) dt‘ + fsin(ﬂ't) dt‘
0 1

‘/:sin(m‘) dt‘ = ‘ [— % cos(ﬂ't)](l)

+

3

+ ’ [—l cos(m)]

+ ‘ [—7% cos(m)]j -

2

= ’%‘ + ‘—%’—F ‘%’ = %% 1.91 metres

Note that, in Example 45, the position function is not known precisely.
The position function can be obtained by finding the anti-derivative of the
velocity function.

s() = [v(t)dt = [sin(art) dt = —%COS(WI,‘) +C

We can only determine the constant of integration Cif we know the
particle’s initial position (or position at any other specific time). However,
the particle’s initial position will not affect displacement or distance
travelled for any interval.
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The limit of the velocity as @
t — oo, for a falling object, is
called the terminal velocity of
the object. While the limit

t — oo is never attained (the
parachutist eventually lands on
the ground), the velocity gets
close to the terminal velocity
very quickly. For example, after
just 8 seconds, the velocity is
v(8) =36 1°® + 6~6.0002 m/s.

Position and velocity from acceleration

If we can obtain position from velocity by applying integration then we
can also obtain velocity from acceleration by integrating. Consider the
following example.

Example 46

The motion of a falling parachutist is modelled as linear motion by
considering that the parachutist is a particle moving along a line whose
positive direction is vertically downwards. The parachute is opened at t =0
at which time the parachutist’s position is s = 0. According to the model,
the acceleration function for the parachutist’s motion for t > 0 is given by:

a(f) = —54¢715

a) At the moment the parachute opens, the parachutist has a velocity of
42 m/s. Find the velocity function of the parachutist for t > 0. What
does the model say about the parachutist’s velocity as t — oo?

b) Find the position function of the parachutist for > 0.

Solution

a) v() = [a(pdt= [(—54e %) dt
_ _ 1 —1.
- 54(—1.5)6 R
=36 15"+ C

Since v = 42 whent=0,then42 =36+ C=42=36+ C=C=6

Therefore, after the parachute opens (¢ > 0) the velocity function is
v(t) = 36e 17 + 6.

Since }in}o e 1ot = }irrolo e%“ = 0, then as t — o, }irrolo v(t) = 6 m/sec.

b) s() = [v(H)dt= [(36e % + 6)dt

1
—1.5

= —24e 5 + 61+ C

= 36( )e‘“” +6t+C

Since s = 0 when t = 0,then 0 = —24¢° + 6(0) + C
=0=-24+C=C=24

Therefore, after the parachute opens (¢t > 0) the position function is
s(t) = —24e 19" + 6t + 24.

Uniformly accelerated motion

Motion under the effect of gravity in the vicinity of Earth (or other
planets) is an important case of rectilinear motion. This is called uniformly
accelerated motion.



If a particle moves with constant acceleration along the s-axis, and if we
know the initial speed and position of the particle, then it is possible to
have specific formulae for the position and speed at any time ¢ This is how:

Assume acceleration is constant, i.e. a(t) = a, (0) = v, and s(0) = s,
v(t) = fadt = at + ¢, we know that ¥(0) = v, then
v(0) = v, = a(0) + c= ¢ = v,; hence v(t) = at + v,
s(t) = [W(t)dt = [(at + vy)dt = %atz + vt + ¢ but s(0) = s,, then
s(0) =5, = %a(OZ) + 1,(0) + ¢ = ¢ = s hence
s(t) = %at2 + vt + 5
When this is applied to a free-fall model (s-axis vertical), then
v(t) = —gt + vy, and

s(t) = —%gt2 + vt + 55, where g = 9.8 m/s%.

Example 47

A ball is hit, from a point 2 m above the ground, directly upward with
initial velocity of 45 m/s. How high will the ball travel?

Solution
v(t) = —9.8¢t+ 45

s(r) = —%(9.8)t2 +45¢t+ 2= —492 + 45t+ 2
The ball will rise till v(¥) = 0,= 0 = —9.8¢t + 45, = t =~ 4.6
At this time,

5(4.6) = —4.9(4.6)> + 45(4.6) + 2 =~ 105.32m.

Example 48

Tim is running at a constant speed of 5 m/s to catch a bus that stopped
at the station. The bus started as it was 11 m away with an acceleration of
1 m/s*>. How long will it take Tim to catch up with the bus?

=

3

Sa

S o
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Solution

To catch the bus at some time t, Tim will have to cover a distance s that is
equal to 11 m plus s, travelled by the bus.

sy = 5t
sp = 3t
Buts;=s, + 11 = %tz + 11, therefore
St=1f+ 11=£—10t+22=0
So,t= 3.3s,0rt= 6.7s.

Note: The reason we have two answers is that since Tim is travelling at a
constant rate he may miss the door at first, and if he continues, the bus will
catch up with him 6.7 s later!

Exercise 16.8

In questions 1-6, the velocity of a particle along a rectilinear path is given by the
equation v(t) in m/s. Find both the net distance and the total distance it travels
between the timest = gand t = b.

1vi)=t2—11t+24,a=0,b=10

1

2 v(r):t—t—z,a=0.1,b=1

3 v(t)=sin2t,a=0,b=g

4 v(t) =sint+cost,a=0b=m

5vi0=—-82+15t,a=0b=6

6 v(t) = sin(%r) 4F cos(%t),a =0,b=1

In questions 7-11, the acceleration of a particle along a rectilinear path is given by
the equation a(t) in m/s?, and the initial velocity v, m/s is also given. Find the velocity
of the particle as a function of t, and both the net distance and the total distance it
travels between the timest = aand t = b.

7 at)=3,v=0a=0b=2
8 al)=2t—4,v,=3,a=0,b=3

9 a(t)=sint,vo=o,a=o,b:3777
=1

Vo=2,a=00b=4
t+1

= ——] = = =
11 a() = 6t Al 2,a=0b=2

In each question 12-15, the velocity and initial position of an object moving along a
coordinate line are given. Find the position of the object at time t.

12 v=98t+ 5,50) =10
13 v=32t—2,5(05) =4
14 v=sint,s0) =0

10 a(t) =

_ 1 Lo (1) —
15 v——H_2,r> 2,5(=1)

N[ —




In each question 16-19, the acceleration is given as well as the initial velocity and
initial position of an object moving on a coordinate line. Find the position of the
object at time t.

16 a =€, v(0) = 20,5(0) =5
17 a =98, v(0) = —3,5(0) =0

18 a = —4sin2t, v(0) = 2,5(0) = =3

19 g = %cos%t., v(0) = 0,s5(0) = —1

In questions 20-23, an object moves with a speed of v(t) m/s along the s-axis. Find
the displacement and the distance travelled by the object during the given time
interval.

20 V() =2t—40<t<6
21 v =[t—3[0t=<>5
22 V()= -3+ 20=<t<3
23 V() =Vi—2,0=<t=<3

In questions 24-26, an object moves with an acceleration a(t) m/s? along the s-axis.
Find the displacement and the distance travelled by the object during the given
time interval.

24 gt)=t—2,v,=0,1<t=<5
25 g(t) =

26 at) = —2,v,=3,1st<4
27 The velocity of an object moving along the s-axis is
v=98t— 3.
a) Find the object’s displacement between t = 1 and t = 3 given that s(0) = 5.
b) Find the object’s displacement between t = 1 and ¢t = 3 given that s(0) = —2.
0) Find the object’s displacement between t = 1 and t = 3 given that s(0) = s,.
28 The displacement s metres of a moving object from a fixed point O at time t
seconds is given by s(t) = 50t — 10t? + 1000.
a) Find the velocity of the object in ms~".
b) Find its maximum displacement from O.

29 A particle moves along a line so that its speed v at time t is given by

5t, 0=t<1
v(t) = :
6ﬁ—?, =1

where tis in seconds and v is in cm/s. Estimate the time(s) at which the particle is
4 cm from its starting position.

30 A projectile is fired vertically upward with an initial velocity of 49 m/s from a
platform 150 m high.

a) How long will it take the projectile to reach its maximum height?
b) What is the maximum height?
)

c) How long will it take the projectile to pass its starting point on the way down?
d
e

) What is the velocity when it passes the starting point on the way down?
) How long will it take the projectile to hit the ground?
f) What will its speed be at impact?
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@ Differential equations (Optional)

This section presents only an introduction to differential equations. More
on differential equations can be found in the Options part: Calculus.

A differential equation is an equation that relates an unknown function
and one or more of its derivatives. A first-order differential equation is
an equation that involves an unknown function and its first derivative.
Examples of first-order differential equations are:

, . dy dy _
y +2xy—smx,a—y+2x,anda— ky

In this part of the textbook we will consider only first-order differential
equations that can be written in the form

d
d—i = f(x ).

Here f(x, y) is a function of two variables defined on a region in the
xy-plane. By a solution to the differential equation, we mean the following.

Solution of a differential equation

We say that a differentiable function y = y(x) is a solution to the differential
equation

dy
3 fx)
on an interval of x-values (sometimes R) when

Ly = fos 39).

By y(x), we mean'y of x; i.e.
y as afunction of x, and not

y times x Let us clarify these initial ideas by some examples.

The initial condition y(x,) = y, amounts to requiring the solution curve
O ¥ = y(x) to pass through the point (x, y,).

Note: In algebra we usually seek the unknown variable values that satisfy
an equation such as 3x> — 2x — 5 = 0. By contrast, in solving a differential
equation, we are looking for the unknown functions y = y(x) for which an
identity such as y'(x) = 3x’y(x) holds on some interval of real numbers.
Usually, we will desire to find all solutions of the differential equation, if
achievable.

Example 49

Verify that y(x) = Ce*’ is a solution to the differential equation

dy .,
E—?vxy.




Solution
. . . 3
Since Cis a constant in y(x) = Ce*’, then

dy _ 2,03) — 2,20 (o) — 242
EC—C(3xe ) = 3x*(Ce*) = 3x%y.

Consequently every function y(x) of the form y(x) = Ce* satisfies —and

thus is a solution of — the differential equation

dy_ 5
EC—%C)/

for all real x. In fact y(x) = Ce*’ defines an infinite family of different
solutions to this differential equation, one for each choice of the arbitrary

Fel-d =4 |- 4
L -

vl f1

constant C.
y
[ B A B e A4 =317 (A I e |
(IR T i T+ - | e o
s - T
Y I Y Y Y 2 - -7 gt
[ I A VA V] 4 - - /R
R B e e A - = ———H—
(A Y A VA SV = - AR
AN ARV & = - ARV
AR RNV S i =T — /0 /1y
/7 = — FE VARV a |
T
2
I
|
\
|
|
[
I
|
|

R S
LI [ I R S P2
—_— - = = - = -~ s

- - - - s

Example50
Verify that
_ 1
Y=
is a solution to the differential equation
Y _ gy
Ir 8x’y

over the interval | —oo, o[,

Solution
Notice that the denominator in y(x) is never zero and that y(x) is
differentiable everywhere. Furthermore, for all real numbers x,

d (x)zi(— 1 ): 8x
dx” dx\ 2x'+3) (2x'+ 3)
=8 3 _¥2:8 3.2
T2 13 x
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Thus,

1

U

is a solution to the given differential equation.

Differential equations as mathematical models

The following examples illustrate typical cases where scientific principles
are translated into differential equations.

1 Newton’s law of cooling states that the rate of change of the
temperature T of an object is proportional to the difference between T
and the temperature of the surrounding medium S.

That is, - Temperature §
aT _ - s) ‘1

dt

Temperature T
where k is a constant and S is usually ‘i
considered constant.

2 Population growth rate in cases where the birth and death rates are not

variable is proportional to the size of the population. That is,

dP

ar _ 1 p
dt k

where k is a constant.

Shortly, we will learn how to solve such problems.

Separable differential equations

In this section, we will limit our discussion to one basic type, the separable
differential equations, also called variables-separable differential
equations.

The first-order differential equation
dy
3 fx)
is called variable separable when the function f(x, y)can be factored into a

product or quotient of two functions such as

dy _ dy _ p(x)
dx g(x)h(y) Ora = m

In such cases, the variables x and y can be separated by writing

d
Wﬁ’/) = g(x)dxor q(y)dy = p(x)dx



and then simply integrating both sides with respect to x. That is,

Jit5-

Je(x)dx + cor [q(y)dy = [p(x)dx + c.

Note: You need to remember that h(y) is a continuous function of y

alone and g(x) is a continuous function of x alone. The same goes for

q(y) and p(x).

Note: We also may say that the method of solution is separation of

variables.

Here are some examples of differential equations that are separable

Original differential equation | Rewritten with variables separated
dy 3x
2 [ A
(x*+4)y" =3xy Y T 4dx
3xely’ 3¢ _2
1+ezy_ 1+ezydy—§dx
d
% =xy+4 Not separable!
, a4y _ >
3x +ya—7 ydy = (7 — 3x°)dx
dy 1 (x—1)
x2d_x + yZ — xy2 ?dy = x2 dx
yzﬂ +x2 = xy? Not separable!
dx

We will end this section by looking at a few examples.

Example 51

Solve
Yy — 9x?y? = 5)%

Solution

We first factor the equation to separate the variables.

dy

dx

d
L
Y

=y

d
592 + 9x%y? = d—z = y*(5 + 9x?)

(5 + 9x?)dx

L —sxt 30+ ¢

—1

IR Ry

This is a general solution for the differential equation. In this case we are

able to express this function in explicit form.
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Example52
Solve
dy  3xy
dx 1+ 4y%
Solution

With very few steps, we can separate the variables:

1 + 4y?
y

= 3x%dx

And now we can integrate both sides:

fl * 4 dy = f3x2dx<:>f<% + 4y)dy= [3x%dx

y
Injy| + 2y =%+ ¢

For every value of arbitrary constant ¢, this defines an exact but implicit
solution y(x) as it cannot be written in an explicit form y = f(x).

Here are some of the solution curves for a few values of c.
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Note: Here is a summary of solving equations by separation of variables.

dy

1 Write the differential equation in the standard form —= =

d
2 Can you separate the variables, i.e. is & _ g(x)h(y) or —
3 If so, separate the variables, to get ——~

4 Integrate both parts to get f dy

h(y)

dx

dy

dx dx

M)

flxy).

_ W,
iy’

= fg(x)dx+ cor fq(y)dy

= [p(x)dx + c.

g(x)dxor q(y)dy = p(x)dx.



5 Do the integrals if you can and don’t forget the arbitrary constant. Even
though we have two integrals, one on the left and one on the right, it is
enough to combine both arbitrary constants with one.

6 If possible, resolve the resulting equation with respect to y, to get your
equation in explicit form y = f(x).

Example 53

Find the general solution of the population growth model

ap _

v kP.

Solution
In this problem, we can easily separate the variables.

d_'P:

Pkt

Now integrate both sides to get

1 p_
fl_JdP_ [kdt
In|P| =kt + ¢

where cis an arbitrary constant. This last equation can be simplified to
render an explicit expression for P:

In|P| = kt+ ¢

= ’p‘ — ekt+c — ektec — Aekt

. y
where we replaced e with A. Thus, I e 4 AT R
1

1 + I I 1 1 1 1 1 1 1 1 1 /

P = Aefor P= —Ae~. - A ATy i |

1 1 v ! 1 1 1 1 / 1 1 1 1 1

o . . . 4 T + t + 7 + + + + a t / 1 t

This is the general solution and all solutions to 111 AN IRIE/2N!

7 7 7
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and the solution to the initial value problem is
P = Aef* = Pye Moekt = Pyekt~ 1),

There is a very important special case when ¢, = 0. The solution becomes
P = Pyt~ %) = Pyek

which is the usual growth model which starts at time ¢ = 0 with initial
population P,.

Example 54

If a cold object is placed in warmer medium that is kept at a constant
temperature S, then the rate of change of the temperature T(¢) with
respect to time tis proportional to the difference between the surrounding
medium and the object and hence it satisfies

AT _ e B
CLKS-T)  TO)=T,

where k> 0 and T, < §, i.e. the initial temperature is less than the
temperature of the surrounding medium. Find the solution to the initial
value problem.

Solution
It is immediately apparent that this is a variables separable type of
differential equations as:

aT _ e dr_ _
G = kS =D e =kdt

We integrate and find the general solution first.
ar  _
f o~ Jhe

In|S—T| = —kt— ¢

where ¢, is an arbitrary constant. Now since we know that the temperature
T'is less than the surrounding temperature, then

In|S— T| =In(S— T).
The general solution then is:
In(S—T) =—kt— ¢
S—T=¢kq
T=S—e*a



The initial condition implies:
T=S—e¢k-a
T,=S8S—¢ 4
ed=85—-T,
—¢ =1In(S— T,)
= —In(S— T,)
Therefore, substituting this value in the general solution:
In(S—T) = —kt— ¢
In(S—T) = —kt+ In(S — T)
In(S—T) —In(S— T,) = —kt

ln(s_ T) = —kt

S— T,
S—T _ _u
s—1, ¢

S—T=(S—Tye™
T=S—(S—Ty)e™

This is an example of what is called ‘limited growth’. This is so because the
maximum value that T can achieve is S. For example, if a can of soda is left
in a room with constant temperature of 21°, then the temperature of the

soda will increase to reach the room temperature!
In fact, since k > 0 and Sis a constant, then
T=S—(S— Tye*

élj: _ — kt
= KS— Tye ™.

Also, since T, < S, then

ﬂ: — —kt
0t k(S — Tye ™>0.

The temperature will always increase. As time passes, i.e.

lime*=0

t—

= lim T'= lim(S— (= Tye ™) =s T

The graph shows how the temperature
climbs up to 21° but does not exceed it.

time t
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Example 55

Solve the initial value problem:

dy _y
dx - xrpr =

Solution
This is a variables separable type. We will separate the variables and
integrate.

dy _y
dx x+1
dy _ dx
Y x+1

[dr—] s
y x+1
Inly| =In|x+ 1| + ¢

ly| = ellx+1lte = glxtllge = |xx 4 e

Now, since cis an arbitrary constant, we can replace e with a constant C,
and our solution becomes

ly| = Clx + 1].

Using the initial condition:
4 = (|1 + 1| = C = 2, and the particular solution
ly| = 2|x + 1], that is,
y=x2(x+1)

Example 56

Solve the initial value problem:

dy 147
aze)’ tCOS}/;y(O)ZO

Solution

This problem needs some work to get it separated.

dy o 1+2
i~ ¢ sy

eVcosydy = e (1 + *)dt

Both sides need integration by parts (left as an exercise for you).
[e7cosydy = [e(1 + 2)dt
%e’y(cosy —siny) = e (P +2t+3)+¢



With initial conditions applied:
%e’y(cosy —siny) =e (#+2t+3)+¢
%e‘o(coso —sin0) = e %0% + 2(0) + 3) + ¢
1 _ _5
7= 3+ c=>c= )
Therefore, our particular solution is:
%e‘y(cosy —siny) = e (# +2t+3) + %
e (cosy —siny) =2¢ (£ +2t+3)+5

Notice here that our solution cannot be expressed explicitly. In many cases,
solutions to differential equations are given in implicit form.

Exercise 16.9

In questions 1-27, solve the given differential equation.

d
1 x3dy = 4ydx, y(0) = 3 2 d—i=xy,y(0)=1
3y —xy?=0y(1)=2 4y —y=0,y2) =1
&y, -
Sa—e=0,y(0)=1 6 yey *=1
7D 20 =1 8 xdy — y*dx = —dy, y(0) = 1
dx ) Xy 0= xdy =y dx = —dy, y(0) =
9 y’dy —xdx=dx —dy,y0) =3 10 yy' = xy’ + x,y(0) =0
dy XY
11 d—x=y2x+x 12y=y+],y(2)=1
13 e* Vdy = xdx 14 y' =xy? —x—y*+1
dy 1+2y°
- 2 == =
15 xylnxy' = (y + 1) %~ ysnx
dy -y o e
17a=x 1_x2,y(O)=O 18 y'(1 +e)=¢e*2y(1)=0
19 (y + Ndy = (x’y — y)dx,y3) =1 20 cosydx + (1 + e ¥)sinydy =0, y(0) = 7ZT
21 xy’' —y=2x%,y(1) =1 22 xydx+e"‘2(y2—1)dy=0,y(0)=1
dy tet
" — 2 - =
23 (1 +tany)y =x*+1 24 it T
25 ysec fdy = €¥sin’ 6. d6 26 xcosx = (2y +e¥)y’, y(0) =0
27 dy_ F=12 0)=3
¢ x,y(0) =

28 The temperature T of a kettle in a room satisfies the differential equation

Z—Z = m(T — 21), where tis in minutes and m is a constant.

a) Solve the differential equation showing that T = Ce™ + 21, where Cis an
arbitrary constant.

b) Given that T(0) = 99 and T(15) = 69, find
(i) thevalue of mand C
(i) twhen T = 39.
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Practice questions

1 The graph represents the function YA
fix— pcosx p€EN. 3
Find
a) the value of p
b) the area of the shaded region.

IR

2 The diagram shows part of the graph of y = e 2.

a) Find the coordinates of the point P,
where the graph meets the y-axis.

The shaded region between the graph and

the x-axis, bounded by x = 0 and

x = In 2, is rotated through 360° about

the x-axis.

b) Write down an integral that
represents the volume of the solid
obtained.

c) Show that this volume is 7r cubic units.

YA

of lo
=3

N

<Y

3 The diagram shows part of the graph of y = % The area of the shaded region is 2
units.

YA

Find the exact value of a.

4 a) Find the equation of the tangent line to the curve y = Inx at the point (g, 1), and
verify that the origin is on this line.
b) Show that (x In x —x)" = Inx.

¢) The diagram shows the region enclosed by the curve y = Inx, the tangent line in
part a), and the line y = 0.

YA

¥

Use the result of part b) to show that the area of this region is %e =1,

846




5 The main runway at Concordville airport is 2 km long. An aeroplane, landing at
Concordville, touches down at point 7, and immediately starts to slow down. The point
A’is at the southern end of the runway. A marker is located at point P on the runway.

----- TS
A s B
< T 2km »

Not to scale

As the aeroplane slows down, its distance, s, from A, is given by
s=c+ 100t-4¢

where tis the time in seconds after touchdown and ¢ metres is the distance of 7from A.
a) The aeroplane touches down 800 m from A (i.e. ¢ = 800).
(i) Find the distance travelled by the aeroplane in the first 5 seconds after
touchdown.
(ii) Write down an expression for the velocity of the aeroplane at time ¢ seconds
after touchdown, and hence find the velocity after 5 seconds.
The aeroplane passes the marker at P with a velocity of 36 ms~". Find
(iii) how many seconds after touchdown it passes the marker
(iv) the distance from Pto A.

b) Show that if the aeroplane touches down before reaching the point P, it can stop
before reaching the northern end, B, of the runway.

6 a) Sketch the graph of y = m sin x — x, —3 < x =< 3, on millimetre square paper,
using a scale of 2 cm per unit on each axis.
Label and number both axes and indicate clearly the approximate positions of the
x-intercepts and the local maximum and minimum points.

b) Find the solution of the equation & sinx — x =0, x > 0.
¢) Find the indefinite integral
[(asin x — x) dx

and hence, or otherwise, calculate the area of the region enclosed by the graph, the
x-axis and the line x = 1.

7 The diagram shows the graph of the function y = 1 + % 0 < x < 4. Find
the exact value of the area of the shaded region.
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8

10

Note: Radians are used throughout this question.
a) (i) Sketch the graph of y = x? cos x, for 0 < x < 2, making clear the approximate
positions of the positive intercept, the maximum point and the endpoints.
(i) Write down the approximate coordinates of the positive x-intercept, the
maximum point and the endpoints.
b) Find the exact value of the positive x-intercept for 0 < x < 2.

Let R be the region in the first quadrant enclosed by the graph and the x-axis.
c) (i) Shade R on your diagram.
(ii) Write down an integral that represents the area of R.
d) Evaluate the integral in part c)(ii), either by using a graphic display calculator, or by

using the following information.

d—‘i(xzsinx + 2xcosx — 2sinx) = x2cosx

Note: Radians are used throughout this question.

The function fis given by 17 W
f(x) = (sin x)2 cos x.
The diagram shows part of the graph ¢
= B
of y = f(x). : :

The point A is a maximum point, the
point B lies on the x-axis, and the point
Cis a point of inflexion.

a) Give the period of f.

b) From consideration of the graph of
y = f(x), find, to an accuracy of 1 significant figure, the range of /.
c) (i) Find f'(x).
(ii) Hence, show that at the point A cos x = %
(iii) Find the exact maximum value.
d) Find the exact value of the x-coordinate at the point B.
e) (i) Find [f(x) dh.
(i) Find the area of the shaded region in the diagram.
f) Given that f"(x) = 9(cos x)> — 7 cos x, find the x-coordinate at the point C.

Note: Radians are used throughout this question.
a) Draw the graph of y = ar + x cos X, 0 < x < 5, on millimetre square paper, using
a scale of 2 cm per unit. Make clear
(i) the integer values of x and y on each axis
(ii) the approximate positions of the x-intercepts and the turning points.
b) Without the use of a calculator, show that 7 is a solution of the equation
a + x cos x = 0.
c) Find another solution of the equation 7 + x cos x = 0 for 0 < x < 5, giving your
answer to 6 significant figures.
d) Let R be the region enclosed by the graph and the axes for 0 < x < 4. Shade R
on your diagram, and write down an integral which represents the area of R.

e) Evaluate the integral in part d) to an accuracy of 6 significant figures. (If you

consider it necessary, you can make use of the result i(x sin X + €os x) = X cos X.)

dx



11

12

13
14

15

16

The diagram right shows the graphs of yA

flx) = 1+ e*and f
gx)=10x+2,0<sx<1.5. 16 [
a) (i) Write down an expression for
the vertical distance p between 12 -
the graphs of fand g.
(ii) Given that p has a maximum 8-
value for 0 < x < 1.5, find
the value of x at which this 4.
oceurs.
0 05 1 15 X

The graph of y = f(x) only is shown in YA
the diagram right. When x = g, y = 5.
b) (i) Find f~'(x).
(ii) Hence, show that a = In 2.
c) The region shaded in the
diagram is rotated through
360° about the x-axis. Write
down an expression for the
volume obtained.

a
0.5 1 1.5

xY

0

The area of the enclosed region shown in the diagram is defined by
y=x*+2,y<ax+ 2 wherea>0.

y

This region is rotated 360° about the x-axis to form a solid of revolution. Find, in terms
of &, the volume of this solid of revolution.

Using the substitution u = %x + 1, or otherwise, find the integral fx %x + 1 dx.

A particle moves along a straight line. When it is a distance s from a fixed point, where

s> 1, the velocity vis given by v = zi i ? Find the acceleration when s = 2.

The area between the graph of y = €* and the x-axis from x = 0 to x = k (k> 0)
is rotated through 360° about the x-axis. Find, in terms of k and e, the volume of the
solid generated.

k
Find the real number k > 1 for which '/1 (1 4+ %)dx = %
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17 The acceleration, a(t) ms=2, of a fast train during the first 80 seconds of motion is given by

-1
alt) = =55t +2

where tis the time in seconds. If the train starts from rest at t = 0, find the distance
travelled by the train in the first minute.

18 In the diagram, PTQ s an arc of the parabola y = a* — x2, where a'is a positive
constant, and PQRS is a rectangle. The area of the rectangle PQRS is equal to the area
between the arc PTQ of the parabola and the x-axis.

y
T
S R
P Q
(0] X
y = aZ ,X2
Find, in terms of &, the dimensions of the rectangle.
xlnx —kx, x>0
19 Consider the function f(x) = 9 o where k €N
. X =

a) Find the derivative of £,(x), x > 0.
b) Find the interval over which f(x) is increasing.

The graph of the function f(x) is shown below.

| e

(0] A X

c) (i) Show that the stationary point of £(x) is at x = e~
(ii) One x-intercept is at (0, 0). Find the coordinates of the other x-intercept.
d) Find the area enclosed by the curve and the x-axis.
e) Find the equation of the tangent to the curve at A.
f) Show that the area of the triangular region created by the tangent and the
coordinate axes is twice the area enclosed by the curve and the x-axis.
g) Show that the x-intercepts of £ (x) for consecutive values of k form a geometric
sequence.
dy

20 Solve the differential equation i 1+ y?given thaty = O whenx = 2.
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22

23

24

25

The equation of motion of a particle with mass m, subjected to a force kx can be

written as kx = mvﬂ/, where x is the displacement and v s the velocity.

dx
When x = 0, v =, Find v, in terms of v,, kand m, when x = 2.

a) Sketch and label the graphs of f(x) = e and glx) = e’ —1for0<x< 1,
and shade the region A which is bounded by the graphs and the y-axis.

b) Let the x-coordinate of the point of intersection of the curves y = g(x) and

y = g(x) be p.
Without finding the value of p, show that

g < area of region A < p.

¢) Find the value of p correct to four decimal places.

d) Express the area of region A as a definite integral and calculate its value.

Let f(x) = x cos 3x.
a) Use integration by parts to show that

[fx)dx = %x sin3x + %cos 3x + ¢

b) Use your answer to part a) to calculate the exact area enclosed by (x) and the
x-axis in each of the following cases. Give your answers in terms of 7.
(|) T < X< 3iT

6 6
o 377 57
(")?

<sx<2Z
6

c) Given that the above areas are the first three terms of an arithmetic sequence, find
an expression for the total area enclosed by f(x) and the x-axis for

$x$w,wherenel.

Give your answers in terms of nand .

ol

A particle is moving along a straight line so that t seconds after passing through a fixed
point O on the line its velocity v(t) ms="is given by

— tein(T
Wt) = l‘sm(3 t).
a) Find the values of tfor which «(t) = 0, given that 0 < t < 6.

b) (i) Write down a mathematical expression for the total distance travelled by the
particle in the first six seconds after passing through O.

(ii) Find this distance.

A particle is projected along a straight-line path. After t seconds, its velocity v metres

per second is given by v = T

a) Find the distance travelled in the first second.
b) Find an expression for the acceleration at time t.




Integral Calculus

26 The diagram below shows the shaded region R enclosed by the graph of
y=2x/1+ x2, the x-axis, and the vertical line x = k.

y
y=2xV1 + x?

/ k '

dy
Fx.
b) Using the substitution u = 1 + x2 or otherwise, show that

[ax/1+ xzdx=§(1 +xdi+c

c) Given that the area of R equals 1, find the value of .

a) Find

27 A particle moves in a straight line with velocity, in metres per second, at time ¢ seconds,
given by
Wt) = 62 — 6t t= 0.

Calculate the total distance travelled by the particle in the first two seconds of motion.

28 A particle moves in a straight line. Its velocity vms=" after ¢ seconds is given by
v=-e"sint.

Find the total distance travelled in the time interval [0, 27].

29 The temperature T °C of an object in a room, after ¢ minutes, satisfies the differential
equation

Z’TT = k(T — 22), where ks a constant.

a) Solve the differential equation showing that 7= Tek" + 22, where A'is a constant.
b) Whent=0, T= 100, and when t = 15, T = 70.

(i) Use this information to find the value of A and of k.

(ii) Hence, find the value of t when T = 40.

d
30 Solve the differential equation x d—z — y* = 1given that y = 0 when x = 2. Give your
answer in the form y = f(x).

31 Use the substitution u = x + 2 to find f X gy,
(x + 2)?
32 a) On the same axes sketch the graphs of the functions, (x) and g(x), where
flx) =4 —(1 —x)for—2<x<4,

gx) =In(x+3) = 2,for =3 <x<5.
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b) (i) Write down the equation of any vertical asymptotes.
(i) State the x-intercept and y-intercept of g(x).
¢) Find the values of x for which f(x) = g(x).
d) Let Abe the region where f(x) = g(x) and x = 0.
(i) On your graph shade the region A.
(i) Write down an integral that represents the area of A.
(iiii) Evaluate this integral.
e) In the region A find the maximum vertical distance between f(x) and g(x).
Consider the differential equation ﬂ = L
do  e2f + 1
a) Use the substitution x = € to show that

fdy =f dhx
Yo x4 1)

b) Find f dr
xXx2+ 1)

) Hence, find y in terms of 6, if y = V2 when 6 = 0.

Questions 1-11: © International Baccalaureate Organization
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25
26

o=

b) 47

160
1
a)§

a) 0.9
04~ Red <

0.1

0.8
0.6 ™\ Yellow <

0.2

N

wlr\/\nlw N‘AP
~ ~

—~

a
e
Al
~Nfo

b) 5

Grows

Does not grow

Grows

Does not grow

18

(SN

Exercise 13.2

1 f'(x)=—2x
3 ()=
5 (i)

(ii)

b) (i) 0.36 (ii) 0.84 (iii) 0.429
27 a) % b) ﬁ ) %
28 a) (i) % (ii) é (iii) no, P(A N B) # P(A)P(B)
10 200
t1)) 7 4 ) 5 19
29 3 30 3 31 0.00198 32 3
33 0.80 34 18 35 a) £ b) 1%
36 2
2n—2
.5 . 25 o 1[5
37 a) (i) 36 (ii) 216 (iii) 6(6)
b) No answer required — proof
0 = d) 0.432
38 a) 0.957 b) 0.301
39
40 a) 0.25 b) 0.083
41 a) 0.80 b) 0.56
42 a) 0.732 ) o
43 a) 2 b) 2 o 2
44 a) % b) proof
R d) =
45 2
Chapter 13
Exercise 13.1
1 4 2 3%’ 3 2x 4 6
50 6 % 7 d.n.e. (increases without bound)
1 3 V2 1
8 3 9 2 10 4 11 1
12 1 13 3 14 L
d 1 ¢
15 a[logbx]lenb
16 As x> a, g(x) > +oo
17 a) Horizontal: y = 3; vertical: x = —1
b) Horizontal: y = 0; vertical: x =2
¢) Horizontal: y = b; vertical: x=a
d) Horizontal: y = 2; vertical: x = %3
e) Horizontal: y = 0;vertical: x=0,x=5

f) Horizontal: none; vertical: x = 4

(iii)

— 154

VA
40

x

(iv)




Answers

<) A
6 a) y=6x—4 b) —4 255_
7 a) y=—2x—6 b) 0 T3
200
150
8a y=-2 b) —6 100-
x
9 a) y=5x"—3x*—-1 b)1 0
10 a ' =2x—4 b) 0 T T T T T T T T T T T T >
) L 9 ) 7-6-5-4-3-2-10N\1 2 3 4 6 X
11 a) y=2——+—= b)10 7797
x' x
5 —100
12 =1—-= b) 3
Y x ) —1501 3,=130)
13 a=-5b=2 14 (0,0)
5 21
15 (2,8) and (—2,—8) 16 (5,—1) 9 ) (0,-5)
17 (1,—2) b) Stationary point is neither a maximum nor minimum
18 a) Between A and B because 1st derivative is always positive.
b) Rate of change is positive at A, B and F; c) YA
rate of change is negative at D and E; 44
rate of change is zero at C >
¢) Pair Band D, and pair Eand F
19 a=1b=5 20 a=1 21 (3,6)
22 a) 12.61 b) 12 23 f’(x)=2ax+b

24 a) 4.6 degrees Celsius per hour
b) C'(r)=3Vr
196

c) t= o 2.42 hours
25-26 Proof
1 1
27 —— 28 ——
2x x°
10 a)
29— Jor—>—| 30 L b)
(3—x) (x—3) 2(x+2)
Exercise 13.3 0
3
1 (1,=7 2 -=,8 3 3,2
=) -39 & ’
4 a) y=2x—5 b) increasing for x > 5 6
¢) decreasing for x < % s
5 a) yy=—6x—14 b) increasing for x < —% 4 1,4
¢) decreasing for x > —% 34
6 a) y=x"—1 b) increasing for x > 1, x < —1 21
c) decreasisng for 2—1 <x<l H 3,0)
7 ! = - i i T T T T )4 T —>
a) y 4x. 12x b) increasing for x >3 5 ] 1 3 1 T
¢) decreasing for x <0,0<x<3
8 a) (3,—130),(—4,213)
b) (3, - 130) minimum because 2nd derivative is positive at
x=3
(—4, 213) maximum because 2nd derivative is negative at
x=—4

5 279
11 - 1) 4 s \UBO)H | ST
9 (14,00, 3.-22)
b) (— 1, 4) minimum because 2nd derivative is positive at

x =
(O, 6) maximum because 2nd derivative is negative at
x=0




(% ,— %) minimum because 2nd derivative is positive
at
x= 2
2
c) YA
15+
70,6
(=1,4)
T 1, o
_5_
I ‘l O_
—1 ‘l 5_
_20_
7 122
12 —1L14),|5,—==
a) (-114) (3 27 )
b) (— 1, 14) maximum because 2nd derivative is negative at
x=-1
7 122 .. . ..
3 minimum because 2nd derivative is positive at
x=1
3
c) YA
1,18 515
10
5_
e R B AP
—54 (% 2 _%)
1 1
13 a) |,
Y (4 4)
b) (i N —i) minimum because 2nd derivative is positive at
x= 1
4
) VA
2_

(-
(=]
i~
|
NN
ro-
-
<Y

14 a) v(t)=3—8t+1 a(t)=6t—8

15

18

19

20

21

b) 7Y

Displacement function:
s =t —|4t2+ t

-1 1 2 3 1

Velocity function:
v(t) = 3t2 — 8t +|1

Acceleration function:
alt) =6t—8

¢) t=0.131, displacement = 0.0646

d t=123, displacement = —4.3

e) Object moves right at a decreasing velocity then turns left
with increasing velocity then slowing down and turning
right with increasing velocity.

Relative maximum at (—2, 16); relative minimum at (2, 16) ;

inflexion point at (0, 0)

Absolute minima at (—2, —4) and (2, —4); relative maximum

at (0, O) ; inflexion points at (— % y— %0) and (% y— %0)

Relative maximum at (—2, —4); relative minimum at (2, 4);

no inflexion points
_da 2
272
Relative minimum at (— 1, —2); relative maximum at (1, 2);
inflexion points at —ﬁ,—m R (0, O) and ﬁ,ﬂ
2 8 2 8
Relative minimum at (— 1, 0); absolute minimum at
(2,—27); relative maximum at (0,5); inflexion points at
(1.22,—13.4) and (—0.549,2.32)
a) v(0)=27ms "', a(0)=—66ms"’

Relative minimum at ( ); inflexion point at (1, 0)



Answers

b) v(3)=45ms ', a(3)=78 ms™’
c) t= % andt = 2%; where displacement has a relative
maximum or minimum
d) t= 1—81 = 1.375; where acceleration is zero
22 x=5.77 tonnes; D = 34.6 ($34600); this cost is a minimum 0
because cost decreases to this value then increases

23 a—3,b=4,c=-2

<Y

24 Relative maximum at (—2, —%), stationary inflexion point

at (1,3) e)

f(x) > xasx — too .

N
1
\
1y
<Y

26 a) Increasingon 1< x < 5;decreasingon x <1, x >5
b) Minimum at x = 1; maximum at x =5
27 a) Increasingon 0 < x <1, 3 < x <5; decreasing on
1<x<3 x>5
b) Minimum at x = 3; maximum at x=1landx =5

25 a) ra 28 x=05andx =75
29 YA
8_
0 X 4
R IEEERRE
30 a) Right 1<t <4;leftt<1, t>4
b) VA b) v,=—24,a,=30
c) d  =16att=4,v _=135att=25
d) Velocity is maximum at t = 2.5
31 a) Maximum at x = 6.50, minimum at x = —0.215
b) Maximum is 7%+ 1, minimum is %—1
0 K
Exercise 13.4
4
1 = —4x — ==
a) y x—8 b) y 27
) y=—x+1 d y=-2x+4
_1.,19 2
9 N 2 a) y—4x+ 4 b) 3
Y d 10,11
¢ y=x+1 ) Ex 4
3 At (0,0): y =2x;at (1,0): y = —x+1;at (2,0): y=2x—4
4 y=-2x
N 5 a) x=1
Q/ X b) For y = x* —6x + 20, eq. of tangent is y = —4x +19
For y = x’ —3x" — x, eq. of tangent is y = —4x +1
T A . (1 15
6 Normal: y=5x ~;intersection pt: (==, — =
2 2 4
7 Eq.of tangent: y = —3x + 3; eq. of normal: y—l —%

8 a=4,b=-7




9 a) y=2x +% b) (% , ‘2%) f (3) = % >0 (increasing) .. f(2) is a turning point
3 b) vertical asymptote: x = 0 (y-axis); oblique asymptote: y = 2x

10 Eq.of tangent: y = —= x +1; eq. of normal: 1
4 5 [=,3

_4 2 2
=357 6 a=1

7 a) y=5x—7

b) 1 17

1.
Y=T5*T s
8 a) x=1
b) 3<x<—2, 1<x<?
__1
c) x= >
d) VA

11

maximum at x = 1

~V

o

12 y=1lx—25andy=—x—1
13 (Zx/— )x andy = *(26+2)x

_2_
14 a) y——x+% b) 9 =2.08
3
15 y=—— x4+ 3
YT e 2a
16 xq ==2% yo = 8y, 9 b=2 ¢=3
10
function | diagram
Practice questions . f d
1 a) Gradient=3 b) y=3x-— 1 f
c) VA f3 b
87 fa a
6_
2 2 B
4 11 a) ; b) 7 C) x = 0.881
> (% %) 12 a) i) x=0 (i) y=3
T T T T T T T : b) dy -
—3—2—10/1 2 3 4 X dx x2
—27 c) Increasing for all x, except x =0
/4 d) No stationary points because % % #0
x
13 Maximum at (* 1, 1), minimum at ( ) maximum at (1, 1)
3 _9 8 ,_16
d) Q(4,O),R(O, 4) 14 a=72, b="
£) y=2ax—a 15 a) 10ms™ b) 10 sec ¢) 50 metres
16 a) v=14—98¢
g) T(%)O),U(O,_QZ) b) t =143 sec
+0 I c) Velocity = 0, acceleration=—9.8 ms™*
h) x-coord.: £ T = %;y—coord.: % =0 17 (—4,120)
2 A=1B=2C=1 18 a) y:(_@)ﬁi )
3 a) 4x—15x" J3 23
1 b) yz(?)x——g -2
) x 27 —1*
—r
4 a) x=2or —2; f/(1)=—6<0 (decreasing) and 19 a) h= V= 7"(27 a rz)

b) r=3




Answers

20 a=-2,b=8,c=10
21 a) y=—"7x+1

107

b - X + ==L

) y=o+= ,
22 a) Absolute minimum at ( *7)

27

b) Domain: x € R, range: y = — =6

2
. . 1 1
¢) Inflexion points at (0, 0) and (E 7)

16
d) VA
‘I_
inflexion
points
-1 0 \&\< 3 X
minimum ]
23 a) 7% b) i Q3 d) 2Vx+2
’ 3x — 4
24 =
a) f (X) 2x
b) f'(x)=3x"—3cosx
)= 1 1
C) f(x)_ xz 2
4 91
D 9=
25 3 solutions: (1—21,%), (2,—15), and (— 2, 5)
17
26 >
2\ ([, _2
7 (22
28 (—1,-2)
30 (2,20), (4,16)

2,
31 a) particle does not change direction for 0 < < 2m
) v=1+cost=0for0<t<2m

c) t=0,m, 27

d) Maximum value of sis 27

yA
6_
4_
2_
S R
32 Z b= ,c——6 d——E;y—coord.is —%

33 Absolute minimum points at (— 2, —é) and (2, —é)
34 a) y=—x+2
35 b) y=2x(12)

36 a) v=50—20¢t b) s=1062.5 m

— s
b) y= xt5

37
YA
y=f'Xx)
maximum

y=fkx)
('J \ minimum tl> X

inflexion

points

Exercise 14.1

1 a) (3-20)
b) (3,2V3,0)
o) (—=1,2,-2)
d) (a, —4a, —a)

2 a) Q(—3-32)
b) P(3,-2,0)

c) Q(0, —4a, 3a)

3 a) (%02 =0t5—5t),0r(xpz) =(1+t1+t— 50
b) (% y,2) = (=1 + 4154, 1 — 3¢)
o) (02 =02—43—644+ 1)

4 a) C(7,-8,—1)
b) (= 1,%%9
c) C2—a4—2a,—-b—-2)
5a) (-3 1L,3)
b) (1,—3,—1)
o (a+§7+c’2a+23h+26)u+b+c)
6 a) D(—1,1,-6)
b) D(—2v2,2V3,1 — 4/5)
) DG —%—4)
7 m=5n=1
8 a) v=3i+3—1k
b) v=—i—-—2j+-Lk
V14 V14 V14
c)v=—1 gj*zk
9 a) 22i+2j— k)
b) %(61 — 4j+2K)
<) 2 (2i—j— 2K
10 a) |u+v| =29

a)
b) u| + |v| = V14 + 5
c) |—3u| +|3v] = 3V14 + 3V5

d) Lu=-1 35 _ 2k
|u| Jia V14 Jia
) Ikl =1
|u
11 a) (3,4, -5) b) (0,-2,5)
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13
17

18

19
20
22
24

25

a) (1,—3) b VeMdi+2j—2k) o —2i+3-2k

0 14 igj 15 None 16 None

a) a=(8,0,0),b=(8,8,0),c=(0,8,0),d=(0,0,8),
e=(8,0,8),f=(8,8,8)

b) l: (8) 4) 8)>m = (4) 8) 8)>n = (8> 87 4)

¢) proof

a) ¢=(8,0,12),d= (0,10, 12)

b) £=(4,5,0),g=(4,5,12)

¢) AG=(-4,512)=FD

A|+
w5

aﬁ ) (ﬂ,—g g) 21 (apu)=(2-13)
23 Rectangle

T =125(\3 —1) Ny T, = 175(@) N

T, =150N;T, = 1503 N

Not possible

Exercise 14.2

1 a) —16,117.65°  b) —20,64.68° ¢) 13,40.24°
d) —15,151.74° e) 6,60° f) —6,120°
2 a) Orthogonal b) acute ¢) orthogonal

3 a) viu=0=wu

O 0 N

11

12

b)ii-‘r-ij_—ai—ij
VI3© V137 V13 VI3
LcosBZicosy=L
V14’ V14’ V14
22, (=3

ITRY! +ﬁ_1

a) (i) cosa=

(ii) cos’a + cos? B + cos’y =
(iii) o = 58°, B = 143°, y = 74°

b) (i) cosa= %, cosfB = _762’ cosy = %

2 2 2
(ii)cosza-i-coszﬁ-i-cosz'y—E+; La—

6 6
(iii) a = 66°, B =~ 145°, y = 66°
3 cos3 = —2 cosy = .
V14’ V14’ V14
32 (_2)2 +L2

. 2 2 2., - O 4
(11)c_osla+cosB+cosy 14 14 1a

(ifi) a =~ 37°, B~ 122°, y ~ 74°
d) (i) cosa= %, cosB =

¢) (i) cosa=

0,cosy=%4
2 02 42
(i) cos?a + cos? B + cos?y = 3 +—+ =1

25 25 25
(iil) @ = 53°, B = 90°, y = 143°

- ]
[=)}

a) m:—%

m= —14

a) 127° b) 63°

a) m=1 b) m=—1
—-2,—1) + m(—1,0,2);

mp:r = (3, =5, —1) + n(3, %,%

mer=(3,1,2) + k(%, —%, —3); centroid (13—0, —2,0)

90, 90, 82, 74, 60, 54, 53, 52,47, 43, 38, 37

b) m=10r—%
c) 73°

my:r = (4,

13
14
15
16
17
18
19
20

21

22

23
25

27
29
31
33

68.22

103.3°, 133.5°, 46.5°
0

k=2
k=0ork=4
x=—20,y=—14
x=5

— /(0
117°, AC= (6),33°
3

a) b:—% b) b=0orb=+
¢) b=2orb=3 d) b=+4

a) b=—1 b) b=1
(—140.8,140.8, 18) 24 t=2

t=—3 26 t=0ort=3
90° or cos ™' (%) 28 Proof
mz%,n:—i 30 Proof G

4 _Zl -1 +73

307 3 32 cos | * 3

34 k(8i +j — 10k)

Exercise 14.3

1
2
3
4

10

11

14
17

20
24
28

29
30
31
34
35
38

a) k—j b) same
a) i—-k b) same
a) j-i b) same
Proof 5 (13,0,13) 6 61— 8 — 8k

[ =]
)

a) —2m’ +9m—11
c) —2m’+9m—11

8i+j—3k

b) —2m’ +9m—11

a) (—40,—115,30)  b) (—150,60,0)
c) (—80, —160, —640)
d) (80, 160, 640) e) (—40,—115,30)
f) (=150, 60,0)
( 19 1 f 2 }
7| |, e ] 13 209
1774 6
() L)
V139 15 2443 16 Proof
m:10rm=% 18 73274 19 529
128 21 21 22 1 23 78
63 25 No 26 Yes 27 -2,
Not possible
a) 49 b) 75 c) % d) cos”(@)
a) 439 V(tetrahedron) = fV(parallelepiped) b) %
45° 32 Proof 3 Proof
2(u X V) 36 23(uXv) 37 (mp+ nq (u X v)

) o= () + (e + )

1,1, _1
b) a—zab,b 2bc,c ac

2
¢) result obvious




Answers

40 Not possible

Exercise 14.4

1

NS ul e

11

12 a

13

14

—1 1 X -1+t
a)r=|0 |+t 5 y|=1| 5t
2 —4 z 2 — 4t
3 2 X 3+ 2t
b)r=|-1]|+¢t| 5 y|=[-1+5¢
2 -1 z 2—t
1 3 X 1+ 3¢
) r=|-2|+t| 5 y|=|—-2+5t
6 —11 z 6 — 11t
—1 8 4 —4
a) r=|4 |+t|1 b)r=|2 |+t|—4
2 -2 -3 4
1 4
o) r=|3 |+t|-2
-3 5
(3 2 _[o 5
a) r—(iz) +t(3) b) r (72) +t(2)
2x + 3y =7
r = 2i— 3j + A(4i — 3j)
r=(—-2,1,4) + (3, —4,7)
a) (1>_172) b) (_17)_1>1)
¢) No d) No
X 2+t
= — =+ =
a) r=(2,—1) + t(1,3) y 1 +3t)
X 2 — 3t
b =(2,—1)+t(—3,7 =
Jr=2-DHE37) )= +7t)
o — X\ [ 247t
c) r=(2,—1)+t(7,3) y —1+3t)
X 2t
= —+ — =
d) r=(0,2) + £(2, —4) y 2—4t)
a) t=% b) no c) m=%5
a) (i) (3, —4) (i) (7,24) (iii) 25
b) (i) (—3,1) (ii) (5,—12) (iii) 13
c) (i) (5,—2) (ii) (24, —7) (iii) 25
a) (—96,128) b) (2%, — 89)
) (24,18)
b) r=(3,2) + t(24, 18)
¢) In 10 minutes
a) a=—3,b=—-5
b) —v21
6
o Y15 V35
6 2
a) 146.8° b) 3.87
¢) (i) Lpr=(2,—-1,0) + t(0,1,2); Ly:r = (—1,1, 1)
+t(1,—3,—2)

15

16

17

18

19

20

21

22

23
24
26
28

a) (6xyn2)=10+43—
b) (4,—3,—-2)

a) r=(%,0)+t(m,—m)

b) (i) bx—ay=bx,—ay,

1) r=(53),0s<t<1

() r=Qt—1,1-3n,0s<r=<1
(i) r=1—-83,t—1),0=<t<1
r=(2)+3k)+2tk

2t,—17 + 5¢%)

z—3+2t
r=({i+2j—k)

1+2t
2—3t
-1+t

r=t(xol + yoj + zok)

:

a) r—(31+2]—3k)+t]

+t(2i — 3j+k)

2+t
-3

b) r=3i+2j—3k) +14
3+t

Intersect at (1,3, 1)
Parallel

Skew lines

Skew lines

25 Skew lines
27 Parallel
29 (4, —4,8)

16 35 13 I(H_lLZ 2(4358
11711711 117 11711 11°11

Exercise 14.5

1
2

Band C
A

2 X

—4|| y |=26;2x—4y+3z—26=0

3 z

2 X

0 y =—3;2x+3z+3=0

3 z

0 X 0 2
0 y =3;3z2—3=0r= |3 |+t|—1]|+s
3 z 1 0
5 X

1 y =55x+ty—2z—5=0

-2 z

0 X

1 y =—=2y—2z+2=0

—2/\ z

N b
(ii) slope = "

1
1
0

1

11

|



1 X 3 2 2
8 (—6) y)—23;r— —2|+AN[ 1 |+pm|O
2 z 4 2 -1
HlE
9 2 y |=—L=2x+2y+z=-1
1 z
S
10 =3y =518x—3y— 11z =5
—11/\ z
p x
11 | g ||y |=p2+@?+rEpx+qy+rz=p>+q>+1?
r z
4 X
12 4x2y+7z—14;(—2 y =14,
7 4
1 2 4 )
r=|2 |+m|=3|+n|1
2 -2 -2
e
13 8x+17y—5z+8=0;|17 y =—8;
—5/\ z
2 1 3)
r=|—2|+s| 1 |+¢t|2
-2 5 2
1 X
14 (—1) y)—3;xy—3
0 z
( 30 \[ x
15 1 y =—86;30x+y—23z2+86=0
—23/\ z
1 x) 1 1 1
16 |0 y |=Lx—z=Lr=|1|+m| 0 [+n|-1
—1/\ z 0 1 1
Note: All answers for 17—22 are to the nearest degree.
17 64° 18 90° 19 45° 20 50°
21 24° 22 55° 23 (3,6,—10) 24 (2,
25 No intersection 26 Plane contains line
10 0 ) 3 0 )
27 r=|—7|+t|—-1 28 r=|1 |+¢t|1
0 1 0 1
29 No intersection
0 1 X
30 r= +t 1) 31 (—1 y |=0
1 1 z
32 x+6y+z=16 33 (3375
10 [ x
34 1 y =—32;10x+y—8z+32=0
(—8 z
(4 (x
35 (=3]|| y | =5%4x—3y+2z—5=0
2 z
36 (BC)x+ (AC)y+ (AB)z= ABC
4 2 4
37 r=|—-3|+r|=3|+s| 0
—1 4 -3
2 2 1
38 r=(3 |+m|=3|+n|-2
0 4 1

|

—2,6)

Practice questions

1

w

N QU s

(=]

10

11
12
13

14
15

16

17
18

19

20

21
22
23
24

25

26

27

28
29

a) OD-0C  b) {ob-0¢) ¢ oD+ oc)
a) 5i+ 12j b) 10i + 24j
a) |OA| = |0B| = |0OC| = 6
A~ (1 1
b) AC—(m) ) s d) 6/11
a) (10,5) b) (—3,6);90°
a=2,b=38
r=(3,—1) + (4, —5)
a) 39.4 b) () (9,12),(18,—8) (ii) v481
¢) 7am. d) 24.4km e) 54 minutes
r = #2i + 3j)
b) (2,3.25)
c) 90°
d) (i) 12x—5y=301 (ii) (28,7)
117°
2x+3y=>5
a) (6,20) b) (i) (6, —8) (i) 10
c) 4x+3y=284 d) collide at 15:00
f) 26km
72°
a) 3.94m b) 1.22 m/s
) x—07y=2 d) (%,1%))
e) Speed = 1.24 m/s
X 1 5
N HEH
22+ 7x—15=0,x=3,x=—5
a) (ii) (288,84) (iii) 50 minutes b) 20.6°

o) (i) (99,168) (iii) XY = 75
3x+2y=7

d) 180km

a) s_f=(g),V(—4,6) b) r=(—4,6) + A(1,1)

) A=5 4 @) a=5 (i) 157°
81.9°
a) 13 b) +(3i + 4j) o %
(2,3)
a) (3,—2) ¢) (iii) 23 square units
2) @’:(91);&:(2) b) d=11
0 ﬁ)=(i23) @ G |5 = _71)+t(i23) (i) r=0
2) (i)ﬁs:(_ls) (i) AB=26 b)ﬁ):(dz_sz)
o (i) 073:(273) d) Fc:(zi) ¢) 130
a) (i) BC= —6i—2j (i) OD= —2i b) 82.9°
) r=i- 3+ t(2i+7) d) 151 + 46]
a) (5,5,—5) b) (=5,0,5) c) (5,5,—5)
b) (i) (49,32,0) (i) 54km/h
¢) (i) 2hours (i) (9,12,5)
— (800
a) (i) AB= (600)
b) (ii)(__45000) (iif) at 16:00 hours
c) 27.8km
a) c=1 b) 3i+ 3k

) r=3(1—-0i+ B —j+(5+30k



32

33
34

35

36

37

38

39

40

41

42

Answers

d) 9x — 15y +4z—2=0
a) AB=—i—3j+kBC=i+]j
b) —i+j+2k
d) —x+y+2z=3

2—t
e) «—1+t

—6+2t

1 .

—(-i+j+2k
g \/g( 1+) )
Proof
a) P(4’ 0) _3)’ Q(S) 3) 0)7 R(3) 1) 1)) S(S) 2) 1)
b) 3x+2y+4z=0
c) 0
a) 147° b) 2.29
2 —1+u
—1+A;L,:q1—3u (ii)
21 1—2u

¢ (i) L:

1

9
H -2
T
a) (1)_1a2)
b) 11i—7j—5k
c) vu=0
+t

1 6
d r=| -1 13
2 -5
a) (i) —5i+3j+k
b) (i) —5x+3y+z=5
() 2 2=0%2=0
o (0,1,2) d)

a) x—2=y—5=z+1 D)

_4 5 _13
o #3355 e
a) 3x—4y+z=6
1
2
11
a) (3,u—2,,u,9—2,u)
4
0
-3

1
4
13

b) (ii) r= +t c) 53.7°

3
1
-2

3u—6 )

b) (i) r= +\

(i) PM=| u
12 = 2u
(ii) 3v6

e) verify

c) (i) p=3

d) 2x—4y+2z=5

a) (1,—1,2)

b) 2x —y+z=5

c) (3,1,3)and (1,2,2)
a) (i) N=up

o 15
322
c)%

f) 3J6

h) E(—4,5,6)

no solution

Chapter 15
Exercise 15.1
’_ _ 9\ r_ 1
1a) y=12(3x—38) b) y =
c) ¥y =cos’x—sin’ x
’_ X p__ 4x
R IR
ny=—2
(x—1)
g 5= -1 or -1
2 (x+2) (2x+4)Vx+2

h) y'=—2sinxcosx

1) y/: —x+2 or —x+2
21— | @-2x)V1-x
N —6x+5 , 2
Y E s k) y'=—F——=
(3> = 5x+7) 33(2x+5)

Dy =2(2x—1) (7x" — 22" +3)

b) y

2 a) y=—12x—11

) y=2x—2m +

_9 2
5 5

1,1
2 2

3 a) v(t)=—2t sin(tz — 1) b) velocity=0

Q) t=Vm+1=204, t=1

d) Accelerating to the right then slowing down, turning

around, accelerating to the left, slowing down, turning

around again, then accelerating to the right.

4 a) y=—12x+38




9 ¢ f”(3.8)=0 and f”(3)=%>0) f”(4)=_6725<0,

therefore graph of fchanges concavity from up to down
at x = 3.8 verifying that graph of fdoes have an inflexion
point at x = 3.8
10 dy __2a ﬂ - —4a
A (x+a) d& (x+a)

" oy
e L

i (-1 =)
12 a) Max. at (O, 2); inflexion pts at or (—2, 1) and (2, 1)

b) (i) None (iii) all xe R
c) (1) lirgg(x) =0

(ii) none
(ii) lirgag(x) =0

d) VA
s a4 2 o0 2 4 &x
13 4 f (@)=L f(+e ()
=0 f(x)+c%(f(x))=lv‘%(f(x))

14 y:xz(xz*6)=Owhenx=0andx=i\/g;

y(l)=—§<0,so y<0for0<x<l1

2 16

%:4x(x2—3):0whenx:0,x:ixfg;when

_1 d&_ 1 dy

x—z, o 2<0,sodx<0for0<x<1

dy

dxzzlz x2—1)=0whenx=0,x=il;when
2 2

x:%, Zx{=—9<o,so Y oforo<x<1

d’y

24x>0for0<x<1

3

Exercise 15.2

1 a) y =x%" +2xe* b) ' =8"In8
) y/:exsecz(ex) d) y,:cosx+xs1n9§+1
(1+cosx)

e —e"

e) y =% = f) ¥ =2tan’(2x)sec(2x)

h) y =cosx
j) ¥y ' =—12cos (3x) sin (sin (Sx))
[) y = Cos’x—sin’x

k) y'=2ln Z(ZX) (cos x — sin x)2

10
11

12

_1._.3B-=
a) y—zx+76
b) y=2x+1
) y=léx+4—2n
a) x=" x=22Z
6’ 6

b) Maximum at %, minimum at %t

(0, - 1) is an absolute maximum

a) Maximum at (% ,5); minimum at (3731 N —3)

b) Minimum at (3% , —1) and (7775 ,—1)

XZE

a) f'(x)=e —3x% f”(x)=e" —6x

b) x=3.73 or x= 0.910 or x = —0.459

¢) Decreasing on (—%, —0.459) and (0.910, 3.73);
increasing on (—0.459, 0.910) and (3.73, %)

d) x= —0.459 (minimum); x = 0.910 (maximum);
x =~ 3.73 (minimum)

e) x=0.204 or x = 2.83

f) Concave up on (—,0.204) and (2.83, %); concave down
on (0.204, 2.83)

The two functions intersect for all x such that

cosx =1, 1.e. x = k-2, k € Z. The derivatives for the

x

two functionsare ' = —e¢ * and y’ = —e *(cos x + sin x).
The derivatives are equal whenever x = k-2, k€ Z.
Therefore, the functions are tangent at all of the intersection
points.

a) 8§ms™? b) 2.09 ms™!

)
=xIn2+1
(%)

—-1,— 2e) and (3, %)
e

=2"In2#0 foranyx

—-1,— 2e) is a minimum; |3, %) is a maximum
e
c) (i) limh(x) =0
(ii) as x = —oo, h(x) increases without bound
d) Horizontal asymptote y =0

e) VA
4
3_
2_
6
wiol [P
R RRE




13

14

Answers

a) a= s

2
(n)
d(n) (sinx) = sin(x+n-%), nelZ'

J
Tyb=mc=
2 [

b)

dZ

dx
a) %(xe") =xe" +e"; I (xe ) xe* + 2e”*;

dS
dx3

Lﬂ)l (xe”) = xe* + ne*

(xe ) = xe* + 3e*

b)

Exercise 15.3

1

10

11

12

13

14

15

16

17

18

19

20

21

d__x , Y _2y—y
dx y dx X" +2xy
dy

- =cos’ y [orﬂ 1 :|
dx dc  1+x°
dy _ —2x+3y’—y : dy _x’y+y’

dx  —6xy+3xy’ —2y de X'+ xy°
dy  —2xy—2y" —xy dy y—1
==L = 7 L7 -
dx  2x’+2xy+xy dx cosy—x
dy _ 4x’ —2xy’ : dy _ —y
dx  3x*y'+4y’ dc  x+e
ﬂ:x+2
dx y+3
Ay _ g dy__ X
5 = sin (x+y) [Ordx_ e
dy_leZJ_—y
dx x+2\/7
T 45,24
YETSITS TN
y=—2x+4 y_lx+§
’ 2 2

__ . 2. .7 —4
yEoL XA y =T
_ .32, 32 ,_ 23 _ 5655

23 23’d 352 176
LHyi=r = ayzfﬁ;atpoint(xl,yl),mzfﬁ;
centre of circle is (0, 0); slope of line through (xl, yl)

and (0,0) is &;because i} X U
'xl yl xl
circle at (x,, y,) and the line through (x,, y,) and (0,0) are

= —1, the tangent to the

perpendicular

(fo) ( fo) =27
d

+2y

o (B 620
o (A ()

, at both points

@__47x d’y _ =36y —16x’
dc 9y’ dx’ 81y’
dy _2—y dy_2y—4

23

27

29

31

33
35
36

37

38

40

42
43

44

45

46
47

gl & _ 3
y—x+2 24 P
dy dy X
Y cot 26 Po X
de = dx (xzfl)lnS
@ _1 28 @
de  x*—1 2xln10\/logx
4 _ 2 ﬂ__
o —a 3odx_ sin x
dy -1 dy
== 32 ~=Inx
dx xln3(log3x)2 dx
=1 _ L
0 34 y‘(slnz)x m2t?
Verify
_ 1
X=-73
e?
lnx miy_ —3+2Inx
Y= e
b) g( )—Oonlyatxze; g (e)——f<0 .. abs. max.
e
at x:e,max.valueofglsl
1 @ 1
dc X +2x+2 dx X +1
dy 6 dy _ ( X ) xtan”'x
e a1 L=t
b e o i an ' x+ e
f’(x) = 0; the graph of f (x) is horizontal
Verify
[T+ 4 aT—4
— (T
a) For 0<x<u, f’(x)z—l,therefore f(x) is linear

b) y=—x+E

2
V10 =3.16 m
a) ims’l,%ms*1

b) —ims2 - 81030 ms?2

¢) The particle initially is moving very fast to the right and
then gradually slows down while continuing to move to
the right.

d) hms( ) % m

t—oo

Exercise 15.4

L AN W=

10

12

14
15
16

a) —18.1 cm/min
a) 0.298 cm/sec

b) —6.79 cm/min
b) 0.439 cm/sec

a) 2mwcm/hr b) 87 cm/hr

d_3 0.0882 radians/min 5 26.4 m/sec
dt 34

2 ft/sec 7 69.6 km/hr
dy 12

Z =22 2379 9 0.01 m/sec
dt 10

30 mm?>/sec 11 45km/hr
& = 4.62 cm/sec 13 1.5 units/sec

222.2 m/sec = 800 km/hr
a) 115 degrees/sec
—485 km/hr

b) 57 degrees/sec

Exercise 15.5

1
2

\/Ebyg

134 cmby 6% cm



L=IN S BN

12

13

5

2
b) s=4x2+&)?0 ¢) 7.21 cm X 14.4 cm X 9.61 cm
x=5/27 =125 cm 6 x=3.62m
Longest ladder = 7.02 m 8 d=264km

8 units’ 10 6 nautical miles
h=RV2,r= RTJE
Distance of point P from point X is ——2<
rZ _C2

x = 51.3 cm, maximum volume = 403 cm’

Practice questions

1

10

YA

o
x

a) (i) a=-4 (ii)) b=2

(i) f'(x)=-3x"—4x+8

Gy —2E27 —2-207
3 ’ 3

(iii) f(1)=5
¢ (i) y=8x (i) x=-2
a) (i) v(0)=0 (ii) v(10)=51.3
b) () a(t)=0.9% """ (i) a(0)=0.99
c) (i) 66 (ii) 0

(iii) As object falls it approaches terminal velocity
a) (— % s —%) is a minimum, (—4, 13) is a maximum

7 101

v (35
) 0 g()=-73

(ii) €™ >0 forall x, hence —% <0 forall

) is an inflexion point

x; therefore, f (x) is decreasing for all x
b) 1) e+2
(i) g'(-4)=-3e
c) y=—3ex+2
b) f/(3)=0andf”(3)>0 = stationary pointat x =3 and
graph of fis concave up at x = 3,s0 f (3) is a minimum
o) (4,0

(2x+3)
b) 5cos (Sx) 6

A=1,B=2,C=1

dy_ Ay __
p= b =t
2) %zfxe’+e"*l

e

b) % = 2¢" cos(2x) + " sin (2x)

c) %:2xlnx+2xln3+x—i
1 3 3
11 yzfzxfE,P(*S»,O),Q(O,*E)

12 a) x=3;signof h”(x) changes from negative (concave
down) to positive (concave up) at x =3
b) x=1; K (x) changes from positive (% increasing) to
negative (h decreasing) at x =1
5 11

13 y=2x+4
3 y=gxty

14 h=8cm,r=4cm
15 Maximum area is 32 square units; dimensions are 4 by 8

16 a) E b) A o C
1 32
17 y=——x+2%
7 yETExtS
18 a) y=4x—4
-1 .1
b) y= 4x+4
.. 1 1
19 a) Absolute minimum at | —=,——
) (JE 26)
b) Inflexion point at (i ,— i)
NN
20 a) (i) a=16 (i) a=54

’ a a
b) f(x):Zx—;:O = x={/§;
7 _ 2a | 514 | :
f (x)_2+—3 = f (%/;)—4>0;hence,flsc0ncave
x

up at any critical point, so it cannot be a maximum

21 y=—%x+4

=(ﬂ+2)x—”—2- (=2, & .=
Y=\ 8 Y\ a+2)"  m+aT 4

23 a) Maximum at (0,#) , inflexion points at (— 1,
T

2

N

1
V2erm

1
d(l,—
an ( \/Zeﬂ/

b) lilp f (x) =0; y =0 (x-axis) is a horizontal asymptote

) VA (0, ‘/15)

frrvas)

24 a) Min.at x =1 because f”(1)= Ly 0; max.at x =3
4 1 2
because f”(3)= 6 < 0
b) Inflexion points at x = —+/3 and x = v/3 because 7 (x)
changes sign at both values



25

27

29

31

32

34
35

36
37

38
39
40

41

42

Answers

dy 5 dy
=2 =~ 34.6 km/h 2 =z -2
x = 2033 = 34.6 km/hr 6 -6 or . 6
dy —2x dy _
- = 28 —=2xlnx+x
dx  2x' —2x" +1 dx
sinxzé,sinxz—l 30 % -
N 2 1++17
a) f(x)—zx_1 b) x = 1
x ~—0.586 33 c=4+%
a f (x) _ JTCOS(.TEx)eHSinnx b) x = 2n2+1
a) 151
il
C maximum
maximum 05 ;
zero F
e v v b A b o WV
1 —-0.5 of 0.5 1
- ; minimum
minimum C sero
_q5L

2 _
b) (i) f’(x) = L}“ domain: —14<x<14,x#=*1

3(x* —1)
3y . B NE
(ii) Maximum at x = ~ > minimum at x = — 7
c) x=1.1339
a=—4,b=18
[ _1
a) gy = SeCx 8cosx b) cosx =
a) y=—4x—38 b) (—2,0)
Proof
y=—x+2
) 2(x*—1
a) (i) f’(x)=72( )z
(x +x+1)

(i) A(1,1),B(-1,3) (orA(—
b) (i) A

(i) x=—0.347,1.53,1.88
¢) (i) Rangeof f: [%,3]

€ cm/s
27

(ii) rangeof fo f: |:3 13]

43 yzgx—g

44

45

46

47

48
50

51

53

55

56
58

59
60

61

62
63

64

66

68

69

xz(an)2 —4xIln2+2

a) (i) f7(x)=

>
; -2
b) () x=17
(i) f” (%) < 0; therefore, a maximum
_2+42 _2—2
c) x= n2 ~ 493, x= 2 =~ (0.845
a) f'(t)=6sec’ttant+5 [orf() 6s1nt+5]
cos’ t
b) (i) 3+57 (ii) 5 p
__ 4G _4
a) );l— 1 b) ol
a) ay =3¢ sin(nx)+7te3" cos(nx) b) x=0.743
240 km/hr 49 b) ( L1np, 27;)
_ _4
a) p=2 b —-
x = 0.460 52 1—10 radians/sec
d’y —4 5,13
er__—% 54 y=—2x+-2
e (2x—1) YT
a) f"(x)lecos(Sx—%)
-_2 T\, 7
b) f(x)= 5cos(Sx 2)+5
2 57 (—0.803,—2.08)
a) k= 12—02 b) 510 bacteria per minute
112
flx)= 5x + x'—=3x+2
a) f'(x)=—12cos’(4x +1)sin(4x +1)
_a—2 _3r—2 _x—1
b)x—g,x—g,x—4
dy _3x’ —(In3)3""
dx  (In3)3*"7 -3
/()= 3 _7,.,14
a) f(x)—3x+1 b) y= 3x+3+ln7
Verify
dy _ -
dx = 65b) b=+6
_2-k k B 3
a) — iy b) k=2 67 5
a) 5\/—\/x +4 +5(2*x) minutes
) (i) x—l (ii) 30 minutes
= 1; therefore, it’s a minimum
,l _1
2) P( 2’ 2e)
b) f”(x)=4x+4=0atx=—1,and f”(x) changes sign at
x=-—1

¢) (i) Concave up for x > —1
(ii) Concave down for x < —1



<Y

L
+—
~—

(0,0)

P

e) Show true forn=1:
f'(x) = e? + 2xe?*
=e2 (1 +2x) = (2x+20) e**
Assume true for n =k, i.e. f® (x)
=2fx+kx2k- Y e k=1
Consider n= k+ 1, i.e. an attempt to find %(f”‘) (x))
D (x) =2k 2 4 262 (2K x + kx 2k 1)
= 2K+ 2(2F x + kx 2k-1)) 2
= (2% 2k x+ 2k 4+ kx 2 x 2k 1) ¢2x
= (21 x4+ 2k 4 kx 2K) 2
=25 x4 (k+1)2F) e

P(n) is true for k = P(n) is true for k + 1, and since true for n =

1, result proved by mathematical induction Vn & zt

70 7fzarccosé cm
4 13

71 a) VA

A 23

b)
yA

¥x

/

Chapter 16

Exercise 16.1
2 B—t2+t+¢

xt 28 £
4 2L

x -
§ 14 3 3t+ ¢

11

13

15

17
19

21

23

25

27

31

33

35

37

39

41

43

44

46

47

48

50

7
%—u“-f-c 6 4x§/§—3\/§+c
—3cosf+ 4sinf + ¢ 8 P+ 2cost+c
2
%710?—\/}+C 10 3sinf — 2tanf + ¢
%63’*14-5 12 2In|f + ¢
%ln(3t2+5)+c 14 esinf + ¢
(2x + 3)3 5yt 23
6 16 T+T+cx+k
X x X _u a0 o
5+4+2+2x 0 18 3+sm1t+ct+k
3xt —4x2+ 7x+ 3 20 Zsin0+§cos20+c
(3x*+7) s 1
+c - _atc
36 18(3x* + 5)’
84(5x" + 2) (24 + 3)6
+ 24 1
75 c 3 +c
(20 -7) (2x+3)
+e 26 — 0
9 18x
7x—3
—%+c 28 —%ln(cos(26—1)+3)+c
étan(59—2)+c 30 %sin(n’x+3)+c
l l X1
2sec2t+c 32 28 +c
Loy o 34 2 (In 0)3 +c
3 3
_ 1 Ja_cp2)
ln‘ln22‘+c 36 15 (3 St) +c
%tan03+c 38 —cost +c¢
ﬁtan62t+c 40 21n(~/;+2)+c
1 1 2
Esec52t+c 42 jln‘x +6x+7‘+c

3 3

%(3x2—x—2) x—1+c 45

_2 3
3 (1+c030) +c

2
105

%(3% +2r—13)V2r — 1+ 49
2

5 (307 + 200 + 230)41 =5+ ¢

Exercise 16.2

1
3
4
5
7

9

—le’”3+c 2

= (156" =3t" — 4t —8)V1 -1 +

— I‘<3«/1—(12x4 +c
2

—lcotnt+c
T

Cc

%ln (exl + e”“z) +c

—e (¥ +2x+2)+¢

;xcos3x—lsin3x+lxzsin3x+c

9 27 3
% (2 cos ax — a*x?
a

sinx(In(sinx) — 1)+ ¢ 6
1 _1
§x3’ln x 9x3 +c

# (cos mx+ mxsin x) + ¢ 10

Cos ax + 2ax sin ax) + ¢
%xz(lnx2 —D+c¢

8 2e‘+xze"—2xe*—%x3+c

i t l tor
i3 cos 2t & + 1363 sin 2t+ ¢




11
13

14

15
16

17

19

21
23
24
25

26
27
30

Answers

1—x2+xarcsinx+c 12 (3 —3x2+6x—6)+¢

—i e *(cos 2x +sin 2x) + ¢
% x (sin(ln x) — cos(In x)) +c
% x (sin(ln x) + cos(In x)) +c

Injx +1 = 2x + xIn[x’ + » + ¢
€™ (k sin x— cos x) + ¢

18 xtanx + In|cosxy

K+1
2 .3 1 2 1
3 sin’ x 20 iarctanx(l+ )—§x+c
Zx/;(lnx—2)+c 22 ttant + Injcosx + ¢
Verification

—x" cos x 4 4x” sin x + 12x” cos x — 24x sin x — 24 cos x + ¢

x°sin x + 5x* cos x — 20x” sin x — 60x” cos x + 120x sin x
+120cosx+c¢

e (x* —4x” +12x" — 24x+24) + ¢

Proof 28 Proof

Proof 31 Proof

29 Proof

Exercise 16.3

1

2

9

10
12

14
16
18

20

21
22
24

26
28
29

30

31

33

35

5 3
L cos5t — L cos3t —lcost;cL”_L”

80 48 8 5 3 *¢
%cos3 (%)— %c055(1)+%cos7 (%)+c

6 - tan®3x+c

secx+cosx+c
18

1 4 6 n2
f24(3tan 6° + 2 tan 9)+c
2 s 2 s

= sec x/?—gsec Jt +c

€1 (tan3 5t — 3 tan 5t + ISt) +c

15
tant —sect+c¢ 11 csct —cott+c
—Inl—sinf +c¢ 13 —2x—3In|sinx +cosy + ¢
arctan (sec 0) +c 15 %(arctan t)2 +c
In ‘arctan t‘ +c 17 arcsin (ln x) +c
% (Sin2 x+ 2) +c 19 %(cos2 xvJcos x —5vcos x) + ¢
LSSN/Z(ZSinZ\/;+4)+c
i int
@ (cos2 (sint)+ 2) +c
In|sin 6 + 2sin O + ¢ 23 tsect—ln‘sect+tant+c
— — Q1 1 —2x

ln(2 smx)+c 25 §1n|cos(e )+c
Zln‘sec&+tan\/ﬂ+c 27 %tanx+c
%(arcsin 3x + 3xV1 — 9x2) +c

x
———tc
4x* + 4
21n|t+\/t2+4‘+%t P +4+c
3 1, 1 (2
2arctam(ze)+c 32 2arcsm(3x)+c
%ln‘%x+%\/9x2+4’+c 34 1n\\/1+sin2x+sinx\+c

—V4—x>+c¢ 36 %ln(xz+l6)+c

. 4—x’ 1 x
37 —arcsin £)— +c 38 = +c
(2 X 9J9 —x*
@) &)
2 x 2
39 (,8;1)4_ c 40 (62+—1)+ I
3 3
41 %(arcsin (ex) +edl — e“) +c 42 In (% e+ %x/e“ + 9) +c
43 2x(lnx—2)+c
44 2In(x+2)+—S+ % gie
x+2 2
2
45 %ln(x2 +9)+cl; x = 3tan 0 yields ln( x3+9)+c2;they
differ by a constant
46 x — 3 arctan (%) + ¢; x =3 tan Qyields
_ —3(X_ x
3(tanf— 0) + ¢, =3 (3 arctan 3> + ¢
Exercise 16.4
1 24 2 40
24
3 5 0
5 176\/2— 44 6 0
7 2 8 —268
9 & 10 2
1 ln(%) 12 ¥ -s/3
13 3 14 vom+1
15 a) 6 b) 6 c) 12 16 1
17 4 18 0
T T
19 5 20 3
T T
21 3 \/— 22 3
14417 + 2 1
23 f 24 7
25 In(2) 26 16V2 —55
27 V14 —+10 28 3
P! T
29 2 - 30 =
. (27 12 6
_1..(37
31 2ln(52)
_ VI5 —V7) 1 . (1 . (3
32 —arctan (f orz(arcsm (Z)_ arcsin (Z))
33 2 34 0
35 —4 36 L
) 5
] \/5 733 — 33 arctan (7)
37 garctan( 9 ) 38 13
1 e—1
39 g 40 2
41 1+§ 42 2cos(1) +2
31 2
43 5 44 7
— 8 —
45 12-43 46 €1
T 8e
7 sin x
47 48 —=
6In3 x



49

51

53

55

57

58
60

61

sin t

Tt

2x sinzx2
x

b—a

54 x*

I
()
4x*

1, (3k+2
a) 3ln( 5 )

Proof

a) 0
1547

< 47

Proof

Exercise 16.5
%((1 +2vV2)Inlx — V21 + (1-2V2)Inlx + v21)

NN U b W N =

8
9
10
11

12

13

14

3Inlx — 2| — 2Inlxl + ¢
%lnlx2 +4x+ 31+ ¢
—Inlx + 11 + 61nlxl

50
52

54

59
b)

: 2
Sin X
_inz

Ccost
1+1¢°

—csch —secH

—(1 - x)kﬂ (

__9
x+1+c

Inlx + 31 4+ 31nlx + 21 — 21nlxl + ¢

Inlx + 11 + 31nlxl +%+ c
—Inlx+ 2l +Inlx— 11 + ¢

3lnl2x — 1

3Inlx + 21 + +c

|—21n|x-i-1|-i—c

Inlx — 21 — 4Inlx + 11 + 31Inlxl + % +c

—Inlx2 + 11 + 2Inlxl + ¢

—— arctan

V3x 2
(T _ Inlx* + 3l 4 21nlxl T

k+1

1 1—x
k+2

3 3 3
V3 X Inlx2 + 6/ |, Inlx
Tarctan (ﬁ) —T+T+ c

2 ﬁx) 30, 3
Tarctan ( 1 Elnlx + 8l + glnlxl +c

5 lnle—mw—lnlxlﬂ

Exercise 16.6

1

o N U W

13
16

19

22

25

2
4/3 4%
8 125
o 7y
13
v 8 4’7T
59
- 63
31112 - m
18 14 2
9 17 3
2\/3 37
? +2 20 =
22 23 X
3 54
2883 26 22
35 3

15
18

21

24

27

10 Approx. 361.95 (4 points of intersection!)
12 Between —%Tand %T, V3 1n (%) - 2V/3 +4

28

25.36

Exercise 16.7

1

127
27

3 70

3

5 97

11

13

15

17

19

21

23

25

27

29

31

(§+1)7T

Approx. 5.937
n(x/g - 1)
2887 — —1602”5
11

”(2 4 B)
252

5

9
8:1

40

32

157

2n(1n2—l)
4

28

?ﬂ(\/ﬁ_ﬁ)

284
3 JT

256
157"

Exercise 16.8

1
3
5
7
9

10
11
12
14
16
18

20
22
24

26

28
29
30

?m,65m
1m,1m
18 m, 28.67 m

3t,6m,6m

l—cost,(s—w—i-l

2

29 m=0.973

6421
15

4 61

10

12

14

16

18

20

22

24

26

28

30

®w N AN

)m,(z’—ﬂ--i-l

2

4—2Vt+ 1,243 m,2.91m

) 1
St 2(1 + 1)?
4.9t +5t +10
1 _ cosmt

JT J

e +19 +4

sin(2t) — 3

125 20
9.11
4 4
10,17
3°3
13
a) 50 — 20t
1.27 s
a) 5s
d) —49m/s

2

5127
15
32
3
237
210
64
157
1778
=
5

14197

a) %n b)
97 (2 —2)
%n(m\/s_—zsdﬁ)
11 2
Zﬂ(g\/ﬁ_g\/z)

n(%ﬁn—n+2)

T

[o RN

2r

8.5 m to the left, 8.5m
2m,2vV2m
4 4

77 7 ™

2 —4t+ 3,0,2.67m

Jm

+ % 113m,11.3m

13 167 —2t+1
15 m@+n+%
17 492 — 3t
19 —cos(ﬁ)
JT
13 13
21 2’2
23 23-66—23
204
25 35
166, 166, 166
27 5575575
b) 1062.5
b) 272.5m c) 10s
e) 12.46s f) —73.08 m/s



Answers

In2
Exercise 16.9 5 O v=m [ (1+ e dx
1 y==10e" 2 y=qde? 5 5
_ 2 _ 1 12 n(fa5+fa3)
3= 4 y=5_, 157 737 3
5 y—ln[_¢ ) 6 y=lnfe—C ;(; )2_;(; )
Il y=In(e*=C) 13 4[5 Sl =2 (xe1) +e
3(x+1) 1 1 56 n
3 1 _ __56 T ok
7T r=mm 2 8 V= ar+T+1 14 a=-57 15 2(9 1)
9 2 +6y=3x +6x+72 10 p=e -1 16 k=2 17 1800 m
2
11 arctany=%+c 12 y+ln\y{=x7—x+1 18 Z“byga ]
1 y=1_ oy 19 a) Inx+1—k b) x>-=
13 x+ln—F>—— 14 ﬁ:e"’ +c » €
x+Ce* +1 y+ o) (i) (¢-,0) d) &-
15 (y+)Inly+1|+1=(y+D(Inlnx))+c N
y Y y e) y=x—¢' f) Verify
16 1+2y2=ctan4§ 17 arcsiny =1—+1—x g) Common ratio = e z
20 x*—4y°' =4 21 V=1/V§+i
e(e"+1) e m
18 y=In|In——— 19 y+[ny[=5-x-5 22 a) ;2m
\/j x X' =glX,
20 cosy:T(e +1) 21 f=|de” " y=9()
22 2lnj—y*=e" -2 23 y+ln\secy\=%x3+x+c
Q R
24 (P +1) =3¢ (t—1)+c 25 ¢’ (y+1)=—%sin O+c (B AT B .
26 e3y+3y2=3(cosx+xsinx)—2 A | £
27 y=e" —x"+2 : y=fx)
0 : ' %
28 b) C=78m= sl 5453 minutes P X
b) Proof c) 0.6937
) _ Q) ["e = (e —1))dx = 0467
Practice questions i
. 23 a) Verify
1 a p=3 b) 3 square units o 47 6
2 b) T AT, O
2 a) (0,1) b) V:f (e2)"dx 9°9°9
3 a=¢ 0 9] M(n+1)
_X 9
42 y=g¢ 24 a) t=0,3,0r6
5 a) (i) 400m (ii) v =100 — 8t 60 m/s I
(iif) 85 (iv) 1344m b) () [ tsin(%)tdt‘ (i) 11.5m
b) Distance needed 625 5 —2¢
6 b) 2.31 c) —mcosx — X + : 0.944 25 a) 0.435 b) 2\2
2 (2+1)
7 In3 ,
8 a) (i) (1.57,0); (1.1,0.55); (0, 0), (2, —1.66) 262 Yo 28 i e
o . f’% R » dx 1+ x?
b) x== c) (ii) A x> cosxdx d) 7—2 b) Verify o) k=00918
9 a) 2w 27 6m
b) Range: {y| —0.4 <y < 0.4} 28 0.852
) - . L 2V3 el
¢) (i) —3sin’ x + 2sinx (iii) 95 29 a) Verify
m : —7g k= L, 48 i
d) 7 . o a) (i) A=78; k—151n -8 (ii) 45.3
e) (i) 3sin®x+ ¢ (i) 3 30 y=tan(ln£)
V7 2
f) arccos —5— = 0.491 P
3 (x+2) 3
31 L —6(x+2)+12Injx+2+——+¢
2 x+2

10 ¢) 3.69672 d)f (7 + x cosx)dx
0

) 7 —2~7.86960
11 a) () 10x+1— e (i) stz 0.805

b) (i) /9 = =l



32 a) : VA 3 a) 0.26 b) 0.37 ) 0.77
5 A d) 16.29 e) 8.126 f) 4.125;2.01325
E g) E(aX+ b) = aE(X) + b; V(aX + b) = a*V(X)
! 4 a) 0.969 b) 0.163 c) 3.5
1 4 _ 1
i 5 k—%
i .,/ A X 12 |1 14| 16 | 18
i ] \ o0 P(X=x) | 6k | 7k | 8k | 9k
5 / \ T 6 a) k=1 b) 2 R . ,
—a _E3 _2710 |2 4 6 X d) E()()ZIG,SD:7 e) E(Y):?;Sng
1
A \ R
; / / 2 \ b) 035
' / \ 0.30
i I 4 \ 0.254
! [ \ 0.20-
5 6 fx) 0.15-
' 0.10
b) () x=-3 0.05 -
(i) x—int=e’—=3y—int=In3 -2 0.04
¢) —1.34;3.05 ' )
3.05
&) i) [ (4=0-x) —(n(x+3)-2))dx 0z
(i) 106 d) p=1.2;var=0.9
) 8 a) P(x=18)=0.2,P(x=19) = 0.1, symmetric distribution.
e) 4.63§ b) u=17,SD =1.095
33 a) Verify | i 9 a) u=19,SD =134
b) lnx—iln(x +1)+C b) Between 0 and 5
) y= 2¢’ 10 k=0.667, E(X) = 5.44
V= 11 a) k=030r0.7
b) for k=0.3: E(X) =2.18; for k=0.7: E(X) = 1.78
12 a)
Chapter 17 ) ol 11 21 3
Exercise 17.1 P(Y=y | L 2 3 3
1 a) Discrete b) Continuous ¢) Continuous
d) Discrete e) Continuous f) Continuous b) 2 ) )
g) Discrete h) Continuous i) Continuous 13 a) k=g b) 3
j) Discrete k) Continuous 1) Continuous 14 a) <See table below>
m) Discrete b) 0.85 ¢) 0.15 d) 48.87
2 a) 0.4 e) 2.057 f) 0.77
b) o5 X 45 | 46 | 47 [ 48 [ 49 |50 | 51 |52 [53 |54 |55
CDF |0.05]0.13{0.25| 0.4 |0.65]0.85| 0.9 |0.94{0.97]|0.99| 1
0.4
15 a)
0.3+ X 0 1 2 3 4 5 6
CDF [0.08]0.23|0.45|0.72]0.92(0.97
0.2 1
b) 0.72 ¢) 0.97
0.1 d) 2.63 e) 1.44
16 a) 0.90 b) 0.09 ) 0.009
0.0 ] T 1 A d) Unacceptable, acceptable e) p(x)=(0.1"1) X 0.90
17 a) 0 b) 0.81 c) 0.162

c) 1.85,1.19 e) 2.85,1.19

£) E(X+b)=E(X) + b V(X4 b) = V(X) d) Either acceptable or unacceptable, acceptable

e) (x—1)(0.1*72) X 0.902, x> 1
18 n=30
19 a) (i) 5 (il) o

b) () & (i) 5




