Complex numbers 21.04 /5

marks]

Let z=a +bi,a, b € R" and let argz = 6.

1la. Show the points represented by z and z — 2a on the following Argand [1 mark]
diagram.

Im=z

Markscheme

* This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

Imz
T

—a+bi, b4 1.\‘.'l'+f';'i
Al

} —> Re z
= a

Note: Award A1 for z in first quadrant and z — 2a its reflection in the y-axis.

[1 mark]

1b. Find an expression in terms of 6 for arg (z — 2a). [1 mark]



Markscheme

m — 0 (or any equivalent) Al
[1 mark]

2 ) [2 marks]

Lc. Find an expression in terms of & for arg (Z_2a :

Markscheme

arg (Z_Zza) = arg(z) —arg(z—2a) (M1)

— 260 — 7 (or any equivalent) Al
[2 marks]

5 ) —0. [3 marks]

Ld. Hence or otherwise find the value of 8 for which Re (z_2a



Markscheme

METHOD 1

if Re (Z_Zza> = 0then 20 — = &, (nodd) (M1)

—7m<20—7<0=>n=-1

20 — = —% (A1)

_ 7
H_Z Al

METHOD 2
atbi _ b*—a®—2abi
—a+bi a2

Re( 2 ):0:>b2—a2:0

z—2a

M1

b=a Al
Al

Note: Accept any equivalent, eg § = — T,

[3 marks]

2a. Find the roots of the equation w? = 8i, w € C. Give your answers in [4 marks]
Cartesian form.



Markscheme

* This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

METHOD 1
w’ = 8i
writing 81 = 8 (cos (% + 27rk) + isin (% —+ 27rk)) (M1)

Note: Award M1 for an attempt to find cube roots of w using modulus-
argument form.

T4 9k .. [ Z42nk
cube roots w = 2 (cos ( 2+37T ) + isin ( 2+37r )) (M1)

e.w=+34+1i, —/3+i, —2i A2
Note: Award A2 for all 3 correct, A1 for 2 correct.
Note: Acceptw =1.73+iandw = —1.73 +i.

METHOD 2

w + (21)° =0

(w+ 2i) (w® — 2wi—4) =0 M1
= 2T M1

2
w=+3+i, —/3+1, —2i A2
Note: Award A2 for all 3 correct, A1 for 2 correct.
Note: Acceptw =1.73 +iandw = —1.73 +i.

[4 marks]

2b. One of the roots w; satisfies the condition Re (w;) = 0. [3 marks]

Given that wy; = ﬁ express z in the form a + bi, where a, b € Q.



Markscheme

w1, = —2i
“Z.=-21 M1
z—1
z=-2i(z—1)
z(142i) = -2
—7)

2=y Al

— 244y
Z=—7 =F 71 Al
Note: Accept a = —%, b= %.
[3 marks]

3a. Find the roots of z2* = 1 which satisfy the condition 0 < arg (z) < 5[5 marks]
, expressing your answers in the form rel?, where r, § € RT.

Markscheme

* This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

(r (cos @+ isin6))** = 1 (cos0 + isin0)
use of De Moivre’s theorem (M1)
rt=1=r=1 (A1)

240 =2mn = 0= 12, (n€Z) (A1)
O<arg(z)<3=mn=1,23,4,5

— e ore2m ore3m or edm op 51l
Z = €45 Ore 5 Oore5 Oor e—5 or e A2

Note: Award A1 if additional roots are given or if three correct roots are given
with no incorrect (or additional) roots.

[5 marks]

Let S be the sum of the roots found in part (a).

3b. Show that ReS=Im S. [4 marks]



Markscheme

Re S = cos— =F cos —I— cos —I— cos —I— COS 15

ImS = sm— +sm +sm —I—SlIl +sm i’g Al

Note: Award A1 for both parts correct.
57 s 4 27 3 3 27 47

but sin>Z 15 —5cos 12, sin15 = COS{7, smﬁ = COS 15, smﬁ = cos45 and
3 N s
Sin —— 12 = COSI5 Mi1A1
=>ReS=ImS AG
Note: Accept a geometrical method.
[4 marks]
C. +v/b 3 marks
By writing % 13 as (Z — —) find the value of cos — 12 in the form \/Ec\/' 4 /

, where a, b and ¢ are integers to be determined.

Markscheme

mw ™ ™ _ T ™ o, ™ .2 ™
COSg5 = COS (Z — E) = coszcosg + smzsmg MI1A1
_ V2B V3
— T2 2 2 2
_ \/EZ\/E Al
[3 marks]

3d. Hence, or otherwise, show that S = %(1 + \/5) <1 T \/5) (1+1). [4 marks]



Markscheme

cosdT = cos (6 + 1) = cosZcosE — sinZsin* (M1)

12 4 6 4 6° 4
O ot T ol s s
Note: Allow alternative methods eg cos15 = sin{5; = sin (Z - g)
_VB3V2 1 v2 V62
=357 37 = 1 (A1)
Re S = cos 5 + cos o r cos o r cos > T cos ‘;’727
Re S = *fzf+*2f+ 3 4 g SO *f Al
= %(\/6+1+\/§+\/§) Al
- 1(1+\/§) (1+\/§)
S = Re(S)(1 + i) since ReS=1ImS5, R1
s=3(1+v2) (1+v3) (1+1) 46
[4 marks]
Consider w = 2 (cos + isin 3)
4a. Express w2 and w3 in modulus-argument form. [3 marks]

Markscheme

w? = 4cis () ; w® = 8cis (1)  (M1)A1A1

Note: Accept Euler form.

Note: M1 can be awarded for either both correct moduli or both correct
arguments.

Note: Allow multiplication of correct Cartesian form for M1, final answers
must be in modulus-argument form.

[3 marks]



4b. Sketch on an Argand diagram the points represented by wP , w! , w? and [2 marks]
w3,

Markscheme

W

2 Y A1AI

%
W '|-“|.-'0

* T —t
-3 oo 1

[2 marks]

These four points form the vertices of a quadrilateral, Q.

21./3 [3 marks]

ac. Show that the area of the quadrilateral Q is ——.

Markscheme

use of area=%ab sinC M1
$X1x2xsinf+5x2x4xsinl+ 5 x4x8xsink AlAl

Note: Award A1 for C = % A1 for correct moduli.

_ 21;/3 AG
Note: Other methods of splitting the area may receive full marks.
[3 marks]
4d. Let 2 =2 (cos% + isin%) , n € Z". The points represented on an [6 marks]
Argand diagram by zO, zl, z2, ..., 2" form the vertices of a polygon P,,.

Show that the area of the polygon P, can be expressed in the form
a(b"—1)sin”, wherea, b € R.



Markscheme

%><20><21><sin%—|—%><21><22><sin%+%><22><23><sin%+...+%><2"‘
MI1A1

Note: Award M1 for powers of 2, A1 for any correct expression including both
the first and last term.

:sm%><@0+22+24+...+2wa)

identifying a geometric series with common ratio 22(= 4) (M1)Al1

R

T~ 1-4

Note: Award M1 for use of formula for sum of geometric series.
1 .

= 3(4"—1)sin” Al

[6 marks]

X sin% M1

: 247
Consider the complex number z = TR
5a. Express z in the form a + ib, where a, b € Q. [2 marks]

Markscheme

* This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

_(2+7) _ (6-2i)

©(6+2i) T (6-2i) (M1)
_ 26438 (134191 _ -
= B _ (B9 _ .65+ 0.951) Az
[2 marks]

5b. Find the exact value of the modulus of z. [2 marks]



Markscheme
attempt to use |z| = /a2 + b2 (M1)
12| = % (: \/%?) or equivalent Al

Note: A1 is only awarded for the correct exact value.
[2 marks]

5c¢. Find the argument of 2z, giving your answer to 4 decimal places. [2 marks]

Markscheme

EITHER

arg z = arg(2 + 7i) — arg(6 + 2i) (M1)
OR

arg z = arctan(%) (M1)

THEN

arg z = 0.9707 (radians) (= 55.6197 degrees) Al
Note: Only award the last A1 if 4 decimal places are given.
[2 marks]

Consider the complex numbers z; = 1+ 1/3i,zs = 1 +iand w = j—;

6a. By expressing z; and z9 in modulus-argument form write down the [3 marks]
modulus of w;



Markscheme

21 = 2cis (%) and 2z = +/2cis (%) AlAl

Note: Award A1A0 for correct moduli and arguments found, but not written
in mod-arg form.

lwl=v2 A1

[3 marks]

6b. By expressing z; and z9 in modulus-argument form write down the [1 mark]
argument of w.

Markscheme

21 = 2cis (g) and zp = /2cis (£) A1A1

Note: Award A1A0 for correct moduli and arguments found, but not written
in mod-arg form.

argw = 45 Al

Notes: Allow FT from incorrect answers for z; and 25 in modulus-argument
form.

[1 mark]

6¢. Find the smallest positive integer value of n, such that w" is a real [2 marks]
number.



Markscheme
EITHER

sin(%) = (M1)

OR

arg(w®) =7m (M1)

nmw __

12— T

THEN

Sn=12 Al

[2 marks]
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