1. Find, in its simplest form, the argument of (sin@+ i (1— cosé’))2 where @is an acute angle.
(Total 7 marks)
(sinf +i(1 — cos@) =sin’6— (1 — cos6)* +i2 sinf (1 — cosé) Mi1Al
Let @ be the required argument.

Tsin 81— '
tang = 2sin #(1—cosf) Mi

sin > 8—(1—cos8)’

2sin # (1—cosf)

= { B i ] B || Q‘Il)
1-cos” 8 )~[1-2cosf+cos” B
7 si - '
_ 2sin g1 cnsﬁ_! Al
2cosf(1-cosf)
=tan& Al
=& Al
[7]
2. (@ Use de Moivre’s theorem to find the roots of the equation #=1-1
(6)
(b)  Draw these roots on an Argand diagram.
(2
(c)  Ifz, is the root in the first quadrant and z, is the root in the second quadrant, find —% in
Z;
the form a + ib.
(4)

(Total 12 marks)
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]

@ ==@-)
Letl —i=r{cosf+ismnf)
=1 =42 Al
g= T Al
4
.
|'§ ( s Vo AR
:=n~ﬁ‘cns!—£!—1sm!—zf|: M1
\ L4 L))
’ ".“‘.1
[ V.| ME
—|J§| ccrs!—E—Emr :—15111!—E—Erm:|:
L J L4 JJ)
1s Y / i
—EE‘CDS!———E |+isin - 20| M1
\ L 2; Lol 2__,'(_,!
1¢ Y N
—EE‘ccrs——!—1 l E'|
.\ L A } lﬁ/l;u
Note: Award M1 above for this line if the candidate has forgotten to
add 2m and no other sohution given.
LY SRS PR £
=28 CDS!E!—.SJIII!?—H!|
'.__].ﬂ/' '_Lllj._,'_}l
e f1sa 15
=28 CDS! 51 '—15ﬂ1|b—ﬂ '|
V16 ) L 16 J)
e 0 on C g )
=28 CDS!—;!‘T!—iSIIIl!—E” A2
\ lﬁ/l LY lfr/lj
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(b)

|]‘

17

v

L i
Ll

A2
Note: Award Al for roots being shown equidistant from the origin
and one in each quadrant.
Al for correct angular positions. It is not necessary to
see written evidence of angle, but must agree with the diagram.
1 o) 150710
O —— SRSl MIAL
I =i T (1)
2|,c05—,— —|
N 16 A LY 16 A4
= cosg—isﬁli (A1)
_: Al

. . . 1 50 1 4
3. Consider the complex geometric series e'? + Eez'e +Ze3"9 + ..

(@  Find an expression for z, the common ratio of this series.

(b) Showthat |z]| <1.

(c)  Write down an expression for the sum to infinity of this series.
(d (i) Express your answer to part (c) in terms of sin 6 and cos 6.

Hence show that

(i)
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cos 6 + %cos 20+ %cos 30+..

lelie
2
@ =2
.
2
_ 1
(b) |-|—E
|:|f:1
(c) USﬁlgsmzli
—17
Ei-:?
Se=
l—leie
2
i@ .
@ @ So= =7
1——a¥ 1—_ris@
2 2
cos@+1ismg

1—%(1:056‘4 sin )
]' E___:i-.‘,' +

4

1 o
Also 5, =g+ g2
2

_ 4cosf-2
5-4c0s60

—cisf+ lciszé'—%cis?:é'— 3

2

' 1
Se= | cosf+—cos2f+—_cosif+
| 2 4

]
-
1+1

/

, 51
I.

IB Questionbank Mathematics Higher Level 3rd edition

(10)
(Total 16 marks)

(M1)

Al

AG
(M1)

Al

(M1)

(A1)

(M1)
3

1. 1.
6+—sin 268+—sin 36+ ___| Al
4 J



(ii}) Taking real parts,

i '\I
( |

cus&—%cnszﬁ—l cns?:éa"—...=Ré 11:056‘—151116 { Al
2 4 | 1-=(cos6+isind) |
L2 A
( Lot )
. .. ——cosf+—1ism
= Re - E;:crsﬁ'—isinﬁ'} x- f : | Ml
i!l——cosﬁ——isfné"f !1——1:056‘——1'51'116‘”
L2 2 o2 2 iy
]. -3 ]. " -3
cosf——cos” f——sm* &
= E 2 Al
42 .
l1-—cosé| +—sin" @
| J
rd 1'\I
!ccrsﬁ——:
= 2) Al
1—1:056‘—&(51'11: 8+cos? 6)
_ (2cosf-1)=2  42cosf-1) Al
(4—4cos6+1)=4 2(5-4cos6) )
—2
_ dcos6-2 AIAG ND
i—4cosd

[25]

4. The roots of the equation 22 + 2z + 4 = 0 are denoted by o and 5?

(@)  Find « and g in the form re®.

(6)
(b)  Given that « lies in the second quadrant of the Argand diagram, mark « and 8 on an
Argand diagram.
)
(c)  Use the principle of mathematical induction to prove De Moivre’s theorem, which states
that cosné +isinnd = (cos @ +isin )" forn e Z",
8
0(3
(d)  Using De Moivre’s theorem find —- in the form a + ib.
4)
(e)  Using De Moivre’s theorem or otherwise, show that o= 53 .
3
() Find the exact value of af* + Sa* where o* is the conjugate of o and £ is the conjugate
of j.
®)
(g)  Find the set of values of n for which o" is real.
3)

(Total 31 marks)
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5. Consider o = co{z—;jﬂsin(z—;j.

(@  Show that

(i) o®=1;
(i) 1+w+wn’=0.
®)
. i 9+2—n €+4—n
(b) (i) Deduce thate' + e( 3J+e( 3j =0.
(i) Hlustrate this result for 6 = g on an Argand diagram.
4)
(¢) (i) Expandand simplify F(z)=(z- 1)z - w)(z - wz) where z is a complex number.
(i)  Solve F(z) = 7, giving your answers in terms of w.
(7)

(Total 16 marks)
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(@) o= 24716 ‘;_1'5= —1+1.3 Ml

—l—i\f—;aﬂieﬂ r=2 Al
f = arctan —£I;=2Tﬂ Al
“1-if3 =re® = r=2

# = arctan _£31=—2Tﬂ Al
:>nx=23i¥ Al
:>,H=Ee_i% Al

(b)

AlAal
(c) cosmf+1isinpf=(cosf+1sin )"
Letn=1
Lefthand side=cos 1f +ism 18 =cosf +isinf
Right hand side = (cosf +isin ) =cos f+isin 8
Hence true for n=1 MMi1AL
Asmume true for n=x M1

cos i +1isin &8 = (cos # +isin 6)F

= cos(k+ 1)8 +isin(k+ 1)8 = (cosf +isin §)*(cos B +1isin 6 MiAl
= (cos A +1isin A)(cos F+isin B)

= cos A cosf —=in & sin # + i(cos & sinf + sin & cosH) Al
=cos(k+ 1)f+1ism(k+ 1)6 Al
Hence if true for n= L true for n=4%+1

However if it is true for n=1

= true for n=2 erc. R1
= hence proved by induction
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(d)

(e)

()

(2)

a:
— = =2 3
3 R
F 4e I
= 2 cos 41—? E
3
2
2 513 i3
2 2
& = 8elt™
ﬂS - Se—il.—
Since &7 and e~ are the same a° = £
EITHER
a=-1+if3 B=-1-if3

a*=—1—1i.f3 fr=—1+1if3
afF=(—1+i3) (1 +i3)=1-2i3 —3=2-2i{.3
for=(-1— i3 )-1—if3)=1+2if3 —3=2+2i.3
= gf* + fo* =4

OR

Sinceo*=fand f* =«
- - =
af*=2e I x2e3 =4

el ¢ i/ A
fa* = 2e I-TXEE T =4e e
. . (& =)
af*+fa* =4 e s I |
| ]
\ J
( 4m . ., 4= dg ., 4w
=4 cos— +1 51 — + Ccos— —1 51 — |
N 3 3 3 3
= 8:05—=8x—l=—4
2
fx": E-qelz?

This is real when mis a nultiple of 3
ie n=3NwhereN e &~

The complex number z is defined as z = cos 8 + i sin 6.

(@) State de Moivre’s theorem.

(b)  Show that " _zi” = 2i sin (né).

5
(c)  Use the binomial theorem to expand (z —1} giving your answer in simplified form.
z

(d)  Hence show that 16 sin® 6 = sin 50 -5 sin 30 + 10 sin 6.

IB Questionbank Mathematics Higher Level 3rd edition

Al

(M1)
AlAl
Al

Al
Rl

Al
MiAl
Al
Al

MiAl

Al

Al

Al

MI1AL
Rl

1]

)

®)

®)

(4)



(e) Check that your result in part (d) is true for 0 =

NI

(4)
U
() Find '[O sin“6dé .
(4)
(g) Hence, with reference to graphs of circular functions, find EcosS 6d@, explaining your
reasoning.
®)

(Total 22 marks)
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(a) anv appropriate form, e.g. (cos 8 +1sin 6)" = cos (1) + 1 sin (nf) Al

(b) == cos nf +1sin nf Al
L = cos(b) + i sin(—n6) M1)
= cos nf —1 sin (nf) Al
therefore =" — iﬂ = 2i sin (nf) AG

(©) |'f__l\'|5 _ .5 _|35\'i_4|3_l\'|_| 5\'i_ Il'_l\'; _|!5\'i_:l"_l\|3 R |f5\'l_|r_!‘l4 _I',_l\'ui
;.__ il jll |.__ ]. A ; il /'I |__2 i ;.__ il jll |__3 A ;.__ il ‘_.-'I |.__ 4 A ;.__ Z jll '.\_ il /'I

(MI1)(AT1)
=z —'_3—10:—£—i_:—i Al
E \Ii i ' A . 5

@ [=-LV -1 s 1 g1 MIAL
LoD ALY =) oo
(2i sin 6)° = 2i sin 56 — 10i sin 30 + 20i sin # Mi1A1
16 sin” #=sm 58 — 5 sm 38 + 10 sin # AG

(e) 16sin° @=sin 56— 5 sin 30+ 10 sin @

r \Ii
LHS = 16/ sin = |
| 4}.
l.f Ewlli
=16/ — |
2 )
I \I
) 2 )
RHS = sin] % |~5sin| 2% |~ 105 = |
| 4 J | 4 J |__‘4/.
I "\I I \I
2 40 [ 2
Y
Note: Award M1 for attempted substitution.
([ 4 \II
=242 |=—| Al
L2
hence this is true for 6= ; AG
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(f) [351'1156d6=%[f(5ﬁ156—55ﬁ136‘—105ﬁ16}d6‘ M1

_ L _cosnﬁ_ncosiﬁ‘_mmsa 2 Al
16 5 o
I . A
=L (12 0] Al
16 L5 3 J
=8 Al
15

() l: cos® &l = IE’ . with appropriate reference to symmetry and graphs A1R1R1
’ 5

Note: Award first R1 for partially correci reasoning e.g. sketches
of graphs of sin and cos.

Award second R1 for fully correct reasoning invelving sin® and cos”.

7. Let w = cos E+isin@.
5 5

(@)  Show that w is a root of the equation z° — 1 = 0.

(b)  Show that (W — 1) (W* + w® + w? + w + 1) =w® — 1 and deduce that
wh+wP+w?+w+1=0.

()  Hence show that cos 2—;+cos4—;=—%.
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[22]

®)

®)

(6)

(Total 12 marks)
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(a)

(b)

(c)

Note: Correct methods invelving equating real parts. use of

e |
COS — +CO0S —=—

Note: Use of cis notation is acceptable throughout this question.

EITHER

w3

s (2 .. 2m)

W =|C0S — +15M — |
\ ] 2 )
=cos 2m+isin 2n
=1
Hence wisarootof ° —1=10
OR

5

Solving -7 =1

2n .. 2m
== CUST'r:-—mm T‘rz_, n=0.1,2.3.4.
5 5

. 2n ., . 2m s
n=1 gives cos —— +ism — whichis w
5 5

w-D1+wrw+w+wH)=wrw st -1

.
S S -

LA

=w -1

Sincew —1=0andw = 1. Wi sws1=0.

-
1+w+wi+w +wi=
2w .. 2w | 2m .. 22wy
l+cos —+1sM — +| COS— +15M — | +
5 5 04 5 5 )
y 3 F 4
( .. MY Im .. 2m
| COS — +15M1 — | +| COS—+15M — |
| 5 50 L 5 5 )
2 .. 27 47 .. 47
l+cos—=+15m — +cos—+1sm — +
5 3 3 ]
6m .. 6m; &t .. &m
COS—+15M — +CO0S—+15i —
5 5 5 5
2n .. In 4 .. 4m
l+cos —+1ism — +cos—+1sm — +
5 5 3 3
4n . . 4m 2n .. I
CO0S— —15M1 — = COS— —15i —
5 5 5 5

(M1)

Al
Al
AG

(M1}

Al

Al

M1
Al
Rl

(M1)

M1

MIATAL

Notes: Award M1 for attempting to replace 67 and 87 by 4w and 27
Award Al for correct cosine terms and Al for correct sine terms.

47 2n
=1+2cos—=+2cos—=10
5 5

conjugates or reciprocals are also accepted.

n 4n

o | —

2 2
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