Definite Integrals /113 marks;

1. The derivative of the function f is given by f’(z)= mgj’il : [5 marks]

The graph of y = f(x) passes through the point (1, 5). Find an expression for

f(z).

Markscheme
recognizing need to integrate (M1)
J5dz OR u=a”+1 OR % =2z
3 2
J3du OR 3 [—S5-dz (A1)
= 31In(2? + 1)(+c) or 31In u(+c) Al
correct substitution of z = 1 and f(z) = 5 or x = 1 and u = 2 into equation
using their integrated expression (must involve c¢) (M1)
5=3In2+c

f(@)=3In(a?+1)45-3m2 (=3In(a®+1)45—-ln8=3In(L2)+5)

(or equivalent) Al

Note: Accept the use of the modulus sign in working and the final answer.

[5 marks]



Consider the functions f(z)= ﬁ + 1, forx # 4, and g(x)=x — 3 forz € R.
The following diagram shows the graphs of f and g.

¥

The graphs of f and g intersect at points A and B. The coordinates of A are
(3, 0).

2a. Find the coordinates of B. [5 marks]
Markscheme
ﬁ +1=z-3 (M1)
22 —8x+15=0 OR (z—4)° =1 (A1)
valid attempt to solve their quadratic (M1)
8+,/8°-4(1) (15)
(z—3)(x—5)=0 OR z = 0 OR (z—4)=+1
z =5 (x =3, z=>5) (may be seen in answer) Al

B(5, 2) (acceptz =5, y=2) Al

[5 marks]



In the following diagram, the shaded region is enclosed by the graph of f, the
graph of g, the x-axis, and the line x = k, where k € Z.

y

The area of the shaded region can be written as In(p) + 8, where p € Z.

2b. Find the value of k and the value of p.

[10 marks]



Markscheme

recognizing two correct regions fromxz =3tox =5andfromz =5tox =k
(R1)

k 5 k

triangle +5 f(z)dx OR 3 g(x)dz+5 f(z)dxz OR

j k

3(z— 3)dz + 5 ( +1)da

area of triangle is 2 OR %% OR (572 — (5)) — (372 — 3(3)) (A1)
correct integration (Al1)(Al1)

f(g;i4 )da:zln(a:—4)—|—:v (+C)

Note: Award AZ for In(z — 4) and A1 for z.
Note: The first three A marks may be awarded independently of the R mark.

substitution of their limits (for x) into their integrated function (in terms of x)
(M1)

In(k—4)+k—(In 1+ 5)

(In(z — 4)+z]¥ = In(k — 4)+k— 5 Al

adding their two areas (in terms of k) and equatingtoln p + 8 (M1)
24+ In(k—4)+k—5=Inp+8

equating their non-log terms to 8 (equation must be in terms of k) (M1)
k—3=28

k=11 Al

11—-4=p

p=7T Al

[10 marks]

3.

3./z—5
Find the value of ff( Ve )dw. [5 marks]

Jz



Markscheme

f 3\/\2_5 dz = f(3 — 5:c_%)dm (A1)

[ 3‘/;_5 dz = 3z — 1022 (+c) AlA1

substituting limits into their integrated function and subtracting (M1)
1

3(9)—10(9)® — (3(1)—10(1)%) OR 27 — 10 x 3 —(3 — 10)

=4 Al

[5 marks]

Consider f (x) = %, —l<z<l.

4a. Find f' (z). [2 marks]

Markscheme

attempt to use quotient rule (or equivalent) (M1)
(z-1)(2)—(2z—4)(2z)
f'(z) =

(22—1)*
_ —22248x—2
(22-1)*
[2 marks]

Al

4b. Show that, if f'(z) = 0, thenz = 2 — /3. [3 marks]



Markscheme
f'(z) =0
simplifying numerator (may be seen in part (i)) (M1)

= 22 — 4z + 1 = 0 or equivalent quadratic equation  AI

EITHER

use of quadratic formula
=1 g
OR

use of completing the square

(z—2)°=3 A1

THEN
z =2 — +/3 (since 2 + /3 is outside the domain)  AG

Note: Do not condone verification thatz = 2 — /3 = f/(z) = 0.

Do not award the final A1 as follow through from part (i).

[3 marks]

For the graph of y = f (),

4c. find the coordinates of the y-intercept. [1 mark]

Markscheme

(0, 4) Al
[1 mark]

4d. show that there are no z-intercepts. [2 marks]



Markscheme

20 —4=0=2x=2 Al
outside the domain R1
[2 marks]

4e. sketch the graph, showing clearly any asymptotic behaviour. [2 marks]

Markscheme

AlAl

-0 -0.5 L 0.5

award A1 for concave up curve over correct domain with one minimum point
in the first quadrant
award A1 for approaching x = 41 asymptotically

[2 marks]

4f. 3 1 _ 2z-4 [2 marks]
Show that —= — — R



Markscheme

valid attempt to combine fractions (using common denominator) M1

3(z—1)—(z+1)

(z+1)(z—1) Al

=22 AG

[2 marks]

49. The area enclosed by the graph of y = f(z) and the line y = 4 can be  [7 marks]
expressed as Inv. Find the value of v.



Markscheme
f(z)=4=2x—4=42> -4 M1
(x =20 or) x:% Al

1
area under the curve is [ f(z)dz M1

1

_rz 3 1
—J0 gzl x—ldw

Note: Ignore absence of, or incorrect limits up to this point.

=Bln|z+1—In|z—1]] A1
=3In3 —In(-0)

_ 27

areais2 — [7 f(z)dx or [f4dz— [} f(z)dz M1
=2 — 111277

2
— ln"‘z—‘; Al

_ 4¢é?
(;‘”—7)

[7 marks]

2. Given that f()lnke2$da: = 12, find the value of k. [6 marks]



Markscheme

1
2

attempt at using limits in an integrated expression

1. 2210k 1 o2k 1.0
([56 Jo = 7¢"" —§e> (M1)

ez seen (A1)

_ 1 _Ink? 1.0
—§en — 5 (A1)

Setting their equation = 12 M1
Note: their equation must be an integrated expression with limits substituted.

sK—1=12 A1
(*=25=)k=5 A1

Note: Do not award final A1 for k = £5.
[6 marks]

The graph of y = f’(x), 0 = 2 = 5 is shown in the following diagram. The curve
intercepts the x-axis at (1, 0) and (4, 0) and has a local minimum at (3, —1).

A

6a. Write down the x-coordinate of the point of inflexion on the graph of [1 mark]

y = f(z).



Markscheme

* This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

3 Al
[1 mark]

The shaded area enclosed by the curve y = f'(z), the z-axis and the y-axis is
0.5. Given that f(0) = 3,

6b. find the value of f(1). [3 marks]

Markscheme

attempt to use definite integral of f’ () (M1)

fol f'(z)dz = 0.5
f(1)— f(0)=0.5 (A1)

F(1)=05+3
= 3.5 Al
[3 marks]

The area enclosed by the curve y = f’ (z) and the z-axis between z = 1 and
r=4is25.

6¢c. find the value of f(4). [2 marks]



Markscheme

f14 f'(x)de=-25 (A1)
Note: (A1) is for —2.5.

F(4)—f(1)=-25

f(4) =3.5—-2.5
=1 Al
[2 marks]

6d. Sketch the curve y = f(z), 0 = x =< 5 indicating clearly the coordinates [3 marks]

of the maximum and minimum points and any intercepts with the coordinate
axes.

Markscheme

(1.3.5)

5 AIAIAI

oh 1 2 3 4 3

Al for correct shape over approximately the correct domain

A1 for maximum and minimum (coordinates or horizontal lines from 3.5 and 1
are required),

Al for y-intercept at 3

[3 marks]



Consider the functions f and g defined on the domain 0 < x < 27 by
f(x) =3cos2z and g (z) =4 — 11 cos .

The following diagram shows the graphs of y = f(z) and y = g ()
J;'

7a. Find the x-coordinates of the points of intersection of the two graphs. [6 marks]

Markscheme

* This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

3cos2x =4 — 1lcosx
attempt to form a quadratic in cosx M1

3(20052:1:— 1) =4—1lcosxz Al
(Gcoszx+1lcosx—7:0)

valid attempt to solve their quadratic M1
(3cosz+7)(2cosz—1)=0

cosa::l Al
r=2I 51  A1A1

Note: Ignore any “extra” solutions.
[6 marks]

7b. Find the exact area of the shaded region, giving your answer in the form [5 marks]
pm+ q+/3, where p, g € Q.



Markscheme
j

consider (+) 3 (4 —11cosx — 3cos2z) dz M1
S
= (£) [4z — 1lsinz — 3sin2z]|} A1
3
Note: Ignore lack of or incorrect limits at this stage.
attempt to substitute their limits into their integral M1

__ 207 _ 3 107 _ (4m g g 21

= =" llsm? 2sm - ( 5 1ls11r13 2s11r1 3)
11 3/3 113 33

_ 167r + \/_ :1/_ 4 2\/_ 4 21/_

= 10n | 23 25‘/5 AIAI

[5 marks]

7c. At the points A and B on the diagram, the gradients of the two graphs  [6 marks]
are equal.

Determine the y-coordinate of A on the graph of g.

Markscheme

attempt to differentiate both functions and equate M1
—6sin2x = 1lsinx Al

attempt to solve forx M1

llsinx + 12sinxcosx =0

sinz (114 12cosz) =0

cosz=—13 (orsinz=0) A1
= y=4-11(-3) M1

y=2(=144) A1
[6 marks]



Given that f_22 f (z)dz = 10 and f02 f (z) dz = 12, find

8a. fg (f () + 2)de. [4 marks]

Markscheme

* This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

ffz f(z)de=10—12= -2 (M1)(A1)
[ 2de =22, =4 Az

5 (f(2) +2)dze=2 A1
[4 marks]

8b. f_oz f (z+ 2) dz. [2 marks]

Markscheme

[ f @+ 2)dz = [ f(z)dz (M2)

=12 Al
[2 marks]

Let y = arccos (%)

9a. Find j_z_ [2 marks]



Markscheme

* This question is from an exam for a previous syllabus, and may contain

minor differences in marking or structure.

y:arccos(%):ﬂ——;f(:— L ) MI1A1

dz 9 1_(% 4—x

Note: M1 is for use of the chain rule.
[2 marks]

9b. Fing fol arccos (%) de.

Markscheme

attempt at integration by parts M1

1
4—z

U = arccos (%) = g_;t ——

%zl:v:x (Al)
a8

fol arccos (%) dz = [:1: arccos (%)Ll) n fol 1 g

N

using integration by substitution or inspection (M1)

|z arccos (%)](1) + [— (4 - w2)%}: Al

1
Note: Award AI for — (4 — :1:2) > or equivalent.

Note: Condone lack of limits to this point.
attempt to substitute limits into their integral M1

= —V3+2 A1
[7 marks]

[7 marks]



Let f(z) = z? — z, for £ € R. The following diagram shows part of the graph of f.

diagram not to scale
¥,

P X

The graph of f crosses the z-axis at the origin and at the point P(1,0).

The line L intersects the graph of f at another point Q, as shown in the following
diagram.

diagram not to scale

10. Find the area of the region enclosed by the graph of f and the line L. [6 marks]



Markscheme

valid approach  (M1)
eg fL — f, f_ll(l — m2)da:, splitting area into triangles and integrals
correct integration (A1)(Al1)

1
3 3 2 2
i X o X

substituting their limits into their integrated function and subtracting (in any
order) (M1)

5 1-4-(1-3)

Note: Award MO for substituting into original or differentiated function.

areazé A2 N3

[6 marks]

11a. Express 2 + 3z + 2 in the form (z + h)? + k. [1 mark]
Markscheme
2 +3c+2=(c+3) -1 a1
[1 mark]

11b. Factorize % + 3z + 2. [1 mark]
Markscheme

?+3z+2=(z+2)(z+1) A1
[1 mark]



Consider the function f(z) = reRxz# —2,2# —1.

1
z2+3z+2"

11c. Sketch the graph of f(z), indicating on it the equations of the [5 marks]
asymptotes, the coordinates of the y-intercept and the local maximum.

Markscheme

Vertical Asymptote
x=-1

¥ Intercept
Vertical Asymptote B
x=-2 Horizontal
Asymptote
»=0
4 y
4
\ I ocal Mammum

Al for the shape
A1 for the equationy =0

Al for asymptotesx = —2andx = —1

A1 for coordinates (—%, — 4)

A1 y-intercept (0, %)
[5 marks]

11d. yence find the value of p if fol f(z)dz = In(p). [4 marks]



Markscheme
/

1 1
z+1 z+2 dz

= [In(z + 1) — In(z + 2)], AZ
=In2—-—In3—-Inl+1n2 M1
=In(5) Mi1A1

np=4

[4 marks]

1le. Sketch the graph of y = f(|37|)

Markscheme

L)

-

k4

symmetry about the y-axis M1

correct shape Al

Note: Allow FT from part (b).

[2 marks]

11f. Determine the area of the region enclosed between the graph of
y = f(|z|), the z-axis and the lines with equations x = —1 and z = 1.

[2 marks]

[3 marks]



Markscheme

2 [ f(z)dz (M1)(A1)
=2In(2) A1

Note: Do not award FT from part (e).

[3 marks]
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