1. The quadratic function f(x) = p + gx — x* has a maximum value of 5 when x = 3.

(@)  Find the value of p and the value of q.
(4)

(b)  The graph of f(x) is translated 3 units in the positive direction parallel to the x-axis.
Determine the equation of the new graph.

()
(Total 6 marks)

(2) METHOD 1

flx)=g-2x=0 M1

SBl=g-6=10

g==6 Al

fA3)=p+18-9=5 M1

p=—4 Al

METHOD 2

) =~x=3Y+5 M1Al

= i+ 6r—4

g=6.p=—4 AlAl

b)) g()=—4+6(x—3)—(x=37(=-31+12x—x°) Mi1Al

Note: Accept any alternative form that is correct.
Award M1AO for a substitution of (x + 3).

[6]

2. When the function q(x) = X2 + kx? — 7x + 3 is divided by (x + 1) the remainder is seven times the
remainder that is found when the function is divided by (x + 2).

Find the value of k.
(Total 5 marks)

g-1)=k+9 MI1AL
g(-2)=4k+9 Al
k+9=74k+9) M1
k=-2 Al

Naotes: The first M1 is for one substitution and the consequent equations.
Accept expressions for g(—1) and ¢(—2) that are not simplified.
[3]
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3. Letg(x) = logs | 2logsx | . Find the product of the zeros of g.
(Total 5 marks)

gx)=10
logs|2logsx| =0 (M1)
[Mlogsx| =1 Al
fogax =41 (A1)
2
L1
x=132 Al
1 1
Al NO

so the product of the zeros of gis 37 x3 2 =1
(31
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4. The sum, S,,, of the first n terms of a geometric sequence, whose n" term is Uy, is given by

7!’1 _an

S, = , where a > 0.

(@  Find an expression for uy,.

(b)  Find the first term and common ratio of the sequence.

(c) Consider the sum to infinity of the sequence.

(i)  Determine the values of a such that the sum to infinity exists.

(i) Find the sum to infinity when it exists.

(a) = 'SP‘? - Sn—l

_ a —a
- —II|"! —II|.”E—1
(b) EITHER
n=1- 4
-
2 r "
w=1-2_1-2|
7- L T)
_af,_a)
Ty T

OR
PRY r \I.’z—l
up=1— 121 1412}
W7 W7
r n-l1 .
_(aY (;_a)
7)) U 7)
_ T—a I'ffw'lﬂ_1
7 \7)
T1—a .
= . common ratio = —

) (1) O0O=<a<T(accepta=T)
i) 1
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(M1)
Al

Al

M1

Al

Al

M1

Al

AlAl

Al
Al

@

(4)

(2)
(Total 8 marks)



5. (@)  Express the quadratic 3x% - 6x + 5 in the form a(x + b)2 +c,wherea,b,c € Z.

@)

(b)  Describe a sequence of transformations that transforms the graph of y = x? to the graph of

y = 3x?—6X + 5.

(a)  attempt at completing the square
G +5=307-2)+5=3(x -1y -1+5
=3(x—1F+2
(a=3,b=-1,c=2)

(b} defimifion of suitable basic transformations:
T, = stretch in y direction scale factor 3

. (13

T, = translation ‘ |

0

' [} \I

Ty = translat{crn‘ |

2]

6. Given that o =2—-i,z € C,findzinthe forma+ib.

Z+2

z=(2-i)z12)
=2-+4_i_2
(1-))=—4+2
__ —4+2

B 1—1i
=421 1+
- 1—-1  1+i
=_3_4
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(M1)
(A1)
Al

Al

Al

Al

M1

Al

M1

Al

@)
(Total 6 marks)

[6]

(Total 4 marks)



7. A geometric sequence uy, Uy, Uz, ... has uy = 27 and a sum to infinity of %

(@  Find the common ratio of the geometric sequence.

)
An arithmetic sequence vy, vy, V3, ... is such that v, = u, and v, = uy.
N
(b)  Find the greatest value of N such that Z v, >0.
n=1
(5)
(Total 7 marks)
(a) =27
81 _ 27 M1
2 1-r
p=1 Al
3
®) ¥=9
vg=1
2d=-8 = d=—4 (Al)
vy =13 (A1)
N (2 x 13— 4(N—1)) > 0 (accept equality) M1
2
N ;
(30 —4N) > 0
2
N15-2N) =0
N<T5 (M1)
N=T Al

Note:13+9+5+1-3-7-11>0 = N=7 or equivalent
recefves full marks.
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8. (@) Show that _sin26 =tan 0.

1+cos26

(b)  Hence find the value of cotg inthe forma + bv2, wherea, b e Z.

@) sin 26  2sin&cosd
1+cos28 1+2cos” 6-1

Note: Award M1 for use of double angle formulae.

2sin fcosé
Jcos’ @

sin &

cos&
tan &

T_ 4
®)  tano-———

IB Questionbank Mathematics Higher Level 3rd edition

M1

Al

AG

(M1)

M1

Al

@

®)
(Total 5 marks)

[5]



9. Find the area enclosed by the curve y = arctan x, the x-axis and the line x = V3.

3
area = l.:I arctan xdx

attempting to integrate by parts

= [xarctan .‘L'];"'E - l.‘r X ! dx

0 14
- 1 C1E
= [xarctan 1];"_ - |:? In{l1+x- }j|
< 0

MNote: Award Al even if limits are absent.

T 1
4
B 2
T['\E_]nzhl:
3 ),

-

10.  Show that the points (0, 0) and (v/2r,—+/2r) on the curve e**¥) = cos (xy) have a

common tangent.

Attempt at implicit differentiation

"
|

el L dy_ —51'11(.1])! -‘t'di_J' |
| dx

L dx) J

letx=0y=0

i I'\I
19 =g

Loodx)
d.
_‘1 =1
dx
letx= 2n y=—/2n

Fd ."I Fi . '\I
1+ 2 —sin(2mf x ¥y ] =0

L dx) Lode T
50 ﬂ =-1

dx

since both points lie on the line y = —x this is a common tangent

Note: y = — must be seen for the final R1. Tt is not sufficient to note

that the gradients are equal.
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Al
M1
AlAl

Al

Al

M1
AlAl

M1

Al

Al

El

(Total 6 marks)

(Total 7 marks)



11. The diagram below shows a curve with equation y = 1 + k sin x, defined for 0 <x < 3x.

¥ B

The point A(% ,—2) lies on the curve and B(a, b) is the maximum point.

(@  Show that k =-6.

(2)
(b)  Hence, find the values of a and b.
3)
(Total 5 marks)
. (@)
(a) —2=1+ksin — | M1
\6)
3= 1z Al
2
k=6 AG WO
(b) METHOD 1
maximum = sinx = -1 M1
a= 3" Al
2
b=1-6(-1)
=7 Al W2
METHOD 2
=10 M1
foosx=0 = x= E?’_ﬂ
2 2
a=3F Al
2
b=1-6(-1)
=7 Al N2

Note: Award AlAl for (i—ﬂ__ 7)
[5]
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12. Consider the function f: x — /%—arccosx.

(@)  Find the largest possible domain of f.

(b)  Determine an expression for the inverse function, f ! “and write down its domain.

(a) T o arccosxz0

s
arccos ¥ =
4

»\E ( 1]
¥ — | accepty = — |
2 2)
stice—1 = x=1
22 et acceptl<x<i)
— =Zx = accept— = x =
2 A 2 J

Note: Penalize the use of < instead of = onlv once.

P

T (5]
(b) =, ——arccosx = x=cos ——)" |
4 \ J

(@

IB Questionbank Mathematics Higher Level 3rd edition

(M1)

(A1)

(M1)
Al

MI1AL

Al

Al

(4)

(4)
(Total 8 marks)

[8]



13.  The diagram below shows the graph of the function y = f(x), defined for all x € R,
where b >a > 0.

1

Consider the function g(x) = ———.
f(x—a)—b

(@)  Find the largest possible domain of the function g.

(2)
(b)  On the axes below, sketch the graph of y = g(x). On the graph, indicate any asymptotes
and local maxima or minima, and write down their equations and coordinates.
y
b
—a a =X
(6)

(Total 8 marks)
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(@) flx—a)Zb

x #0 and x # 2a (or equivalent)
(b}  vertical asymptotes x=0,x=2a

horizontal asymptote y =0
Note: Equations must be seen to award these marks.
1

. (
Maxmmun | &, ——
|__‘ .t'/'

Note: Award Al for correct x-coordinate and Al for correct j-coordinate.

one branch correct shape
other 2 branches correct shape

¥
A

-

(%

IB Questionbank Mathematics Higher Level 3rd edition

Lo

(M1)
Al

Al
Al

AlAl

Al
Al

[8]
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14. The complex numbersz; =2 -2iandz, =1 - iv/3 are represented by the points A and B

respectively on an Argand diagram. Given that O is the origin,

(a)

(b) calculate AOB in terms of x.

(a)

(b)

Note:

Note:

Note:

AB= /12 - (2-.3)?
= ./88-4.3
=242-.3

METHOD 1

T
AEZy =7 AESTT

Allow Tand T
4 3

Allow degrees at this stage.

AOB=

w o
oy

' '
= f——
12 (aceep 12)

Allow FT for final Al.
METHOD 2

attempt to use scalar product or cosine rule

1+43
2.2

n:crsArf)B =

AOB =1
12

IB Questionbank Mathematics Higher Level 3rd edition

find AB, giving your answer in the form a\/b—\/§ ,wherea,b ¢ Z*;

©)

®)
(Total 6 marks)

M1
Al

Al

AlAl

Al

M1

Al

Al
[6]

12



15.  The diagram shows the graph of y = f(x). The graph has a horizontal asymptote at y = 2.

(@)  Sketch the graph of y = 1 .
f(x)
3)
(b)  Sketch the graph of y = x f(x).
3)

(Total 6 marks)

IB Questionbank Mathematics Higher Level 3rd edition 13



(a)

A3

Note: Award Al for each correct branch with position of asymptotes

clearly indicated. If x = 2 is not indicated. only penalise once.
(b)
AHY
. s 4
|

A3

Note: Award Al for behaviour at x=0, Al for intercept at x=2,
A1 for behaviour for large |x|.

[6]
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16. Find the area between the curvesy =2 + x — x> and y=2-3x+ e

2+x-xt=2-3x+x? M
=2 —4x =0

= 2x(x—2)=0

= x=0,x=2 AlAl

Notes: Accept graphical solution.
Award M1 for correct graph and A1A1 for correctly labelled roots.

S A= [;[[E—I—.‘f: J-(2—3x+x? |Jdx (M1)
= [;[4.1'—21': Jdx or equivalent Al
;28T
= {zx*—L} Al
3 o
7
=8(,2] Al
i 3

17. Intriangle ABC, AB =9 cm, AC =12 cm, and B is twice the size of C .

Find the cosine of C .

9 12

" = - QIII)

smC smB
2

s b Al
sin & sm 20

- . 9 12
Using double angle formula = M1

sin C 2sinCcosC

=9%2snCcosC)=12snC

= 6 dn C (3 cos C'—2) =0 or equivalent (A1)
(sin C = 0)

2
= cos C= 3 Al

IB Questionbank Mathematics Higher Level 3rd edition

(Total 7 marks)

(Total 5 marks)

[5]
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18. Giventhatz;=2andz, =1+ i3 are roots of the cubic equation z° + bz? + cz +d =0
where b, c,d € R,

(@  write down the third root, z5, of the equation;

@)
(b)  find the values of b, ¢ and d;
(Total 5 marks)
(@) 1-i3 Al
(b) EITHER
-1+ i3 ))E—(1—if3 ) =22 +1 (M1)A1
pO=(C-F-2-+49) (M1)
=42 +8--8 Al
therefore b=—4, ¢ =8, 4d=-3
OR

relating coefficients of cubic equations to roots

_h=2+1+1i3 +1-if3 =4 M1
c=2(1+i3)+2(1-if3) + 1+ i) (1-i3) =8
—d=201+i-3)1-i3)=8

b= c=8 d=-8 AlALAL

wl &

(€] 2=2ei. z;=12e AlA1A]

Note: Award Al for modulus,
A1l for each argument.

[8]

19.  The diagram below shows a sketch of the gradient function f'(x) of the curve f(x).

\ v=f(x)

=

[ ]
/"“
-
v

IB Questionbank Mathematics Higher Level 3rd edition 16



On the graph below, sketch the curve y = f(x) given that f(0) = 0. Clearly indicate on the graph
any maximum, minimum or inflexion points.

-

Y

|-
Ml
w

/

Note: Award Al for origin
Al for shape
Al for maximum
Al for each point of inflexion.

(Total 5 marks)

20.  The curve C has equation y = %(9+8x2 -x4.

(@  Find the coordinates of the points on C at which g_y =0.
X
4)
(b) The tangent to C at the point P(1, 2) cuts the x-axis at the point T. Determine the
coordinates of T.
(4)
(c) The normal to C at the point P cuts the y-axis at the point N. Find the area of triangle
PTN.
()

(Total 15 marks)

IB Questionbank Mathematics Higher Level 3rd edition 17
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(a)

Note:
(b)

Naote:

(c)

Note:

E =2x— 1 ¥ Al

'l.! 2——x? =0
L2 )

x=10, £2
dy (9 . 25)(, 25)
Yo oatjo, 2 ||-2.21|2.2 | A1A1A]
dx L8 8§ JL 8
Award A2 for all three x-values correct with errors/omissions in y-values.
at x=1_ gradient of tangent = % (A1)
In the following, allow FT on incorrect gradient.

: : 3, (31
equation of tangentis y—2= Z(x—1) | y=—x+— | (Al)

2 '.\L 2 2 Fl
meets x-axis when y=10, 2= %[.T -1 (M1)
_ 1

r=—_

3

. f 1
coordinates of T are | -3 0| Al

\ /
. 2

gradient of normal =— 3 (A1)

: : 2 ( 2 B
equation of normalis y—2=——(x—-1} | y=—=x+— | (M1}

3 \ 3 3 A
atx=0,y= E Al
3
In the following, allow FT on incorrect coordinates of T and N.
52

lengths of PN = E__PT - %‘ AlA]

52
area of triangle PTN = liExJ}—_ M1
2 9 9
13

) Al

= 5 (or equivalent e g

IB Questionbank Mathematics Higher Level 3rd edition
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21.  The normal to the curve xe¥ + & = 1 + x, at the point (c, In ¢), has a y-intercept c?+ 1.

Determine the value of c.
(Total 7 marks)

EITHER

differentiating implicitly:

1 =g —.1E7'"E— e’ d—1 =1 MIAIL
dx dx

at the point (¢ In ¢}

l—[xlﬁ-fﬂ:l M1

c cdy  dx

Y_1 e (A1)

de ¢

OR

reasonable attempt to make expression explicit (M1)
xe¥+e'=1+x

x+e¥=¢e{1+x)

e¥ (1 +x)+x=0

(e"—1)}e"—x)=0 (Al)
=1 ¢e=x
y=0y=hx Al
Note: Do not penalize if v = 0 not stated.

dv 1

de 2

gradient of tangent = I Al

c

Note: If candidate starts with ¥ = In x with no justification,
award (MOWAD)AITAL

THEN

the equation of the normal is

y-—lhe=—<(x—c) M1
x=0y=2+1

f+l-lhc=¢ (A1)
lne=1

c=e Al
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22. (@) (i)  Sketch the graphs of y = sin x and y = sin 2x, on the same set of axes,
foro<x< =,

2

(i)  Find the x-coordinates of the points of intersection of the graphs in the

. T
domain0<x< —.

2
(iii)  Find the area enclosed by the graphs.
9)
(b)  Find the value of J.:‘/%dx using the substitution x = 4 sin? 6.
—X
(8
(c)  The increasing function f satisfies f(0) = 0 and f(a) = b, wherea>0and b > 0.
a b
(i) By reference to a sketch, show that J.Of (x)dx =ab - J:) f 1 (x)dx .
. . 2 (X
(i)  Hence find the value of L arcsm(zjdx :
(8)

(Total 25 marks)
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(& @

- 3¢

Note: Award Al for correct sinx, Al for correct sin 2x.

Note: Award A1AQ for two correct shapes with g and/or 1 missing.

Note: Condone graph outside the domain.

(i) sin2rxr=smx 0=x<=

b |

2smxcosy—smx=1>0
sin x (2cosx—1)=0

b8
x=0 =

(i) area= [; (sin2x —sinx) dx

Note: Award M1 for an integral that contains limits, not necessarily
correct, with sin x and sin 2y subtracted in either order.

1 El
—_Ccos2xy+Ccosx
2 0

1 I xy (1 3
| 5 — :—,——CDS[}—CDSU‘:
LY 2 3 3; LY 2 S

Il
|
I
e
=]
e
}
e

IB Questionbank Mathematics Higher Level 3rd edition

M1

AlATNINI

M1

Al

(M1)

Al
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®) [ [45”1 < 8sinfcosfdf
e 4-4sn’@

Note: Award M1 for substitution and reasonable attempt at finding
expression for dv in terms of df, first Al for correct limits,
second Al for correct substitution for dx.

[%351'11’&15'
20

E4—4cos£&i€

= [46-2sin 26|
A
L3 3,'
2
=25

IB Questionbank Mathematics Higher Level 3rd edition

MIAIAL

Al

M1

Al

(M1)

Al
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) @
' lj

|9 P ——

N

\\\\

B 3
o
M1
from the diagram above
: 5
the shaded area= [:f(.w}ir=a5— [ﬁ Flondy Rl
I
=ab— [ﬁ FHadx AG
(i) Ax)= arcsfng = ) =4snx Al
[:arc ' le\\H.‘{'—E—[I_;i‘-SJ.n xdx MIAIAL
o 51111‘4’} 3 b ' )
Note: Award Al for the limit % seen anvwhere, Al for all else correct.
= E—[—4ccrsx]§ Al
3
= 2_4_2ﬁ Al

Note: Award no marks for methods using integration by parts.

IB Questionbank Mathematics Higher Level 3rd edition
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23.  Jenny goes to school by bus every day. When it is not raining, the probability that the bus is late

is 2—?6 . When it is raining, the probability that the bus is late is 210 . The probability that it rains

on a particular day is 2% . On one particular day the bus is late. Find the probability that it is

not raining on that day.

¥
20
R
4 Ak
20 A0
2
" 20
A0 «
i3
20
P[R'ﬂ.L}=i—éx%
ppy= 2, .13
2020 20 20
p(}zf}_):%
_ 33 1)
T96 | 32)

IB Questionbank Mathematics Higher Level 3rd edition

(Total 5 marks)

(A1)
Al

Al

(M1)

Al

[5]
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24.  Given that AC + Bx? + X + 6 is exactly divisible by (x + 1)(x — 2), find the value of A
and the value of B.

(Total 5 marks)

using the factor theorem or long division M1
—A+E-1+6=0=4-5=3 Al
8d T4+ 2 +6=0= 24 +B5=-2 Al
d=3=4=1 Al
B=- Al N3

Note: Award M1AOAOALA] for using (x — 3) as the third factor, without
justification that the leading coefficient 1s 1.

[3]

25. (@  Show that 3 + 2 = ox+11 .
X+1 X+3 x24+4x+3

@

(b)  Hence find the value of k such that 2_Sx+1l dx =Ink.

0 x? +4x+3

(4)
(Total 6 marks)

2 ey N v+
(@) 3 .2 _ Wx+3+2(x=1) M
x+1 x+3 (x+1¥x+3)
+ D+ 2y 2
_ 3x - O+2x+2 Al
x°+4x+3
_ 1:-.1'—11 AG
X +4x+3
1 Sx+11 2 3 2 )
0 [ ———dr=[| —s——x M1
R R 5 Ol x=l x+3)
=[Bin(x+1)+2mn(x+3)]; Al
=3ilmn3i+2lnsi-3hi-2k3 (=3ih3i+2lns5-2kh3) Al
=ln3i+2Ins
=ln 75 (k=175) Al

[6]
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26.  Shown below are the graphs of y = f(x) and y = g(x).

y=f(x)
/ y=g(x)
/ \
-2 0 1 X

// ANN

I

S
"'-...
-9
7
-~

If (f o g)(x) = 3, find all possible values of x.
(Total 4 marks)

glx)=00or3 (MIWALY
=lordorlor? AlAl

Notes: Award AlA1 for all four correct values,
A1AD for two or three correct values,
A0AD for less than two correct values.

Avward M1 and corresponding 4 marks for correct attempt to
find expressions for fand g.
[4]
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27. (@) Calculate _[3%

/tan x

(b)  Find _[tan $xdx.

(a) EITHER

.
let w=tan x; du=sec” x dx
consideration of change of limits

sec? x 1
[: 2 e [
“Z A tanx S
4 N -

Note: Do not penalize lack of limits.

;7
_ e
2
1
zixﬁg_i_f?{iﬁ—}\}
2 2 2 )
OR
[f :sec: ¥ e S(teu; .T)-E
ZAtanx p .
3
_3xB% 3 (3#B-3)
2 21 2 |

(b) [ tan® xdx = [ tan x(sec’ x—1)dx

= [ (tanx x sec x— tan x)dx

= ltan: .‘f—]n|seu: .T|—C
P

Note: Do not penalize the absence of absolute value or C.

IB Questionbank Mathematics Higher Level 3rd edition

(6)

@)
(Total 9 marks)

(M1)
(M1)

(Al)

Al

AlAl NO

M2AZ

AlAl NO

M1

AlAl

[3]
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28.  The diagram below shows two straight lines intersecting at O and two circles, each with centre
O. The outer circle has radius R and the inner circle has radius r.

4

Consider the shaded regions with areas A and B. Given that A: B =2 : 1, find the exact value of

diagram not to scale

theratioR : r.
(Total 5 marks)

4=2@-r) Al
=8, Al

2
from 4- B=2-1, wehave R:—# =277 M1
R=3r (A1)
hence exact value of the ratio R © ris u‘f?: 1 Al NO

[3]
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29. If x satisfies the equation sin[x+gj =2sin xsin(%) , show that 11 tan x = a + b+/3,

wherea, b € Z".

dividing by cos x and rearranging
3
2.3 -1
rationalizing the denominator
Mltanx=6+ .3

fan x =

(Total 6 marks)

(M1)

Al
M1
Al
M1

Al
[6]

30. The common ratio of the terms in a geometric series is 2*.
(@)  State the set of values of x for which the sum to infinity of the series exists.
)
(b)  If the first term of the series is 35, find the value of x for which the sum to infinity is 40.
(4)
(Total 6 marks)
(a) 0<2<l (M1)
x=0 Al N2
(b) 1?’_}=4u Mi
—
— 40 -4 x r=133
= 40 xr=—3 (Al)
RPN | Al
3
1
= x=log; 3 (=-3) Al

Note: The substitution r = 2* may be seen at any

IB Questionbank Mathematics Higher Level 3rd edition

stage in the solution.

[6]
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X2 —5x+4

2

31. Consider f(x) = .
X° +5x+4

(@) Find the equations of all asymptotes of the graph of f.

(4)
(b)  Find the coordinates of the points where the graph of f meets the x and y axes.
)
(¢)  Find the coordinates of
(i)  the maximum point and justify your answer;
(if)  the minimum point and justify your answer.
(10)
(d) Sketch the graph of f, clearly showing all the features found above.
®)
(e)  Hence, write down the number of points of inflexion of the graph of f.
(1)
(Total 20 marks)
(a) X*+5x+4=0=>x=dorx=—4 (M1}
so vertical asvmptotes are x = —1 and x = —4 Al
as ¥ — oo then v — 1 so horizontal asymptote is y= 1 (M1)Al
(b) x*—5x+4=0=x=lorx=4 Al
x=0=y=1

so intercepts are (1, 0), (4, 0) and (0, 1)
(x? +Sx+2x— - (x* - Sx+N2x+3)

C 1 X)= - - MlAalAl
© O /0 o
2 r — -2} A
_ 110.1 40 1 | _ ].[I'(-.:l. 2)x _1) : Al
(x"+5x+4)" | (x" +3x+4) )
F0)=0= x==2 M1
i )
so the points under consideration are (—2, —9) and l 2__—% ' AlAl
\ /
looking at the sign either side of the points (or attempt
to find /'(x)) M1
eg ifx=-2"then(x—2}x+2)>0andif x =-2" then
(x —2)x+ 2) < 0, therefore (-2, —9)} 15 a maximum Al
(i) egifx=2"then(x—2)x+2)<0andif x=2"then
' "'ll
(xx —=2)(x + 2) = 0, therefore l 2__—1 | is a minimum Al

.

Note: Candidates may find the minimum first.
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(d

Note: Award Al for each branch consistent with and including the
features found in previous parts.

(e) one

32.  Solve the equation 41 = 2* + 8.

221’—2:21'_ g
Lowoprsig
4

2T _4AxF_32=0
(2" =B} 2+ 4)=0
=8 = x=13

Notes: Do not award final Al if more than 1 solution is given.
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= ]
Al
Al
[20]
(Total 5 marks)
(M1)
(Al)
Al
(M1)
Al
[
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33.  Two players, A and B, alternately throw a fair six—sided dice, with A starting, until one of them

obtains a six. Find the probability that A obtains the first six.

P (six in first throw) =

E

25 1
P (six in third throw) = 2« =

36 6

';a"‘.
P (six in fifth throw) = =3 xl

L6 6

2 \?

P(—"mbtamsﬁrstsm}————:'xl—l— xl—_..

6 36 6 13 6

recogmizing that the common ratio is ;_ﬁ

e

1

P(A obtains first st} = % (by summing the infinite GP)

2
36

]
11

34. (@  Show that arctar(%}tarctan@] =

NG|

(Total 7 marks)

(AD)

(MI1)(AIL)

(M1)

(A1)

M1

Al

)

(b)  Hence, or otherwise, find the value of arctan (2) + arctan (3).
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®)
(Total 5 marks)
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(a)

METHOD 1
letx= arctanl = tan .1'=l and y = arctanl = tan y= !
2 2 3 3
1 1
tan (x+ ) = tanx+tany 2 3 _,
l-tanxtany 1 11
2.z
23
m
so, x Ty=arctan 1 = —
4
METHOD 2
(x+¥).
for x, y> 0, arctan x + arctan y = arctan| — |ifxp =l
W1-xy)
1 1
1 1 273 | o=
50, arctan — + arctan— = arctan ———— |=—
2 3 { 1] 4
I l——w— |
.2 3
METHOD 3
an appropriate sketch
e.g.

R

P

. . T
cotrect reasoning leading to =
4
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M1

AlAG

M1

AlAG

M1

F1AG
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(b) METHOD 1

1™ 1y
s {1 s {1
arctan(2) + arctan(3) = = —arctan — | +— —arctan — |
2 | 2 2 L 3
vy W3
_ (1) (1)
= m—| arctan — |+ arctan — | |
\ \2) \3/)

Note: Only one of the previous two marks may be implied.

n 3n
=g - ="
4 4
METHOD 2
letx=arctan2 = tanx=2and y=arctan3 = tany =3
fan x+t ! 2+
tan (x + )= anx+tany 2-3 -1

l-tanxtany 1-2x3
m nf m
as — <x<—|acceptl <x<—
4 Ek EJ

m af 7
and — < y<—| acceptl<y <— |
4772\ “ 77

-
“ex+yen (accept 0 <x +y<m
5 ]

Note: Only one of the previous two marks may be implied.

in
50, X TY= —
METHOD 3
o I"\I
| X+ | .
for x, y> 0 arctan x + arctan y = arctan| |+ ifxp>1
\1-xp )
((2+3 )
s, arctan 2 + arctan 3 = arctan | +@
\1-2x3)

Note: Only one of the previous two marks may be implied.

=37r

4

IB Questionbank Mathematics Higher Level 3rd edition

(M1)

(Al)

Al

(M1)

(R1)

Al

(M1)

(Al)

Al

N1
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35. A function fis defined by f(x) =

2X—3
X # 1L
1 #

(@  Find an expression for Fl(x).

(b)  Solve the equation |f(x)| =1+ f(x).

(a) Note: Interchange of variables mayv take place at any stage.

for the inverse solve for xin

_ 2x-3
x—1
Wx—1)=2x-3
yx—2x=yp-3
Wy-2)=y-13
y—3
x=
y—2

= ()= :T_i (x£2)

Note: Do not award final A1 unless written in the form /~(x) = ...

(b) =) =1+ leads to
, =3 _ 1
“y—2

X=—

3
36. Find the set of values of x for which |x—1|>|2x—1].

|x—1] > |2x—1]| = (x-1)> (2x—1)
YOy 1At _dyr+ 1]
I —2x <0

2
D=x=< =
3

Note: Award A1AQ for mcorrect inequality signs.
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@)
(Total 6 marks)

M1

(Al)

Al

(M1)AL
Al
[6]
(Total 4 marks)
M1

Al
AlAl N2
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37.
the x-axis. Find the volume of the solid obtained.

Jref=efr=x=00r1

attempt to find [:I.':d.‘t'

1,
= T[L e xdx

Note: Award M1 for attempt to integrate by parts.

1 1
e’ 1 4,
= _—m—¢e
2 [4 L

finding difference of volumes
volume = I, — 5

1 1x 1
=m—-c
4 ]

1 .5
= _mle -1}
4
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(A1)
Ml

Al

MI1A1L

M1

Al

The region enclosed between the curves y = Jxe* and y = evX isrotated through 2z about

(Total 7 marks)
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x2—-2x-15

38.  The function f is defined by f(x) = e

(@  Find f'(x).

2
. f(x) - .
(b)  Youare giventhaty = 1 has a local minimum at x = a, a > 1. Find the value of a.
(6)
(Total 8 marks)
# . d '\II
(a) l u=x" —2.1'—1_5;j=2.1'—2 ,
4 X /
df df du :
— = =" (x-2) (M1)
dv dudx
=2(x —1)e* ~¥-15 Al
) dy _ (.\'—1)3-(2(.1‘—l}ex:'l‘"l5 — 1yt ThL MIAT
dx (x—1)
2.-: _4'—1 2 I3
=TT s (A1)
(x+1)°
.. dy
mimimum occurs when d_ =0 (M1)
.
' "'|I
| 4
r=1 :JI | accept.‘r=ﬂ : Al
21 4 )
' "'\I
( 5
a=1+ JI |accepta=ﬂ : Rl
21 4

[8]

39. The mean of the first ten terms of an arithmetic sequence is 6. The mean of the first twenty

terms of the arithmetic sequence is 16. Find the value of the 15" term of the sequence.
(Total 6 marks)

5(2a + 9a) = 60 (or2a +9d=12) MIA1
10(2a + 194) = 320 (or 2a + 194 = 32) Al
solve simultaneously to obtain M1
a=-3,d=2 Al
the 15 termis —3 + 14 x 2 =25 Al

Note: FT the final Al on the values found in the penultimate kine.
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40.  Consider the part of the curve 4% + y2 = 4 shown in the diagram below.

A

| ]

5‘!“

(@)  Find an expression for % in terms of x and y.
X

(b)  Find the gradient of the tangent at the point [

11}
5 V5)

(c) A bowl is formed by rotating this curve through 2= radians about the x-axis.

Calculate the volume of this bowl.
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®)

M

(4)
(Total 8 marks)
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E =0 MIlA]

a Sx+ 2y
(a) Y-

Note: Award M1AO for 8x+ 2y d_1 =4

dx
dr__4x Al
dx ¥

by —4 Al
)y V= [m':d'r or equivalent M1

1 -
7= n[j (4—4xD)dx Al

1
_ ﬂ[dd__ 4 1..:} Al

3 o
=5 Al

3

Note: If it is correct except for the omission of n, award 2 marks.

[8]
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