Approximations and errors
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Things you need to learn

e How to approximate calculations.

e How to specify lower and upper boundaries of approximated
answers/calculations.

e How to calculate absolute and percentage errors in approximations.
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Approximations

Suppose you need to calculate 4233 x 289.
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Approximations

Suppose you need to calculate 4233 x 289. This of course is very hard to
do in your head, but what we can do is quickly approximate what the
answer is.
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Approximations

Suppose you need to calculate 4233 x 289. This of course is very hard to
do in your head, but what we can do is quickly approximate what the
answer is. We round the numbers to 1 significant figure: 4233 =~ 4000 and
289 =~ 300, and based on that we can approximate

4233 x 289 ~ 4000 x 300 = 1200000.
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Approximations

Suppose you need to calculate 4233 x 289. This of course is very hard to
do in your head, but what we can do is quickly approximate what the
answer is. We round the numbers to 1 significant figure: 4233 =~ 4000 and
289 =~ 300, and based on that we can approximate

4233 x 289 = 4000 x 300 = 1200000. The actual answer is 1223337, so
our approximation wasn't too bad.
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Approximations

Here's another example.
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Approximations

Here's another example. We travelled from Warsaw to Krakow. The
distance we covered was 325km and it took us 4 hours and 6 minutes.
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Approximations

Here's another example. We travelled from Warsaw to Krakow. The
distance we covered was 325km and it took us 4 hours and 6 minutes. We
want to know the average speed.
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Approximations

Here's another example. We travelled from Warsaw to Krakow. The
distance we covered was 325km and it took us 4 hours and 6 minutes. We
want to know the average speed. Again we will round the numbers to 1
significant figure and then we have:

Tomasz Lechowski 2SLO prelB October 5, 2023 4 /13



Approximations

Here's another example. We travelled from Warsaw to Krakow. The
distance we covered was 325km and it took us 4 hours and 6 minutes. We
want to know the average speed. Again we will round the numbers to 1
significant figure and then we have:

s 300km km
Vave = 7 =~ =75—/
t 4h h
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Approximations

Here's another example. We travelled from Warsaw to Krakow. The
distance we covered was 325km and it took us 4 hours and 6 minutes. We
want to know the average speed. Again we will round the numbers to 1
significant figure and then we have:

The exact average speed was Vaye = 3351",;" = 79.268... k’"
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Whenever we deal with rounded numbers we need to remember what they
represent.

Tomasz Lechowski 2SLO prelB October 5, 2023 5/13



Whenever we deal with rounded numbers we need to remember what they
represent. For instance in the last example 300km was rounded to 1
significant figure.
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Whenever we deal with rounded numbers we need to remember what they
represent. For instance in the last example 300km was rounded to 1
significant figure. This means that the original journey could have been
any x with 250km < x < 350km.
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Suppose you're given dimensions of a rectangle as 60cm length and 90cm
width and you know that these were rounded to 1 significant figure. What
are the largest possible values of:

i. length and width,
ii. perimeter,

iii. area of the rectangle?
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Suppose you're given dimensions of a rectangle as 60cm length and 90cm
width and you know that these were rounded to 1 significant figure. What
are the largest possible values of:

i. length and width,
ii. perimeter,

iii. area of the rectangle?

i. length | has to be such that 55cm < | < 65cm
width w has to be such that 85cm < w < 95¢cm,
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Suppose you're given dimensions of a rectangle as 60cm length and 90cm
width and you know that these were rounded to 1 significant figure. What
are the largest possible values of:

length and width,
perimeter,

area of the rectangle?

length | has to be such that 55cm < | < 65cm
width w has to be such that 85cm < w < 95¢cm,

. perimeter P = 2(/ 4+ w), so the lower bound for P is

2(55 + 85) = 280cm and the upper bound is 2(65 + 95) = 320cm.
We have 280cm < P < 320cm.

area is given by A =1/ x w, so the lower bound for A is

55 x 85 = 4675cm? and the upper bound is 65 x 95 = 6175cm?.
We have 4675cm? < A < 6175¢cm?.
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A triangle was measured to have a base of lenght 12cm and height of
8cm. If the measurements were correct to the nearest cm, find the lower
bound and the upper bound of the area of the triangle.
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A triangle was measured to have a base of lenght 12cm and height of
8cm. If the measurements were correct to the nearest cm, find the lower
bound and the upper bound of the area of the triangle.

Base b is 12cm correct to the nearest cm, we have 11.5cm < b < 12.5cm.
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A triangle was measured to have a base of lenght 12cm and height of
8cm. If the measurements were correct to the nearest cm, find the lower
bound and the upper bound of the area of the triangle.

Base b is 12cm correct to the nearest cm, we have 11.5cm < b < 12.5cm.
Similarly we have height h such that 7.5cm < h < 8.5cm.
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A triangle was measured to have a base of lenght 12cm and height of
8cm. If the measurements were correct to the nearest cm, find the lower
bound and the upper bound of the area of the triangle.

Base b is 12cm correct to the nearest cm, we have 11.5cm < b < 12.5cm.
Similarly we have height h such that 7.5cm < h < 8.5cm.

The area of a triangle is A = %bh,
so the lower bound for the area is 0.5 x 11.5c¢m x 7.5cm = 43.125¢cm?.
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A triangle was measured to have a base of lenght 12cm and height of
8cm. If the measurements were correct to the nearest cm, find the lower
bound and the upper bound of the area of the triangle.

Base b is 12cm correct to the nearest cm, we have 11.5cm < b < 12.5cm.
Similarly we have height h such that 7.5cm < h < 8.5cm.

The area of a triangle is A = %bh,

so the lower bound for the area is 0.5 x 11.5c¢m x 7.5cm = 43.125¢cm?.
The upper bound for the area is 0.5 x 12.5cm x 8.5cm = 53.125¢cm?.
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A triangle was measured to have a base of lenght 12cm and height of
8cm. If the measurements were correct to the nearest cm, find the lower
bound and the upper bound of the area of the triangle.

Base b is 12cm correct to the nearest cm, we have 11.5cm < b < 12.5cm.
Similarly we have height h such that 7.5cm < h < 8.5cm.

The area of a triangle is A = %bh,
so the lower bound for the area is 0.5 x 11.5c¢m x 7.5cm = 43.125¢cm?.

The upper bound for the area is 0.5 x 12.5cm x 8.5cm = 53.125¢cm?.

So we have 43.125cm? < A < 53.125¢cm?
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Errors

Definition

Let v, denote the exact value of a certain quantity and v, denote its
approximated value. Then the absolute error € of the approximation is
given by

€= |Ve — Vs

And the percentage error €, is given by:

6%—| » |X100%

e

This is very simple. The absolute error is the positive difference between
the exact answer and the approximated answer.
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Errors

Definition

Let v, denote the exact value of a certain quantity and v, denote its
approximated value. Then the absolute error € of the approximation is
given by

€= |Ve — Vs

And the percentage error €, is given by:

6%—’ » |X100%

e

This is very simple. The absolute error is the positive difference between
the exact answer and the approximated answer. The percentage error is
the absolute error as a percentage of the exact answer.
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Example 1

Let’s go back to our very first example. We were approximating the
product 4233 x 289.
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Example 1

Let's go back to our very first example. We were approximating the

product 4233 x 289. Our approximated answer was 1200000 and the exact
answer was 1223337.
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Example 1

Let's go back to our very first example. We were approximating the
product 4233 x 289. Our approximated answer was 1200000 and the exact
answer was 1223337. So we have v, = 1200000 and v. = 1223337.
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Example 1

Let's go back to our very first example. We were approximating the
product 4233 x 289. Our approximated answer was 1200000 and the exact
answer was 1223337. So we have v, = 1200000 and v. = 1223337.

We then have the absolute error:

e = 1223337 — 1200000| = 23337
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Example 1

Let's go back to our very first example. We were approximating the
product 4233 x 289. Our approximated answer was 1200000 and the exact
answer was 1223337. So we have v, = 1200000 and v. = 1223337.

We then have the absolute error:
e = 1223337 — 1200000| = 23337

and the percentage error:

23337

0y = ——M— 1 0 :1. 7 ...o
% = Tonaagy X 100% = 1.90765..%
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Example 2

The dimension of a football pitch are 52m by 103m. In order to
approximate the area of the pitch, the coach rounded those values to 1

significant figure and then calculated the area. Calculate the absolute and
percentage error of coach’s approximation.
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Example 2

The dimension of a football pitch are 52m by 103m. In order to
approximate the area of the pitch, the coach rounded those values to 1

significant figure and then calculated the area. Calculate the absolute and
percentage error of coach’s approximation.

The exact area of the football pitch is ve = 52m x 103m = 5356m?
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Example 2

The dimension of a football pitch are 52m by 103m. In order to
approximate the area of the pitch, the coach rounded those values to 1
significant figure and then calculated the area. Calculate the absolute and
percentage error of coach’s approximation.

The exact area of the football pitch is ve = 52m x 103m = 5356m?
The coach approximated the dimensions to 50m and 100m so his
approximated area is v, = 50m x 100m = 5000m?
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Example 2

The dimension of a football pitch are 52m by 103m. In order to
approximate the area of the pitch, the coach rounded those values to 1
significant figure and then calculated the area. Calculate the absolute and
percentage error of coach’s approximation.

The exact area of the football pitch is ve = 52m x 103m = 5356m?
The coach approximated the dimensions to 50m and 100m so his
approximated area is v, = 50m x 100m = 5000m?

The absolute error is then:

€ = |Ve — va| = 356m°
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Example 2

The dimension of a football pitch are 52m by 103m. In order to
approximate the area of the pitch, the coach rounded those values to 1
significant figure and then calculated the area. Calculate the absolute and
percentage error of coach’s approximation.

The exact area of the football pitch is ve = 52m x 103m = 5356m?
The coach approximated the dimensions to 50m and 100m so his
approximated area is v, = 50m x 100m = 5000m?

The absolute error is then:
€ = |Ve — va| = 356m°

The percentage error is:

356

. 100% =~ 6.64675..
% = 5356 < 10070~ %
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Example 3

In order to calculate the area of a circle with radius 2.95, a student
rounded both the radius and 7 to 1 significant figure. Calculate both the
absolute and the percentage error of student’s approximated answer.
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Example 3

In order to calculate the area of a circle with radius 2.95, a student
rounded both the radius and 7 to 1 significant figure. Calculate both the
absolute and the percentage error of student’s approximated answer. The

exact area of the circle is given by v, = m x 2.952 = 8.70257
The approximated area is given by v, = 3 x 32 = 27
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Example 3

In order to calculate the area of a circle with radius 2.95, a student
rounded both the radius and 7 to 1 significant figure. Calculate both the
absolute and the percentage error of student’s approximated answer. The

exact area of the circle is given by v, = m x 2.952 = 8.70257
The approximated area is given by v, = 3 x 32 = 27

So we have the absolute error:

€ = |ve — va| = 0.33971...

0.33971...

b = —— " % 100% ~ 1.24255...°
% = g one. X 100% 55...%
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Example 4

The train travelled a distance of 196km with an average speed of 52"Tm.
Round the answers to 1 significant figure to approximate the time of the

journey. Calculate the absolute and percentage errors of your
approximation.

Tomasz Lechowski 2SLO prelB October 5, 2023 12 /13



Example 4

The train travelled a distance of 196km with an average speed of 52"Tm.
Round the answers to 1 significant figure to approximate the time of the
journey. Calculate the absolute and percentage errors of your
approximation.

We round the numbers 196km ~ 200km and 52"Tm ~ SOkTm
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Example 4

The train travelled a distance of 196km with an average speed of 52"Tm.
Round the answers to 1 significant figure to approximate the time of the
journey. Calculate the absolute and percentage errors of your
approximation.

We round the numbers 196km ~ 200km and 52"Tm ~ SOkTm

So the approximated time of the journey is v, = %’Z—Z’ =4h
T
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Example 4

The train travelled a distance of 196km with an average speed of 52"Tm.
Round the answers to 1 significant figure to approximate the time of the
journey. Calculate the absolute and percentage errors of your
approximation.

We round the numbers 196km ~ 200km and 52"Tm ~ SOkTm

So the approximated time of the journey is v, = %’Z—Z’ =4h
T

The exact time of the journey is ve = 5247 = 319 = 3.76923...h
“h
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Example 4

The train travelled a distance of 196km with an average speed of 52"7’".
Round the answers to 1 significant figure to approximate the time of the
journey. Calculate the absolute and percentage errors of your
approximation.

We round the numbers 196km ~ 200km and 52kTm ~ 5OkTm

So the approximated time of the journey is v, = %’Z—Z’ =4h
T

The exact time of the journey is ve = 15’;26’;#3 =319h =3.76923..h
This gives the absolute and percentage errors:

€ = |Ve — Va| = 0.230769...h

0.230769...
3.76923...
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€y = x 100% ~ 6.122489...%



If you have any questions or doubts email me at T.J.Lechowski@gmail.com
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