Al HL 07.11 (vectors - revision) [126 marks]



[Maximum mark: 14] SPM.2.AHL.TZ0.4
An aircraft's position is given by the coordinates (I, ¥, 2), where & and Y are the

aircraft’s displacement east and north of an airport, and z is the height of the aircraft above the
ground. All displacements are given in kilometres.

(—150
The velocity of the aircraftis givenas | — kmh L.

50
\ 20
At 13:00itis detected at a position 30 km east and 10 km north of the airport, and at a height of
5 km. Let £ be the length of time in hours from 13:00.

(a) Write down a vector equation for the displacement, r of the aircraftin terms of

t. (2]
Markscheme
30 —150
r= 10| +t| —50 A1A1
5 —20
[2 marks]

If the aircraft continued to fly with the velocity given

(b.i)  verify thatit would pass directly over the airport. [2]

Markscheme

whenxz = 0,t = % =02 m
EITHER

wheny = 0,1 = % =02 m

since the two values of £ are equal the aircraft passes directly over the airport

OR

t=02y=0 A1



[2 marks]

(b.i) state the height of the aircraft at this point.

Markscheme
height=5-0.2x20=1km A1

[1 mark]

(b.iii) find the time at which it would fly directly over the airport.

Markscheme
time 13:12 A1

[1mark]

When the aircraftis 4 km above the ground it continues to fly on the same bearing but
adjusts the angle of its descent so that it will land at the point (0, 0, 0).

(ci)  Findthetime at which the aircraftis 4 km above the ground.

Markscheme

5—20t =4 =t = % (3 minutes) (M1)
time 13:03 A1

[2 marks]

(cii)  Findthe direct distance of the aircraft from the airport at this point.

Markscheme

22.5

displacementis | 7.5 A1
4

[1]

(1]

[2]

(3]



(d)

distance is \/22.52 +7.52+42 m)
=241km A1

[3 marks]

—150
descentis | —50 | km hfl,ﬁnd the value of a.
a
Markscheme
METHOD 1

time until landingis 12 — 3 = 9 minutes

height to descend = 4 km

a=5t M
60

= —26.7 A1
METHOD 2

—150 22.5

50 | =s| 7.5 M1

a 4

—150 =22.58 = s = —% M1
a= —23—0 X 4
= —26.7 A1

[3 marks]

Given that the velocity of the aircraft, after the adjustment of the angle of



[Maximum mark: 6] EXN.1.AHL.TZ0.7
The position of a helicopter relative to a communications tower at the top of a mountain at
time € (hours) can be described by the vector equation below.

20 4.2
r=|-25| +t] 5.8
0 —0.5

The entries in the column vector give the displacements east and north from the
communications tower and above/below the top of the mountain respectively, all measured in
kilometres.

(a) Find the speed of the helicopter. [2]
Markscheme
*This sample question was produced by experienced DP mathematics senior examiners

to aid teachers in preparing for external assessment in the new MAA course. There may be
minor differences in formatting compared to formal exam papers.

lv| = v4.22+5.82+0.52  (M1)

7.18 (7.1784...) (kmh™') A1

[2 marks]

(b) Find the distance of the helicopter from the communications toweratt = 0. [2]

Markscheme

20
r=1|-25
0

7| = v/20% + 25  (M1)

= /1025 = 32.0 (32.0156...) (km) A1



[2 marks]

() Find the bearing on which the helicopter is travelling. [2]
Markscheme
Bearing isarctan (%) or90°-arctan (%) (M1)

035.9° (35.909...) A1

[2 marks]



[Maximum mark: 9] 23M.1.AHL.TZ1.7
A triangular cover is positioned over a walled garden to provide shade. Itis anchored at points

A and C, located at the top of a 2m wall, and at a point B, located at the top of a 1 m

vertical pole fixed to a top corner of the wall.

The three edges of the cover can be represented by the vectors

. 0 . 7 N 7
AB=1|6],AC= |3 |andBC = | —3 |, where distances are measured in
1 0 -1

metres.

(@) — —
Calculate the vector product AB x AC. [2]

Markscheme

attempt to find the vector product (e.g. one term correct) M1)

0 7 -3
6l x1|3]|= 7 A1
1 0 —42

[2 marks]

(b) Hence find the area of the triangular cover. [2]



Markscheme
METHOD 1
attempt to use the vector product formula for the area of triangle

(condone incorrect signs and missing %) m1)

area = %\/32—}—72—{—422

- 21.3(m2) (21.3424..., %\/1822) a1

METHOD 2

\
7

find @ using AB/ X Aé = ‘AB

\
7

AC

sin@ (M)

0 =67.167.1350°...,1.171728.. . radians)

then area = % sin 6

—||—
ABHAC

—21.3(m?) (21.3424..., §V/1822) m

[2 marks]

The point X on [AC] is such that [BX] is perpendicular to [AC].

() Useyouranswer to part (b) to find the distance BX. [3]

Markscheme

AC = 7.61577. .. (\/%) an



setting the area formula % X base X height equal to their part (b)

BX = 2x21.3424. ..
V58

—5.60 (5.60480...) a1

Note: Award A7 for 5. 6.

Award A1 for5. 59 (5.5936 . . .) from the use of 21. 3 to 3 sf.

[3 marks]

(d) Find the angle the cover makes with the horizontal plane.
Markscheme

attempting to set up a trig ratio M1)
angleis arcsin(ﬁ)

10.3°(10.2776...7, 0.179378 radians) A1

[2 marks]

(M1)



[Maximum mark: 8] 23M.1.AHL.TZ2.14

In this question,  denotes a unit vector due east,and J denotes a unit vector due north.
Two ships, A and B, are each moving with constant velocities.
The position vector of ship A, attime t hours, isgivenas™4 = (1 + 2t)i + (3 — 3t)j.

The position vector of ship B, attime ¢ hours, isgivenasrp = (—2 + 4t)i + (—4 + t)J

(@) Find the bearing on which ship A is sailing. [3]

Markscheme

() w
v =
L

attemptto find any relevantangle  (M1)

tan"'(2) (=56.3099...")

(90°+56.3099 ...°=) 146° (146.3099...°) a1

[3 marks]

(b)  Find the value of ¢ when ship B is directly south of ship A. [2]

Markscheme

settingl + 2t = —2 + 4t  M1)
t=1.5(rs) A1

[2 marks]

() Find the value of t when ship B is directly south-east of ship A. [3]

Markscheme



rg—ra=(—3+2t)i+ (—7+4t)7 ()
—3+2t=—(—7+4t) (™)
t =1.67 (hrs.) (1.66666..., 3) a1

[3 marks]



[Maximum mark: 7]

/3p +4
2p —1
\p+9
(172
l—gq
\Zq +1

Line L1 has a vector equation =

Line Lo has a vector equation =

The two lines intersect at point M.

(a) Find the coordinates of M.

Markscheme

22N.1.AHL.TZ0.8

,wherep € R.

,whereq € R.

(3]

setting up at least two simultaneous equations (M1)
p=—0.80Rqg=3.6 (A1)
M has coordinates (1.6, — 2.6, 8.2) A1
[3 marks]
(b) Find the acute angle between the two lines. [4]
Markscheme
3 1
usingvectors | 2 | and | —1 M1)
1 2
3 1
2le | —-1]| =3 (A1)
1 2
3 1
cos 0 ! 2 (cos 0= > M1)
V212 124(~1)* 422 Viave



Note: Accept correct use of vector product.

(9 :) 1. 24 radians (1. 23732.. ) (70. 9° (70. 8933.. )) A1

[4 marks]



[Maximum mark: 5] 22M.1.AHL.TZ1.13
At1 : 00 pmashipis 1 km eastand 4 km north of a harbour. A coordinate system is
defined with the harbour at the origin. The position vector of the shipat 1 : 00 pm is given

)

2
The ship has a constant velocity of ( 6) kilometres per hour (km h_l).

(a) Write down an expression for the position vector 7 of the ship, t hours after

1:00 pm. [1]

Markscheme

(r =) <‘11) +t<—16.26) AT

Note: Do not condone the use of A or any other variable apart from .

[1 mark]

(b)  Find the time at which the bearing of the ship from the harbouris 045°. [4]
Markscheme

when the bearing from the portis 045 °, the distance east from the port is equal to the
distance north from the port m1)

1+1.2t=4-0.6t @)

1.8t =3

t=2 (1.6666...,1hour40minutes) (A1)
timeis2 : 40 pm (14 : 40) A1



[4 marks]



[Maximum mark: 9] 21N.1.AHL.TZ0.16
A ship S is travelling with a constant velocity, v, measured in kilometres per hour, where

—12
v = .
15
Attimet = Qtheshipisata point A (300, 100) relative to an origin O, where distances
are measured in kilometres.

(a) -
Find the position vector OS of the ship attime ¢ hours. [1]
Markscheme
— 300 —-12
OS = t A1
<100) o ( 15 )
[1mark]

Alighthouse is located ata point (129, 283).

(b) Find the value of £ when the ship will be closest to the lighthouse. [6]
Markscheme

attempt to find the vectorfrom L to S m1)
L—S> 171 4t —12
= Al
—183 15

EITHER

I 2 2
LS| = \/(171 — 12¢)° 4 (15t — 183) (M1)(A1)

minimize to find £ on GDC mM1)



()

OR

15

() () ()~

—2052 + 144t — 2745 4225t =0  (M1)(A1)

- —12
S closestwhen LS - =0 M1)

OR

— (=12
S closest when LS « =0 M1)

15
L—S>— 5k
- \4k

— 129 + 5k
OS:( + ) (A1)

283 + 4k
129 + 5k\ (300 — 12t
283 +4k)  \100 + 15t
Solving simultaneously m1)
THEN
t=13 A1
[6 marks]

An alarm will sound if the ship travels within 20 kilometres of the lighthouse.

State whether the alarm will sound. Give a reason for your answer.

Markscheme

[2]



the alarm will sound Al

%
LS| =19.2...<20 R1

Note: Do notaward ATR0.

[2 marks]



[Maximum mark: 7] 21M.1.AHL.TZ1.13
A submarine is located in a sea at coordinates (0. 8, 1.3, — 0. 3) relative to a ship

positioned at the origin O.The x direction is due east, the ¢ direction is due north and the z

direction is vertically upwards.

All distances are measured in kilometres.
—2

The submarine travels with direction vector | —3

1

(@) Assuming the submarine travels in a straight line, write down an equation for

theline along which it travels. [2]
Markscheme
0.8 —2
r=\| 1.3 | +A| -3 A1A1
—0.3 1

Note: Award A1 for each correct vector. Award A0AT if their“r ="is omitted.

[2 marks]

The submarine reaches the surface of the sea at the point P.

(b.i)  Findthe coordinates of P. [3]

Markscheme

—0.3+X=0 ()

= A=0.3
0.8 -2 0.2
r = 1.3 | +0.31 -3 =10.4 M1)

-0.3 1 0



P has coordinates (0.2, 0.4, 0) A1

Note: Accept the coordinates of P in vector form.

[3 marks]

(bii) Find OP.

Markscheme

vV0.224+0.42 (M)
—=0.447km (= 447m)

[2 marks]

(2]



[Maximum mark: 6] 21M.1.AHLTZ1.5
A garden has a triangular sunshade suspended from three points A (2, 0, 2), B(8, 0, 2)

and C(5, 4, 3), relative to an origin in the corner of the garden. All distances are

measured in metres.

(a.i) —
Find CA. [1]

Markscheme

o) .
\-1/

[1 mark]
(a.ii) —
Find CB. [1]
Markscheme
_> 3
CB=| -4 A1
-1
[1mark]
(b) _— —
Find CA x CB. [2]
Markscheme
0
— —
CAxCB=|-6 (M1)A1
24

Note: Do notaward (M1)if less than 2 entries are correct.



[2 marks]

() Hence find the area of the triangle ABC. (2]

Markscheme

areais £/62 + 247 = 12.4m? (12.3693..., 3V/17) o

[2 marks]



10.

[Maximum mark: 7] 21M.1.AHL.TZ2.8
Two lines L1 and Lo are given by the following equations, where p € R.

2 p
L1:7’: p+9 + A 2p
\ -3 4

( 14 p+4
L2:7’: 7 —|—,U: 4
\p + 12 7

Itis known that Li1 and L are perpendicular.

(@) Find the possible value(s) for p. (3]
Markscheme

setting a dot product of the direction vectors equal to zero M1)

p p+4
2p | - 4 =0
4 -7

p(p+4)+8—28=0 )
p?P+12p—28 =0

(p+14)(p—2)=0

p=-14,p=2 M

[3 marks]

(b) In the case that p < 0, determine whether the lines intersect. (4]
Markscheme

p=-—14 =



2 —14

Ll . r = -5 —+ A —28
-3 4
14 —10

Ly:r=| 7 | +p| 4
-2 -7

a common point would satisfy the equations
2 — 14\ =14 — 10u
—5—28A=T7T+4u (M1)
—3+4A=-2—-Tu

METHOD 1

solving the first two equations simultaneously
_ 1 _ 1
A= —3, M= 3 Al
substitute into the third equation: M1
1 1
—3+4(—3) # -2+ 5(-7)

so lines do notintersect. R1

Note: Accept equivalent methods based on the order in which the equations are
considered.

METHOD 2
attempting to solve the equations using a GDC M1
GDCindicatesno solution A1

so lines do notintersect R1

[4 marks]






11.  [Maximum mark: 15]
Points A and B have coordinates (1, 1, 2)and (9, m, — 6) respectively.

(a) —
Express AB in terms of m.

Markscheme

*This question is from an exam for a previous syllabus, and may contain minor
differences in marking or structure.

—
valid approachtoind AB ~ m1)

— —
g OB—OA, A—-B

H 8
AB=|m-1 a1 N2
—8
[2 marks]
-3 2
The line L, which passes through B, hasequation = | —19 | +s| 4
24 -5
(b) Find the value of m.
Markscheme
valid approach ~ (M7)
9 9 -3 2
g L= m |, | m|=|-19]|+s| 4
—6 —6 24 —5

one correctequation  (47)

g —3+28s=9, —6=24—>5s

20N.1.SL.TZ0.5_9



correct value for 8 Al

g $=206

substituting their S value into their expression/equation to findm,  (M7)
eg —19+4+6x4

m=1>5 Al N3

[5 marks]

() Considera unitvectoru, such thatu = pt — %g + %k,wherep > 0.

—
Point Cissuchthat BC = 9u.

Find the coordinates of C. [8]
Markscheme

valid approach ~ (M7)

q BC=|-6]|,C=9u+B,BC=|y—5
3 z+6

correct working to find C )

. [+9 (pz\l 9
eg OC = -1 |,C=9]l—5|+| 5 ]|],y=—-1landz= -3

-3 \+) s

correctapproach to find |u| (seen anywhere) Al

9 P+ (-3)+(3) P iTs

recognizing unitvector has magnitudeof 1~ (M1)

o ful =1 P () (3 =1 P

correctworking (A1)



9 _ 4 . _ 2
g pP°=9,p==L%
p=% A

substituting their valueof p  (M17)

e
- 6 6 9 (%\
y—5|=[-6],C=[-6]+|5 |, C=9]-3]|+
246 3 3 o \%}
15
C(15, —1, —3) (accept | —1|) 41 N4
3

Note: The marks for finding p are independent of the first two marks.
Forexample, itis possible to award marks such as (M0)(A0)A1(M1)(A1)A1 (M0)AO or (M0)
(A0)AT(M1)(A0)AO (M1)A0.

[8 marks]



12.

[Maximum mark: 7] 20N.1.SL.TZ0.S_7
In this question, all lengths are in metres and time is in seconds.

Consider two particles, P} and Ps, which start to move at the same time.
Particle P; movesin a straight line such that its displacement from a fixed-point is given by

s(t) =10 — T2 fort > 0.

(@) Find an expression for the velocity of P; attime t. [2]
Markscheme

*This question is from an exam for a previous syllabus, and may contain minor
differences in marking or structure.

recognizing velocity is derivative of displacement (M1)

d d 7
g v="g g (10— 7t°)
velocity= —%t (: —%t) ATN2

[2 marks]

(b) Particle Ps also moves in a straight line.The position of Psis given by

-1 4t 4
r = .
6 -3
The speed of P is greater than the speed of Pywhent > q.

Find the value of q. [5]
Markscheme
valid approach to find speed of P  (M1)

(%)

correctspeed (A1)

, \/42 + (—3)2,velocity: 42 + (—3)2

eg bms !



recognizing relationship between speed and velocity (may be seen in
inequality/equation)  R1

eg | — %t ,speed = | velocity |, graph of P; speed, » P

speed = %t , Psvelocity= —b5

correctinequality or equation that compares speed or velocity (accept any variable for q)
A1

g |—1t|>5, —Tg<—-5,1g>5,Ig=5

q= 1—70 (seconds) (acceptt > % ,do notacceptt = %) A1 N2

Note: Do not award the last two AT marks without the R1.

[5 marks]



13. [Maximum mark: 6] 19M.1.SL.TZ1.S_2

o) s fo)
Aline, L1, has equation 1 = ( + s 10!.PointP (15,9, c)lieson Ly.
o) L)
(a) Find c. (4]
Markscheme

*This question is from an exam for a previous syllabus, and may contain minor
differences in marking or structure.

correctequation (A7)

g —3+ 6s =15 65=18

s=3 (A1)

substitute their S value into Z component m1)
eg 10+3(2), 10 +6

c=16 AN

[4 marks]

(b) A second line, L9, is parallel to L1 and passes through (1, 2, 3).

Write down a vector equation for L. (2]
Markscheme
1 6
r= 2] +t|0]| (=6+2+3k+t6i+2k) A2N2
3 2

(6\
Note: Accept any scalar multiple of for the direction vector.

o)
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14. [Maximum mark: 6] 19M.2.SL.TZ2S_7

( 1\ )
The vector equation of line L is given by r =

)

Point P is the pointon L that s closest to the origin. Find the coordinates of P. [6]
Markscheme

*This question is from an exam for a previous syllabus, and may contain minor
differences in marking or structure.

METHOD 1 (Distance between the origin and P)

correct position vectorforOP (A1)

. -1+ 4t
gOP =| 3+5t |, P=(—-1+4¢t, 3+ 5t 8—1t)
8 —t

correct expression for OP or OP? (seen anywhere) A1

g \/(—1 +4t)* + (3+5t)° + (8 — t)°,

(=1 +42)° + (3 + 5z)* + (8 — z)

valid attempt to find the minimumof OP  (M1)

eg d = 0, root on sketch of d’, min indicated on sketch of d
t=—<;, —0.0714285 @

substitute their value of ¢ into L (only award if there is working to find t)  (M1)

eg one correct coordinate, —1 + 4 (—ﬁ)

(—1.28571, 2.64285, 8.07142)
(-2, 37 13) —(_1.29,2.64,8.07) am

METHOD 2 (Perpendicular vectors)

recognizing that closest implies perpendicular  (M1)



—
eg OP_L L (may be seen on sketch),a @ b = 0

—
valid approach involving OP  M1)

N -1+ 4t\ ( 4 \ N ( 4 \ R
OP = , OP, 1OP
SR S A ) Rl

correctscalar product A1

eg4(—1+4t)+5(3+5t) —1(8—1),
—4 416t + 15+ 25t — 8 +t =0, 42t + 3

t=—+r, —0.0714285 @1

—
substitute their value of t into L or OP (only award if scalar product used to find ¢)

m1)

eg one correct coordinate, —1 + 4 (—ﬁ)

(—1.28571, 2.64285, 8.07142)

(2,30 13) — (129, 2.64,8.07) A1m

[6 marks]



15. [Maximum mark: 14] 18N.2.SL.TZ0.S_8

Consider the points A(-3,4,2) and B(8, -1, 5).

—
AB|.

(a.ii)
Find

Markscheme
Note: There may be slight differences in answers, depending on which combination of

unrounded values and previous correct 3 sf values the candidates carry through in
subsequent parts. Accept answers that are consistent with their working.

correct substitution into formula  (47)

eg \/112 + (—5)2 + 32

12.4498

N -
AB| = V155 (exact), 124 AIN2

[2 marks]

2 1

Aline [ has vector equationr = 0 +1t | —2 |.ThepointC(5,y,1) lieson lineL.

-5 2

(b.i)  Findthevalue of y.
Markscheme
Note: There may be slight differences in answers, depending on which combination of

unrounded values and previous correct 3 sf values the candidates carry through in
subsequent parts. Accept answers that are consistent with their working.

[2]

(3]



valid approach to findt  (M1)

()= (o):
VA

t = 3 (seenanywhere)

) T
)

(A1)

attempt to substitute their parameter into the vector equation  (M1)

5 2 1

g |y]=10]+31-2].3-(—2)
1 —5 2

y=—6 A1n2

[3 marks]

(b.ii) (
—
Show that AC = \

Markscheme

o)
)

—1

Note: There may be slight differences in answers, depending on which combination of

unrounded values and previous correct 3 sf values the candidates carry through in

subsequent parts. Accept answers that are consistent with their working.

correctapproach A1

5 -3
eg —-6|—1 4

1 2
H 8
AC= | —-10] 46no

,AO+0C, c—a



Note: Do not award AT in part (ii) unless answer in part (i) is correct and does not result
from working backwards.

[2 marks]
() — —
Find the angle between AB and AC. [5]
Markscheme

Note: There may be slight differences in answers, depending on which combination of
unrounded values and previous correct 3 sf values the candidates carry through in
subsequent parts. Accept answers that are consistent with their working.

finding scalar product and magnitude  (47)(A1)

scalar product=11x8+-5x-10+3x -1 (=135)

|AC| = V8 + (—10)° + (~1)’ (: /165, 12.8452)

evidence of substitution into formula  (M1)

eg cosf = i1>><8+75><—10+3><—1 ’ cosf = ABeAC 2 2
AB|xy/824(~10)+(~1)* VI85> /824 (~10)+(~1)

correct substitution (A1)

o cosf = —xB+5x1048x1  ogp — 15915,;1 ,

V155x \/82+(710)2+(71)2
cos @ = 0.844162...

0.565795, 32.4177°

A

A =0566,324° AIN3



[5 marks]

(d)

Find the area of triangle ABC.
Markscheme
Note: There may be slight differences in answers, depending on which combination of

unrounded values and previous correct 3 sf values the candidates carry through in
subsequent parts. Accept answers that are consistent with their working.

correct substitution into area formula  (41)

e + % /155 x /165 x sin (0.566...), + x /155 x 165 x sin (32.4)
42.8660
area=429 A1N2

[2 marks]
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