Derivatives [191 marks]

1. [Maximum mark: 6] 19M.2.SL.TZ1.5_3
Consider the function f (z) = z%e3%, z € R.

@  Find f' (). [41
Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differences in marking or structure.
choosing productrule (M1)

eg uv' + vu/, (:nQ)' (e37) + (%) "2

correct derivatives (must be seen in the rule)  A141

eg 2z,3e%”

I’ (z) = 2ze3 + 3z2e3% A1N4

[4marks]
(b) The graph offhasa horizontal tangentlineatz = Oandatx = a.Find a. [2]

Markscheme

valid method (M1)

N fl(m):O'k_,,»\ o
I ~

a=—0.667 (= —2) (accept z = —0.667) AIN2

[2 marks]



[Maximum mark: 7]

@  Find fI(z).

Markscheme

22M.1.SL.TZ1.9

The function f is defined by f(z) = % +322 -3, 2#0.

fi(z) = -2z 2+ 6z OR fI(z) = —% + 6z AIMIAT

Note: Award A7for 6 seen, and (M) for expressing % asz ! (this can be implied from either x ™~

Zor % seenin
x

their final answer), A1 for — % Award at most A7(M1)A0 if any additional terms are seen.

[3 marks]

(b)  Find the equation of the normal to the curve y = f(z)at (1, 2)intheformaxz + by + d = 0,

wherea, b, d € Z.
Markscheme

finding gradientatz = 1

dy _
e 4 Al

=1 "

finding the perpendicular gradient

1
mL:—Z

2=—-2(1)+coRy—2=—L(z—1) m

Note: Award M1 for correctly substituting = 1andy = 2 and theirm | .

z+4y—9=0 M

Note: Do notaward the final A7if the answer is not in the required form. Accept integer multiples of the equation.

[4 marks]

(4]



[Maximum mark: 7] EXN.1.SL.TZ0.7
Considerthe curvey = 2 — 4z + 2.

(@) Find an expression for % [1]

Markscheme

*This sample question was produced by experienced DP mathematics senior examiners to aid teachers in preparing
for external assessmentin the new MAA course.There may be minor differences in formatting compared to formal
exam papers.

=24 A
T

[1 mark]

(b)  Show thatthe normal to the curve atthe pointwherex = lis2y — z + 3 = 0. (6]
Markscheme

Gradientatz = lis—2 M1

Gradient of normal is % A1

Whenz =1y=1—-44+2=-1  (M1)A1
EITHER

y+1l=1(z—1) m

2y+2:m—1ory+1:%m—% A1

THEN

2uy—z+3=0 AG

[6 marks]






[Maximum mark: 16]

Consider a function f.The line L; with equation y = 3z + lisatangentto the graph offwhen T =2

(@i)  Writedown f” (2).

Markscheme

recognize that f’ (m) isthe gradient of the tangentatx (M1)

g f'(z)=m

f'(2) = 3 (acceptm=3) A1N2

[2 marks]

(a.i

i) Find f (2).

Markscheme

recognizethat f (2) =y (2) )

g f(2)=3x2+1

f2)=7 mm

[2 marks]

Letg(z) = f (:U2 + 1) and P be the point on the graph of gwherexz = 1.

(b)

Show that the graph of g has a gradient of 6 at P.
Markscheme

recognize that the gradient of the graph of gis g’ (x) ~ (M1)

choosing chain rule to find g’ (a:) m1)

egg—zxg—z, u=22+1, v =22
g (@) =f(22+1) x2z &
gd(1)=3x2 m

g (1) =6 4eNo

[5 marks]

18M.1.S5L.TZ2.5_10

(2]



(a]

Let L, be the tangent to the graph of g at P.[; intersects [, at the point Q.

Find the y-coordinate of Q
Markscheme

atQ Ly =L, (seen anywhere) (M1)

recognize that the gradient of [, is¢((1) (seen anywhere) (M1)
egm=6

finding g (1) (seen anywhere) (A1)
gg(l)=1(2), g(1) =7

attempt to substitute gradient and/or coordinates into equation of a straightline ~ M1

egy—g(l)ZG(CE—l), y_]-:gl(]-)(m_'?)v 7:6(1)+b
correct equation for [,
qy—7=6(zx—1), y=6z+1 m

correctworkingtofindQ (A1)
eg same y-intercept, 3x = 0

y=1 AN

[7 marks]



[Maximum mark: 8] EXN.1.AHL.TZ0.15

Consider the function f(z) = vV —az? + = + a, a € R™.

@  Find fI(z). [2]
Markscheme
*This sample question was produced by experienced DP mathematics senior examiners to aid teachers in preparing

for external assessmentin the new MAA course.There may be minor differences in formatting compared to formal
exam papers.

=

f/(:]}) = (—2ax+1) X % X (—a;z;2_|_w+a)*2

Note: M1 is for use of the chain rule.

_ —2az+1 M1A1

2V —azx’+z+a

[2 marks]
Fora > Othecurvey = f(x) has a single local maximum.

(b) Find in terms of a the value of @ at which the maximum occurs. [2]
Markscheme

—2ax+1=0 (M1)
Tr = 2 A1
[2 marks]

(a] Hence find the value of a for which 9/ has the smallest possible maximum value. [4]

Markscheme

: — ./ I ST
Value of local maximum = \/ aXxX 45+ 5, ta MA1

1
=11z ta

This hasa minimumvaluewhena = 0.5 (M1)A1



[4 marks]



[Maximum mark: 16] 18N.1.SL.TZ0.S_10
Letf (m) = g3 — 222 + ax + 6.Partof the graph offis shown in the following diagram.

Y

The graph of f crosses the y-axis at the point P.The line L is tangent to the graph of f atpk.

(a) Find the coordinates of P. [2]
Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differences in marking or structure.
valid approach  (M1)

2
eg £(0),0° —2(0)" +a(0) +6,£(0) =6, (0, y)

(0,6) (acceptxr=0and y=6) ATN2

[2 marks]

(bi)  Find f' (). [2]
Markscheme

f' =322 4z +a 28

[2 marks]

(b.ii)  Hence, find the equation of L in terms of a. [4]

Markscheme



(c)

valid approach  (M1)

eg '(0)

correctworking (A1)

eg 3(0)° — 4(0) + a, slope=a, f' (0) = a

attempt to substitute gradient and coordinates into linear equation  (M1)
gy—6=a(z—0),y—0=a(z—6),6=a(0)+cL=azx+6
correctequation ATN3

gy=azr+6y—6=ar,y—6=a(z—0)

[4 marks]

The graph off has a local minimum at the point Q. The line L passes through Q.

Find the value of a.
Markscheme

valid approach to find intersection  (M1)
eg f(z)=L

correct equation (A7)

o x> — 2z +ax+6 =ax+6
correctworking (A1)

gz —222=023(z—2)=0

T = 2atQ (A1)

valid approach to find minimum (M1)

eg f'(z)=0

correct equation (A1)

g 3z —4dz+a=0

substitution of their value of Z atQinto their f () = 0equation (M1)
9 3(2)°-4(2)+a=012-8+a=0

a=-4 AINO



[8 marks]

[Maximum mark: 7]
Consider f(x), g(x) and h(x), for x€RR where h(x) = (f o g)(x).

Giventhatg(3)=7,¢°(3) =4andf (7) = -5, find the gradient of the normal to the curve of hatx=3.

Markscheme

18M.1.SL.TZ1.5_7

(7]

*This question is from an exam for a previous syllabus, and may contain minor differences in marking or structure.

recognizing the need to findh”  (M1)
recognizing the need to find h"(3) (seen anywhere)  (M1)

evidence of choosing chainrule  (M1)

g W W duerg(3)) x g (3), £(9) X ¢

correctworking (A1)

e f (7) x4, =5 x4

W (3)=—20 @

evidence of taking their negative reciprocal for normal
eg—ﬁ, mimy = —1

gradient of normal is 2—10 A1N4

[7 marks]



[Maximum mark: 6] 22M.1.AHL.TZ1.8

Consider the curvey = 2z (4 — e%).

@) Find %. [2]

Markscheme
use of productrule  (M1)

U — 2(4 —e") + 2x(—e")

=8 — 2e% — 2zxe”
[2 marks]
(a.ii) Find d*y
ind -5
Markscheme
use of productrule  (M1)

2
% = —2e% — 2e% — 2ze® M

= —4e% — 2xe”

= —2(2 +x)e”

[2 marks]

(b)  Thecurve hasa point of inflexion at (a, b).

Find the value of a.
Markscheme

2
—2(2 + a)e® = 0 OR sketch of % with x-interceptindicated OR finding the local maximum of % at
(-2, 8.27) )

x Intercept

A-:.u]

-5




[2 marks]



[Maximum mark: 5] 23M.1SLTZ1.5
Line L1 istangent to the graph of a function f(:L’) at the point P(3, — 1). Line L4 is given by the equation

y= —%:1: — % and is perpendicular to L.

(@)  Write down the gradient of L. [1]
Markscheme
2 m
[1mark]

(b)  Findthe equation of L1 intheformy = mz + c. (2]
Markscheme
attempt to substitute their part (a) and point (3, — 1) into the slope-intercept form or point-slope form of an

equation (M1)
—1=2x3+4+cORy+1=2(z—3)

y=2zx—-7 M

Note: Equation must be in the formy = ma + cforA1 to be awarded.

[2 marks]

(0  Showthat Ly is not the line thatis normal to f() at point P. [2]
Markscheme

METHOD 1
attempt to show that P doesnotlieon Ly~ (M1)
eg.— % (3) — % OR graph showing L5 and P in approximate correct locations

—1# —%(3) — % (—1 # —4) OR (3, — 1)doesnotlieonthegraphof Ly  R1

hence Ly is not the normal line to f() atpointP 46

METHOD 2

attempt to find the equation of the normal lineat (3, — 1)  (m1)



(-1=—-3(3)+cory+1=—3(z—3)
the normal lineisy = —%x + % R1

hence Ly is not the normal line to f() atpointP 46

METHOD 3

attempt to find the intersection of L1 and Ly~ (M1)
Intersectionof y = 2z — Tandy = —%x — g is(1.8, —3.4)
r=18#30Ry=-3.4#—-1 R

hence Ly is not the normal line to f() atpointP 4G

Note: Accept equivalent written arguments provided values are seen.

Methods 1 and 2 are independent of the answers in (a) and (b) but FT marks can be given for Method 3.

[2 marks]



10.  [Maximum mark:9] 23M.1.AHL.TZ1.10
A decorative hook can be modelled by the curve with equationy = _f(x).The graphofy = f(:L‘) is shown and
consists of a line segment from (0, 0) to (3, 3) and two sections formed by quadratic curves.

y
4_
3.3)
2 —
(6.2)
(2. 0)
T f I X
-2 2 4 6
14
(@)  Write down the equation of the line segmentfor() < a < 3. [1]
Markscheme
y=1x Al
[1mark]

The quadratic curve, with endpoints (—2, 0) and (0, 0), has the same gradientat (0, 0) asthe line segment.

(b)  Find the equation of the curve between (—2, 0) and (0, 0). (3]
Markscheme

METHOD 1

equation hasthe formy = ax? + bz + ¢

whenz =0, y =0s0c =0

% =2azr+b

attempt to find the value of b by setting their derivative equal to 1 when z is O (M1)
2¢(0)+b=1

b=1

whenz = =2, y =10

a = % (andhencey = %.’L’2 +x) Al



METHOD 2

equation hastheformy = ax(zc + 2) ORy = ax®+2ax M

dy
dz

= 2ax + 2a
attempt to find the value of @ by setting their derivative equal to 1 when 2 is 0

a = % (andhencey = %:1:2 + @) Al

Note: Writing y = :L‘(CC + 2) isincorrect and gains no marks.

[3 marks]

The second quadratic curve, with endpoints (3, 3)and (6, 2), hasthe same gradientat (3, 3)asthe line segment.

(c) Find the equation of this curve.

Markscheme

equationisy = az? + bx + ¢

finding an expression for % with unknown coefficients  (M1)

% =2ax +b

setting up two equations using two points AND/OR one equation using the
gradientfunction  (M1)

three correct equations (A1)

9a+3b+c=3

36a + 6b+c =2

6a+b=1

a=—-3,b=24 c=—-4(a=-0.444444..., b= 3.66666..., c = —4)

(and hencey = —%332 + %ac — 4

[4 marks]

(d)  Writedown f asa piecewise function.

Markscheme

(m1)

Al



1i+z  —2<z<0
flz| = T ,0<x <3 Al
—%:1:2—1—13—133—4,3<$§6

Note: Condone open or closed endpoints for all intervals.
Condone yin place of f(x).

Allow FTfrom parts (a), (b) and (c).

[1mark]



11, [Maximum mark:7]
Consider the function f(z) = 2 — 2, x # 0.

@  Find fI(z).

Markscheme

(fi(z)=)2z+2  am
Note: Award A1 for 2:c,A1for—i—% OR = 3z 2

[2 marks]
Line L isatangentto f(z) atthe point (1, — 2).

(b) Use your answer to part (a) to find the gradient of L.

Markscheme

attempt to substitute 1 into their part (a) m1)

(f1(1) =) 2(1) + &

5 A1

[2 marks]

(c) Determine the number of lines parallel to L that are tangent to f(:c).Justify your answetr.
Markscheme
EITHER
5=2x + % M1

z=-0.686, 1, 2.19 (—0.686140..., 1, 2.18614...) a1

OR

sketchof y = fI(z)withliney =5 M1

22MASLTZ2.11



three points of intersection marked on this graph Al

(and it can be assumed no further intersections occur outside of this window)

THEN

there are two other tangent lines to f(:z:) thatare parallelto L A1

Note:The final A7 can be awarded provided two solutions other than = 1 are shown OR three points of
intersection are marked on the graph.

Award M1A1A1 for an answer of “3 lines” where L is considered to be parallel with itself (given guide definition of
parallel lines), but only if working is shown.

[3 marks]



12.

[Maximum mark: 14] 19M.2.SL.TZ1.T_6

The function f (a:) = %:133 + %x2 + kx 4+ 5 hasa local maximum and a local minimum. The local maximum is at

r= -3

(@)  Showthatk = —6.
Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differences in marking or structure.

x2 +x+ k @n@nmn

Note: Award (A7) for each correct term. Award at most (A1)(A1)(A0) if additional terms are seen or for an answer
z? + @ — 6.If their derivative is seen in parts (b), (c) or (d) and not in part (a), award at most (A7)(A1)(A0).

(—=3)* 4+ (=3) + k=0 mym)

Note: Award (M1) for substituting in @ = — 3 into their derivative and (M1) for setting it equal to zero. Substituting
k = —6 invalidates the process, award at most (47)(A1)(A1)(M0)(M0).

(k=)—6 @6

Note: For the final (M) to be awarded, no incorrect working must be seen, and must lead to the conclusion k = —6
.The final (AG) must be seen.

[5 marks]

(b) Find the coordinates of the local minimum.

Markscheme

(2-233) OR (2, — %) (DA

Note: Award (A1) for each correct coordinate. Award (A0)(A1) if parentheses are missing. Accept = 2,y = —2.33.
Award (M1)(A0) for their derivative, a quadratic expression with -6 substituted for k, equated to zero but leading to an
incorrect answer.

[2 marks]

(c) Write down the interval where the gradient of the graph of f (:L') is negative.

Markscheme

=3 <z <2 @ANF)A)

Note: Award (A7) forx > —3, (A1)(ft) for & < 2.Follow through for their "2"in part (b). Itis possible to award (40)
(A1).For —3 < y < 2 award (A1)(A0). Accept equivalent notation such as (-3, 2). Award (A0)(A7)(ft) for
—-3< <2

[2 marks]

(2]



(d)  Determine the equation of the normalatz = —2intheformy = mz + c.
Markscheme

-4 (AT)(ft)

Note: Award (A1)(ft) for the gradient of the tangent seen. If an incorrect derivative was used in part (a), then working
for their f” (—2) must be seen. Follow through from their derivative in part (a).

gradient of normal is % (A1)(ft)

Note: Award (41)(ft) for the negative reciprocal of their gradient of tangent. Follow through within this part. Award
(62) for an unsupported gradient of the normal.

L (F) =32’ + 32 -6(-2+5=%) w
Note: Award (A1) for % (16.3333...) seen.

$ =42 rcony- = fa--2) w

Note: Award (M1) for substituting their normal gradient into equation of line formula.

y= g2+ 18 orRy =0.25z + 16.8333... @I)(ft)64)

Note: Award (G4) for the correct equation of line in correct form without any prior working.The final (47)(ft) is

contingentony = 4?9 andx = —2.

[5 marks]



13.  [Maximum mark: 8] 22M.1.AHL.TZ1.17
Afunction fisof the form f(t) = pe? COS(”’), P, g, 7 € R Partof the graph of f is shown.

f®

A

A0, 6.5)

B(5.2, 0.2)
B2, B2

The points A and B have coordinates A (0, 6.5)and B(5.2, 0.2),andlieon f.

The point A is a local maximum and the point B is a local minimum.

Find the value of p, of gand of 7. (8]
Markscheme

substitute coordinates of A
£(0) = pet<=® = 6.5

6.5 = pe!? (A1)

substitute coordinates of B

£(5.2) = pet -2 = 0.2

EITHER
f1(t) = —pqr sin(rt)e? <) (M1)

minimum occurs when —pgr sin(5. 2r)e? cos(5.2r) — ()

sin(rt) =0

rx52=nmn (A1)

OR

minimum value occurs when COS(Tt) =-1 M1)



rXx5.2=m (A1)

OR

period= 2 x 5.2 =10.4 (A1)

(m1)

THEN

r= % = 0.604152... (0.604)
0.2 =pe ¢ (A1)

eliminate porq Mm1)

2 _ 65 _
eq—&—20R0.2—ﬁ
q=1.74(1.74062...) i

p=1.14017... (1.14) m

[8 marks]

Al



14.  [Maximum mark: 15]
The following diagram shows part of the graph off(:I:) = %,fora: >0, k>0

LetP (p, %) be any point on the graph of f.Line L is the tangent to the graph of f atP.

¥

(@i)  Find f/(p) interms of k and p.
Markscheme
fr(z) = —kz=2 @

MMZ—@*(z—%)Mm

p

[2 marks]

(aii)  Show that the equation of L1 is kz + p?y — 2pk = 0.
Markscheme

attempt to use pointand gradient to find equationof L1~ M1

g y—+=—kpi(z—p), £=—75{p) +b
correct working leading to answer A1
o p’y—kp=—kx+kp, y— % = —p%a:+ %, y= —ﬁm%—%

kx + p*y — 2pk =0 4G No

[2 marks]
Line L1 intersects the x-axis at point A(Qp, 0) and the y-axis at point B.

(b)  Findthe area of triangle AOB in terms of k.

Markscheme

20N.1.SL.TZ0.5_10



METHOD 1 - area of a triangle

recognizingx = QatB  M1)

correct working to find y-coordinate of null ~ (41)
e p*y —2pk =0

y-coordinate of nullaty = 27]“ (may be seenin area formula) A7

correct substitution to find area of triangle (A1)

9 3@0)(%). px (%)

areaof triangle AOB = 2k A1 A3

METHOD 2 - integration

recognizing to integrate L1 between Oand 2p  (M1)

2p 2k 2k
egfo Lidz, fO —p—QZII—F?

correctintegration of both terms A1

2p
_ kx? 2kz k.2 2k _ k.2 2k
e —2p2+—p ) preR —i——pw-i-c, 32 T +—pm]0

substituting limits into their integrated function and subtracting (in either order)

2p?

k(2p) 2k(2p) o (0), _ 4kp2 + 4kp

P 2p? P

correct working (A1)
g —2k + 4k

areaof triangle AOB = 2k A1 A3

[5 marks]

4
The graph of f is translated by (3) to give the graph of g.

In the following diagram:

« point Q lies on the graph of g

« points C, D and E lie on the vertical asymptote of g

« points D and F lie on the horizontal asymptote of g

« point G lies on the x-axis such that F'G is parallel to DC.

Line L4 is the tangent to the graph of g at (, and passes through Eand F'.

(m1)



Given that triangle EDF and rectangle CDF'G have equal areas, find the gradient of L5 in terms of p

Markscheme

Note: In this question, the second M mark may be awarded independently of the other marks, so it is possible to
award (M0)(A0)M1(A0)(A0)AO.

recognizing use of transformation  (M1)

¢g area of triangle AOB = area of triangle DEF, g(z) = m—z + 3, gradient of Ly = gradient of L1,
D(4, 3), 2p+4, one correct shift

correctworking (A1)

eg area of triangle

DEF = 2k, CD = 3, DF = 2p, CG = 2p, E(4, % +3), F(2p + 4, 3), Q(p+4, k +3),
gradientof Ly = —p—kZ, gl(z) = —ﬁ,area of rectangle CDFG = 2k

valid approach  (M1)

e E2XDF _ 0D x DF, 2p-3 =2k, ED = 2CD, [”"* Lydz = 4k

correctworking (A1)

3—(%+3) 6
(2ptd)—40 (E)

x|

eg ED =6, E(4, 9), k = 3p, gradient =

correct expression for gradient (in termsof p) (A1)

_( 2(3p)
o 6 93 3 )
9 2 a(2pra) P’ (2pte)—4 3p

gradientof Ly is—% (: —3p_1) AT N3



[6 marks]



15. [Maximum mark: 6] 20N.1.SL.TZ0.T_13
Consider the graph of the function f(a:) =z2 - %

@  Writedown f/(x). (3]
Markscheme
*This question is from an exam for a previous syllabus, and may contain minor differences in marking or structure.

2z + X manmn ()

Note: Award (A1) for 2, (A1) for +k, and (41) for x 2or ﬁ

Award at most (A1)(A1)(A0) if additional terms are seen.

[3 marks]
The equation of the tangent to the graph of y = f(z) atz = —2is2y = 4 — bz.
(b) Write down the gradient of this tangent. [1]

Markscheme

—2.5 (52) @ @)

[1mark]
(0) Find the value of k. (2]

Markscheme

—2.5=2x(-2)+ (_’;)2 M1)

Note: Award (M1) for equating their gradient from part (b) to their substituted derivative from part (a).

(k=)6 @ (@

Note: Follow through from parts (a) and (b).

[2 marks]



16.

M

Let @ be an obtuse angle such thatsin § =

(a)

(b) Line L passes through the origin and has a gradient of tan 6. Find the equation of L.

Le

(0)

aximum mark: 15]

e

Find the value of tan 6.

Markscheme

19M.1SL.TZ2S_9

*This question is from an exam for a previous syllabus, and may contain minor differences in marking or structure.

evidence of valid approach  (M1)
¢g sketch of triangle with sides 3and 5,cos> @ = 1 — sin? @

correct working (A1)

eg missing side is 4 (may be seen in sketch), cos 6 = %, cosf = —%
tanf = —3  A2m
[4 marks]

Markscheme

correct substitution of either gradient or origin into equation of line  (41)
(donotaccepty = mx + b)

gy==xtanh, y—0=m(z —0), y=mz

y=—3z nm

Note: Award A7A0 for L = —%m.
[2 marks]

tf(z) = e*sinx — =F.

Find the derivative of f.

Markscheme

%( 7;:’”” ) = —% (seen anywhere, including answer) A1
choosing productrule  (M7)
/! /
eg UV + vu
correct derivatives (must be seen in a correct productrule)  A7A7

eg coszx, e

(5]



f'(z) =e“cosz +e’sinz — 3 (=e” (cosz +sinz) — 3) AINs

[5 marks]

(d) The following diagram shows the graph of f for0< x < 3.Line M is a tangent to the graph of f at
pointP.

y

x
Given that M is parallel to L, find the Z-coordinate of P.

Markscheme

valid approach to equate their gradients  (M7)
! ! 3 T T 3 3 T . 3

o f'=tanf, f'=—1 e“cosx+e"sine— 7 =—4, e (cosxz +sinz) — = —

correct equation withoute®™ (A1)

—sinz  __
cosx 1

eg sSinx = —cosx, cosx + sinx = 0,
correctworking (A1)

eg tanf = —1, z = 135°

T = ?ﬂTﬁ (do notaccept 135°%)  A1NT
Note: Do not award the final A7 if additional answers are given.

[4 marks]



17.

[Maximum mark: 16] 19M.2.SL.TZ1.S_9
_ 16 ) ) _
Let f (z) = - Theline Listangent to the graph of fatx = 8.

(@)  Findthe gradientof L. [2]
Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differences in marking or structure.
attemptto find f' (8) 1)

g f'(z),y —16z>
—0.25 (exact) A1N2

[2 marks]

8
L can be expressed in the formr = 2 + tu.

(b) Find u. [2]

Markscheme

4
u= ( 1) orany scalar multiple A2N2

[2 marks]

1
The direction vectorof Y = T'is (1)

(c) Find the acute angle between y = x and L. (5]
Markscheme

correct scalar product and magnitudes (A1)(A1)(AT)

scalarproduct=1x4+1x —1 (= 3)

magnitudes = /12 4 12, \/42 + (—1)2 (: \/5, \/1_7)

substitution of their values into correct formula M1)

4-1 -3
\/W\/42+(71)2 VavIT

eg 2.1112, 120.96°

1.03037, 59.0362°

angle=1.03, 59.0° A71N4



[5 marks]

(di) Find(fo f) ().

Markscheme

attempt to form composite (f o f) (z) (M1)

g f(f@). F(%). 7
correct working (A1)

eg }_—66 , 16 x

(Fof) @)=z anz

[3 marks]

(dii)  Hence, write down f71 (CU)
Markscheme

1) _ 16 _ 16 16
f 7 (z) = 5% (accepty = =, %) AINI

T

Note: Award A0 in part (i) if part (i) isincorrect.

Award A0in part (ii) if the candidate has found f

[1 mark]

(d.iii) Hence or otherwise, find the obtuse angle formed by the tangent line to f atx = 8andthetangent

lineto fatx = 2.
Markscheme

METHOD 1

recognition of symmetry abouty = & (M1)

evidence of doubling their angle (M1)
eg 2x1.03, 2x59.0

2.06075, 118.072°

' (2)

16 . .
= by interchanging & and y.



2.06 (radians) (118 degrees) Al N2

METHOD 2

finding direction vector for tangent line at x = 2 (A1)

o () ()

substitution of their values into correct formula (must be from vectors)

—4-4 8
\/12+42\/42+(,1)2 VITV17

€g

2.06075, 118.072°

2.06 (radians) (118 degrees) Al N2

METHOD 3

using trigonometry to find an angle with the horizontal (M1)
eg tanfd = —%, tanf = —4

finding both angles of rotation (A1)

eg 6; =0.244978, 14.0362°, 6, = 1.81577, 104.036°
2.06075, 118.072°

2.06 (radians) (118 degrees) Al N2

[3 marks]

(M1)



18. [Maximum mark:7] 19M.2.SL.TZ2T_5
Consider the function f () = %333 + %.’1}2 —z—1

(d)  Find f' (). [3]

Markscheme

g2+ 3z —1 nanan
Note: Award (A1) for each correct term. Award at most (A7)(A1)(A0) if there are extra terms.

[3 marks]

(e) Find the gradient of the graph of y = f (m) atx = 2. [2]
Markscheme

224+ 3 x2-1 my

Note: Award (M1) for correct substitution of 2 in their derivative of the function.
6 (A1)(ft)(62)

Note: Follow through from part (d).

[2 marks]

(f) Find the equation of the tangent line to the graph of y = f (m) atx = 2.Give the equation in the
formax + by + d = Owhere,a,b,andd € Z. (2]

Markscheme

2 =6(2)+c m
Note: Award (M1) for 2, their part (a) and their part (e) substituted into equation of a straight line.
CcC = —3
OR
(y— %) =6(x—2) m
Note: Award (M1) for 2, their part (a) and their part (e) substituted into equation of a straight line.
OR
y=6z— 2 (y=6z—9.33333...) m)
28

Note: Award (M1) for their answer to (e) and intercept — 3 substituted in the gradient-intercept line equation.

—18x + 3y + 28 = 0 (acceptinteger multiples) (A1)(ft)(62)



Note: Follow through from parts (a) and (e).

[2 marks]
19.  [Maximum mark: 4] 19M.2.AHL.TZ1.H_1
Let[ be the tangent to the curve y = xe?® atthe point (1, e2).
Find the coordinates of the point where [ meets the x-axis. (4]
Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differences in marking or structure.
METHOD 1

equation of tangentisy = 22.167 ...z — 14.778 ... 0Ry = —7.389... = 22.167...(z — 1)
(M1)(A1)

meets the Z-axiswheny = 0
x = 0.667
meets Z-axis at (0.667, 0) (: (%, O)) A1A1

Note: Award 47 forx = % orx = 0.667 seen and A7 for coordinates (, 0) given.

METHOD 1

Attempt to differentiate  (M1)

dy _ 22 2x
i — €+ 2ze

_ 1 49y _ 9.2
whenz = 1, I = 3es  (M1)

equation of the tangentisy — e? = 3e? (z — 1)

y = 3e?z — 2¢?

meets T-axisatxr = %

(2, 0) am

Note: Award AT forx = % orz = 0.667 seen and AT for coordinates (, 0) given.

[4 marks]



20. [Maximum mark: 6] 18N.1.SL.TZ0.T_11
Consider the curve y = 52> — 3x.

@ Find 9L, 2]
Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differences in marking or structure.
15¢ -3 (A1)(A1)(C2)

Note: Award (A1) for 15x% (A1) for —3. Award at most (41)(40) if additional terms are seen.

[2 marks]
The curve has a tangent at the point P(-1,-2).

(b) Find the gradient of this tangent at point P. (2]
Markscheme
15(=1%2-3 (M1)

Note: Award (M1) for substituting —1 into their %

=12 (A1)(ft)(Q2)

Note: Follow through from part (a).

[2 marks]

(c) Find the equation of this tangent. Give your answer in the formy=mx+c. [2]
Markscheme

= (=2)=120—(=1)) (M1)
OR
—2=12(-1)+c (M1)

Note: Award (M1) for point and their gradient substituted into the equation of a line.

y=12x+10 (A1)(ft)(C2)



Note: Follow through from part (b).

[2 marks]
21.  [Maximum mark: 6] 18M.1.SL.TZ2.T_14
. . Z4
Consider the function f (1:) =T
(a) Find f(x) (11

Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differences in marking or structure.
o (An(c)

3
Note: Award (40) for 4% and not simplified to 3.

[1mark]

(b)  Findthe gradient of the graph of fat £ = —%. (2]

Markscheme

(-3)"

Note: Award (M1) for correct substitution of — % into their derivative.

— 1 (-0.125) (@A) ()
Note: Follow through from their part (a).

[2 marks]

() Find the x-coordinate of the point at which the normal to the graph of f has gradient —%. [3]

Markscheme

$=8 (A1)M1)

Note: Award (A7) for 8 seen maybe seen as part of an equation y = 8x + ¢, (M7) for equating their derivative to 8.
x=)2 AN(G3)

Note: Do notaccept (2, 4).

[3 marks]
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