In this chapter you
will learn:

2
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some rules for dealing
with exponents

about a function where
the unknown is in the
exponent

about the value e and
some of its properties

how to undo
exponential functions
using an operation
called a logarithm

the rules of logarithms

about graphs of
logarithms

to use logarithms to
find exact solutions
to simple exponential
equations.

See Prior learning
<1 Section C on the CD-
ROM which looks at
exponents.

A radioactive substance has a half-life of 72 years. A 1kg
block of the substance is found to have a radioactivity of
25 million Becquerel (Bq). How long, to the nearest

10 years, would it take for the radioactivity to have fallen
below 10000 Bq?

Many mathematical models (biological, physical and financial
in particular) involve the concept of continuous growth or
decay where the rate of growth/decay of the population is
linked to the size of that population. You may have met similar
situations already, for example when a bank account earns
compound interest: the increase in amount each year depends
upon how much is in the account. Any similar situation is
governed by an exponential function, which you will learn
about in this chapter.

We shall also look at how we can find out how long an
exponential process has been occurring, using a function called
a logarithm.

The exponent of a number shows you how many times the
number is to be multiplied by itself. You will have already met
some of the rules for dealing with exponents before, and in
this section we shall revisit and extend these rules. (In other
courses, the exponent might have been called the ‘index’ or
‘power’.)
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A number written in exponent form is one which explicitly

looks like: Mathematics is often
considered a subject
71  nisreferred to as the exponent or power !
a a is referred to as the base

[ N\ r\J

a" is pronounced ‘a to the exponent n’ or, more simply,
‘ato the n’

(AN

To investigate the rules of exponents let us consider an example:

Worked example 2.1

1=
without ambiguity.
However, the value of 0°
is undetermined; it depends
upon how you get there!
) -

Simplify.
(a) a*xa*  (b) a*+a* (o) (a*) d) a*+a’
(a) a° xa* =(axaxaxa)x{axaxa)=a’
gxaxa 1 W
Segt=v=—_— - =g )
(k) &= gxas<axa a ! $ “0
a*)’ = a* xa* xa* = a?
Use the idea from part (a) @ (a*)
=
(d) a* +a°=a®(a+1) y rh
\ N VY o . a A P - 8 ) 3
The example above suggests some rules of exponents. 1ifs cuedienalsls
KEY POINT 2.1 whether in part (d)
' we have actually
" gh = g™+ simplified the
arra=a expression. Sometimes the
way mathematicians choose
KEY POINT 2.2 to simplify expressions is
governed by how it looks as
am e gh=g"" well as how it is used.
KEY POINT 2.3 P
mxn These rU\eS are N?T
@ =a given in the formula
booklet. Make sure y

1

. o _ _ 1 that you can use them
We can use Key point 2.3 to justify the interpretation of a~

in both directions, e.g.
£ you see 2 you calt
otie 3\ and if
cewrite it as (2 )

)2 you can

s 26. Both
portcnﬂ

1 —Xn
n

as the nth root of a, since (a )n =ar = a. This is exactly the

property we require of the nth root of a. So, we get the rule:

m 1\m
ar :(Cl") .

rewrite it as £
- ways will be im
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Evaluate 643,
B/ 1 , " . o 2 1)2 {
- Use a™"=]an | to splitthe 643 = (645J i
4
f [
/ calculation into two steps 2 )
E =(4) ‘
- 2
- So, 643 =16 ]
\ . Ry » PV X
\ \ v,
)
! You must take care when expressions with different bases are to
. be combined by multiplication or division, for example 2° x 42.
¥ The rules such as ‘multiplication means add the exponents

together’ are only true when the bases are the same. You cannot
use this rule to simplify 2° x 4%

A
o There is however, a rule that works when the bases are different
h but the exponents are the same.
f‘\ Consider the following example:
¢ 32Xx52=3x3X5X5
L: =3%5%3x%5
=15%15
).
:
l _ This suggests the following rules:
(x KEY POINT 2.4
a" xb" = (ab)"
+q,
. KEY POINT 2.5

a"+b" = (E)
b
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1. Simplify the following, leaving your answer in exponent form. =
(a) (i) 6*x6° (i) 5°%5°
(b) (i) a®*xa’ (i) x®xx? ?::
(©) (i) 7Mx74 (i) 5 x5 }"‘*
(d) (i) x*xx2 (1) x¥xx73 fe
() () gxg” () k2 xks 2

2. Simplify the following, leaving your answer in exponent form.

(a) () 6+6° (i) 5°+5°
(b) i) a*+a’ (ii)) x®+x° _
(©) () 5+57 (i) 7+7- .
(d) (i) x*=x7? (i) x%=+x73
(e) (i) 275+27 (i) 3°+3° \;\'
) () gi+g” (i) k2+ke

3. Express the following in the form required. 'h =
(@) () (2%)" as 2 (i) (32) as 3" )
(b) () (57)" as 5" (i) (72) as 7" >

© () (1172) as11”
(i) (132) as13"

(d) () 4x(2°) as2" '_6
(i) 37 x(97)  as3"
(e) (i) (42) x32as6" )
(4) {)l

(i) (6°) +(22) as 3

4. Simplify the following, leaving your answer in exponent form '
with a prime number as the base. P
(a) (1) 4° (i) 97
(b) (i) 8 (i) 16° y
(c) (i) 4*x8’ (i) 9°+272 -'
(d) (i) 47 x8° (i) 37+97

L1y oo (1Y
(e) () (ZJ (i) (5)
' 1 2 ' 1 4 - ] l 4
w0 (1 g
© Cambridge University 2 Exponents and logarithms
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5. Write the following without brackets or negative exponents:

S >"<- (a) (@) (2x2)33 (i) (3x4)22
(b) (i) 2(x?) (i) 3(x*)
) (3a3)4 .. (4x)4
: V © 0 Sk @ ooy
1 @ Q) (2x)° (i) (3)
y
- @) () 2x (i)
s
\ ) 3 Y . abY’ aY
I oo {5 o (3)[3)
2 -3 4 2\3
$— @ () (3] +(£) (i) (9) +(2><3—)
A q 2 x x
A 6. Simplify the following:
h”‘ @ () (x): i) ()
'}_ ) () (4x0)" i) (8x) 3

(2703 ()
- (o) () ( ” ] (ii) k_}

g % 7. Solve for x, giving your answer as a rational value:
1
2’ (a) (i) 8 =32 (i) 25" =—
F In Section 2G you ] 1 125
will see that there (b) (1) =7 (ii) =8
X is an easier way to ) ;93«3){ —162 .. ;6x * 2012
S>> solve equations like >> (©) (@) 2x3*=1 (i) 3+57=01
this when you have (d) (i) 2x5"1=250 (i) 5+3**=14
*a, a calculator and can (e) (i) 16+2% =2 (i) 100%5 =103
:,, use logarithms. (f) () 6*'=162x2* (i) 4" =2x16""

B Any simple computer program is able to sort n input values in
k xn'®> microseconds. Observations show that it sorts a million
values in half a second. Find the value of k. [3 marks]

a A square-ended cuboid has volume x)?, where x and y are
lengths. A cuboid for which x = 2y has volume 128 cm®.
Find x. [3 marks]
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(IR a* - h\é__,.i. kNFf‘!’M?{”Lﬂriréxd)sﬁtiﬂ?' = / j.fﬂ \ JH

N



The volume and surface area of a family of regular solid shapes
are related by the formula V' = kA'>, where V is given in cm?
and A in cm?.

(a) For one such shape, A =81 and V =243. Find k.

(b) Hence determine the surface area of a shape

with volume 64 cm?’. [4 marks]
3
IBW Prove that 2°°° is larger than 5. [5 marks]
IV Given that there is more than one solution value of x
to the equation 4% = b x 8%, find all possible values
of aand b. [5 marks]

In most of the equations that you have met so far, the unknown
appears as the base, for example x* = 27.

In an exponential function, the unknown appears in the
exponent, leading to a fundamentally different type of function.

The general form of a simple exponential function is f(x)=a*.

We will only consider situations when a is positive, because
otherwise some exponents cannot be easily defined (for
example, we cannot square root a negative number).

Here is the graph of y =2

9 4

7 4

5 4

3-

A e T R
& y - - m *mi';f_‘?d T
I % . - . 4 B ™

1
;"* What is (=1)22 .
What about ((—1)2)43
2
What about (—1)23

Not all mathematics is
unambiguous!

=

u

Y

N ¥/
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For very large positive values of x, the y-value approaches

L~ infinity. For very large negative values of x, the y-value
: X approaches (but never reaches) zero.

A line that a function gets increasingly close to but never
B/ reaches is called an asymptote. In this case we would say that
i the x-axis is an asymptote to the graph.

If we look at the graphs of other exponential functions with
different bases we can begin to make some generalisations.

For all the graphs y = a*

e The y-intercept is always (0, 1) because a° = 1.

e The graph of the function lies entirely above the x-axis since
a*> 0 for all values of x.

e The x-axis is an asymptote.

e Ifa> 1, then as x increases, so does f(x). This is called a
positive exponential.

e If0<a<1,then as x increases, f(x) decreases. This is called a

A You may observe ‘ ;
that the blue line is negative exponential.
Q a reflection of the I: Many mathematical models use the characteristics of
\ IE black line. You will exponential functions: as time (¢) increases by a fixed value,
ﬁ_- see why this is the the value we are interested in (N') will change by a fixed factor,
\ case in chapter 6. called the growth factor. Exponential functions can therefore
= be used to model many physical, financial and biological forms
= of exponential growth (positive exponential models) and
exponential decay (negative exponential models).
g 2 To model more complex situations we may need to add more
F constants to our exponential equation.
t
We can use a function of the form N = Ba(k].
)f We can interpret the constants in the following way:
e When t=0, N =B so B is the initial value of N.
+0 e When t=k, N=Ba so k is the time taken for N to increase by

a factor of a.

e If k=1 then a is the growth factor.

e Aslong as k is positive when a > 1 the function models
exponential growth.

e When 0<a<1 the function models exponential decay.

e When modelling exponential decay there might sometimes
be a background level. This means the asymptote is not
N=0.

We can change the asymptote to N = ¢ by adding on a constant.

Topic 1: Algebro and Topic 2: Functions and equations  © Cqmbrldge University Press 2012
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t
The new function is then N = Ba(k) +c.

B represents how much N starts above the background level, so

the initial value is B + c.

KEY POINT 2.6

t

IfN = Ba(ﬁ) +c:

o The background level (and the asymptote) is c.

e The initial value is B + c.
[ )

If a>1 this models exponential growth.
If 0 < a <1 this models exponential decay.

k is the time taken for the difference between N and the
background level to increase by a factor of a.

See Calculator skills
sheet 2 on the
CD-ROM to find out

on your calculator.
As asymptotes are
not a part of the

they are

In many applications we are given certain information and need

to find the constants in the model.

Worked example 2.3

(i) 08:15?
(ii) 09:247

. . . ()
There is a constant increasing factor so*
use an exponential growth model

Every time tincreases by 0.25, <*
N doubles

All details are relative to a start time®
08:00, so set t= 0 at that time

Remember to convert minutes to hours ®

1o know how fo fin
. asymptotes directly
' from the equation.
\

how to sketch graphs

h, your calculator
?nr?g‘;\t nZﬁ show them,
though you can guess
opproximcte\y V{here
by looking at

large values of x. This
s why it is important

A population of bacteria in a culture medium doubles in size every 15 minutes.

(a) Write down a model for N, the number of bacteria in terms of time, t, in hours.
(b) If there are 1000 bacterial cells at 08:00, how many cells are there at

(a) Let N be the number of cells at time t

hours
t
N=BJJ
Doubles every quarter hour
a=2,k=0.25
S N=Bx2%

(b) When t=0,N=1000 =B
N = 1000 x 2%

(i) When t=0.25, N=2000 cells
(i) When t=14, N=48503 cells

" - » . - y
_a

o

4
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You may also be given a model and have to interpret it.

Unfortunately, it might not be given in exactly the same form as

in Key point 2.6 (N = Bak ], so you will have to use the rules of

t

exponents to rewrite it in the correct form.

Worked example 2.4

The temperature in degrees (0) of a cup of coffee a time ¢ minutes after it was made is modelled

using the function:

the exponent in the

form N= Ba(ij

background level

t
exponent in the form N = Bak

. ()
Use rules of exponents to rewrite ®

@
Initial means t=0°

The asymptote is given by the

Use algebra to rewrite the

6=70x3P+22,B>0

(a) Show that 6 - 22 follows an exponential decay.

(b) What was the initial temperature of the coffee?

(c) If the coffee is left for a very long time, what temperature does the model predict it will reach?

(d) Find, in terms of B, how long it takes for the temperature difference between the coffee and
the room to fall by a factor of 9.

(e) Coffee made at the same time is put into a thermos flask which is much better insulated
than the cup. State with a reason whether 3 would increase or decrease.

(a) 6-22=T70%x37"
=70x(37)"

t
1\51
=70% (—)ﬁ
B
which is exponential decay since the base is between O

and1and B>0

(b) When t=0,8=70x3° +22
=92°

(c) 22 degrees

_t
1

(d) o-22= 70(%)“

So the time to fall by a factor of 3 is !

To fall by a factor of 9 is a fall by a factor of 3 followed ¢

by another fall by a factor of 3. Therefore the time to

1
fall by a factor of 9 is 2 X — minutes.

36, Topic 1: Algebra, and Toplc 2: Functions and equations
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continued . . . 7{,—

(e) The time taken to fall by any given factor will be \

longer for a better insulated container so : ':\ —

! must be larger so B must be smaller.

ﬁ L
- _ ~
When modelling exponential growth or decay, you may be given ?'."c
a percentage increase or decrease. This needs to be converted 2
into a growth factor to be used in the exponential model. '

Worked example 2.5

A car costs $17500. It then loses value at a rate of 18% each year.
(a) Write a model for the value of the car (V) after n years in the form V = ka". ——
(b) Hence or otherwise find the value of the car after 20 years.

§ W
Find the growth factor * (a) The growth factor is 1—2 =0.82 p \f)
100 ;
Use initial value information «® When n=0, V =k =17500 ,
V = 17500 x 0.82" p N =
Substitute for ns* (b) After 20 years, V = $330.61

. - ~ e o rw

e Shesem, An~j

-

Using your calculator, sketch the following functions for
—-5<x<5and 0< y<10.

[a—

Show all the axis intercepts and state the equation of the
horizontal asymptote.

@ @) y=15 (i) y=3
b) () y=2x3" (i) y=6x1.4"
) 1Y .. 2Y
© @) y—(EJ (i) y—(g)
) () y=5+2° (i) y=8+3"
(e) i) y=6-2* (i) y=1-5"

An algal population on the surface of a pond grows by 10%
every day, and the area it covers can be modelled by the
equation y = k x1.1%, where t is measured in days. At 09:00 on
Tuesday it covered 10 m* What area will it cover by 09:00 on
Friday? [4 marks]

© Cambridge University Press 2012 2 Exponents and logarithms
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T=A+Bx2

X where x is the distance from the surface of the light bulb in
millimetres. The background temperature in the room is a
. constant 25°C, and the temperature on the surface of the
light bulb is 125°C.

(a) You find that the air temperature 3 mm from the
surface of the bulb is only 75°C. Find the integer values
9 . of A, Band k.

(b) Determine the air temperature 2 cm from the
surface of the bulb.

(c) Sketch a graph of air temperature against distance.

1

\

)

]
EL [10 marks]
A

n A tree branch is observed to bend as the fruit growing on it
increases in size. By estimating the mass of the developing fruit,
A and plotting the data over time, a student finds that the height
Q in metres of the branch tip above the ground closely follows the
h graph of:

h=2-02x1.6""

where m is the estimated mass, in kilograms, of fruit on the

i~ branch.
(a) Plota graph of h against m.
g 2 (b) What height above ground level is a branch without fruit?

(c) The total mass of fruit on the branch at harvest was
| ( 7.5 kg. Find the height of the branch immediately prior

to harvest.

(d) The student wishes to estimate what mass of fruit would
cause the branch tip to touch the ground. Why might his
+0a model not be suitable to assess this? [10 marks]

o (a) Sketch the graph of y =1+16"*.
Label clearly the horizontal asymptote and maximum value.
(b) Find all values of x for which y = 3. [6 marks]

a A bowl of soup is served at a temperature of 55°C in a room
with a constant air temperature of 20°C. Every 5 minutes,
the temperature difference between the soup and the room
air decreases by 30%. Assuming the room air temperature is
constant, at what temperature will the soup be seven
minutes after serving? [7 marks]

Topic 1: Algebro and Topic 2: Functions and equations  © Cqmbrldge University Press 2012
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The speed (V metres per second) of a parachutist ¢ seconds after

jumping from an aeroplane is modelled by the expression:
V =40(1-3701)

(a) Find his initial speed.
(b) What speed does the model predict that he will

eventually reach? [6 marks]

In this section we introduce a mathematical constant, e, which
will be used extensively in the rest of this chapter and in many
other chapters throughout the course.

Consider the following different situations, each of which is
typical of early population growth of a cell culture.

(a) There isa 100% increase every 100 seconds.
(b) There is a 50% increase every 50 seconds.
(c) There is a 25% increase every 25 seconds.

Although these may at first appear to be equivalent statements,
they are subtly different because of the compounding nature of
percentage increases.

If we begin with a population of size P, then after 100 seconds,
we have

(a) Px(1+1)=2P

2
(b) Px(1+%) =2.25P

4
1
(0) Px(1+—) =2.44P
4)

. T . . 1
To generalise the situation, if we considered an increase of %

which occurred n times every 100 seconds, the population after

100 seconds would be given by P x (1 + l) .
n

It may seem from the above that as # increases, the overall

increase over 100 seconds will keep on getting larger, and this is

indeed the case, but not without limit.

© Cambridge University Press 2012
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7 and e have many
similar properties. (@
Both are irrational,
meaning that they cannot
be written as a ratio of
two whole numbers and
both are transcendental,
meaning that they cannot
be written as the solution
to a polynomial equation.
The proof of these facts

is infricate but beautiful.

—
|
1 In chapter 16 you
A will see that e plays a
]> major role in studying ]>
A rates of change.
Yl
\
M
{

See Supplementary .’
sheet 2 ‘Logarithmic “*
scales and log-log

graphs’ on the CD-

ROM if you would like to
discover more

about logarithms
for yourself.

(IR a*

Topic 1: Algebro and Topic 2: Functions and equations
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In fact, as can be seen by taking greater and greater values of #,
: 1Y’
the resultant increase factor (1 + —J tends towards a value of
n

approximately 2.71828182849 which, much like 7, is such an
important part of mathematical studies that it has been given its
own letter, e.

KEY POINT 2.7

€=2.71828182849...

Although e has many important properties in mathematics, it

is still just a number, and so all the standard rules of arithmetic
and exponents apply. You are not likely to find an exam question
just on e, but the number e is likely to appear in questions on
many other topics.

7 )

In questions involving the number e you may be asked to
either give an exact answer (such as e?) or fo use your
caleulator, in which case you should usually round the
answer to 3 significant figures.

. Find the values of the following to 3 significant figures:

(@) () e+1 (i) e—4

(b) () 3e (i) £
>

(c) (i) e? (i) e3

() () 53¢ (ii) 37
€

Evaluate {/(n* + ). What do you notice about this result?

In this section we shall look at a new operation which reverses
the effect of exponentiating (that is, raising a number to an
exponent).
If you are asked to solve

x*=3,x20
you can either find a decimal approximation (using a calculator
or trial and improvement) or you can use the square root

symbol: x = V3.
© Combridge University Press 2012
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This restates the problem as ‘x is the positive value which when
squared gives 3’

-

Similarly, if asked to solve: =
10 =50
2
you could use trial and improvement to seek a decimal value: 1- ¢
10' =10 ?“
e
102 =100
So x is between 1 and 2: 2 '
10" =31.6
10'6 =39.8
107 =50.1

So the answer is around 1.7.

However, just as with squares and square roots there is also a
function to answer the question ‘What is the number, which

L4
when put as the exponent of 10, gives this value?’ ‘\0
The function is called a base-10 logarithm, written log,,.

So in the above example: 10* =50 so x =log,, 50. M =
This means that y =10* may be re-expressed as x =log,,(y). h
In fact, the base involved need not be 10, but could be any i
positive value other than 1. 3
KEY POINT 2.8 3 The symbol < has
| *‘*o very specific
b=a* < x=log,b meaning (implies
and is implied by) in
mathematical logic. It means
that if the left-hand side is
It is worth noting that the two most common bases have frue then so is the right—hond
abbreviations for their logarithms. side, opd ‘?'SO if the ”ght'_
hand side is true then so is
Since we use a decimal system of counting, base 10 is the default the left-hand side.
base for a logarithm, so that log,, x is generally written more This is the form written in
simply as just log x, called the common logarithm. Also e, the Formula booklet; you
encountered in Section 2C, is considered the ‘natural’ base, and only need to remember that
its counterpart the natural logarithm is denoted by In x. it means you can switch
between them.
KEY POINT 2.9 — .
log,, x is often written as log x.
:':‘r
log, x is often written as In x. ]> ; '
¢ See Key point 2.18. ]> wE
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Since taking a logarithm reverses the process of exponentiation,

it follows that:

KEY POINT 2.10

log,(a*)=x

KEY POINT 2.11

aloggx =X

These are sometimes referred to as the cancellation principles.
This sort of ‘cancellation; similar to stating that (for positive x)

Yxr=x= (4/; )n, is frequently useful when simplifying

logarithm expressions, but you can only apply it when the base
of the logarithm and the base of the exponential match.

A Worked example 2.6

“A Evaluate:

4\ (;)1og5625 (b) log, 16
{.

= Express the argument of the logarithm in® (3) logs 625 = log; 5* )
i~ exponent form with the same base f
, Apply the cancellation principle log, (o) = x** =4 4
9. N
( 16 is not a power of 8, but they are both * (b) loge (16) = log, (2%)

We need to convert 24 to an exponent of 8 = 2%¢

Rewrite 4 as 3 x% and use @™ = (a")" .

powers of 2

5><i 4 {
=Iog&{2 5)=lo%(85] ]
\ [

+aq, ... .
Apply the cancellation principle log, (¥ = x == ‘
o )
Pr— » ~ Py P - v
o A
Actually, you can
find the logarithm of Whenever you raise a positive number to a power, positive or
a negative number, negative, the answer is always positive. Therefore we currently
” but the answer turns have no answer to a question such as 10*=-3.
]> out not to be real; it ]> This means:
/ isa complex number,
- which is a new type KEY POINT 2.12
1 of number you will The logarithm of a negative number or zero has no real value. ’

meet in chapter 15.

Topic 1: Algebra, and Topic 2: Functions and equations
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1. Evaluate the following:

(a) (i) log,27 (ii)) log,16 ~

(b) (i) logs5 (i) log,3 1=

© (i) log,1 (i) logs1 }"““

(d) () log,~ (i) log,—— 'S
g3 3 84 oa 2 |

(e) (i) log,2 (ii) log,,3

() () logs/8 (i) log,+2

(g) (i) logs4 (ii) loggs 27

(h) (i) log,s125 (ii) log,s32 _

() (i) log,2v2 (ii) log,81/3 3

(G) (1) log,;0.2 (ii) log,0.5

2. Use a calculator to evaluate each of the following, giving your
answer correct to 3 significant figures:

. .. 1
| - M =
(@) (i) log 50 (i) log(4) k
(b) () n0.1 (ii) In10 3

3. Simplify the following expressions:

(a) (i) 7logx—2logx (i) 2logx+3logx
© 6 (oge(logy+) ) (ogee2) ememberhat o9 | )
. ber so ca
., loga+logh .. (loga)2 -1 is just @ num
© O W () W be trectec\ the same

ariable.
“‘ qu as Gny v

4. Make x the subject of the following:

(@) (i) logsx=y (ii) log,x=2y .
(b) () log,x=1+y (ii) log, x = y? P
(c) (i) log,3y=3 (i) log, y=2

5. Find the value of x in each of the following: _| )’
(@) (1) log,x=32 (ii) log,x =4
(b) (i) logs25=>5x (ii) log,7=2x :
(©) () log,36=2 (i) log,10= % '

]

© Cambridge University Press 20 2 Exponents and logarithms
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a Solve the equation log,,(9x+1)=3. [4 marks]

1
Solve the equation loggv1—x = 3 [4 marks]

[5 marks]

X
~ V ' e Find the exact solution to the equation In(3x —1)=2.

. 1 - by g Find all values of x which satisfy (log, x)2 =4. [5 marks]

\ Y Solve the simultaneous equations:

4 log, x +log; y =6

|

) log; x —logs y=2 [6 marks]
A Solve the equation 3(1+logx)=6+logx. [5 marks]

A .

o Solve the equation log, 4=9. [4 marks]
h The Richter scale i f ing th h of
. r{\ . e Ricnter scale 1s a way of measuring the strength o

4 earthquakes. An increase of one unit on the Richter scale
corresponds to an increase by a factor of 10 in the strength

>y of the earthquake. What would be the Richter level of an

L earthquake which is twice as strong as a level 5.2 earthquake?

[5 marks]

F(X

Just as there are rules which hold when working with exponents,
so there are corresponding rules which apply to logarithms.

*a, These are derived from the laws of exponents and can be found
on the Fill-in proof sheet 18. ‘Differentiating logarithmic
o functions graphically’ on the CD-ROM.

e The logarithm of a product is the sum of the logarithms.

KEY POINT 2.13

log, xy =log, x +1log, y for x, y >0

. Topic 1: Algebra, and Topic 2: Functions and equations  © Cambridge University Press 2012 |

AR« v 2 SRl Welsedsbion — .~ Y (



+

) e

o The logarithm of a quotient is the difference of the logarithms.

KEY POINT 2.14

These formulae are
not in the Formula

book\et .

logaiz log, x—log, y for x, y>0
y

o The logarithm of a reciprocal is the negative of the logarithm.

KEY POINT 2.15 EXAM HINT

It is important fo know

t

what you canno
do with logarithms.
One very commog
mistake is to fry 1o
simplify loglx + Y} into
either logx + logy ©of

log x log Y-

1
log, —=—log, x forx >0
X

o The logarithm of a exponent is the multiple of the logarithm.
KEY POINT 2.16

log, x* = plog, x for x>0 ‘

o The logarithm of 1 is always 0, irrespective of the base.

KEY POINT 2.17

log,1=0 ‘

The rules of logarithms can be used to manipulate expressions
and solve equations involving logarithms.

Worked example 2.7

2
If x=1log,,a and y =log,, b, express log,, 100

in terms of x, y and integers.

S
.‘

, 100a? i
Use laws of logs to isolate log,oa and log,,b* log,, —, " log,, (100a?) —log,, b '

o

First, use log = = log x — log y
y

.‘
M aa A

...then log xy =log x + log y... ® =log,, 100 +log,, a% —log,, b
L
® :
... then log x° = p log x...** =l0gy, 100 + Zlog,, a —log,, b {
® -’
... then calculate log,,100° =2+ 2log, a—logy, b y
... then write in terms of x and y =2+2x-y ]
e WOV NN SR
\_ .

© Cambridge University Press 20 2 Exponentignd |ogc)ithms |
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X - Solve the equation log, x +log, (x +4)=5.
B (/1 . 3
| - Rewrite one side as a single logarithm * log, x +log, (x + 4) = ;
1 using log x + log y = log xy ©log, (x(x+4))= 5 ;
B {
& |
o Z Undo the logarithm by exponentiating ® & 2onx+4)) = 25 :
\ both sides with base 2 (to balance, you f
\ must also exponentiate 5 by base 2) .. ¢
: S i
1 and use the cancellation principle ® & X2+ 4x=32 )
§
. & a

.
A Use standard methods for quadratic® SxP+4x-32=0 {
- equations S (x+8)(x—4)=0 y
{
‘ =>x=-8orx=4 )
3 |
\ Check your solution in the original <* When x =-&: ]
\ equation LHS : log,(=8) and log,(—4) are not real so
| '}] this solution does not work {
When x = 4: 1
N LHS: log, 4 +log, &8=2+3=5 1
L'“" =RHS 4
- RPN ST Y . T

\S st ’ .

- e

T')/M«"\ ﬁl'(ﬁﬂr‘*

Worked example 2.8

EXAM HINT

Checking your solutions is more than just looking for an arithmetic error — as you can see
from the example above, false solutions can occur through correct algebraic manipulation.

46, Topic 1: Algebra, dj\d Totlc 2
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You will notice that although we have discussed logarithms for
a general base, g, your calculator may only have buttons for the
common logarithm and the natural logarithm (log x and In x).

To use a calculator to evaluate, for example, log; 20 you can use
the change of base rule of logarithms.
KEY POINT 2.18

Change of base rule for logarithms:

log.a
log, b

log,a=

Flnchons and equat ons © Combrlhge University Press 2012
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So, we can calculate log; 20 using the logarithm to the base 10: 0’ For an insight into
r & what mathematics
log. 20 = log20 _ 1.86 (3 SF) | wlos like before
log5 calculators, have a
look at Supplementary
The change of base rule is useful for more than just evaluating sheet 3, ‘A history of
logarithms. logarithms’ on the
CD-ROM.

Worked example 2.9

Solve the equation log; x + log, x = 2.
° logs x _logs x ;
We want to have logarithms involving just one® logs x “omo 2 ; —_—
base, so use the change of base rule to turn ° :
logs with base 9 into logs with base 3
Therefore: W
logs x +log, x =2 : Y
lo
& logy x + —2= %% _o i
. o 3 ) =
Collecting the logs together o Zlogs x=2 3
2 ]
4 1 | —
= lO@a X = 5 9 ‘ 3
o &
Exponentiate both sides with base 3 ©x=2° =433 (35F)

\ e IO
Equations combining -
logarithms and \

]>quadmtics can be]> () [
found in Section 4B.

1. Given b > 0, simplify each of the following:

(a) (i) log,b* (ii) log, Jb
(b) (i) log b’ (ii) log,b* —log,, b : Y
2. If x=loga, y=logb and z =logc, express the following in 3
terms of x, y and z:
(@) (i) logd’ (ii) loga®b !
. ab? . a’ —f
(b) (i) log(T] (i) log(ﬁ) 1
© Cdmbrldge Unlversﬂy Press 2012 2 Exponents and |ogqr|thms .
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(ii)
(ii)
(ii)

(d) () loga®-2logab?
(e) (i) log,a%

(H) () log,, (b*) (i)

3. Solve the following for x:

- = r
YT N
log(5b)+log(2c?)
log(4b)+2log(5ac)
logb(bi)
log,, ac?

-
1 2+
\ (@) (i) log3( i) =3 (i) log,(7x+4)=5
) 1
\ (b) (i) logsx—log;(x—6)=1 (ii) logsx—2log, (;) =1
— (©) (i) log,x+1=log, x (i) logsx+log, x =4
A (d) () log,x+logsx=2 (ii) log,sx—logs, x=0.5
(e) (1) logy(x—7)+logs(x+1)=2
A (i) 2log(x—2)—logx=0
Y’* (f) () log(x®+1)=1+2logx
\ " (i) log(3x+6)=log3+1
4
Find the exact solution to the equation 2Inx +1n9=3,
L: giving your answer in the form Ae® where A and B
are rational numbers. [5 marks]
ng If a=In2 and b =1n5, find in terms of a and b: [6 marks]
F (a) In50 (b) Ino0.16
(X a Solve log, x =log, 2. [5 marks]

orx=y=0.

find b in terms of a.

48, Topic 1: Algebra, and Toplc 2: Functions and equations
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Prove that if a* =b” = (ab)” where a, b>1then x+y=1

[5 marks]

1 2 3 4 8 9
Evaluate log—+log=+log—+log—...+log—+log—.
B g2 g3 84 85 g9 810

[4 marks]

a Given that log, b=1log, a, and thata,b#1and a # b,

[5 marks]

© Combrldge University Press 2012 |
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It is important also to know the graph of the logarithm function,

and the various properties of logarithms which we can deduce
from it.

Below are the graphs of y =logx,y=1log,x and y=Inx:

These three curves all have a similar shape.

1
The change of base rule (Key point 2.18) states that log, a = log_ca.
0g,a
So, log, x = logx and Inx = logx and all other logarithm
log2 loge

functions are simply multiples of the common logarithm
function y =log x.

The graph shows the following important facts about the
logarithm function (Key point 2.19).

KEY POINT 2.19
If y =log, x then:

e The graph of y against x crosses the x-axis at (1, 0),
because log, 1 =0 (for any positive value of a).

e Log x is negative for 0 < x < 1 and positive for x > 1.

e The graph of the function lies entirely to the right of the
y-axis, since the logarithm of a negative value does not
produce a real solution.

e The logarithm graph increases throughout: as x tends to
infinity so does y.

o The y-axis is an asymptote to the curve.

© Cambridge University Press 2012
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In chapter 6 you will 'h =
see how this type

]>of change causes a]> .
vertical stretch of - =
the graph.

Vertical asympfotes
are even harder to
detect occurotg\y from
a calculator display
than the horizontd
ones. This i why it

is important that you
know how 0 fin
an osympto’re o (:\
logarithmic grapr-

You may observe

that a logarithm :

graphisthereflection :

]>of an exponential]> P4
graph. You will see 4
why this is the case 1

in chapter 5.
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S X It is unlikely you will find exam questions testing just this topic, but
you may be required to sketch a graph involving a logarithm as a
3 part of another question.
: V 1. Sketch the following graphs, labelling clearly the vertical
y asymptote and all axis intercepts.
P (@) (i) y=log(x?) (ii) y=log(x?)
- <
: (b) (i) y=logx (i) y=log2x
)
\ (o) (i) y=log(x-2) (i) y=Ilog(x+1)
-l Why are the graphs of y =log (x?) and y = 2log (x) different?

'*

Q
h One of the main uses of logarithms is to solve equations with
a the unknown in the exponent. By taking logarithms, the
{ unknown becomes a factor, which is easier to deal with.

Worked example 2.10

29.
' 2 ( Solve the equation 3 X2* = 5" giving your answer in the form logp where p and g are
( rational numbers. logg
X Since the unknown is in the exponent, taking ** log(3 % 2%) = log (5*~') ;

logarithms is a good idea 1

= Use the rules of logarithms to simplify the expression o log3 +log2* =log(5*~")
), log3 + xlog2 = (x — 1)log5
Expand the brackets and get all of the x's on one side * log3+ xlog2 = xlog5 —log5

and everything else on the other side log+10g5 = xlog5 — xlog2

& :

Factorise and divide to find x** _ logS+log5 {

logs —log2 3
.. B |og15

Use the rules of logarithms to write it in the correct form ¢ 5
lo

. QKZJ p—_—

N\ -/

., Topic 1: Algebra, and Topic 2: Functions and equations © Combrldge University Press 2012
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Logarithmic scales
‘.& make it easy fo
compare values
which are very
different. Some of these scales
are explored in Supplementary

sheet 2 on the CD-ROM.

A common mistake is to say that log(3 x 2% is
log3 x log2* Make sure you learn the rules of
logarithms carefully.

You can use similar ideas to solve inequalities with the
unknown in the exponent:

Worked example 2.11

The number of bacteria in a culture medium is given by N = 1000 x 2%, where t is the number
of hours elapsed since 08:00. At what time will the population first exceed one million?

1000 x 2** =1 000000
& 2% 21000

Simplify the equation where possible «*

! 4
Take logarithms of each side ® < log(2**) 2101000 . \3

.l
a

Use the rule log, xP = p log, x+ & 4tlog2>3 .
= 1
Note that log2 > 0, so the inequality remains ** PR g _ 2.49(35F) ‘ 3
in the same orientation when we divide wlogZ ) -
To answer the question, convert 2.49 to hours <* 10:29 .
and minutes, then add it to 08:00 Y. Y )
. . 3
L%
You know that you can always apply the same operation to both sides of an equation,
but in this worked example we took logarithms of both sides of an inequality. You might
like to investigate for which operations this is valid.
There is  another 'P
N type of exponential
Whenever dividing an inequality by a logarithm it is eqlbtlatzor; WIZ;,Ch J,)OZ y
important to remember to check if it is positive or negative. [>> willmeet - adisguised [>> |

quadratic  equation.
These are explored in
Section 4B.

© Cambridge University Press 2012 2 Exponents and logarithms
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1. Solve for x, giving your answer correct to 3 significant figures.
(a) (i) 3x4*=90 (i) 1000x1.02* =10000
(b) (i) 6x7°*1=1.2 (i) 5%2*° =94
(c) (i) 3 =4 (i) 5*=6'~
(d) (i) 3x23*=7x3%>*2 (ii) 4x81=3x52

In a yeast culture, cell numbers are given by N =100e' %, where ¢
is measured in hours after the cells are introduced to the culture.

(a) What is the initial number of cells? [1 mark]
(b) How many cells will be present after 6 hours? [1 mark]

(c) How long will it take for the population to exceed one
thousand? [2 marks]

A rumour spreads exponentially through a school. When school

Y:L begins (at 9a.m.) 18 people know it. By 10a.m. 42 people know
it.

4 i

A (a) How many people know it at 10.30? [3 marks]

(b) There are 1200 people in the school. According to the
- exponential model, at what time will everyone know the
L,"' rumour? [2 marks]

g : n In an experimental laboratory, a scientist sets up a positive
2' feedback loop for a fission reaction and extracts heat to control
F the experiment and produce power. When the reaction is
( x established, and while sufficient fuel is present, the power he can

units of energy per second and ¢ in seconds.

(a) How much energy is being produced after 2 minutes?
o [1 mark]

(b) The equipment reaches a dangerous temperature when
P exceeds 7 x 10°. For how long can the experiment
safely be run? [2 marks]

The weight of a block of salt W in a salt solution after t seconds

is given by:
W = ke 001
(a) Sketch the graph of W against . [2 marks]
(b) How long will it take to reach 25% of its
original weight? [2 marks]

Topic 1: Algebra, and Topic 2: Functions and equations  © Cambridge University Press 2012
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a Solve the equation 5x 4! = %, giving your answer in the
3 X

o

form x = lln_p, where p and q are rational numbers.  [5 marks] \ =

ng
Solve the equation 1. 3% 49°-*, giving your answer in the r:{:‘
7% (

form a + log, b where a, b € Z.

N ¥/

a A cup of tea is poured at 98 °C. After two minutes it has reached
94°C. The difference between the temperature of the tea and the
room temperature (22°C) falls exponentially. Find the time it
takes for the tea to cool to 78°C. [5 marks]

g (a) Show that the equation 3*= 3 — x has only
one solution. [2 marks]

(b) Find the solution, giving your answer to 3 significant

figures. [4 marks] \0“..
N =

Summary ’h
o In this chapter, we revisited the rules for exponents. g

am Xan — am+n

am +an = am—n

a”xb”:(ab)n '

e(2) S

ar+b" = >

(am)r = amn {:) '
%:(%)m:nam

e Exponential equations can be used to model growth and decay of some simple real-life systems, '
taking as a general form the function: P

a

t

N= Ba(;J +c

e log, b asks the question: “‘What exponent do I have to raise a to in order to get b?’

b=a*= x=log,b

¢ log,, x (common logarithm) is often written as log x. i

~+~
3

e e is the mathematical constant, (Euler’s number): e =2.71828182849... 1 7/

© Cambridge University Press 2012 2 Exponents and logarithms
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e log. x (natural logarithm) is often written as In x.

e Logarithms undo the effect of exponentiating and vice versa:

log,(a*)=x & x =g~

¥ X
: e Logarithms obey these rules, which are not covered in the Formula booklet.
1 V log, xy =log, x +log, y

log, (f] =log,x—log, y
y

- 1
1 log, (—) =—log, x
\ X
) log, x? = plog, x
1 log,1=0
-l e Taking the logarithm of a negative number or zero does not give a real value.
1
s e There is also the change of base formula (not in the Formula booklet): log, a = 8.4
and a related rule for exponents (is in the Formula booklet): a* = e*Ina log. b
A o The following properties of the logarithm function can be deduced from its graph,
Q if y =log, x then:
\ — The graph of y against x crosses the x-axis at (1,0)
r:\. - Log x is negative for 0 < x < 1 and positive for x > 1
— The graph lies to the right of the y-axis; the y-axis is an asymptote to the curve

— The logarithm graph increases throughout; as x tends to infinity so does y.

e Logarithms are used to solve many exponential equations.

F(
X A radioactive substance has a half-life of 72 years. A 1kg block of the substance is
found to have a radioactivity of 25 million Becquerel (Bq). How long, to the nearest 10

+0 years, would it take for the radioactivity to have fallen below 10000 Bq?

o
o s

Establish the exponential equation ® Let R be the radioactivity after t years
t
@

Initial condition gives B*® Whent =0, R = 25 X 106 = B

()
Every time t increases by 72, *

R falls by 50% a=05.k=72

t
C=25%10° x0.572

Topic 1: Algebra, and Topic 2: Functions and equations  © Cambridge University Press 2012

AR« V2 SRl Welsdsbion — .~ Y (



continued...

The unknown is in the exponent so take
logarithms

Now rearrange to find t.o.
Note that log(0.5) < O, so the inequality is
reversed when dividing through

4

-“-X* L. A = L

Require R <10*
£
25 x10° x 0.572 <10%

t
& 0572 <0.0004

t
o |og(o.55] <log(0.0004)

%109(05) <10g(0.0004)

. 5 720g(0.0004)

=812.7
log(0.5)

It takes around &10 years for the
radioactivity to fall below 10 000 Bq. L
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Solve log; (\/ x2+49 ) =2. [4 marks]

If a=logx,b=1logy and c =log z (all logs base 10) find in terms of
a, b, c and integers:

(a) logx Vy (b) log~0.1x () logloo(g) [6 marks]

Solve the simultaneous equations:

Inx+Iny? =
Inx>+Ilny=6 [6 marks]
If y=Inx —ln(x+2)+ ln(4—x2), express x in terms of y. [6 marks]

Find the exact value of x satisfying the equation
239(72 X 32::73 — 36xfl

Inp

giving your answer in simplified form s where p,q € Z. [5 marks]
n

Given log, b> = ¢ and log,a=c—1 for some value ¢, where 0 <a<b,
express a in terms of b. [6 marks]

Sglve the equation 9 log; x = 25 log, 5, expressing your answers in the form

54, where p,q € Z. [6 marks]

(© IB Organization 2006)

Find the exact solution to the equation Inx =4log, e. [5 marks]

The speed of a parachutist (V) in metres per second, ¢ seconds after jumping is
modelled by the expression:

V= 42(1-e)
Sketch a graph of V against ¢.

What is the initial speed?
What is the maximum speed that the parachutist could reach?

When the parachutist reaches 22 ms™ he opens the parachute.

How long is he falling before he opens his parachute? [9 marks]

- Topic 1: Algebra, and Toplc 2: Functions and equations © Combrldge University Press 2012 |
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Scientists think that the global population of tigers is falling exponentially.

Estimates suggest that in 1970 there were 37 000 tigers but by 1980 the number
had dropped to 22 000.

&) Form a model of the form T =ka" connecting the number of tigers
(T) with the number of years after 1970 (n).
What does the model predict that the population will be in 2020?

When the population reaches 1000 the tiger population will be
described as ‘near extinction’ In which year will this happen?

In the year 2000 a worldwide ban on the sale of tiger products was
implemented, and it is believed that by 2010 the population of tigers had
recovered to 10 000.

If the recovery has been exponential find a model of the form
T =ka™ connecting the number of tigers (T) with the number
of years after 2000 ().

If in each year since 2000 the rate of growth has been the same, find
the percentage increase each year. [12 marks]

If Iny=2Inx+1In3 find y in terms of x.

If the graph of In y against Inx is a straight line with gradient 4 and
y-intercept 6, find the relationship between x and y.

If the graph of In y against x is a straight line with gradient 3 and it
passes through the point (1, 2), express y in terms of x.

If the graph of e against x? is a straight line through the origin with
gradient 4, find the gradient of the graph of y against Inx. [10 marks]

o
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2 Exponents and logarithms
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:[.-\.-._; 7 = 7} ~ -.-‘ I L S _. ﬁ

11. 672 (e) (i) 22 (ii)
12. 921164400 ® @ ¢° (i)
13 25200 3. Elj)) Elg i” Eiig
i) 5 ii
14. 112 () () 112 (ii)
. (d) (i) 27 (ii)
Long questions () (i) 62 (ii)
1. (a) 48 4. (a) (i) 2w (ii)
(b) () 2° (ii)
(b) 72 © B 20 (i)
(o) 42 @ G) 2° (ii)
(e) (i) 27 (ii)
2. 20
Ei‘,)) o ® O 2 G
() 30 5@ () 8 ()
. a 1 X 11
3. (a) 121080960 ®) () 2x° (i)
(b) 3991 680 (© @ 9;’10 (i)
(c) 27941760 (d) () o (ii)
4. (a) Weselect 2 out of 4 places to put R in. (e) (i) 2 (i)
X
2
® |7 syt
n () @) 5 (ii)
(c) 20 © 6 2 G
n+m—2 29
(d)
n-1 6. () () «° (ii)
5. (b) 2047 (b) (1) 2x° (i) —
(c) 5775 . ,
6. (a) 4495 © O35 @7
b) 22
(®) 7@ M2 i) -2
(c) 26 31
(b) () ) (i) -
@ Chapter 2 © M4 G2
(d) (}) 4 (}})
Exercise 2A Eg 8 ‘31 83 3
1. @) () ¢ (i) 5° 8. 5x10-
(b) () a* (i) x°
(o ) 77 (i) 5° 9. 8cm
@ @) » (i) x° 10. () kot
(e) (i) g™ (ii) k8 3
2. @ () 6 (i) 5° (b) A=16cm
) (i) a> (i) x° 11. 2%0 = (27)%0 = (128)%
(c) (1) 59 (11) 715 5150 = (53)50 = (125)%
@ @) x 12. b=la=>
2
”@%meridgeUniversiiyl.’rssZ})]ZI II ._f .
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" Exercise 2B

L (@@

[
(3 l/ _ (]
4—»1‘
(c) () Y
- || [
J \ 1
..%{.::.jz____.:::::::====ll|..:E
L (ii) Yy
1 [
1 \ 1
| f i¥x
(d) () Yy
6
: | y=5
| -. >
i

824  Answers

(ii)

(e) ()
A_u-so
b Q)
\ -
(ii)
d_v-1
>
13.31 m?
(a) A=25B=100,k=3
(b) 26°C
(o -=c
1254
75
(@
(b) 1.8 m
(¢) 1.60m

(d) The branch may not be long enough to
reach the ground, or it might break before it
reaches the ground.

© Camb[iége University Pr?sLZOIl 2 »
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6. 41.2°C

7. (a) Om™
(b) 40 m™

Exercise 2C

1. (a) (i) 3.72 (ii) —0.283
(b) (i) 8.15 (ii) 1.36
() () 7.39 (ii) 0.0498
(d) (i) 8.24 (ii) 0.00274

2. Ynt 47 =e

Exercise 2D

1. (a) (i) 3 (i) 2
(b) (1) 1 (i) 1
(¢) (1) O (i) 0
(d) (1) -1 (i) -3
@)ﬁ)% m)§
L1 o1
GECE SO
@m% @Z
. 3 .5
ONCIENOR
@ @ % (ii) 2.25
() a>—§ m>—§
2. (@ () 170 (i) —0.602
(b) (i) —2.30  (ii) 2.30
3. (a) (i) 5logx (i) 5logx

(b) (i) logxlogy—logy+3logx—3
(ii) (logx)2 +4logx+4

© 8ombridge University Pressj201 2

=

b

N

9.
10.
11.
12.
13.

() ()

(ii
(@) ()
(b) ()
() ()

@ ()
(b) ()
(0 ()

-

ﬁ TN D

1.
loga logb
) loga+1

x=3 (i) x=16"

x=a* (i) x=a”
xzi/g (ii) xz\/;
x=5 (i) x=2

x=04 (i) x=0.25
x=6 (i) x=100

x=111

x=-3
et +1
X =

x=09,

x=381

3
1

,y=25

x=10"%=31.6
x=Y4=117

5.50

Exercise 2E

1. (a) (i) 4 (i) 1/2
(b) (i) 6 (ii) 3/2
2. (a) (i) 7y (ii) 2x+y

(b) (i) x+2y—z

(ii) 2x— y—3z
() (i) 2—y-5z

(ii) 1+ y+2z
(d) (i) x—4y

(ii) 2+2x+ y+2z

@ () 2+2 i) 2221
X

© () Lxioer @) 22

x x+y

(a) (1) x=2 (i) x=4

®) () x=9 (i) x=2

@)ﬁ)x=i (i) x=8
(d) () x=25 =528
(if) x =21 =1024

(e) i) x=8 (i) x=4

() ()

1
x=- i) x=8
;)

- e |98




1 3

4, —e2
3
.~ 5.(a) a+2b (b) 2(a-b)
6. x=2,l
[ 2
“f 8. -1
‘7 _1
- % 4Ty
2 Exercise 2F
1. (@) () Y
“J: —0
1 1 z
' (ii) y
r “x =0
( >
(1 »
LY ®) @) y
R S
|
i —
[ 1
1
(i) Yy
} Ax —0
(1/= &z
2
1

. 826  Answers

© @O gy
A le — o
|
I/>x
| /3
|
(ii) Y
x=—1I 4
I
04.1:
I

Exercise 2G

L. (a) (i) 245 (i) 116
(b) (i) —0.609 (i) 4.62
() () -1.71 (i) 0.527
(d) (i) L1 (i) -2.98

2. (a) 100
(b) 48299
() 2.24h

3. (a) 64
(b) 496h

4. (a) 4.96 units

(b) 138.8 mins

5. (a) %%

(b) 2.3 mins
ln(é]
_\4)
s
36
7. x=10+log,3

8. 11.3 min
9. (b) 0.742

g CLCh g cicag Do AN
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Mixed examination practice 2

Short questions
1. x=+24
2. (a) 2a+g—c

4, x=1tV1-¢’
1
5, x=n3
In2
6. a= b?
5 =
7. x=530r53

8. x=e’ore?

Long questions

(b) 0 ms™!
(c) 42 ms™!
(d) 3.71s

22 0.1
2. (a) k=37000,a= (5) =0.949

(b) 2750
(c) 2039

0.1
(d) k=7778,a= (%) =1.025
(e) 2.5%

3. (a) y=3x2
(b) y=-ex*
(c) y=2e¥7
(d) 2

© E}ombridge University PresstO] 2

. Chapter 3

Exercise 3A

1. (a) Order 3, lead coeflicient 3
(b) Order 5, lead coefficient —1
(¢) No
(d) No
(e) No
(f) No
(g) Order 7, lead coefficient 2
(h) Order 0, lead coefhicient 1

2. (a) (i) 6x°+8x2—-29x+14
(ii) 3x*+16x2+23x+6
(b) (i) 2x*—15x>+4x>+4x-1
(ii) 2x* —7x>-30x*+6x+15
© @ pt4p>—3p2 +14b—4
(i) r* —11r*+33r2—62r+14

(d) (i) —x®+2x°+5x*—-10x>—x2+5

(i) —x*+2x*+x>—x2—x
3. (a) (i) x*>+5x—1
(i) x2+x-6
(b) () 3x2+2x-2
(ii) 5x% -2
() 1) x*—2x*+3x+7
(i) x> —x*+x+7
(d (G x*+5
(ii) x =2

4. (a) (i) x®+x2+3
(i) x*+x2+2
(b) () 2x2+3
(i) x—3

5. () () a=4,b=-6
(i) a=3,b=1
(b) () a=b=2
(i) a=0,b=-3
(© () a=2,b=-2
(i) a=2,b=5
() (i) a=-4,b=-6
(i) a=10,b=3
(e) (i) a=+2,b=2
(i) a=+2,b=75

7. (a) Yes (b) No

WA=y il A



