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7

If you drop a tennis ball, it will bounce a little lower each time 
it hits the ground. Th e heights to which the ball bounces form a 
sequence. Although the study of sequences may just seem to be 
the maths of number patterns, it also has a remarkable number 
of applications in the real world, from calculating mortgages to 
estimating the harvests on farms.
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7A   General sequences
A sequence is a list of numbers in a specifi ed order. You may 
recognise a pattern in each of the following examples:

1, 3, 5, 7, 9, 11, ...

1, 4, 9, 16, 25, ...

100, 50, 25, 12.5, ...

To study sequences further, it is useful to have a notation to 
describe them.

Sequences 
and series

Introductory problem

A mortgage of $100 000 is fi xed at 5% compound interest. 
It needs to be paid off  over 25 years by annual instalments. 
Interest is added at the end of each year, just before the 
payment is made. How much should be paid each year?

In this chapter you 
will learn:

 how to describe • 
sequences 
mathematically

 a way to describe • 
sums of sequences

 about sequences with • 
a constant difference 
between terms

 about fi nite sums of • 
sequences with a 
constant difference 
between terms

 about sequences • 
with a constant ratio 
between terms

 about fi nite sums of • 
sequences with a 
constant ratio between 
terms

 about infi nite sums • 
of sequences with a 
constant ratio between 
terms

 how to apply • 
sequences to real life 
problems.
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 7 Sequences and series 191

KEY POINT 7.1KEY POINT 7.1

un is the value of the nth term of a sequence.

So in the sequence 1, 3, 5, 7, 9, 11, ... above, we could say that
u1 1= , u2 3= , u5 9= .

Th e whole of a sequence u1, u2, u3, … is sometimes written {un}.

We are mainly interested in sequences with well-defi ned 
mathematical rules. Th ere are two types: recursive defi nitions 
and deductive rules.

Recursive defi nitions link new terms to previous terms in the 
sequence. For example, if each term is three times the previous 
term we would write u un nu3 .

Worked example 7.1

A sequence is defi ned by u un n n= +u 1u −unu n+uunu  with u1 1= and u2 1= . 
What is the fi ft h term of this sequence?

The sequence is defi ned 
inductively, so we have to work 

our way up to u5

To fi nd u3 we set n = 2 

u3 = u2 + u1 
 = 1 + 1 
 = 2

To fi nd u4 we set n = 3  u4 = u3 + u2 
 = 2 + 1 
 = 3 

To fi nd u5 we set n = 4  u5 = u4 + u3 
 = 3 + 2 
 = 5 

        You may recognise this as the famous Fibonacci Sequence, based on a model Leonardo 
 Fibonacci made for the breeding of rabbits. This has many applications from the  
 arrangement of seeds in pine cones to a proof of the infi nity of prime numbers.

There is also a beautiful link to the golden ratio: 1 5
2

un is a conventional 

symbol for a 

sequence, but 

there is nothing 

special about the 

letters used. We 

could also have a 

sequence tx or ah. 

The important thing 

is that the letter 

with a subscript 

represents a value 

and the subscript 

represents where 

the term is in the 

sequence.

exam hint
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192 Topic 1: Algebra

Deductive rules link the value of the term to where it is in the 
sequence. For example, if each term is the square of its position 
in the sequence then we would write un = n2.

Worked example 7.2

A sequence is defi ned by un = 2n – 1. List the fi rst four terms of this sequence.

With a deductive rule, we can 
fi nd the fi rst four terms by 

setting n = 1, 2, 3, 4

u1 = 2 × 1 − 1 = 1 
u2 = 2 × 2 − 1 = 3 
u3 = 2 × 3 − 1 = 5
u4 = 2 × 4 − 1 = 7

There are several alternative names used for deductive and recursive defi nitions.

An recursive defi nition may also be referred to as ‘term-to-term rule’, ‘recurrence relation’ or 
‘recursive defi nition’.

A deductive rule may be referred to as ‘position-to-term rule’, ‘nth term rule’ or simply ‘the 
formula’ of the sequence.

exam hint

Exercise 7A
1. Write out the fi rst fi ve terms of the following sequences, using 

the inductive defi nitions.
 (a) (i) un n= +u 1nu +unu 5 3u =1u 1.1 31u  (ii) u u un n −u =1u unuu 3 8 10
 (b) (i) u un n =1un3 1+unu +unu 0  (ii) un n 1n9 1u −uunuu 0 1u =1u
 (c) (i) u u un n n= ×u =1+nuu +unu 1 2= 2 3u =u2uu, u1

  (ii) u u un n n= ÷u =1+unuu +u 1 2u= 2 1u =u2uu,
 (d) (i) u un n= +u =u1nu +unu 25 3u1u 4
  (ii) u un n 1unu 22 1+u +unu 3 3u =2

 (e) (i) un n= +u 4unu +unu 4 1u =4u 2  (ii) u un −u1 6unuu 2 3u =6u

2. Write out the fi rst fi ve terms of the following sequences, using 
the deductive defi nitions.

 (a) (i) un 3 2n +n  (ii) u nn −n1 5 6
 (b) (i) u nn −n3 1  (ii) u nn 5 2

 (c) (i) un
n= 3  (ii) un

n= ( )8 0× ( 5.
 (d) (i) u nn

n  (ii) u nn = °nsin(9 )
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 7 Sequences and series 193

Worked example 7.3

Adding up consecutive odd numbers starting at 1 forms a series.

Let Sn denote the sum of the fi rst n terms. List the fi rst fi ve terms of the sequence Sn and suggest 
a rule for it.

Start by examining the 
fi rst few terms

 S1 = 1
 S2 = 1 + 3 = 4 
 S3 = 1 + 3 + 5 = 9
 S4 = 1 + 3 + 5 +7 = 16
 S5 = 1 + 3 + 5 + 7 + 9= 25

Do we recognise these numbers? It seems that Sn = n2

3. Give an inductive defi nition for each of these sequences.
 (a) (i) 7, 10, 13, 16, … (ii) 1, 0.2, –0.6, –1.4, …
 (b) (i) 3, 6, 12, 24, …  (ii) 12, 18, 27, 40.5, …
 (c) (i) 1, 3, 6, 10, …  (ii) 1, 2, 6, 24, …

4. Give a deductive defi nition for each of the following sequences.
 (a) (i) 2, 4, 6, 8, …  (ii) 1, 3, 5, 7, …
 (b) (i) 2, 4, 8, 16, … (ii) 5, 25, 125, 625, …
 (c) (i) 1, 4, 9, 16, … (ii) 1, 8, 27, 64, …

 (d) (i) 
1
2

2
3

3
4

4
5

, , , …  (ii) 
1
2

3
4

5
8

7
16

, , , …

5. A sequence {un} is defi ned by u0 = 1, u1 = 2, 
un+1 = 3un – 2un–1 – 1 where n ∈Z.

 (a) Find u2, u3 and u4.
 (b) (i)  Based on your answer to (a), suggest a formula for un in 

terms of n.
  (ii)  Verify that your answer to part (b)(i) satisfi es the 

equation un+1 = 3un – 2un – 1. [6 marks]

7B  General series and sigma notation
If 10% interest is paid on money in a bank account each year, 
the amounts paid form a sequence. While it is good to know 
how much is paid in each year, you may be even more interested 
to know how much will be paid in altogether.
Th is is an example of a situation where we may want to sum a 
sequence. Th e sum of a sequence up to a certain point is called 
a series, and we oft en use the symbol Sn to denote the sum of the 
fi rst n terms of a sequence.
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194 Topic 1: Algebra

Defi ning such sums by saying ‘Add up a defi ned sequence 
from a given start point to a given end point’ is too wordy and 
imprecise for mathematicians.

Exactly the same thing is written in a shorter (although not 
necessarily simpler) way using sigma notation:

KEY POINT 7.2KEY POINT 7.2

f(r) = f(1) + f(2) + ... +f(n)Σ
r = 1

r = n

This is the first value taken by r; where counting starts

r is a placeholder; it shows what changes with each new term

This is the last value taken by r, where counting ends

Greek capital
sigma means

‘add up’

If there is only one variable in the expression being summed, it 
is acceptable to miss out the ‘r =’ above and below the sigma.

In the example we use both the letters n and r as unknowns – 
but they are not the same type of unknown.

If we replaced r by any other letter (apart from f or n) then 
the expression on the right would be unchanged. r is called a 
dummy variable. If we replaced n by any other letter then the 
expression would change.

Worked example 7.4

T rnTT
n

∑
2

2  Find the value of T4TT .

Put the starting value, r = 2 into 
the expression to be summed

T4TT 22 +2= 2 …

We’ve not reached the end 
value, so put in r = 3

T4TT 2 22 32= 22 + …

We’ve not reached the end 
value, so put in r = 4

T4TT 2 2 22 32 4= 22 +

We’ve reached the end 
value, so evaluate

T4TT 4 9 16 29= 4 + =16

Do not be intimidated 

by this complicated-

looking notation.

If you struggle with it, 

try writing out the fi rst 

few terms.

exam hint
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 7 Sequences and series 195

Worked example 7.5

Write the series T4TT 1
2

1
3

1
4

1
5

1
6= +1

2 + +1
4 +  using sigma notation.

We must write in terms of the
dummy variable r what eachterm of the sequence looks like General term = 1

r

What is the fi rst value of r? Starts when r = 2

What is the fi nal value of r? Ends when r = 6

Summarise in sigma notation Series
r

= ∑
2

6 1

Exercise 7B
1. Evaluate the following expressions.

 (a) (i) 
2

4

3∑ r  (ii) 
5

7

∑( )2 1

 (b) (i) 
3

6

∑( )2 1  (ii) 
−
∑

1

4

1 5r

 (c) (i) 
a

a

b a
=

=

∑ +
1

4

1( )  (ii) 
q

q

pq
=−

=

∑
3

2
2

2. Write the following expressions in sigma notation. Be aware that 
there is more than one correct answer.

 (a) (i) 2 + 3 + 4 … + 43 (ii) 6 + 8 + 10 … + 60

 (b) (i) 1
4

1
8

1
16

1
128

+ + …+  (ii) 2 2
3

2
9

2
243

+ + …+

 (c) (i) 14 21 28 70a a a a70+ +21a21 …+  (ii)  0 + 1 + 2b + 3b… + 19b, (b ≠ 0)

7C  Arithmetic sequences
We will now focus on one particular type of sequence: one 
where there is a constant diff erence, known as the common 
diff erence, between consecutive terms.

Th is is called an arithmetic sequence (or an arithmetic 
progression). Th e standard notation for the diff erence between 
terms is d, so arithmetic sequences obey the recursive defi nition 
un + 1 = un + d.
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196 Topic 1: Algebra

Knowing the common diff erence is not enough to fully defi ne 
the sequence. Th ere are many diff erent sequences with common 
diff erence 2, for example:

1, 3, 5, 7, 9, 11, … and 106, 108, 110, 112, 114, …
To fully defi ne the sequence we also need the fi rst term. 
Conventionally this is given the symbol u1. 
So the sequence 106, 108, 110, 112, 114, … is defi ned by:

u1= 106, d = 2.

Worked example 7.6

What is the fourth term of an arithmetic sequence with u1 = 300, d = –5?

Use the recursive defi nition to fi nd 
the fi rst four terms

un+1 = un + d

u1 = 300
u2 = u1 − 5 = 295
u3 = u2 − 5 = 290
u4 = u3 − 5 = 285

In the above example it did not take long to fi nd the fi rst four 
terms. But what if you had been asked to fi nd the hundredth 
term? To do this effi  ciently we must move from the inductive 
defi nition of arithmetic sequences to the deductive defi nition.

We need to think about how arithmetic sequences are built up. 
To get to the nth term we start at the fi rst term and add on the 
common diff erence n – 1 times. Th is suggests a formula:
KEY POINT 7.3KEY POINT 7.3

un = u1 + (n − 1)d

Worked example 7.7

Th e fi ft h term of an arithmetic sequence is 7 and the eighth term is 16. What is the 100th term?

Write down the information given 
and relate it to u1 and d to give 

an expression for the fi fth term in 
terms of u1 and d

u5 = u1 + 4d

But we are told that u5 = 7 7 = u1 + 4d (1)

Repeat for the eighth term 16 = u1 + 7d (2)
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 7 Sequences and series 197

Many exam-style questions on sequences and series 
involve writing the given information in the form of 
simultaneous equations and then solving them. 

exam hint

Solve simultaneously (2) – (1)  9 = 3d 
 ⇔ d = 3
 ∴ u1 = −5

Write down the general term and 
use it to answer the question

 un = −5 + (n−1) × 3 
 ∴ u100 = −5 + 99 × 3 = 292

continued . . .

‘Arithmetic progression’ is just another way of saying 
‘arithmetic sequence’.

Make sure you know all the alternative expressions for the 
same thing.

exam hint

Worked example 7.8

An arithmetic progression has fi rst term 5 and common diff erence 7. What is the term number 
corresponding to the value 355?

The question is asking for n when 
un = 355. Write this as an equation

 355 = u1 + (n − 1)d = 5 + 7(n − 1)

Solve this equation   350 = 7(n − 1)
 ⇔ 50 = n − 1
 ⇔ n = 51
So 355 is the 51st term.

Exercise 7C
1. Using Key point 7.3, fi nd the general formula for each 

arithmetic sequence given the following information.
 (a) (i) First term 9, common diff erence 3
  (ii) First term 57, common diff erence 0.2
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198 Topic 1: Algebra

 (b) (i) First term 12, common diff erence −1
  (ii) First term 18, common diff erence 1

2
 (c) (i) First term 1, second term 4
  (ii) First term 9, second term 19
 (d) (i) First term 4, second term 0
  (ii) First term 27, second term 20
 (e) (i) Th ird term 5, eighth term 60
  (ii) Fift h term 8, eighth term 38

2. How many terms are there in the following sequences?
 (a) (i) 1, 3, 5, …, 65
  (ii) 18, 13, 8, …, –122
 (b) (i) First term 8, common diff erence 9, last term 899
  (ii) First term 0, ninth term 16, last term 450

3. An arithmetic sequence has 5 and 13 as its fi rst two terms.
 (a)  Write down, in terms of n, an expression for the nth 

term, un. 
 (b)  Find the number of terms of the sequence which are 

less than 400.  [8 marks]

4.  Th e 10th term of an arithmetic sequence is 61 and the 
13th term is 79. Find the value of the 20th term.  [4 marks]

5.  Th e 8th term of an arithmetic sequence is 74 and the 
15th term is 137. Which term has the value 227?  [4 marks]

6.  Th e heights of the rungs in a ladder form an arithmetic 
sequence. Th e third rung is 70 cm above the ground and the 
tenth rung is 210 cm above the ground. If the top rung is 
350 cm above the ground, how many rungs does the ladder 
have?  [5 marks]

7.  Th e fi rst four terms of an arithmetic sequence are 2, a – b, 
2a +b + 7 and a – 3b, where a and b are constants. Find a and b.
 [5 marks]

8.  A book starts at page 1 and is numbered on every page.
 (a)  Show that the fi rst eleven pages contain thirteen digits.
 (b)   If the total number of digits used is 1260, how many 

pages are in the book? [8 marks]
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7D   Arithmetic series
When you add up terms of an arithmetic sequence you get 
an arithmetic series. Th ere is a formula for the sum of an 
arithmetic series, the proof of which is not required in the 
IB. See Fill-in proof 4 ‘Arithmetic series and the story of Gauss’ 
on the CD-ROM if you are interested.

Th ere are two diff erent forms for the formula.
KEY POINT 7.4O N 7.

If you know the fi rst and last terms:

S n
n n=

2
( )unuu +uu

If you know the fi rst term and the common difference:

S
n

n = ( )u n d(( )
2

n+u −(

Worked example 7.9

Find the sum of the fi rst 30 terms of an arithmetic progression with fi rst term 8 and common 
diff erence 0.5.

We have all the information we 
need to use the second formula

S30
30
2

30 1 5 5= −30 5( (2 82 + ) .00 ) .457

Sometimes you have to interpret the question carefully to be 
sure that it is about an arithmetic sequence.

Worked example 7.10

Find the sum of all the multiples of 3 between 100 and 1000.

Write out the fi rst few terms to see 
what is happening

Sum = + + …+102 1+ 05 108 999
This is an arithmetic series with u1 = 102 and d = 3

To use either sum formula, we 
also need to know how many 

terms are in this sequence
We do this by setting un = 999

999 102 3
897 3 1

300

= 102
⇔ =897 −( )
⇔ =

( )1−
n

Use the fi rst sum formula S300
300

2
102 999 165 150+102= ( ) =
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200 Topic 1: Algebra

You must be able to work backwards too; given information 
which includes the sum of the series, you may be asked to 
fi nd out how many terms are in the series. Remember that 
the number of terms can only be a positive integer.

Worked example 7.11

An arithmetic sequence has fi rst term 5 and common diff erence 10.

If the sum of all the terms is 720, how many terms are in the sequence?

We need to fi nd n and it is the 
only unknown in the second 

sum formula

720
2

1= −n
n( (2 52 + ) )10

 
= + −( )n

n
2

10 10 10

 = 5 2n

Solve this equation n2 144=
 n = ±12
But n must be a positive integer, so n = 12

Exercise 7D
1. Find the sum of the following arithmetic sequences:
 (a) (i) 12, 33, 54, … (17 terms)
  (ii) –100, –85, –70, … (23 terms)
 (b)  (i) 3, 15, …, 459
  (ii) 2, 11, …, 650
 (c) (i) 28, 23, …, –52
  (ii) 100, 97, …,40
 (d) (i) 15, 15.5, …, 29.5

  (ii) 
1

12
1
6

1 5, , , .1…

2. An arithmetic sequence has fi rst term 4 and common 
diff erence 8.

 How many terms are required to get a sum of:
 (a) (i) 676 (ii) 4096 (iii) 11236
 (b) x x2 0, >
3. Th e second term of an arithmetic sequence is 7. Th e 

sum of the fi rst four terms of the sequence is 12. Find 
the fi rst term, a, and the common diff erence, d, of the 
sequence. [5 marks]

© Cambridge University Press 2012

Not for printing, sharing or distribution.



 7 Sequences and series 201

  Consider the arithmetic series 2 + 5 + 8 + ...:
  (a) Find an expression for Sn , the sum of the fi rst n terms.
  (b) Find the value of n for which Sn = 1365.  [5 marks]
 5. Find the sum of the positive terms of the arithmetic 

sequence 85, 78, 71, ...  [6 marks]
 6. Th e second term of an arithmetic sequence is 6. Th e sum 

of the fi rst four terms of the arithmetic sequence is 8. Find 
the fi rst term, a, and the common diff erence, d, of the 
sequence.  [6 marks]

 7. Consider the arithmetic series − +6 1 8 1+ + + 5 ... 
  Find the least number of terms so that the sum of the 

series is greater than 10 000.  [6 marks]
 8. Th e sum of the fi rst n terms of an arithmetic sequence is 

Sn = 3n2 − 2n. Find the nth term un.  [6 marks]
 9. A circular disc is cut into twelve sectors whose angles are 

in an arithmetic sequence. 
  Th e angle of the largest sector is twice the angle of the smallest 

sector. Find the size of the angle of the smallest sector.  [6 marks]

 10.  Th e ratio of the fi ft h term to the twelft h term of a sequence 
in an arithmetic progression is 6

13
. 

  If each term of this sequence is positive, and the product 
of the fi rst term and the third term is 32, fi nd the sum of 
the fi rst 100 terms of this sequence.  [7 marks]

 11. What is the sum of all three-digit numbers which are 
multiples of 14 but not 21? [8 marks]

4.

7E  Geometric sequences
Geometric sequences have a constant ratio, called the common 
ratio, r, between terms:

u un nr u= ×rr
So examples of geometric sequences might be:
1, 2, 4, 8, 16, … (r = 2)
100, 50, 25, 12.5, 6.25, … (r = 1

2
)

1, –3, 9, –27, 81, … (r = –3)
As with arithmetic sequences, we also need to know the 
fi rst term to fully defi ne a geometric sequence. Again this 
is normally given the symbol u1.

To get immediately to the deductive rule, we can see that to get 
to the nth term you start at the fi rst term and multiply by the 
common ratio n – 1 times.
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KEY POINT 7.5KEY POINT 7.5

un = u1 r n−1

Notice that the question asked for 
values rather than value. This is a big 
hint that there is more than one solution.

exam hint

Worked example 7.12

Th e seventh term of a geometric sequence is 13. Th e ninth term is 52.

What values could the common ratio take?

Write an expression 
for the seventh 

term in terms of u1 and r

 u7 = u1r 6

But u7 = 13  13 = u1r 6         (1) 

Repeat the same process for 
the ninth term

 52 = u1r 8       (2)

Solve the two equations 
simultaneously. Divide to 

eliminate u1

 (2) ÷ (1)
 4 = r 2

 ⇔ r = ±2

Worked example 7.13

A geometric sequence has fi rst term 10 and common ratio 1
3

. What is the fi rst term that is less 
than 10–6?

Express the condition 
as an inequality

10
1
3

10
1

6× ⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞ <

−
−

n

The unknown is in the power so 
we solve it using logarithms

⇔ ⎛
⎝
⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞ <

−
−1

3
10

1
7

n

⇔ ⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

−
−log l⎛

⎝
⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞ < og

1
3

10
1

7
n

When questions on geometric sequences ask what term satisfi es a particular condition, you will usually 
use logarithms to solve an equation. Be careful when dealing with logarithms and inequalities; if you 
divide by the logarithm of a number less than 1 then you must fl ip the inequality.
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continued . . .

Worked example 7.14

A geometric sequence has fi rst term 2 and common ratio –3. What term has the value −4374?

Write the information given 
as an equation

− = ( ) −4374 2 3× −( 1n

Multiply both sides by –3 to make 
the left hand side positive

⇔ 13 122 = 2 × (−3)n

Since both sides must be positive:
13 122 = 2 × (3)n

Since the LHS is positive the RHS 
must also be positive, so n must 

be even and we can replace 
(−3)n with (3)n

Solve the equation using 
logarithms

 6561 = 3n

log 6561 = n log3

 
n = =log

log
6561

3
8

Use the logarithm law 
loga x p = ploga x

⇔ −( ) ⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠

−1
1
3

10 7log l⎛
⎝
⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞ <1

3
og

log 1
3

< 0⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

 so reverse the 

inequality when dividing 

⇔ n −( ) >
⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞

−
1

10
1
3

7log

log

⇔ n > 15. (7 )3SF

But n is a whole number so the fi rst term satisfying the 
condition is 16

A particular problem is when the common ratio is negative, as 
we cannot take the log of a negative number. However, we can 
get around this problem using the fact that a negative number 
raised to an even power is always positive.

Inequalities are 
covered in Prior 
learning Section L.
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Exercise 7E
 1. Find an expression for the nth term of these geometric 

sequences:
  (a) (i) 6, 12, 24, … (ii) 12, 18, 27, …
  (b) (i) 20, 5, 1.25, … (ii) 1 1

2
1
4

, , ,…
  (c) (i) 1, –2, 4, … (ii) 5, –5, 5, …
  (d) (i) a ax ax, ,ax ,2 … (ii) 3 6 12 2, ,6 ,x x12, …
 2. How many terms are there in the following geometric 

sequences?
  (a) (i) 6, 12, 24, …, 24576 (ii) 20, 50, …, 4882.8125
  (b) (i) 1 3 19683, , ,…3,3 −   (ii) 2, –4, 8, …, –1024

  (c) (i) 1
2

1
4

1
1024

, , ,…   (ii) 3 2 4
3

128
729

, ,2 , ,

 3. How many terms are needed in the following geometric 
sequences to get within 10 9−  of zero?

  (a) (i) 5 1 1
5

, ,1 ,… (ii) 0.6, 0.3, 0.15, …

  (b) (i) 4, –2, 1, … (ii) –125, 25, –5, …
 4. Th e second term of a geometric sequence is 6 and the fi ft h 

term is 162. Find the tenth term.  [5 marks]
 5. Th e third term of a geometric sequence is 112 and the 

sixth term is 7168. 
  Which term takes the value 1 835 008?  [5 marks]

 6. Which is the fi rst term of the sequence 2
5

4
25

2
5

, , ,…
n

n
 that is 

less than 10 6− ?  [6 marks]
 7. Th e diff erence between the fourth and the third term of 

a geometric sequence is 75
8

 times the fi rst term. Find all 

possible values of the common ratio.  [6 marks]
 8. Th e third term of a geometric progression is 12 and 

the fi ft h term is 48. Find the two possible values of the 
eighth term.  [6 marks]

 9. Th e fi rst three terms of a geometric sequence are a, a + 14 
and 9a. Find all possible values of a. [6 marks]

 In Worked example 7.14, you might have tried taking logarithms at the fi rst line. 
Although this would have meant logs of negative numbers, using the rules of logs leads 
to the correct answer. Th is suggests that there may be some interpretation of logs of 
negative numbers, and when we meet complex numbers there will indeed be an 

interpretation. So does the logarithm of a negative number ‘exist’? To some extent in 
mathematics if a concept is useful, that is enough to justify its introduction.
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 10. Th e three terms a, 1, b are in arithmetic progression.  
Th e three terms 1, a, b are in geometric progression. 
Find the value of a and b given that a ≠ b.  [7 marks]

 11. Th e sum of the fi rst n terms of an arithmetic sequence 
{un} is given by the formula Sn = 4n2 – 2n. Th ree terms 
of this sequence, u2, um and u32, are consecutive terms 
in a geometric sequence. Find m. [7 marks]

7F  Geometric series
As with arithmetic series there is a complicated formula for the 
sum of geometric sequences. See Fill-in proof 5 ‘Self-similarity 
and geometric series’, on the CD-ROM for the derivation.
KEY POINT 7.6KEY POINT 7.6

S
u

rn = ( )rn

−
1

1
   (r ≠ 1)

or equivalently

S
u

rn = ( )rn −
−

1

1
   (r ≠ 1)

We generally use the fi rst of these formulae when the common 
ratio is less than one and the second when the common ratio is 
greater than one. Th is avoids working with negative numbers.

Worked example 7.15

Find the exact value of the sum of the fi rst 6 terms of the geometric sequence with fi rst term 8 

and common ratio 1
2

.

r < 1, so use the fi rst sum formula
S6

6

1
2

8 1

1
=

− ( )1
2( )

−

 

=
( )−8(

1
2

 
= ⎛

⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞16

63
64

 = 63
4
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Exercise 7F
1. Find the sums of the following geometric series. (Th ere may 

be more than one possible answer!)
 (a) (i) 7, 35, 175, … (10 terms)
  (ii) 1152, 576, 288, … (12 terms)
 (b) (i) 16, 24, 36, …, 182.25
  (ii) 1, 1.1, 1.21, …, 1.771651
 (c) (i) First term 8, common ratio –3, last term 52 488
  (ii) First term –6, common ratio –3, last term 13 122
 (d) (i) Th ird term 24, fi ft h term 6, 12 terms
  (ii) Ninth term 50, thirteenth term 0.08, last term 0.0032

Worked example 7.16

How many terms are needed for the sum of the geometric series 3 + 6 + 12 + 24 + ... 
to exceed 10 000?

State the values of u1 and r u1 = 3
r = 2

r >1, so use the second sum 
formula and express the 

condition as an inequality

Sn =
( )n −

>
3(

2 1−
10 000

The unknown n is in the power, 
so use logarithms to solve the 

inequality

3(2n − 1) > 10 000

 
2

10003
3

n >

⇔ ⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

l g l> og
10003

3

⇔ ⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

l g l> og
10003

3

⇔ > ⎛
⎝⎝⎝

⎞
⎠⎠⎠

log l
⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

÷ og
10003

3
2

 n > 11.7 (3SF)
But n must be a whole number so 12 terms are needed.

We may be given information about the sum and have to 
deduce other information.

Geometric series get 
very large very quickly. 
A mathematical legend 
involving the supposed 
inventor of chess, Sissa Ibn 
Dahir, illustrates how poor our 
intuition is with large numbers. 
It is explored on 
Supplementary sheet 6 
‘The chess legend and 
extreme numbers’.
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2. Find the possible values of the common ratio if the:
 (a) (i) fi rst term is 11 and the sum of the fi rst 12 terms is 2 922 920
  (ii) fi rst term is 1 and the sum of the fi rst 6 terms is 1.249 94
 (b) (i) fi rst term 12 and the sum of the fi rst 6 terms is –79 980
  (ii) fi rst term is 10 and the sum of the fi rst 4 terms is 1.
3. Th e nth term, un, of a geometric sequence is given by 

u nn
n ∈+ +n ∈3 5× 2 , Z .

 (a) Find the common ratio, r.
 (b)  Hence or otherwise, fi nd Sn, the sum of the fi rst n terms 

of this sequence.  [5 marks]

4. Th e sum of the fi rst three terms of a geometric sequence is 

23 3
4

 and the sum of the fi rst four terms is 40 5
8

. Find the 

fi rst term and the common ratio.  [6 marks]
5. (a)  A geometric sequence has fi rst term 1 and common 

ratio x. Express the sum of the fi rst four terms as a 
polynomial in x.

 (b)  Factorise x6 − 1 into a linear factor and a polynomial of 
order 5. [6 marks]

7G  Infi nite geometric series
If we keep adding together terms of any arithmetic sequence the 
answer grows (or decreases) without limit. Th e series is divergent.

Sometimes this happens with geometric series too, but there are 
cases where the sum gets closer and closer to a fi nite number. 
Th e series is convergent.

Not all geometric series converge. To decide which ones do, 
we need to use the formula for a geometric series from 
Key point 7.6.

S
u

rn = ( )rn

−
1

1
and look at the rn term. We are interested in what happens to 
this as n gets very large.

When you raise most numbers to a large power the result gets 
bigger and bigger, except when r is a number between –1 
and 1. In this case, rn gets smaller as n increases – in fact it 
tends to 0.

 Many other sequences 
and series show 
interesting long-term 
behaviour. For 

example if the series
4
1

4
3

4
5

4
7

− + −  

continues for ever, the 
result is π. Series like 
these are investigated in 
Supplementary sheet 5 
‘Long-term behaviour of 
sequences and series’ on 
the CD-ROM.

n
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We can summarise:
KEY POINT 7.7KEY POINT 7.7

As n increases the sum of a geometric series converges to:

S u
r∞ =

−
<1

1
1if | |r

Th is is called the sum to infi nity of the series.

The condition that 

⏐r⏐<1 is just as 

important as the 

formula.

exam hint

When r = 1 the geometric sequence defi nitely diverges. When r = –1 it is uncertain 
whether the sequence converges or not. It might converge to 0, to u1 or to 

u1

2
 depending 

upon how the terms are grouped. This is an example of a situation where mathematics is 
open to interpretation.

Worked example 7.17

Th e sum to infi nity of a geometric series is 5. Th e second term is − 6
5

. Find the 
common ratio.

Express the information given as 
equations in terms of u1 and r

S
u

r∞ =
−

=1

1
5  (1)

u u r2 1u
6
5

=u r1u −   (2)

Solve the equations 
simultaneously

From (2) u r1
6
5

= −

Substituting into (1)

− ( ) =6
5 1( 5

r−1(
⇔ −6 2= 5 2( )2−
⇔ =0 2= 5 25 6−2 2− 5 = ( )5 6)6− ( )5 1+5

Therefore r = 6
5

 or r = − 1
5

Watch out for a trick! Check that 
the series converges

But since the sum to infi nity exists, r < 1 so 

r = − 1
5
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Remember that some questions may focus on the condition for 
the sequence to converge as well as the value that it converges to.

Worked example 7.18

Th e geometric series 2 3( )2 ( )22 + ( )22 −2 …+) ( −2  converges. What values can x take?

Identify r  r = (2 − x)

Use the fact that the series 
converges

Since the series converges ⏐2 − x⏐< 1

Solve the inequality −1 < 2 − x < 1
⇔ −3 < − x < −1
Therefore 1 < x < 3

Exercise 7G
1. Find the value of these infi nite geometric series, or state that 

they are divergent.
 (a) (i) 9 3 1 1

3
+3 + +…

  (ii) 56 8 11
7

+ 8 +…

 (b) (i) 0 3 0 03 0 003. .3 0 .+ 0 030 +…
  (ii) 0 78 0 0078 0 000078. .78 0 .+0 0078.0 +…
 (c) (i) 0 01 0 02 0 04. .01 0 +0 02.0 +…

  (ii) 19
10000

19
1000

19
100

+ + +…

 (d) (i) 10 2 0 4− 2 −….

  (ii) 6 4 8
3

+4 −…
 (e) (i) 10 40 160− +40 −…
  (ii) 4 2 3 36 2 688. .2 3 .− 3 363 −…
2. Find the values of x which allow these geometric series to 

converge.
 (a) (i) 9 9 9 2+9 …+x x9+
  (ii) − −2 2− 2 2x x− 2 …

 (b) (i) 1 3 9 2+3 …+x x9+
  (ii) 1 10 100 2+ +10 …+x x100+
 (c) (i) − − …2 1− 0 50 2x− 5− 0
  (ii) 8 24 72 224 …+x x72
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 (d) (i) 40 10 2 5 2+ +10 …+x x2 5+
  (ii) 144 12 2+ +12 …+x x+
 (e) (i) 243 81 27 2− +81 …−x x27+

  (ii) 1 5
4

25
16

2− + …−x x+

 (f) (i) 3 6 12
2

− + −…
x x

  (ii) 18 9 1
2

− + −…
x x

 (g) (i) 5 5 5 25( )3 23 + 5( )3 23 …+5) + 5(3 2−3

  (ii) 7
7

2
7

4

2

+ ( )2 −
+ ( )2

+…
7) (2 −

 (h) (i) 1 3 2 3 2 2

−3⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

−3+ ⎛
⎝
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

…+
x x⎠⎠⎠ ⎝⎝⎝

  (ii) 1 1 2

2
+ + + ( )1+

+…x
x x

 (i) (i) 7 7 2 477 2 …+x x77+2

  (ii) 12 48 93 6192− 48 3 …−x x192192+3

3. Find the sum to infi nity of the geometric sequence
 –18, 12, –8, …  [4 marks]

4. Th e fi rst and fourth terms of a geometric series are 18 and − 2
3  

respectively. Find:
 (a) the sum of the fi rst n terms of the series
 (b) the sum to infi nity of the series.  [5 marks]
5. A geometric sequence has all positive terms. Th e sum of the fi rst 

two terms is 15 and the sum to infi nity is 27. Find the value of
 (a) the common ratio
 (b) the fi rst term.  [5 marks]
6. Th e sum to infi nity of a geometric sequence is 32. Th e sum of 

the fi rst four terms is 30 and all the terms are positive.
 Find the diff erence between the sum to infi nity and the sum of 

the fi rst eight terms.  [5 marks]
7. Consider the infi nite geometric series:

  
1 2

3
2
3

2

+ ⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

+ ⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

…+x x2⎞⎞⎞ ⎛⎛⎛

 (a) For what values of x does the series converge?
 (b) Find the sum of the series if x = 1.2. [6 marks]
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 8.  Th e sum of an infi nite geometric sequence is 13.5, and the 
sum of the fi rst three terms is 13. Find the fi rst term. [6 marks]

 9. An infi nite geometric series is given by k

=

∞

∑ ( )x−
1
2( .

  (a)  Find the values of x for which the series has a fi nite sum.
  (b)  When x = 1.2, fi nd the minimum number of terms needed 

to give a sum which is greater than 1.328.  [7 marks]
 10. Th e common ratio of the terms in a geometric series is 2x.
  (a)  State the set of values of x for which the sum to infi nity of 

the series exists.
  (b)  If the fi rst term of the series is 35, fi nd the value of x for 

which the sum to infi nity is 40.  [6 marks]

11. f x x x( ) = + …1 2+ 4 8x +x2 3x8+  is an infi nitely long expression. 
Evaluate:

 (a) f
1
3

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

     (b) f
2
3

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

 [6 marks]

7H  Mixed questions
Be very careful when dealing with sequences and series questions.

It is vital that you

• identify whether it is a geometric or an arithmetic sequence

•  identify whether it is asking for a term in the sequence or the 
sum of terms in the sequence

•  interpret the information given in the question into equations.

One frequently examined topic is compound interest. Th is is about 
savings or loans, where the interest added is a percentage of the 
current amount. As long as no other money is added or removed, 
the value of the investment will follow a geometric sequence.

If the compound interest rate is p% then this is equivalent to a 
ratio of r

p= +1
100

.

Exercise 7H
1. Philippa invests £1000 at 3% compound interest for 6 years.
 (a) How much interest does she get paid in the 6th year?
 (b) How much does she get back aft er 6 years?  [6 marks]

© Cambridge University Press 2012

Not for printing, sharing or distribution.



212 Topic 1: Algebra

2. Lars starts a job on an annual salary of $32 000 and is 
promised an annual increase of $1500.

 (a) How much will his 20th year’s salary be?
 (b)  Aft er how many complete years will he have earned a 

total of $1 million?  [6 marks]

3. A sum of $5000 is invested at a compound interest rate of 
6.3% per annum.

 (a)  Write down an expression for the value of the 
investment aft er n full years.

 (b)  What will be the value of the investment at the end of 
5 years?

 (c)  Th e value of the investment will exceed $10 000 aft er 
n full years.

  (i) Write an inequality to represent this information.
  (ii) Calculate the minimum value of n.  [8 marks]

4. Each consecutive row of seats in a theatre has 200 more 
seats than the previous row. Th ere are 50 seats in the front 
row and the designer wants the theatre capacity to be at 
least 8000.

 (a)  How many rows are required?
 (b)  Assuming the spacings between rows are equal, what 

percentage of people are seated in the front half of the 
theatre?  [7 marks]

5.  A sum of $100 is invested.
 (a)  If the interest is compounded annually at a rate of 5% 

per year, fi nd the total value V of the investment aft er 
20 years.

 (b)  If the interest is compounded monthly at a rate of 5
12

% 

per month, fi nd the minimum number of months for the 
value of the investment to exceed V.  [6 marks]

6. A marathon is a 26 mile race. In his training program, a 
marathon a runner runs 1 mile on his fi rst day of training 
and each day increases his distance by 1

4
 of a mile.

 (a) Aft er how many days has he run for a total of 26 miles?
 (b) On which day does he fi rst run over 26 miles? [6 marks]
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7.  A ball is dropped vertically from 2 m in the air. Each time it 
bounces up to a height of 80% of its previous height.

 (a) How high does it bounce on the fourth bounce?
 (b)  How far has it travelled when it hits the ground for the 

ninth time?  [7 marks]

8. Samantha puts $1000 into a bank account at the beginning 
of each year, starting in 2010.

 At the end of each year 4% interest is added to the account.
 (a)  Show that at the beginning of 2012 there is 

$ $ . $1000 1. 1000 1 0. 4 2×$1000 ×$1000 ( )  in the account.
 (b)  Find an expression for the amount in the account at the 

beginning of year n.
 (c)   When Samantha has a total of at least $50 000 in 

her account at the beginning of a year she will buy 
a house. In which year will this happen? [7 marks]

Summary

• Sequences can be described using either recursive defi nitions– from term-to-term – or 
deductive rules – fi nding the nth term.

• A series is a sum of terms in a sequence and it can be described neatly using sigma notation:

 f r f f f n
r

r n

)r ( ) )n= f + +
=

∑ f (
1

…

• One very important type of sequence is an arithmetic sequence which has a constant 
diff erence, d,  between terms. Th e relevant formulae are given in the Formula booklet:

– If you know the fi rst term, u1, the general term is:

u u dn = +u ( )n1

– If you know the fi rst and last terms the sum of all n terms in the sequence is:

S n
n n=

2
( )unuu +uu

– If you know the fi rst term and the common diff erence:

S n dn = ( )
2 1( )u n d(( )1n2 +u −(1

© Cambridge University Press 2012

Not for printing, sharing or distribution.



214 Topic 1: Algebra

Introductory problem revisited

A mortgage of $100 000 is fi xed at 5% compound interest. It needs to be paid off  over 
25 years by annual instalments. Interest is added at the end of each year, just before the 
payment is made. How much should be paid each year?

Imagine that you have two separate bank accounts. One is overdrawn and interest is added 
annually to the debt. You make regular payments to the second account, and this account 
earns interest each year at the same rate.

Th e fi rst payment you make will have interest paid on it 24 times. Th e second payment will 
have 23 interest payments and so on.

Th e amount in the debt account aft er 25 years will be 100 000 × 1.0525.

If the annual payment is $x, the amount in the credit account will be:

x × 1.0524 + x × 1.0523 + x × 1.0522 + ... + x × 1.051 + x

But this is a fi nite geometric series with 25 terms, fi rst term x and common ratio 1.05 so it can 
be simplifi ed to:

x
1 05 1

( )1 05 125

If the debt is to be paid off , the amount in the credit account must equal the amount in the 
debit account, so:

100000 1 05
1 05 1

25× =1 0525 ( )1 05 125x

Solving this gives x = 7095.25 and the annual payments must be $7095.25.

• Another very important type of sequence is a geometric sequence which has a constant ratio, 
r, between terms. Th e following are also given in the Formula booklet:

– If you know the fi rst term, u1, the general term is:

rn
n−

1
1

– Th e sum of the fi rst n terms is:

S
u

r
u

rn

u
=

( )rn

−
( )rnr −

−
1 1u( )r

1 1
or ( )r ≠ 1

• A series can be convergent (the sum gets closer and closer to a single value) or 
divergent (keeps increasing or decreasing without limit)

– If | | < 1  the sum to infi nity of a geometric sequence is given by:

S
u

r∞ =
−

1

1
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Short questions

1. Th e fourth term of an arithmetic sequence is 9.6 and the ninth term is 15.6.
 Find the sum of the fi rst nine terms.  [5 marks]
2. Th e sum of the fi rst n terms of a series is given by:
 Sn = 2n2 – n, where n ∈ �+.
 (a) Find the fi rst three terms of the series.
 (b)  Find an expression for the nth term of the series, giving your 

answer in terms of n.  [6 marks]
  (© IB Organization 2004)

3.  Which is the fi rst term of this sequence which is less than 10 6− ?

 
1
3

1
9

1
3

, …
n  [5 marks]

4. Th e fi ft h term of an arithmetic sequence is three times larger than the 

second term. Find the ratio: common difference
first term

 [6 marks]

5. A geometric sequence and an arithmetic sequence both start with a fi rst term 
of 1. Th e third term of the arithmetic sequence is the same as the second 
term of the geometric sequence. Th e fourth term of the arithmetic sequence 
is the same as the third term of the geometric sequence. Find the possible 
values of the common diff erence of the arithmetic sequence.  [7 marks]

6. Evaluate 
i

i

i
=

=∞

∑ ( )i i

0

i +
6

.  [6 marks]

7. Find the sum of all the integers between 300 and 600 which are 
divisible by 7.  [7 marks]

8. Find an expression for the sum of the fi rst 23 terms of the series

 
ln l ln la

b
a
b

a
b b

a
b

3 3a 3 3a
2

+ +ln + +ln …

 giving your answer in the form ln a
b

m

n
, where m, n ∈Z . [7 marks]

Mixed examination practice 7
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Long questions

1. Kenny is off ered two investment plans, each requiring an initial investment 
of $10 000:

 Plan A off ers a fi xed return of $800 per year.
 Plan B off ers a return of 5% each year, reinvested in the plan.
 (a) Find an expression for the amount in plan A aft er n years.
 (b) Find an expression for the amount in plan B aft er n years.
 (c) Over what period of time is plan A better than plan B? [10 marks]

2.  Ben builds a pyramid out of toy bricks. Th e top row contains one brick, 
the second row contains three bricks and each row aft er that contains two 
more bricks than the previous row.

 (a) How many bricks are in the nth row?
 (b) If a total of 36 bricks are used how many rows are there?
 (c)  In Ben’s largest ever pyramid he noticed that the total number of bricks 

was four more than four times the number of bricks in the bottom row. 
What is the total number of bricks? [10 marks]

3. A pupil writes ‘1’ on the fi rst line of a page, then the next two integers ‘2, 3’ 
on the second line of the page then the next three integers ‘4, 5, 6’ on the 
third line. He continues this pattern.

 (a) How many integers are on the nth line?
 (b) What is the last integer on the nth line?
 (c) What is the fi rst integer on the nth line?
 (d) Show that the sum of all the integers on the nth line is n

2
( )n 12 + .

 (e)  Th e sum of all the integers on the last line of the page is 16 400. 
How many lines are on the page? [10 marks]

4. Selma has a mortgage of £150 000. At the end of each year 6% interest is 
added before Selma pays £10 000.

 (a) Show that at the end of the third year the amount owing is
0. 6 10000 1 0. 6 10000 1 0. 6 100003 210000 1 06( ) ×10000 ( ) ×10000

 (b) Find an expression for how much is owed at the end of the nth year.
 (c) Aft er how many years will the mortgage be paid off ? [10 marks]
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 (ii) y

x
ln 2− ln 2

−1y = e|x| − 2

(c) x ( )( )ln , lx ≥ n2

 Chapter 7

Exercise 7A
1. (a) (i) 3 1 8 1 13 1 18 1 23 1. ,1 . ,1 . ,1 . ,1 .

 (ii) 10 6 2 2 4 1 4 5 2, .6 , .2 , .1 , .5− −1 4
(b) (i) 0 1 4 13 40, ,1 , ,13
 (ii) 1 1 19 181 1639, ,11 , ,18111 − −181
(c) (i) 2 3 6 18 108, ,3 , ,18

 (ii) 2 1 11
2

1
2, ,1 , ,2

(d) (i) 3 4 8 9 13, , , ,8 9
 (ii) − − −3 3 5 7 9, ,3 , ,7
(e)  (i) 0 4 8 12 16, ,4 , ,12
 (ii) 13 11 9 7 5, ,11 , ,7

2. (a) (i) 5 8 11 14 17, ,8 , ,14

  (ii) −4 5 3 1− − 5 0 1 5. ,5 , .1 , ,0
(b) (i) 0 7 26 63 124, ,7 , ,63
 (ii) 5 20 45 80 125, ,20 , ,80
(c) (i) 3 9 27 81 243, ,9 , ,81

 (ii) 4 2 1 1
2

1
4, ,2 , ,2

(d) (i) 1 4 27 256 3125, ,4 , ,256
 (ii) 1 0 1 0 1, ,0 , ,00−

3. (a) (i) un n= +u 1nu +unu 3 7u =1u

  (ii) u u un n −u =1u unuu 0 8 1

(b) (i) un n 1n2 3u u =u u1u unuu u

 (ii) u u un n =u u1u unu u1 5 12unu

4. (a) y

x2 5

10

y = x2 − 7x + 10

(c) y

x2 5−2−5

10

y = x2 − 7|x| + 10

(d) x = ±10
7

 (e) x = ± ±3 4±,

5. (a) −18  (b) 6
 (c) p = 3, q =17 (d) x ∈R
6. (a) y

x

y = −2

ln 2
−1

y = ex − 2

 (b) (i) y

x

y = 2

ln 2

1

y = |ex − 2|
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2. (a) (i) 33 (ii) 29
(b) (i) 100 (ii) 226

3. (a) an 5 8+ ( )n −1  (b) 50

4. 121

5. 25

6. 17

7. a b 3b =b −,

8. (b) 456 pages

Exercise 7D

 1. (a) (i) 3060 (ii) 1495
  (b) (i) 9009 (ii) 23 798
  (c) (i) −204 (ii) 1470
  (d) (i) 667.5 (ii) 14.25

 2. (a) (i) 13 (ii) 32 (iii) 53 

(b) 
x
2

 3. a d =d −8,

 4. (a) S
n

n = ( )
2

3 1n +n
 

 (b) 30

 5. 559

 6. a d =d −8,

 7. 55

 8. un 6 5n −n

 9. θ = °20

 10. 10 300

 11. 23 926

Exercise 7E

 1. (a) (i) un
n= −6 2× 1

   (ii) un

n

= × ⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞
⎠⎠
⎞⎞⎞⎞

−

12
3
2

1

  (b) (i) un

n

= × ⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞

−

20
1
4

1

   (ii) un

n

= ⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞

−1
2

1

  (c) (i) un
n= −( ) −2 1

   (ii) un
n= ( ) −5 1× −( 1

(c) (i) u nn n= +u + 1n unu +unu 1 1=uu

 (ii) u u
u

n n n= +u(( )1+nuu +unu

1 2u
2

1 2u =u2uu
,

4. (a) (i) u nn 2

  (ii) u nn 2 1n −n

(b) (i) un
n= 2  (ii) un

n= 5

(c) (i) u nn
2  (ii) u nn

3

(d) (i) u
n

nn =
+1

 

 (ii) u
n

n n
= 2 1n −

2
5.  (a) u2 = 4, u3 = 8, u4 = 16

(b) (i) un
n= −2 1

Exercise 7B
1. (a) (i) 27 (ii) 39

(b) (i) 120 (ii) 
665
48

(c) (i) 14b (ii) 19p

2. (a) (i) 
2

43

∑r  (ii) 
3

30

2∑ r

(b) (i) 
2

7 1
2∑ r

 (ii) 
0

5 2
3∑ r

(c) (i) 
r

ra
=
∑

2

10

7  (ii) 
r

br
=
∑

0

19

Exercise 7C

1. (a) (i) u nn −( )9 3+ 1

  (ii) u nn + −( )57 0 2 1

(b) (i) u nn −( )12 1

 (ii) u nn −( )18
1
2

1

(c) (i) u nn −( )1 3+ 1

 (ii) un ( )9 1+ 1n0 −(
(d) (i) u nn −( )4 4 1

 (ii) un ( )27 7 1n −(
(e) (i) u nn −n+ (( )17 11 1

 (ii) u nn −n+ (( )32 10 1
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  (c) (i) x < 1
5

 (ii) x < 1
3

  (d) (i) x < 4  (ii) x < 12

  (e) (i) x < 3  (ii) x <
4
5

  (f) (i) x > 2  (ii) x >
1
2

  (g) (i) 1 2x  (ii) 0 4

  (h) (i) 
1
2

1< <x  (ii) x < − 1
2

  (i) (i) x < 1  (ii) x < 1
43

 3. − 54
3

 4. (a) 27
1 1

3
2

=
− −⎛

⎝
⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞⎛

⎝

⎜
⎛⎛

⎜
⎜⎜

⎜
⎜⎜

⎜⎝⎝
⎜⎜

⎞

⎠

⎟
⎞⎞

⎟
⎟⎟

⎟
⎟⎟

⎟⎠⎠
⎟⎟

n

  (b) S∞ = 27
2

 5. (a) 
2
3

   (b) 9

 6. 
1
8

 7. (a) x < 3
2

 (b) 5

 8. 9

 9. (a) 1
5
3

< <x  (b) 7

 10. (a) x < 0  (b) x = −3

 11. (a) 3 (b) ∞

Exercise 7H

1. (a) £34.78

 (b) £1194.05

2. (a) $60 500

 (b) 22 years

3. (a) 5000 1 063× . n

 (b) $6786.35

 (c) (i) 5000 1 063 10000× >1 063. n

  (ii) 12 years
4. (a) 10  (b) 23.7%

5. (a) $265.33

  (d) (i) u axn
n−1

   (ii) u xn
n( ) −3 2× ( 1

 2. (a) (i) 13 (ii) 7
  (b) (i) 10 (ii) 10
  (c) (i) 10 (ii) 8
 3. (a) (i) 15 (ii) 31
  (b) (i) 33 (ii) 17
 4. 39 366
 5. 10
 6. 16
 7. 2.5 or −1.82
 8. ±384
 9. a = 7 or − 3.52
 10. a b 4b =,

 11. m = 7

Exercise 7F
1. (a) (i) 17 089 842 (ii) 2303.4375

(b) (i) 514.75 (ii) 9.487 171
(c) (i) 39 368 (ii) 9840
(d) (i)  191.953 125 or 63.984 375
 (ii)  24 414 062.5 or 16 276 041.67

2. (a) (i) r = 3 (ii) r = 0 2
(b) (i) r = −6 (ii) r = −0 947.

3. (a) 5 (b) Sn = ( )375 n −
4

4. a r =r5 3
2,

5. (a) 1 2 3+ + +x x+ x

 (b) x( )( )x x x x x1)(x x x x x+ x + +x +x+ +x

Exercise 7G
1. (a) (i) 

27
2

 (ii) 
196

3

(b) (i) 
1
3

 (ii) 
26
33

(c) (i) Divergent
 (ii) Divergent

(d) (i) 
25
3

 (ii) 
18
5

(e) (i) Divergent (ii) 
7
3

 2. (a) (i) x < 1  (ii) x < 1

  (b) (i) x < 1
3

 (ii) x < 1
10
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 Chapter 8

Exercise 8A

1. (a) 4
(b) 35
(c) 7
(d) 56

2. (a) 792 5 7x y5
 (b) 11440 9a b7

(c) 10 2c d3  (d) 36 7a b2

(e) 15 2 4x y2

Exercise 8B
 1. (a) (i) 216 (ii) 20

  (b) (i) 560 3 4x y3  (ii) −280 3 4x y3

  (c) (i) −5 (ii) 78 030

 2. (a) (i) 56 (ii) 80

  (b) (i)−672 (ii) −32

 3. (a) (i) 80 80 0 102 340 4 5− +80 − +40 340 −x x80+ x x10+3 x

   (ii) 729 1458 1215
135

2 3540
4 518 6

+ +1458 +3540
+518

x x x1215 5 02+ + 540540
x x184 +1818 x

  (b) (i) 243 2705 4405 3 2x x055 y x270 y+4405x405405 y

   (ii) 16 4 332 2 2c c324 d c24 d332c3232 d

  (c) (i) 8 36 546 5 4 354 27x x36 x x27273636

   (ii) 8 150 1253 260 1 2 3x x60 y x150 y y1252−+260x6060 y60 +

  (d) (i) 16 216 818 596 2 1216 4z z968 z z2162 z+596z9696 +1216z216216 −81z+1

   (ii) 27 135 225 1253 3 3 3225 1 3125 3x y3 x y x y3 x y3+ +135 3x y3 + −3125−1

 4. (a) n    (b) 
1
2

1
2

2n n2  

  (c) 
1
6

1
3

3 26n n63 n+26n66

 5. (a) 80 4x y  (b) −80 2 3x y2

 6. 720

 7. −945 5x

 8. 79 200 000

 9. 14

 10. 12

 11. 9

 12. 7

 (b) 235 months

6. (a) 12 days

 (b) Day 102

7. (a) 0.8192 m

 (b) 15.85 m

8. (b) 25000( )1 04 1

 (c) Year 29

Mixed examination practice 7
Short questions

1. 97.2

2. (a) 1, 5, 9

 (b) 4n −3

3. 13th

4. 2

5. d = −0
1
4

,

6. 4.5

7. 19 264

8. ln
a
b

69

138

⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

Long questions

1. (a) 10000 800+ n

(b) 10000 1 05× n

(c) n < 19 years

2. (a) 2 1n  (b) 6

(c) 64

3. (a) n   (b) n n +( )1
2

(c) n n −( ) +
1

2
1

(e) 32

4. (b) 150000 1 06
500000

3
× −1 06

( )1 06 1
n

(c) 40 years
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