Quadratics - review (TL) [116 marks]



[Maximum mark: 5] EXN.2.SL.TZ0.5
The quadratic equation (k — 1)z? + 2z + (2k — 3) = 0,where
k € IR, hasreal distinct roots.

Find the range of possible values for k. (5]
Markscheme

*This sample question was produced by experienced DP mathematics
senior examiners to aid teachers in preparing for external assessment in the
new MAA course.There may be minor differences in formatting compared
to formal exam papers.

attempts to find an expression for the discriminant, A, intermsofk  (M1)

A=4—4(k—1)(2k—3) (= —8Kk*+20k—8) (A1)

—24/4—4(k—1)(2k—3)

Note: Award M1A1 for findingx = 2(k—1)

attemptsto solve A > Ofork (M1)

Note: Award M1 for attempting to solve A = 0 for k.

3 <k<2 ma

Note: Award A1 for obtaining critical values k = %, 2 and A1 for correct
inequality signs.



[5 marks]



[Maximum mark: 16] 23M.1.SL.TZ2.7
The following diagram shows part of the graph of a quadratic function f

The vertex of the parabola is (—2, — 5) and the y-interceptis at point P.

¥y
A
f
~ X
_,-f/ P
(=2.-5)
(a) Write down the equation of the axis of symmetry. [1]

Markscheme
T = —2 (mustbe an equation) A1
[1 mark]

The function can be written in the form f(a:) = %(:1: — h)2 + k,where h,
keZ.

(b)  Write down the values of h and k. [2]

Markscheme



h=-2k=-5 am

[2 marks]

(0  Findthe y-coordinate of P. [2]
Markscheme

substitutingz = Qinto f(z) M)

1(0+2)°-5

Y
y = —4(accept P(0, —4)) 41

[2 marks]

In the following diagram, the line L is normal to the graph of f at point P.

(d)  Findtheequation of theline L, intheformy = ax + b. [3]



Markscheme

fil@) =@ +2) (= 3o 1)
substituting r = 0 into their derivative M1)

fr(0) =1
gradient of normal is —1 (may be seen in their equation) Al

y=—x — 4(accepta = —1,b=—4) M1

Note: Award A0 for L = —x — 4 (withoutthe y =).

[4 marks]
The line L intersects the graph of f ata second point, Q, as shown above.

(e) Calculate the distance between P and Q [8]
Markscheme

equating theirf(:l:) totheir L  (M1)

%(m—i—2)2—5: —z —4
%xz + 22 = O (orequivalent)  (41)
valid attempt to solve their quadratic M1)

+z(z+8)=00rRz(z+8)=0

r=-—-8 A



Note: Accept both solutionsx = —8and x = 0 here, z = —8 may be
seen in working to find coordinates of Q or distance.

substituting their value of  (notx = 0) into their f(w) ortheirL
(M1)

y=—(—8)—40Ry=1(-8+2)°—5
Q(—8, 4) m

correct substitution into distance formula (A1)
Je8-07+ (1= (o)
distance = v/ 128 (: 8\/5) A1

[8 marks]



[Maximum mark: 6] 23M.1.AHL.TZ1.4
Find the range of possible values of k such that €% + ln k = 3e®
has at least one real solution. [6]

Markscheme

recognition of quadraticin e” M1)

)2 T _ 2 _

(e7)" — 3e —|—lnk<— 0) ORA? —3A +1n k(= 0)

recognizing discriminant > 0 (seen anywhere) M1)

(—3)% — 4(1) (ln k) 0RO —4lnk @

Ink<% @

69/4 (seen anywhere) Al

0<k<eV* m

[6 marks]



[Maximum mark: 7] 23M.1.AHL.TZ2.5
The functions f and g are defined forx € IR by

f(z) = ax + b,wherea,b € Z
g(a:) =2’ +z+3.

Find the two possible functions f such that
(g 0 f) (a:) = 4z% — 14z + 15.

[7]
Markscheme
attemptstoform (g o f)(z) M)
F@P + F(2) +3 08 (az + ) +az +b+3

a’z® + 2abz + b? + ax + b+ 3(= 42 — 14z + 15) @1
equates their corresponding terms to form at least one equation m1)

a’x? = 422 OR a? = 4 OR 2abx + ax = —14x OR
2ab+a=—-140Rb>2+b+3 =15

a = £2 (seenanywhere) Al

attemptto use 2ab + a = —14 to pair the correct values (seen
anywhere) M1)



f(z) = 22 — 4 (accepta = 2withb = —4), f(z) = —2x + 3
(accepta = —2withb = 3)  A141

[7 marks]



[Maximum mark: 16] 22N.1.SL.TZ0.7
(a) The graph of a quadratic function f has its vertex at the point
(3, 2)anditintersects the z-axisat & = 5.Find f in the form

f<w) =a(z—h) +k 3
Markscheme
correct substitution of A = 3and k = 2into f(x) (A1)

f(z) = a(z —3)*+2

correct substitution of (5, 0) (A1)

_ 2 _ _1
0=a(5-3)"+2 (a=-1)
Note: The first two A marks are independent.

f(z)=—L(z - 3)*+2 a1

[3 marks]

The quadratic function g is defined by g(x) = px2 + (t — 1):13 — pwhere
x € Randp, t € R, p # 0.

In the case where g(—3) = g(1) = 4,

(bi)  find the value of p and the value of . [4]
Markscheme

METHOD 1



correct substitution of (1, 4) (A1)

p+(t—1)—p=4

t=5 A1

substituting their value of ¢ into 9p — 3(t — 1) —p =4 (M1)
8p—12=4

p=2 Al

METHOD 2

correct substitution of ONE of the coordinates (—3, 4) or (1, 4)
(A1)

9p—-3(t—1)—p=4orp+(t—1)—p=4
valid attempt to solve their two equations (M1)
p=2,t=5 A1A1

(9(z) = 22° + 4z — 2)

[4 marks]

(b.ii) find the range of g. (3]
Markscheme

attempt to find the x-coordinate of the vertex M1)
=341 4 - 2
r=—5-(=—-1)OR5 5 OR4r +4=00rR2(z+1)"—4

y-coordinate of the vertex = —4 (A1)



(0)

correct range Al

[—4, +oo[ORYy > —40Rg> —4 OR[—4, )

[3 marks]

The linear function 7 is defined byj(w) = — + 3pwhere
x € Randp € R, p # 0.

Show that the graphs ofj(:I?) = —z + 3pand
g9(x) = px? + (t — 1)z — phave two distinct points of

intersection for every possible value of pand t. [6]
Markscheme
equating the two functions or equations (M1)

g(z) = j(z) OR pz® + (t — 1)z —p = —x + 3p
prl+ter—4p=0 (A1)

attempt to find discriminant (do not accept only in quadratic formula)
m1)

A = t? + 16p? A1
A =t + 16p® > 0,because t* > 0and p? > 0, therefore the sum
will be positive R1R1

Note: Award R1for recognising that A is positive and R for the reason.

There are two distinct points of intersection between the graphs of gand j
AG



[6 marks]



[Maximum mark: 15] 22M.1.SL.TZ2.7
The following diagram shows part of the graph of a quadratic function f

The graph of f has its vertex at (3, 4), and it passes through point (Q as shown.

.}J
I
Q
(3.4)
X
(a) Write down the equation of the axis of symmetry. [1]

Markscheme
r=3 A1
Note: Must be an equation in the form” & = ". Do notaccept 3 or
=b _ 3
2a — Y
[1 mark]

The function can be written in the form f(a:) =a(z — h)2 + k.



(b.i)  Write down the values of h and k. [2]

Markscheme

h=3, k=4 (accepta(m — 3)2 + 4 A1A1

[2 marks]

(bii)  Point (Q has coordinates (5, 12). Find the value of a. [2]
Markscheme
attempt to substitute coordinates of ( m1)

12=a(5—3)"+4, 4a+4=12

a=2 A1

[2 marks]
The line L is tangent to the graph of f at Q).

(c) Find the equation of L. (4]
Markscheme

recognize need to find derivativeof f ~ (M1)
fi(z) =4(x — 3) or f1(z) =4z —12 m
f1(5) = 8 (may be seen as gradient in their equation) (A1)

y—12=8(x —5) ory = 8x — 28 A



Note: Award A0for L = 8x — 28.

[4 marks]

Now consider another functiony = g(:L').The derivative of g is given by

9/(x) = f(z) — d,whered € R.

(d) Find the values of d for which gis an increasing function. (3]
Markscheme

METHOD 1

Recognizing that for g to be increasing, f(z) — d > 0,org/> 0
(M1)

The vertex must be above the z-axis, 4 —d >0, d—4 <0  (R1)

d<4 A1

METHOD 2

attempting to find discriminant of g/ M1)
(—12)% — 4(2)(22 — d)

recognizing discriminant must be negative  (R1)
—32+8d<00RA <O

d<4 A1



[3 marks]

(e) Find the values of & for which the graph of g is concave-up. [3]
Markscheme

recognizing thatfor g to be concave up, g//> 0 M1)
gl’> Owhen f1>0, 4o —12 >0, x —3 >0 (R)

>3 A

[3 marks]



[Maximum mark: 4] 22M.2.AHL.TZ1.8
Consider the equation kz2 — (k4 3)x + 2k + 9 = 0,wherek € R.

(a) Write down an expression for the product of the roots, in terms

of k. [1]
Markscheme
product of roots = L,:_g Al
[1mark]

(b) Hence or otherwise, determine the values of k such that the
equation has one positive and one negative real root. [3]

Markscheme

recognition that the product of the roots will be negative m1)

2k+9
29 <

critical valuesk = 0, —% seen (A1)

—2<k<0

[3 marks]



[Maximum mark: 7]

Consider the function f(a:) = —2(:1: — 1)(:13 + 3),fora: € R.The

following diagram shows part of the graph of f.

.}J

W

For the graph of f

(a.i)  find the x-coordinates of the -intercepts.

Markscheme

setting f(z) = 0 (M1)
=1, £ = —3(accept (1,0), (—3,0))

[2 marks]

(a.ii) find the coordinates of the vertex.
Markscheme

METHOD 1

A1

21N.1.SL.TZ0.1

(2]

(3]



r=—141

substituting their z-coordinate into f (M1)
y=2~8 A1

(_11 8)

METHOD 2

attempt to complete the square (M1)
—2((:13 +1)° - 4) 1)

x=—-1,y=38 Aa1

(_178)

[3 marks]

(b)  Thefunction f can be written in the form

f(z) = —2(z — h)* + k.

Write down the value of h and the value of k.

Markscheme
h=-1 A1
k=28 A1

[2 marks]

(2]






[Maximum mark: 7]

The equation 3px? + 2pz + 1 = phas two real, distinct roots.

(a) Find the possible values for p.

Markscheme

attempt to use discriminant b2 — 4ac(> 0) M1

(2p)* — 4(3p)(1 — p)(> 0)

16p? — 12p(> 0) (A1)

p(4p —3)(> 0)

attempt to find critical values (p = 0, p = 3) M1

recognition that discriminant > 0 M1)

p<00rp>% A1

Note: Condone ‘or’'replaced with ‘and, a comma, or no separator

[5 marks]

(b) Consider the case when p = 4.The roots of the equation can

be expressed in the formx = %\/1_3, where @ € Z.Find the
value of a.
Markscheme

p=4=1222+82x—-3=0

valid attempttouse T = or equivalent) m1

—b+vb2—4ac (
2a

21N.1.AHL.TZ0.7

(5]

(2]



_ —8£+v208
24

x _—
o fzj%\/m
a= —2

[2 marks]

Al



10.

[Maximum mark: 14] 21MASLTZ1.7

Let f(z) = mx? — 2mx,wherex € Randm € R.Theline
y = mx — 9 meets the graph of f at exactly one point.

(a) Show thatm = 4.
Markscheme

METHOD 1 (discriminant)

mx? —2mx =mx —9 M)

mz? —3mz +9=0

recognizing A=0 (seen anywhere) M1

A = (—3777,)2 — 4(m)(9) (do notaccept only in quadratic formula
forx) Al

valid approach to solve quadraticform  (M1)

B _ 36:£1/362—4x9%0
9m(m —4) =00R M = 558

both solutionsm = 0,4 A1
m # Owithavalidreason  R1
the two graphs would notintersect OR 0 #= —9

m=4 A6

METHOD 2 (equating slopes)
mz? — 2mz = mx — 9 (seenanywhere)  (M1)

ft(z) =2mz —2m M

(6]



equating slopes, fl(a:) = m (seen anywhere) M1
2mx — 2m =m

— 3
T = Al

substituting their  value  (M1)

(%2m—2mx%:mx%—9
% —%m—%m—9 A1
_im__g

m=4 4G

METHOD 3 (using 52)
mz:—2mx =mz—9 M)
mz? —3mz+9=0

attempt to find &-coord of vertex using ;—5 m1)

—(=3m)

2m

Al

rofeo

T = A1

substituting their  value  (M1)

(3)’m—3mx34+9=0
g ) T — oM X 5 =

9 9 _

am—sm +9=0 Al

—9m = —36

m=4 A6



[6 marks]

The function f can be expressed in the form f(x) = 4(:13 — p) (:B — q),
wherep, g € R.

(b)  Findthe value of p and the value of q.

Markscheme

dr(x —2) (A1)

p=0andg=20Rp=2andqg=0 A1

[2 marks]

The function f can also be expressed in the form f(x) = 4(x — h)2 + k,

where h, k € R.

(c) Find the value of i and the value of k.
Markscheme

attempt to use valid approach ~ (M1)

o2 U8 1 #(1), 82 —8 =0 oR

4(a*~ 20+ 1 1) (= 4z~ 1)* - 4)

h=1,k=— A1A1

(2]

(3]



[3 marks]

(d)  Hence find the values of & where the graph of f is both
negative and increasing. [3]

Markscheme

EITHER

recognition £ = h to 2 (may be seen on sketch) (M1)

OR

recognition that f(z) < Oand f/(z) > 0 M)

THEN

l<x<2 M

Note: Award A7 for two correct values, AT for correct inequality signs.

[3 marks]



11. [Maximum mark: 6]

21M.2SL.TZ2.5

The functions f and g are definedforz € Rby f(z) = 622 — 12z + 1

andg(z) = —x + c,wherec € R.

(a) Find the range of f.
Markscheme

attempting to find the vertex  (M1)
z=10Ry=—50R f(z) =6(x —1)°—5

rangeisy > —95 A1

[2 marks]

(b)  Giventhat(go f)(x) < Oforallz € R, determine the set

of possible values for c.

Markscheme

METHOD 1

(2]

(4]

(go f)(z) = — (622 — 12z +1) +c (: —(6(:{;— 1)2—5) +c)

(A1)

EITHER
relating to the range of f OR attempting to find g(—5)

5+c¢<0 (A1)

OR



attempting to find the discriminant of (g @ f) (:E) (M1)

144 4 24(c — 1) <0 (120 +24c < 0) (@1

THEN

c< =5 A1

METHOD 2

vertical reflection followed by vertical shift m1)

new vertexis (1, 5 + ¢) (A1)
5+c<0 @)

c< —5 A1

[4 marks]



12. [Maximum mark: 6] 20N.1.SL.TZ0.T_11
The diagram shows the graph of the quadratic function

f(a;) = ax?® + bz + ¢, withvertex (—2, 10).

=

J_.-
(-2.10) 7

The equation f(x) = k hastwo solutions. One of these solutionsis = 2.

(@)  Write down the other solution of f(z) = k. [2]

Markscheme

*This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure. It appeared in a paper that

permitted the use of a calculator, and so might not be suitable for all forms
of practice.

(z=)(-2)—40Rr(z=)(-2)—(2—(-2)) m
Note: Award (M7) for correct calculation of the left symmetrical point.

(x=) —6 @) (@



[2 marks]

(b) Complete the table below placing a tick (v') to show whether
the unknown parameters a and b are positive, zero or negative.
The row for ¢ has been completed as an example.

positive zero negative

a

b

c v 2]

Markscheme
positive zero negative

a v (AT)(A1)
b v

@)

Note: Award (A1) for each correct row.

[2 marks]

(c) State the values of & for which f(a:) is decreasing. [2]
Markscheme

x> —20Rx > —2 (A1)AI) (Q)

Note: Award (A1) for —2 seen as part of an inequality, (47) for completely



correct notation. Award (A7)(A1) for correct equivalent statement in words,
for example “decreasing when I is greater than negative 2”.

[2 marks]



13. [Maximum mark: 7] 19N.1.SL.TZ0.S 3
Letg () = x? + bz + 11.The point (—1, 8) lies on the graph of g.

(@)  Findthevalue of b. [3]
Markscheme

valid attempt to substitute coordinates (M1)

g g(—1)=38

correct substitution (A1)

g (—1)°+b(-1)+11=81—-b+11=28
b=4 mm

[3 marks]

(b)  Thegraphof f (w) = 2 is transformed to obtain the graph
of g.

Describe this transformation. (4]
Markscheme

valid attempt to solve (M1)

g (P +4z+4)+ T h=F k=g(-2)
correctworking A1

eg ($+2)2+7,h:—2,k:7

—2
translation or shift (do not accept move) of vector ( 7 ) (accept left by 2

andupby 7)  ATA1 N2



[4 marks]
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