Modelling Al HL part 2 [245 marks]



[Maximum mark: 13]

EXM.2.AHL.TZ0.13

Beth goes for a run. She uses a fitness app to record her distance, $ km, and time,

t minutes. A graph of her distance against time is shown.

L}
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Beth runs at a constant speed of 2.3 ms™ for the first 8 minutes.

(a) Calculate her distance after 8 minutes. Give your answer in km,

correct to 3 decimal places.

(2]

Between 8 and 20 minutes, her distance can be modeled by a cubic function,
s = at® + bt? 4 ct + d.She reads the following data from her app.

t (minutes) | 10 12 16
s (km) 1.389 | 2.000 | 3.501

(b)  Findthevalueofa,b,candd.

Hence find

(c.i)  thedistance she runsin 20 minutes.

(5]

(2]



(cii)  her maximum speed,in ms'. (4]



[Maximum mark: 8] 23N.1.AHL.TZ0.9

Joon is a keen surfer and wants to model waves passing a particular point P,
which is off the shore of his favourite beach. Joon sets up a model of the waves
in terms of h(t), the height of the water in metres, and £, the time in seconds
from when he begins recording the height of the water at point P.

h(t)
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The function has the form h(t) = p cos (%t) +qt > 0.

(a) Find the values of pand q.

(b) Find
(bi)  h!(E).
(bii) h!(E).

Joon will begin to surf the wave when the rate of change of h with respectto ¢,
at P, is atits maximum. This will first occur when t = k.

(ci)  Findthevalueof k.

(cii)  Find the height of the water at this time.

(2]

(2]

[1]

(2]

[1]



[Maximum mark: 6] 23M.1.AHL.TZ1.14
Petra examines two quantities,  and Y, and plots data points on a log-
log graph.
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She observes that on this graph the data points follow a perfect

straightline. Given that the line passes through the points

(2, 13. 1951) and (4, 34. 822),ﬁnd the equation of the

relationship connecting & and y.Your final answer should notinclude

logarithms. [6]



[Maximum mark: 17] SPM.2.SL.TZ0.5
The braking distance of a vehicle is defined as the distance travelled from where
the brakes are applied to the point where the vehicle comes to a complete stop.

The speed, s M S_l, and braking distance, d m, of a truck were recorded. This

information is summarized in the following table.

Speed, sms 0 6 10

Braking distance, d m 0 12 60

This information was used to create Model A, where d is a function of 8, § > 0.
Model A:d (s) = ps® + qs,wherep,q € 7Z

Ata speed of 6 m S_l, Model A can be represented by the equation
6p +q = 2.

(a.i)  Write down a second equation to represent Model A, when the

speedis 10 m s~ . [2]
(a.ii) Find the valuesof pandq. [2]
(b)  Find the coordinates of the vertex of the graph of y = d (). [2]
(c) Using the values in the table and your answer to part (b), sketch

the graphof y = d (S) for0< s <10and-10<d < 60, clearly

showing the vertex. [3]

(d) Hence, identify why Model A may not be appropriate at lower
speeds. (1]

Additional data was used to create Model B, arevised model for the braking
distance of a truck.

Model B: d (S) — 0.95s2 — 3.92s



(e)

Use Model B to calculate an estimate for the braking distance at

aspeedof20m s~ L.

The actual braking distance at 20 m s~ 1 is 320 m.

(f)

(9)

Calculate the percentage error in the estimate in part (e).

Itis found that once a driver realizes the need to stop their
vehicle, 1.6 seconds will elapse, on average, before the brakes
are engaged. During this reaction time, the vehicle

will continue to travel at its original speed.

A truck approaches an intersection with speed s m s~ 1.The
driver notices the intersection’s traffic lights are red and they
must stop the vehicle within a distance of 330 m.

diagram not to scale

Using model B and taking reaction time into account, calculate
the maximum possible speed of the truck if it is to stop before
the intersection.

(2]

(2]

(3]



[Maximum mark: 5] EXN.1.SL.TZ0.2
A factory produces engraved gold disks. The cost C of the disks is directly
proportional to the cube of the radius 7 of the disk.

A disk with a radius of 0. 8 cm costs 375 US dollars (USD).

(@)  Findan equation which links C'and 7. [3]

(b) Find, to the nearest USD, the cost of disk that has a radius of
1.1cm. (2]



[Maximum mark: 7] EXN.1.SL.TZ0.6
The size of the population (P) of migrating birds in a particular town can be
approximately modelled by the equation

P = asin(bt) + ¢, a, b, c € RT,wheret is measured in months from

the time of the initial measurements.

In a 12 month period the maximum population is 2600 and occurs when
t = 3 and the minimum population is 800 and occurswhent = 9.

This information is shown on the graph below.

P (3, 2600)
(9, 800)
12 t
(a.i) Findthevalue of a. (2]
(a.ii)  Findthe value of b. [2]
(a.iii) Findthe value of c. [1]

(b) Find the value of t at which the population first reaches 2200. [2]



[Maximum mark: 13] EXM.2.SL.TZ0.3
Urvashi wants to model the height of a moving object. She collects the following
data showing the height, i metres, of the object at time ¢ seconds.

t(seconds) |2 |5 |7
h(metres) | 34 | 38 | 24

She believes the height can be modeled by a quadratic function,

h(t) = at? + bt + c,wherea, b, c € R.

(@)  Showthatda + 2b+ ¢ = 34. [1]
(b) Write down two more equations for a, bandc. [3]

(c) Solve this system of three equations to find the value of a, b

andc. (4]
Hence find
(d.i)  when the height of the object s zero. [3]

(d.ii) the maximum height of the object. [2]



[Maximum mark: 9] 23N.1.AHL.TZ0.5
A sports player on a horizontal athletic field hits a ball. The height of the ball

above the field, in metres, after it is hit can be modelled using a quadratic

function of the form f(z) = ax? + bx + ¢, where T represents the

horizontal distance, in metres, that the ball has travelled from the player.

A specialized camera tracks the initial path of the ball after it is hit by the player.
The camera records that the ball travels through the three points (3, 2. 36),
(10, 5)and (17, 7.16),asshown in Diagram 1.

diagram not to scale

Diagram 1
height (m)

“distance (m)
(@)  Usethe coordinates (3, 2. 36) to write down an equation in
terms of a, b, and c. [1]

(b) Use your answer to part (a) and two similar equations to find
the equation of the quadratic model for the height of the ball. [3]

A 4-metre-high fence is 80 metres from where the player hit the ball, as shown

in Diagram 2.



diagram not to scale

Diagram 2
height (m)
A

wall “\\
Il.&'m\

distance (m)

%

30m
(c) Show that the model predicts that the ball will go over the
fence. [3]

(d) Find the horizontal distance that the ball will travel, from the
player until it first hits the ground, according to this model. [2]



[Maximum mark: 5] 23M.1.SL.TZ1.6
When the brakes of a car are fully applied the car will continue to travel some

distance before it completely stops.This stopping distance, d, in metres is

directly proportional to the square of the speed of the car, v, in kilometres per

hour (km h~1).

When a caris travelling at a speed of 50 km h it will travel 12. 3 m after the
brakes are fully applied before it completely stops.
(a) Determine an equation for din terms of . [2]
The police can use this equation to estimate if cars are exceeding the speed limit.
A caris found to have travelled 33 m, after fully applying its brakes, before it
completely stopped.
(b) Use your equation from part (a) to estimate the speed at which
this car was travelling before the brakes were applied. [2]

(c) After the brakes have been fully applied, identify one other
variable besides speed that could affect stopping distance. [1]



10.

[Maximum mark: 7]

23M.1SL.TZ1.8

“Password entropy” is a measure of the predictability of a computer password.

The higher the entropy, the more difficult it is to guess the password.

The relationship between the password entropy, p, (measured in bits) and the

number of guesses, (7, required to decode the password is given by

(a)

(b)

(©)

Calculate the value of p for a password that takes 5000
guesses to decode.

Write down (G as a function of p.

Find the number of guesses required to decode a password that
has an entropy of 28 bits. Write your answer in the form

a x 10% where 1 <a<10k e Z.

(2]

(1]

(3]

There is a point on the graph of the function G (p) with coordinates (0, 1).

(d)

Explain what these coordinate values mean in the context of
computer passwords.

(1]



[Maximum mark: 8] 23M.1.5L.TZ2.10
A player throws a basketball. The height of the basketball is modelled by

h(t) = —4.75t> + 8.75t + 1.5, ¢t > 0,
where h is the height of the basketball above the ground, in metres, and ¢ is the
time, in seconds, after it was thrown.
(a) Find how long it takes for the basketball to reach its maximum
height. [2]

(b) Assuming that no player catches the basketball, find how long
it would take for the basketball to hit the ground. [2]

Another player catches the basketball when itis ata height of 1. 2 metres.

(0) Find the value of t when this player catches the basketball. [2]

(d) Write down two limitations of using h(t) to model the height
of the basketball. [2]



12.  [Maximum mark: 6] 23M.1.AHL.TZ1.14
Petra examines two quantities,  and Y, and plots data points on a log-
log graph.
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She observes that on this graph the data points follow a perfect

straightline. Given that the line passes through the points

(2, 13. 1951) and (4, 34. 822),ﬁnd the equation of the

relationship connecting & and y.Your final answer should notinclude

logarithms. [6]



13.

[Maximum mark: 15] 23M.2.SL.TZ1.3
The depth of water, w metres, in a particular harbour can be modelled by the

functionw(t) = a cos (bt") + dwhere t isthe length of time, in minutes,
after 06 : 00.

On 20 January, the first high tide occurs at 06 : 00, at which time the depth of
wateris 18 m.The following low tide occursat 12 : 15 when the depth of
water is 4 m. This is shown in the diagram.

w(r)
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(a) Find the value of a. (2]
(b)  Findthevalue of d. [2]
() Find the period of the function in minutes. [3]
(d)  Findthevalue of b. [2]

Naomi is sailing to the harbour on the morning of 20 January. Boats can enter or
leave the harbour only when the depth of water is at least 6 m.

(e) Find the latest time before 12 : 00, to the nearest minute, that
Naomi can enter the harbour. (4]

(f)  Find the length of time (in minutes) between 06 : 00 and
15 : 00 on 20 January during which Naomi cannot enter or
leave the harbour. [2]



[Maximum mark: 6] 22N.1.SL.TZ0.12
A catrunsinside a circular exercise wheel, making the wheel spin at a constant

rate in an anticlockwise direction.The height, hcm, of a fixed point, P,onthe

wheel can be modelled by h(t) = a sin(bt) + cwhere tisthe timein
secondsanda, b, ¢ € RT.

N

When t = 0, point P isata height of 78 cm.

(a) Write down the value of C. [1]

When t = 4, point P first reaches its maximum height of 143 cm.

(b.i)  Findthe value of a. [1]
(bii) Findthe value of b. [2]
(c) Write down the minimum height of point P. [1]

Later, the catis tired, and it takes twice as long for point P to complete one
revolution ata new constant rate.

(d) Write down the new value of b. [1]



15.

[Maximum mark: 7] 22N.1.AHL.TZ0.10

Stars are classified by their brightness.The brightest stars in the sky have a
magnitude of 1.The magnitude, T, of another star can be modelled asa
function of its brightness, b, relative to a star of magnitude 1, as shown by the
following equation.

The star called Acubens has a brightness of 0. 0525.

(a) Find the magnitude of Acubens.

Ceres has a magnitude of 7 and is the least bright star visible without
magnification.

(b) Find the brightness of Ceres.

The star Proxima Centauri has a greater magnitude than the planet Neptune.The

difference in their magnitudesis 3. 2.

() Find how many times brighter Neptune is compared to Proxima
Centauri.

(2]

(2]

(3]



16.

[Maximum mark: 8] 22M.1.SL.TZ1.11
The strength of earthquakes is measured on the Richter magnitude scale, with
values typically between 0 and 8 where 8 is the most severe.

The Gutenberg-Richter equation gives the average number of earthquakes per
year, IN, which have a magnitude of at least M. For a particular region the
equation s

log;y N = a — M, forsomea € R.

This region has an average of 100 earthquakes per year with a magnitude of at
least 3.

(a) Find the value of a. (2]
The equation for this region can also be writtenas N = IOLM'

(b)  Findthevalue of b. [2]
(c) Given 0 < M < 8, find therange for N. [2]

The expected length of time, in years, between earthquakes with a magnitude of

.1
atleast M is -

Within this region the most severe earthquake recorded had a magnitude of

7.2.

(d) Find the expected length of time between this earthquake and
the next earthquake of at least this magnitude. Give your
answer to the nearest year. [2]



17.

[Maximum mark: 8] 22M.1.SL.TZ2.9
The graph below shows the average savings, S thousand dollars, of a group of
university graduates as a function of ¢, the number of years after graduating

from university.

S,

A

—_

/ ~_

(a) Write down one feature of this graph which suggests a cubic
function might be appropriate to model this scenario. [1]

The equation of the model can be expressed in the form
S = at3 + bt? + ct + d,wherea, b, candd are real constants.

The graph of the model must pass through the following four points.

r 0 1 2 3

A -5 3 -1 =5
(bi)  Write down the value of d. [1]
(b.ii)  Write down three simultaneous equations fora, bandc. (2]
(b.iii) Hence, or otherwise, find the values of @, band c. (1]

A negative value of S indicates that a graduate is expected to be in debt.

() Use the model to determine the total length of time, in years, for
which a graduate is expected to be in debt after graduating



from university. [3]



18.

[Maximum mark: 8] 22M.1.AHL.TZ1.12
The strength of earthquakes is measured on the Richter magnitude scale, with
values typically between 0 and 8 where 8 is the most severe.

The Gutenberg-Richter equation gives the average number of earthquakes per
year, IN, which have a magnitude of at least M. For a particular region the
equation s

log;y N = a — M, forsomea € R.

This region has an average of 100 earthquakes per year with a magnitude of at
least 3.

(a) Find the value of a. [2]
The equation for this region can also be writtenas N = IOLM'
(b)  Findthevalue of b. [2]

Within this region the most severe earthquake recorded had a magnitude of

7.2.

(c) Find the average number of earthquakes in a year with a
magnitude of atleast 7. 2. [1]

The number of earthquakes in a given year with a magnitude of atleast 7. 2 can
be modelled by a Poisson distribution, with mean N .The number of
earthquakes in one year is independent of the number of earthquakes in any
otheryear.

Let Y be the number of years between the earthquake of magnitude 7. 2 and
the next earthquake of at least this magnitude.

(d) FindP(Y > 100). [3]



19.

[Maximum mark: 15] 22M.2SL.TZ1.1
Boris recorded the number of daylight hours on the first day of each month in a
northern hemisphere town.

This data was plotted onto a scatter diagram.The points were then joined by a
smooth curve, with minimum point (0, 8) and maximum point (6, 16) as
shown in the following diagram.
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Let the curve in the diagrambe y — f(t) where t is the time, measured in

months, since Boris first recorded these values.
Boris thinks that () might be modelled by a quadratic function.
(a) Write down one reason why a quadratic function would not be

a good model for the number of hours of daylight per day,
across a number of years. [1]

Paula thinks that a better model is f(¢) = a cos(bt) + d,t > 0, for specific
valuesof a, bandd.

For Paula’s model, use the diagram to write down



(b.i)  theamplitude.

(b.ii) the period.

(b.iii) the equation of the principal axis.

() Hence or otherwise find the equation of this model in the form:
f(t) = a cos(bt) +d

(d) For the first year of the model, find the length of time when
there are more than 10 hours and 30 minutes of daylight per
day.

The true maximum number of daylight hours was 16 hours and 14 minutes.

(e) Calculate the percentage error in the maximum number of
daylight hours Boris recorded in the diagram.

(1]

(1]

(2]

(3]

(4]

(3]



20.

[Maximum mark: 17] 22M.2.SL.TZ2.4
The Texas Star is a Ferris wheel at the state fair in Dallas. The Ferris wheel has a

diameter of 61. 8 m.To begin the ride, a passenger gets into a chair at the

lowest point on the wheel, which is 2. 7 m above the ground, as shown in the
following diagram. A ride consists of multiple revolutions, and the Ferris wheel

makes 1. b revolutions per minute.

diagram not to scale

plattorm /4 /OO A Y
ground | ]

27

The height of a chair above the ground, h, measured in metres, during aride on
the Ferris wheel can be modelled by the function h(t) = —a COS(bt) +d,
where t is the time, in seconds, since a passenger began their ride.

Calculate the value of

(ai) a. [2]
(aii) b [2]
(a.ii) d. [2]

A ride on the Ferris wheel lasts for 12 minutesin total.

(b) Calculate the number of revolutions of the Ferris wheel per ride. [2]



For exactly one ride on the Ferris wheel, suggest

(ci)  anappropriate domain for h(t).
(cii) anappropriate range for h(t).

BigTexisa 16. 7 metre-tall cowboy statue that stands on the horizontal ground
next to the Ferris wheel.

diagram not to scale

Big Tex statue

platform
ground | |

[Source: Aline Escobar, n.d. Cowboy. [image online] Available at: https://thenounproject.com/search/?
g=cowboy&i=1080130
This file is licensed under the Creative Commons Attribution-ShareAlike 3.0 Unported (CC BY-SA 3.0)

https://creativecommons.org/licenses/by-sa/3.0/deed.en [Accessed 13/05/2021]. Source adapted.]

(d) By considering the graph of h(t), determine the length of time
during one revolution of the Ferris wheel for which the chair is
higher than the cowboy statue.

There is a plan to relocate the Texas Star Ferris wheel onto a taller platform which
will increase the maximum height of the Ferris wheel to 65. 2 m. This will
change the value of one parameter, a, b or d, found in part (a).

[1]

[2]

(3]


https://thenounproject.com/search/?q=cowboy&i=1080130
https://creativecommons.org/licenses/by-sa/3.0/deed.en

21.

(ei) Ildentify which parameter will change. [1]

(e.ii) Findthe new value of the parameter identified in part (e)(i). [2]

[Maximum mark: 4] 21N.1.SL.TZ0.3
Natasha carries out an experiment on the growth of mould. She believes that the
growth can be modelled by an exponential function

P(t) = Ae*,

where P is the area covered by mould in mm? tis the time in days since the
start of the experimentand A and k are constants.

The area covered by mould is 112 mm? at the start of the experiment and
360mm? after 5 days.

(a) Write down the value of A. [1]

(b)  Findthe value of k. (3]



22,

[Maximum mark: 5]

21N.1.AHL.TZ0.12
The following table shows the time, in days, from December 1st and the

percentage of Christmas trees in stock at a shop on the beginning of that day.

Days since December 1st (d) 1 3 6 9 12 15 18
Percentage of Christmas 100 51 29 21 18 16 14
trees left in stock (x)

The following table shows the natural logarithm of both d and & on these days

to 2 decimal places.

In (d) 0 1.10

1.79

2.48

271

In (x) 461 393

3.37

2.89

2.77

(a) Use the data in the second table to find the value of 7 and the
value of b for the regression line, In = m(In d) + b.

(b) Assuming that the model found in part (a) remains valid,

estimate the percentage of trees in stock when d = 25.

(2]

(3]



23.

[Maximum mark: 20] 21N.2.AHL.TZ0.2

A wind turbine is designed so that the rotation of the blades generates
electricity. The turbine is built on horizontal ground and is made up of a vertical
tower and three blades.

The point A is on the base of the tower directly below point B at the top of the
tower. The height of the tower, AB, is 90 m. The blades of the turbine are
centred at B and are each of length 40 m. This is shown in the following
diagram.

diagram not to scale

ground

The end of one of the blades of the turbine is represented by point C on the
diagram. Let A be the height of C above the ground, measured in metres, where
h varies as the blade rotates.

Find the

(a.i) maximum value of h.

(1]



(a.ii)  minimum value of h.

The blades of the turbine complete 12 rotations per minute under normal

conditions, moving at a constant rate.
(b.i)  Findthetime,in seconds, it takes for the blade [BC] to make
one complete rotation under these conditions.

(b.ii) Calculate the angle, in degrees, that the blade [BC] turns
through in one second.

The height, h, of point C can be modelled by the following function.Time, T, is
measured from the instant when the blade [BC] first passes [AB] and i

measured in seconds.

h(t) =90 — 40 cos(72t"), t > 0

(ci)  Write down the amplitude of the function.
(cii)  Findthe period of the function.

(d)  Sketch the function h(t) for0 < t < 5, clearly labelling the
coordinates of the maximum and minimum points.

(ei)  Findthe height of C above the groundwhent = 2.

(e.di) Findthe time, in seconds, that point Cisabovea height of
100 m, during each complete rotation.

(f) The wind speed increases and the blades rotate faster, but still
ata constant rate.

Given that point C is now higher than 110 m for 1 second
during each complete rotation, find the time for one complete
rotation.

(1]

(1]

(2]

(1]

(1]

(3]

(2]

(3]

(5]



24, [Maximum mark: 6] 21TM.1SL.TZ1.11

If a shark is spotted near to Brighton beach, a lifeguard will activate a siren to
warn swimmers.

Siren

FiY

The sound intensity, I, of the siren varies inversely with the square of the
distance, d, from the siren, where d > 0.

Itis known that at a distance of 1. 5 metres from the siren, the sound intensity is
4 watts per square metre (W m 2.

(a) Show that [ = % [2]

(b) Sketch the curve of 1 on the axes below showing clearly the

point (1.5, 4).

I

20

(2]




25.

() Whilst swimming, Scarlett can hear the siren only if the sound
intensity at her location is greaterthan 1. 5 X 10" Wm ™2,

Find the values of d where Scarlett cannot hear the siren. [2]

[Maximum mark: 5] 21M.1SL.TZ2.1
The amount, in milligrams, of a medicinal drug in the body ¢ hours after it was

injected is given by D(t) = 23(0. 85)¢, ¢ > 0.Before this injection, the

amount of the drug in the body was zero.

Write down
(a.i) theinitial dose of the drug. [1]
(a.ii) the percentage of the drug that leaves the body each hour. [2]

(b)  Calculate the amount of the drug remaining in the body 10
hours after the injection. [2]



26.

[Maximum mark: 17] 21M.2.5L.TZ1.2
The diagram below shows a circular clockface with centre O.The clock’s minute
hand has a length of 10 cm. The clock’s hour hand has a length of 6 cm.

At4 : 00 pm the endpoint of the minute hand is at point A and the endpoint of
the hour hand is at point B.

diagram not to scale

(@ Find the size of angle AOB in degrees. [2]
(b) Find the distance between points A and B. [3]

Between4 : 00 pmand4 : 13 pm, the endpoint of the minute hand rotates
through an angle, 8, from point A to point C.Thisis illustrated in the diagram.



diagram not to scale

(c) Find the size of angle Qin degrees. [2]
(d) Calculate the length of arc AC. [2]
(e)  Calculate the area of the shaded sector, AOQC. [2]

A second clock isillustrated in the diagram below. The clock face has radius
10 cm with minute and hour hands both of length 10 cm. The time shown is
6 : 00 am.The bottom of the clock face is located 3 cm above a horizontal
bookshelf.

diagram not to scale

Bookshelf

(f) Write down the height of the endpoint of the minute hand
above the bookshelfat 6 : 00 am. [1]



The height, h centimetres, of the endpoint of the minute hand above the
bookshelf is modelled by the function

h(6) =10 cos 6 + 13, 6 > 0,

where @ is the angle rotated by the minute hand from 6 : 00 am.

(g)  Findthevalue of hwhend = 160°.

The height, g centimetres, of the endpoint of the hour hand above the
bookshelf is modelled by the function

9(0) = —10 cos(l%) +13, 6 > 0,

where @ is the angle in degrees rotated by the minute hand from 6 : 00 am.

(h)  Write down the amplitude of g(8).

(i) The endpoints of the minute hand and hour hand meet when

0=k

Find the smallest possible value of k.
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(2]

(1]

(2]



