Complex Numbers

Solution

Since the polynomial does not have real coefficients, then 1 — 2iis not
necessarily also a zero. To find the other zeros, we can perform synthetic
substitution

1+ 21 1 1— 2 21+ 5 8 +1
1+ 2i -7+ -8 —1
1 -1+ 31 -2+ 31 0
This shows that P(x) = (x — 1 — 2i)(s« + (—1 + 3i)x — 2 + 31). The
second factor can be factored into (x + 1)(x — 2 + 31) giving us the other
two zeros as —1 and 2 — 3i.

Note: x> + (=1 + 3i)x — 2 + 3i = 0 can be solved using the quadratic
formula.

b+ —dac 1—3i*/(—1+3i)2—4(—2 + 3i)
x= =
2a 2

_1-3ix/-8—-6i+8—12i _1—3i*/—18i
2 2

To find v —18i we let (a + bi)> = —18i = a®> — b* + 2abi = —18i, then
equating the real parts and imaginary parts to each other: @> — b* = 0

and 2ab = —18 will yield v —18i = =3 5 34, and hence

1—-3i+y/—18i 1 —3i% (*3 ¥ 3i)
x= 3 - 5

which will yield x = —1lorx= 2 — 3i.

Exercise 10.1

Express each of the following numbers in the form a + bi.

15+/—4 27-V=7 3 -6
4 /49 5 /=81 6 — —1_25

Perform the following operations and express your answer in the form a + bi.

7 (—3+4i)+ 2 —15)

8 (—=3+4)—@2—5)

9 (=3 + 4)2 — 5i) 10 31— 2 — 4))
11 2 — 70)3 + 4) 12 (1 + )2 - 30)
342 2
5= e
2 1 1.1 2_1)\(2,.1;
e (§ 2’)+(3+2’) Le (3 2’)(3+2’)
2 1N (1,1 N3 — o
17 (§ 2/) : (3+2/) 18 2 + )(3 — 2i)
19 %(3—7/) 20 (2 +5) — (=2 — 5/)
13 12i
Bl 22 =75



23 3/'(3—%/) 24 (3 + 5/)(6 — 100)
39 — 52 T
25 -2 26 (7 — 4i)
o 3 2
27 (5 — 12i) 283+ 2
(7 +8)2 —5i) 5—V—144
29 VLT 0N~ 5D 30 2 V144
5—=12i 3+/-16

31 letz=g+ biFindaandbif 2 +3)z=7+1i.
32 (2 + yi)x + i) = 1 +3i, where x and y are real numbers. Solve for x and y.

33 a) Evaluate (1 + iV/3)3.
b) Prove that (1 + i/3)" = 821 wheren € Z+.
) Hence, ind (1 + iv/3)%.

34 3) Evaluate (—vV2 + i/2)2
b) Prove that (—=v2 + iV2)* = (—16)k wherek € Z*.
Q) Hence, find (—vV2 + iv2)%.

35 Ifzis a complex number such that |z + 4i| = 2|z + i|, find the value of |z].
(|2 = %+ where z=x +iy)

36 Find the complex number zand write it in the form a + biifz= 3 + 2

2—i2
37 Find the values of the two real numbers x and y such that (x + iy)(4 — 7i) = 3 + 2i.

38 Find the complex number z and write it in the form a + biifi(z + 1) = 3z — 2.

2—1

1_’_2[\/?:2—3/‘

39 Find the complex number z and write it in the form a + bi if
40 Find the values of the two real numbers x and y such that (x + iy)2 =3 —4i

41 a) Find the values of the two real numbers x and y such that (x + iy)? = — 8 + 6i.
b) Hence, solve the following equation
Z+(0—=iz+2-2i=0.
42 If z € C, find all solutions to the equation 2> — 27i = 0.

43 Given thatz = $ + 2iis a zero of the polynomial f(x) = 4x* — 16x> + 29x — 51,
find the other zeros.

44 Find a polynomial function with integer coefficients and lowest possible degree
that has 3, —1 and 3 + iv2 as zeros.

45 Find a polynomial function with integer coefficients and lowest possible degree
that has —2, —2 and 1 + /3 as zeros.

46 Given thatz =5 + 2/is a zero of the polynomial f(x) = x> — 7x? — x + 87, find
the other zeros.

47 Giventhatz =1 — i/3 is a zero of the polynomial f(x) = 3x> — 4x? + 8x + §,
find the other zeros.

48 |letz € C. IfZ—Z* = a + bi, show that |g + bi| = 1.




Complex Numbers

49 Given that z = (k + i)* where k is a real number, find all values of k such that
a) zisareal number
b) zis purely imaginary.

50 Solve the system of equations. 51 Solve the system of equations.
izy +2z,=3 — | izy—= (0 +i)z,=3
220+ QR+ Nz, =7+ 2i R+iztiz,=4

@ The complex plane

Our definition of complex numbers as ordered pairs of real numbers
enables us to look at them from a different perspective. Every ordered pair
(x, y) determines a unique complex number x + yi, and vice versa. This
correspondence is embodied in the geometric representation of complex
numbers. Looking at complex numbers as points in the plane equipped
with additional structure changes the plane into what we call complex
plane, or Gauss plane, or Argand plane (diagram). The complex plane has
two axes, the horizontal axis is called the real axis, and the vertical axis is
the imaginary axis. Every complex number z = x + yiis represented by a
point (x, y) in the plane. The real part is measured along the real axis and
the imaginary part along the imaginary axis.
imaginary axis A
5i
4i+
3i
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The diagram above illustrates how the two complex numbers 3 + 47 and
—5 + 2iare plotted in the complex plane.

imaginary axis A
HEEN
= £
: ©
z=x+Yyi : &
-
H=
He)
= @©
. E
0 > .
Real part x real axis




b) I =( g)
745
8 a) (1000) b) 600 km/h ¢) at 1.5 hrs
325
(940) ¢) 451km
9 2n% — n +12 = 0 does not have real solutions, so it is not
possible.
10 a:g*ZG 110
Chapter 10
Exercise 10.1
1 5+2i 2 7—V7i -6+ 0i
4 —740i 5 049 6 0—%1‘
7 —1—i 8 —5+09i 9 14+23i
10 —2+7i 11 34 — 13i 12 5—3i
16 _11. 4 _7.
13 29 291 14 13 131 15 1
25 1 _18. .
16 32 17 — -5 18 8—i
—7—3 ; 5. 12
19 —7 — 3i 20 4+ 10i 21 T+ 5
48 | 36 :
22 o+ 23 2+9i 24 68
8 63. 7 4. 5,12,
25 -2 26 L 4+= 27 +=
13 26 65 65" 169 " 169"
12, 8. 498 | 553 . 33 56 .
28 =4+ 5 29 204227 30 -2 -2
25 25" 169 169 25 25
17 _19. —_1 . _ 5 =1, y=
31 313! 32 x > 2;andx=1,y=1
33 a) —8 c) 28
34 a) —4i c) 246
9—42 f 2,
35 x*+yi=4 36 £
xry 3 3!
__2 ,_29 10,
37 x=—y=es 38 2(1+1)
39 5+ 12i 40 (xy)=2,—Dor(xy)=(-21)
41 a) (xy)=(1,3)or(xy)=(—1,-3)
b) 2i,—1—1
3\/—+1 \/—+1
o {200 200
2 2
43 %721',3 44 f(x)=2x"—11x" +15x* +17x — 11
45 f(x)=x"+2x"+8x+16
46 5—2i,—3 47 1+if3,—% 48 Verify
49 a) k=0+1 b) k=+3+2{2
50 z, =1+iz,=2—i 51 2 =14 , 146
3 3
Exercise 10.2
. e T
1 2\/—CIS(Z) 2 2cis (E) 3 ZﬁCIS(T)
4 2\/—c1s(1 ) 5 4c155?77 6 3\/_c1s(f)
. . (7 . (T
7 4c1s(7> 8 6¢cis (?) 9 V2udis (Z)
10 15cis 7 11 %cis(5.64) 12 3fcls(7”)
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28
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32

33
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35
36

. (T V3 . i V3 i
7 cis (0) 14 ec1s(7) 15 5 t3:5 t3
1_V3i -3 i . . -1 V3

1,2 -5 17 5 +2 118 —1,—— 3 + 3
VB V2, V6 VI A=V6+y2)  9W/E+V2)
2 2 i 8 /3 8
. - i (3V3+3
—3\/§—3+1(3\/§—3),3\/§4 3 _ I - )
_—ﬁ(1+i),§(1+i)
6—3—3\{?1
5/6 —15V2 5f+15f —sf—lsf 5@—15&
48 48 > 64
3V/3 -3
—3\/—+3+1(3\/—+3),3\/_+3 (f )
7 =2cis 2, z, = dcis —~ i:las—z l Lz
1 6 377 2 6’2 483>
212, = 8 cis —~ ﬂ:lcisz
122 6 2 2 2 /3 /3
_ T o 1_v2 . om 1_v3 . m
z1—2\/§c156,22—4\/§c1s 3 0z~ 4 C 6’2" 1 cis 3
_ 7 A _V6 . om
212, = 8/6 cis 6 °Z- 6 83 5
—8cisT = 3w 1 _ 1. —m 1_v2 .37
21—8c1s6,22—3\5c1s 4\/_z1 8cs 5 'L- 6 cis 1
_ /T A _4 1la
212, = 24 V2 cis 12 °z,~ 3 i IZ\F
— 3T, = 2w 1 _ V3 . o—T
zl—ﬁc152,22—2\/§c1s 3 Z 3 clis 7
17\/5 2T 26 -7 21 V6 . —57
78 83 an=weds T,y = ds g
zZ1 = V10 cis = ,22—2\/7c1s7—Ti @cisw,L:Qcis—
4 27z 1 4’z 8
212, = 45 cis 2F ﬂzﬁcisﬂ
> 172 2 4
1 ..—-m 1_V3
Z7= 2c153,z2—2f},zl fCST’Z_z_ 3 cis 0,
- mAh_V3 T
2122.—4\/7053,22 5 cis 3
b) (i)
0.51
0
-0.5
.. _ -7 _ —5m
(ii) arg(z) = < arg(z) = <
Verify
a) ?—% b) Zf o) V3i
Izl =4, arg(zl)—_— IZZ—Zf arg(z) = 4,|z3|=8\5,

arg(z) = 72

22 —2/3 =185

a) {(x y):x2+ y? =9}, the circle centre (0, 0) radius 3

b) {(x »):x =0}, the y-axis

c) {(xy):x=4}, thelinex=4

d) {(x »):(x — 3)> + y? = 4}, the circle centre (3, 0) radius 2

e) {(x):1— x+ 3and y= 0}, the line segment between
(1,0) and (3,0)



