Paper 3 (21.10) [27 marks]

1. [Maximum mark: 27]
This question asks you to investigate conditions for the existence of complex
roots of polynomial equations of degree 3 and 4.

The cubic equation 3 + pa:2 + gx + r = 0,wherep, q, 7 € R, has
roots &, (3and".

(@)  Byexpanding (z — a)(x — B)(z — ) show that:
p=—(a+pB+7)
q=aBf+py+a
r = —afy.

(bi)  Showthatp? — 2g = o + B + 2%

(b.ii)) Hence show that
(@—B)*+ (B—7)"+ (v — )’ = 2p* — 6q.

() Given thatp2 < 3q,deduce that ¢, Band~y cannotall be
real.

Consider the equation % — 722 + gz + 1 = 0,whereq € R.

(d) Using the result from part (c), show that when ¢ = 17, this
equation has at least one complex root.

Noah believes that ifp2 > 3qthen a, Band-yareallreal.

(ed) By varying the value of g in the equation

23 — 72% + gr + 1 = 0, determine the smallest positive
integer value of @ required to show that Noah isincorrect.
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(eii)  Explain why the equation will have at least one real root for all
values of g. [1]

Now consider polynomial equations of degree 4.

The equation % + px® + gx? + rz + s = 0,wherep, q, 7, s € R,
hasroots o, [3, 7y and d.

In a similar way to the cubic equation, it can be shown that:
p=—(a+pB+v+9)
g=af+ay+ad+ By+ Bd+ 76
r=—(afy+ aBd+ ayd + 5v0)
s = afvo.
() Find an expression fora + 8% 4 % 4 §%in terms of pand
q. (3]

(fii)  Hence state a condition in terms of p and q that would imply

zt + p:B3 + qa:z + rx + s = O hasatleast one complex
root. (1]

(9) Use your result from part (f)(ii) to show that the equation

z* — 223 + 322 — 4z + 5 = O hasat least one complex
root. [1]

The equation z* — 923 + 2422 + 222 — 12 = 0, has one integer root.

(h.i)  State what the resultin part (f)(ii) tells us when considering this

equation z* — 923 + 2422 4+ 222 — 12 = 0. [1]

(h.ii)  Write down the integer root of this equation. [1]



(hiii) By writing z* — 923 + 2422 + 222 — 12 asa product of
one linear and one cubic factor, prove that the equation has at
least one complex root. (4]
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