Trigonometry [134 marks]

1. [Maximum mark: 5] 22M.SL.TZ2.5
. ... . T i _ 1
Find the least positive value of  for which COS (7 + g) = 5]
Markscheme
determines % (or45 0) as the first quadrant (reference) angle (A1)

II

attempts to solve -5 + % =7 M1)

i T

Note: Award M1 for attempting to solve % + 5 = %, T(7 .. )

b8
_I_
w| =

— % = x < Oandso % is rejected (R1)

—21'1—%(:7711) A1

170
6

po|&
_|_

| =
|

r = (must bein radians) A1

[5 marks]

2. [Maximum mark: 6] 23M.1.AHL.TZ1.3
Solve cos 2x = sin x,where — 1 < x < Tr. (6]

Markscheme

1—2sin’z=sinz A1



2sin’z+sinz—1=0
valid attempt to solve quadratic (M1)

(2sinz — 1)(sin z + 1) OR - 1261)(2)(_1)

recognitionto solveforsin @  (M1)

sin ¢ = %ORSiDZE =—-1
any correctsolutionfromsin ¢ = —1 A1
any correct solution fromsin x = % Al

Note: The previous two marks may be awarded for degree or radian values,
irrespective of domain.

— _m™ m 5w
T==—9,617%¢ Al

Note: If no working shown, award no marks for a final value(s).

Award A0 for — -, &, ‘% if additional values also given.

[6 marks]
[Maximum mark: 5] 18M.2.AHLTZ1H_3
Let f () = tan (z + m)cos (w — %) where ) < x < 7.

Express f (m) in terms of sin & and cos . [5]



Markscheme

*This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.

tan (z + m) = tanz (= 22Z) w41

Cos T

Cos (a: — %) —sinx (M1)A1

Note: The two M1s can be awarded for observation or for expanding.

2

tan (z + m)cos (z — ) = Sz gy
[5 marks]
[Maximum mark: 7] 21N.1.SL.TZ0.6
2
(@ Showthat2x — 3 — aﬁl == :;5;:_3, reR, x#1
[2]
Markscheme
METHOD 1

attempt to write all LHS terms with a common denominatorof £ — 1
(M1)

9 6 _ 2x(z—1)-3(z—1)-6 (2z-3)(z—1) 6
2z 3 z—1 = z—1 OR z—1 z—1

2 o - 2
_ 20°—2x—3x+3—6 OR 2z°—5z+3 6 Al

rz—1 z—1 rz—1

2

— 227 -5z2-3 46
z—1

METHOD 2



attempt to use algebraic division on RHS M1)

correctly obtains quotient of 22 — 3 and remainder —6 A1
=2 —3— % as required. AG
[2 marks]

(b) Hence or otherwise, solve the equation

25in20 -3 — —2r7 =0fr0<60<m 0+ . [5]

Markscheme

2sin® 20-5sin20-3 _

consider the equation S 201 M1)

= 2sin® 20 — 5sin 20 — 3 =0

EITHER

attempt to factorise in the form (2 sin 20 + a)(sin 260 + b)
(M1)

Note: Accept any variable in place of sin 26.

(2 sin 20+ 1)(sin 20 — 3) =0

OR

attempt to substitute into quadratic formula M1)

. 54449
sin 20 = 1



THEN

sin 20 = —% orsin 260 = 3 (A1)

Note: Award AT forsin 260 = —% only.

one of7—6rI OR % (accept 210 or 330) (A1)

7o 1ln . .
6 = T3> 13 (mustbein radians) A1

Note: Award A0 if additional answers given.

[5 marks]

[Maximum mark: 7] 22M.1SL.TZ1.4

Consider the functionsf(a:) = \/g sin x + cos zwhere) < x < 7
andg(x) = 2z wherexz € R.

(@)  Find (f o g)(x). [2]

Markscheme

(fog)(z) = f(2z) @
f(2x) = v/3sin 2z +cos 2z A1



[2 marks]

(b)  Solvetheequation (f o g)(x) = 2 cos 2z where
0<z<m [5]

Markscheme

v/3sin 22 + cos 2z = 2 cos 2z

v/3sin 22 = cos 2z

recognising to use tan or cot M1

tan 2z = % OR cot2x = \/§ (values may be seen in right

triangle) (A1)

(arctan(i_
V3
™
6

T
2z = I, Ir

) :) % (seen anywhere) (accept degrees) (A1)

N

— . Ir
T =15, T A1A1

Note: Do not award the final A7 if any additional solutions are seen.
Award A1A0for correct answers in degrees.
Award A0A0for correct answers in degrees with additional values.

[5 marks]

[Maximum mark: 8] 21M.1SLTZ1.6
(a) Show that
sin 2z + cos 2z — 1 = 2 sin z(cos ¢ — sin x).



[2]
Markscheme

Note: Do not award the final A7 for proofs which work from both sides to

find a common expression other than 2 sin z cos  — 2 sin? .

METHOD 1 (LHS to RHS)

attempt to use double angle formula forsin 2z orcos 2 M1
LHS= 2 sin x cos & + cos 2 — 1 OR

sin 2z + 1 — 2 sin® z — 1 OR

2

2sinxcosx+1—2sin“x—1

—92sinzcosz —2sin?x A1

sin 2z + cos 2z — 1 = 2 sin (cos  — sin ) =RHS 46

METHOD 2 (RHS to LHS)
RHS = 2 sin z cos z — 2 sin®
attempt to use double angle formula forsin 2z orcos 2z M1

—sin2z+1—2sin’z—1 a1

=sin2x +cos2x —1 =LHS A6

[2 marks]



(b) Hence or otherwise, solve
sin 2z +cos 2x — 1+ cos ¢ — sin & = Ofor
0 < x < 2m

[6]
Markscheme

attempt to factorise ~ M1

(cosz —sinz)(2sinz+1)=0 A1

sin x

recognitionof COS ¢ = sin x = -~ =tanx =1 OR
sin © = —% M1)

one correct reference angle seen anywhere, accept degrees (A1)

I I o 7o
7T OR 5 (accept—g, ?)

Note: This (M1)(A1) is independent of the previous M1A1.

Note: Award A7 for any two correct (radian) answers.
Award A140 if additional values given with the four correct (radian) answers.
Award A140 for four correct answers given in degrees.

[6 marks]



[Maximum mark: 5] 18M.1.AHL.TZ1H_8
Leta = sinb, 0 <b < 7.

Find, in terms of b, the solutionsof sin 2x = —a, 0 < z < 7. [5]
Markscheme

*This question is from an exam for a previous syllabus, and may contain

minor differences in marking or structure.

sin2x = —sinb
EITHER
sin 2z = sin (—b) orsin 2z = sin (7 + b) or

sin 2x = sin (2w — b) ...  (M1)(A1)
Note: Award M1for any one of the above, ATfor having final two.

OR

(M1)(A1)

Note: Award M1 for one of the angles shown with b clearly labelled, A1 for
both angles shown. Do notaward A7 if an angle is shown in the second
quadrant and subsequent A7 marks not awarded.

THEN

20 =1+ bor2x =2 — b @A1NA1)

T b b

T=5T95, T=T— 5 Al



[5 marks]

[Maximum mark: 4] 21M.1.AHL.TZ1.6
Itis given that cosec = %,where % <0< 32—H.Find the exact
value of cot 6. [4]
Markscheme
METHOD 1

attempt to use arightangled triangle M1

J5

correct placement of all three values and @ seen in the triangle  (41)

cot @ < 0 (since cosec > 0 puts @in the second quadrant)  R1

cotd = —% A1

Note: Award MTATR0A0 for cot O = % seen as the final answer
The R1 should be awarded independently for a negative value only

given as a final answer.



METHOD 2
Attemptto use 1 + cot2@ = cosec20 m1
1+ cot?f = %
2n 5
cot“0 =7 (A
cotd = :I:%
cot @ < 0 (since cosec > 0 puts @in the second quadrant)  R1

cotf = —5 a1
Note: Award M1A1R0A0 for cot 6 = % seen as the final answer

The R1 should be awarded independently for a negative value only
given as a final answer.

METHOD 3
; _ 2
sinf = 3

attempt to use sin’ 0 + cos20=1 m
% +cos?0 =1

cos20 = % (A1)

cosf = i%

cosf < 0 (since cosec > 0 puts@in the second quadrant)  R1
cosf = —%

cotd = —% A1



Note: Award MTATR0A0 for cot O = % seen as the final answer
The R1 should be awarded independently for a negative value only
given as a final answer.

[4 marks]

[Maximum mark: 7] 21M.1.AHL.TZ2.2
Solve the equation 2 cos’xz +5sinz = 4, 0 < x < 2m. [7]

Markscheme

attempttouse cos? x = 1 — sin? z M1

2sin’z—5sinz+2=0 A1

EITHER

attempting to factorise M1

(2 sin z — 1)(sin z — 2) A1

OR

attempting to use the quadratic formula m1

54++/52—4x2x2 (_ 5i3)
7 —

1 Al

sin x =

THEN



10.

[7 marks]

[Maximum mark: 8]
Letf(a:) = 4 cos (%) + 1,for0 < & < 67.Find the values of

x for which f (CE) > 2\/5 + 1.

Markscheme

METHOD 1 - FINDING INTERVALS FORx

4 cos (%) +1>2v2+1

correct working (A1)

eg 4005(%) = 2¢/2, cos(%) > @

1@ =T

recognizing COS =

one additional correct value for % (ignoring domain and
equation/inequalities) (A1)

T 7 o 97 o 157
eg 40 4 315 ’y 4 0 45 'y "4
three correctvaluesforx  A1A1

T T 9w
¢ 95 2 "o

valid approach to find intervals M1)

19N.1.SL.TZ0.5_6

(8]



e

correctintervals (mustbeinradians)  A1A1 N2
e d I
0<z< 5y < T < 5

Note: If working shown, award 4140 if inclusion/exclusion of endpoints is
incorrect. If no working shown award N1.

If working shown, award A740 if both correct intervals are given, and
additional intervals are given. If no working shown award N1.

Award A0A0 if inclusion/exclusion of endpoints are incorrect and additional
intervals are given.

METHOD 2 - FINDING INTERVALS FOR %

4cos(%) +1>2v2+1

correct working (A1)

eg 4COS(%) — 242, cos(%) > @

1@_71’
2

recognizing COS =7 (A1)

one additional correct value for % (ignoring domain and
equation/inequalities) (A1)

T TIr o 9w o 157
9 —1, 1,318 7, — 457, -

three correct values for % Al



valid approach to find intervals M1)

eg

N/ \
N\ o=\

one correctinterval for % Al

s 0<E<iB<fcy

correctintervals (must be inradians)  A1A1 N2

T Ir 9
0<ze< 5, 5 <z <5

Note: If working shown, award A140 if inclusion/exclusion of endpoints is
incorrect. If no working shown award N1.

If working shown, award A740 if both correct intervals are

given, and additional intervals are given. If no working shown award N1.
Award A0A0 if inclusion/exclusion of endpoints are incorrect and additional
intervals are given.

[8 marks]
11. [Maximum mark: 7] 19N.1.AHL.TZ0.H_4
A and B are acute angles such thatcos A = % andsin B = %
Show that cos (24 + B) = —22—‘/75 — %. [7]

Markscheme



attempt to use cos (24 + B) = cos2A cos B — sin2A sin B

(may be seen later) M1
attempt to use any double angle formulae (seen anywhere) M1

attempt to find either sin A or cos B (seen anywhere) M1

cosA:% = sin A (: 1-— %) = % (A1)

|

sin B = 1 :>cosB<: 1—%:‘@):¥ A1

cos 24 (: 2cos? A — 1) = —% A1

sin2A (= 2sin Acos A) = % A1
so.cos (24 + B) = (-3) (22) - (%) (3)
O 2V/2 44/5
=~ — 21 A6
[7 marks]
12. [Maximum mark: 7] 18N.1.AHL.TZ0.H_3

Consider the function g () = 4cosz + 1, a < = < § wherea < 7.

(@) Fora = — %, sketch thegraphofy = g (:U) Indicate clearly
the maximum and minimum values of the function. [3]

Markscheme

*This question is from an exam for a previous syllabus, and may contain
minor differences in marking or structure.



T T
2
Al

2

concave down and symmetrical over correct domain

indication of maximum and minimum values of the function (correct

range) A1A1

(1]

[3 marks]
Write down the least value of @ such that g hasan inverse.

(b)

Markscheme

a=0 A1
Note: Award A7 for a = 0 only if consistent with their graph.

[1 mark]
(1]

For the value of a found in part (b), write down the domain of

(c.i)
_]_-

g



Markscheme

1<xe<d M

Note: Allow FT from their graph.

[1 mark]

(cii)  Forthevalue of a foundin part (b), find an expression for

g " (z). [2]
Markscheme

y=4cosx +1

x=4cosy+1

le =cosy (M)

= Y = arccos (wT_l)

= g ! (z) = arccos (%) A1

[2 marks]

SPM.2.AHL.TZ0.12

2
@ Showthatcot 20 = L1-tant. 1]

13. [Maximum mark: 19]

Markscheme



stating the relationship between cot and tan and stating the identity for
tan20 M1

_ 1 __ _2tané
cot 20 = 57 andtan 20 = ;=2

_ 2
> cot 20 = 1Al 46

[1mark]

(b)  Verifythatz = tan @and x = — cot @ satisfy the equation
r? + (2cot 20)z — 1 = 0. [7]

Markscheme

METHOD 1

attempting to substitute tan @ for & and using the result from (a) M1

LHS=tan? @ + 2tan6 (%) —1 M
tan?f 4+ 1 — tan?@ — 1 = O(=RHS) AT
so x — tan 0 satisfies the equation 4G

attempting to substitute — cot 6 for x and using the resultfrom (a) M1

LHS = cot2 0 — 2 cot 0 (%‘ﬂ?) —1 a1

_ 1 (1—tan?’0)
~ tan20 < tan? @ ) I

1
tan2 0

— =5+ 1—1=0=RHS) A1

sox = — cot O satisfies the equation 4G



METHOD 2
letay = tanfand 3 = — cot 6

attempting to find the sum of roots M1

a+ fB=tanf — -

tan 6

tanZ0—1

tan @ Al

— —2cot 260 (from part (a)) A1
attempting to find the product of roots ~ M1
af =tanf x (—cot @) a1
=—1 A1

the coefficient of 2 and the constant term in the quadratic are 2 cot 26
and —1respectively  R1

hence the two rootsare« = tanfand 8 = —cot 6 46

[7 marks]

(0) Hence, or otherwise, show that the exact value of

tan-5 =2 — /3. [5]
Markscheme
METHOD 1
T = taLnfT—2 andx = —Cot% are roots of

z? + (2cot%)x —1=0 n1

[

Note: Award RTifonly z = tan 19 isstated asaroot of
2+ (2cotZ)z —1=0.

224232 —-1=0 41



attempting to solve their quadraticequation ~ M1
r=—-v/3+2 m

s s
tans > 0 (—cot{5 < 0) R

sotan-5 = 2 — /3 46

METHOD 2
attempting to substitute @ = % into the identity for tan 26 m1

2tan-=
o 12
ta’nﬁ — 1—tan?X

12
tan2% -+ 2\/§tan1—”2 —1=0 a1
attempting to solve their quadraticequation M1
tan{y = —V/3+2 a1
tan{y >0 R
sotan{s = 2 — NERT

[5 marks]

(d) Using the results from parts (b) and (c) find the exact value of

v s
tan5; — coto;.
Give your answer in the form a + b3 where abe . [6]
Markscheme

T s
tan 24 cot 24 is the sum of the roots of

x2 + (2cot1—7r2):c —1=0 ~nr



o o s
tan24 cot 5f — 2 cot 15 Al
)
= = Al
2—/3

attempting to rationalise their denominator  (M1)

= —4— 23 mm
[6 marks]
14. [Maximum mark: 19] 21M.1.AHL.TZ2.12
The following diagram shows the graph of y = arctan(2w + 1) + % for
x € R, withasymptotesaty = — 7 andy = %TH.

(a) Describe a sequence of transformations that transforms the
graph of y = arctan x to the graph of

y = arctan(2z + 1) +  forz € R. [3]

Markscheme



EITHER

horizontal stretch/scaling with scale factor %

Note: Do not allow ‘shrink’ or‘compression’

followed by a horizontal translation/shift % units to the left A2
Note: Do not allow ‘move’

OR

horizontal translation/shift 1 unit to the left

followed by horizontal stretch/scaling with scale factor % A2

THEN

vertical translation/shift up by % (or translation through Al

| e

(may be seen anywhere)

[3 marks]
(b) — ptq
Show thatarctanp + arctang = arctan -
wherep, ¢ > Oandpg < 1. [4]
Markscheme

letax = arctanpand 8 = arctang M1



p =tanaandq = tanfg (A1)

tan(a + 8) = 1p_—+pqq A1

a+f= arctan(f%}?q) A1

soarctanp + arctanqg = arctan(p—ﬂ) wherep, ¢ > Oand

1-pg
pq < 1. A6

[4 marks]

Verify that arctan (2 + 1) = arctan (27 )+ 7 for

reR, z>0. [3]

Markscheme

METHOD 1

% = arctanl (orequivalent) A7

arctan( mil) + arctanl = arctan(l_’”lz—(l)) A1
z+1

Zhetl
= arctan( L ) A1
z+1

= arctan(2z + 1) 46

METHOD 2

tan % = 1 (orequivalent) A1

Considerarctan(2x + 1) — arctan( mf—l ) — %



tan (arctan(2z + 1) — arctan(-%7))

z+1
2x+1—=2-
— arctan Tjﬁ)l Al
142

z+1

(2z+1)(z+1)—= ) 11

= arctan( z+1+z(2a+1)

— arctanl 46

METHOD 3

tan (arctan(2z + 1))=tan (arctan( pe )—|—%)

tan % — 1 (orequivalent) A1
LHS=2z+1 m

RHS = -1

(=2z+1) m

=< _

z+1

[3 marks]

(d) Using mathematical induction and the result from part (b),

n
1) n
prove that rglarctan( 52 ) = arctan( n+1 ) for

necZr. [9]

Markscheme

n
. 1
let P(n) be the proposition that rglarctan(w) - arctan(nLH)

forn € 7

considerP(l)



1
whenn =1, X arctan(

P(1)istrue R

2| =

L ) = arctan( ) = RHS andso

272

assume P (k) is true, ie.
k
Y arctan(55 ) = arctan(wkl) (keZt) m

r=1

Note: Award M0 for statements such as“letnn — k"
Note: Subsequent marks after this M1 are independent of this mark and can
be awarded.

consider P(k + 1):

k+1 1 k 1 1
Elamtan(z_ﬂ) = Elarctan(2—rz) + arctan( 2ot 1)’ )

(M1)

:arctan(ﬁ)—l—arctan( L ) Al

2(k+1)?
_k_ L
k+1
= arctan ) M1
(%) ( 2(k+1)2 )
k+1)(2k?+2k+1
:arctan(( )( = ))
2(k+1)°—k

Note: Award AT for correct numerator, with (k + 1) factored.
Denominator does not need to be simplified

(k+1) (2K%+2k+1) "
2k3+6k%+5k+2

= arctan(



Note: Award A7 for denominator correctly expanded. Numerator does not
need to be simplified. These two A marks may be awarded in any order

(k+1)(2k*4-2k+1)
(k+2)(2k2+2k+1)

= arctan( > = arctan(%) Al

Note: The word ‘arctan’must be present to be able to award the last three A
marks

P(k 4 1) istrue whenever P (k) istrue and P (1) is true, so

P(n) istrueforforn € Z+  R1

Note: Award the final RT mark provided at least four of the previous marks
have been awarded.

Note:To award the final R1, the truth of P (k) must be mentioned. P (k)
implies P(k + 1)’isinsufficient to award the mark.

[9 marks]

15. [Maximum mark: 20] 22M.1.AHL.TZ2.11
Afunction fis defined by f(z) =
xrEeR, z#—1, x #3.

1
T 973 ,Where



(a) Sketch the curve y = f(a:) clearly indicating any asymptotes
with their equations. State the coordinates of any local
maximum or minimum points and any points of
intersection with the coordinate axes.

Markscheme

y=0 x=-1

y-intercept (0, — %) A1

1
3

Note: Accept an indication of — - on the y-axis.

vertical asymptotes = —landx = 3 Al
horizontal asymptotey = 0 A1

uses a valid method to find the -coordinate of the local maximum point
m1)

(6]



Note: For example, uses the axis of symmetry or attempts to solve

fi(z) = 0.
local maximum point (1, —%) At

Note: Award (M1)40 for a local maximum pointat £ = 1 and coordinates

not given.

three correct branches with correct asymptotic behaviour and the key
features in approximately correct relative positions to each other Al

[6 marks]

A function gis defined by g(x) = 5. wherex € R, z > 3.

2223
Theinverse of gis g_l.
B showthatg~1(z) = 1 + @. [6]
Markscheme
T = m M1

Note: Award M1 forinterchanging & and Y (this can be done ata later
stage).

EITHER



attempts to complete the square m1

P2 —2y—3=@w—-1>* -4 m

OR

attemptsto solve zy? — 22y — 3z — 1 = Ofory M1

) (2.»0)1\/(2133) e

Note: Award ATeven if — (in =) is missing

2244162244z
= 5 A1
i

THEN

=14 MH2 g

vaxltzx
x

y > 3andhencey = 1 — is rejected R1

Note: Award R1 for concluding that the expression for § must have the '+
sign.
The R1may be awarded earlier for using the condition & > 3.



[6 marks]

(bii)  State the domain of g 1. [1]

Markscheme

domainofg~lisz > 0 A1

[1mark]

Afunction h is defined by h(z) = arctans, wherex € R.

(0 Given that (h o g) (a) = %, find the value of a.

Give your answer in the form p + %\/F,where
p,q, rELT. [7]

Markscheme

attemptstofind (h o g)(a) M)

(hog)(a) = arcta,n( g(;) ) ((h og)(a) = arctan(m»
(A1)




arctan < @> =1 (arCtan ( 2(a? —12a—3)'> = %)

attempts to solve forg(a) M1

= 9(0) =2 (@ay =2)

EITHER
=a=g 1(2)

attemptsto find theirg 1(2) M1

Note: Award all available marks to this stage if x is used instead of a.

OR
=222 —4a—-T=0 a1

attempts to solve their quadratic equation ~ M1

2
o = ZEHH/CHHO (: 4i4m> .

Note: Award all available marks to this stage if & is used instead of a.

THEN
a=1—|—%\/§(asa>3) A1

(p:17q:37r:2)



Note: AwardATfora = 1+ ++4/18 (p =1, ¢ =1, r = 18)

[7 marks]
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