Trigonometry review (research days) [120 marks]

1. [Maximum mark: 5]
The following diagram shows triangle ABC, with AB=6 and AC = 8.

diagram not to scale

A C

(a) Giventhatcos A = % find the value of sin A. [3]

Markscheme

valid approach using Pythagorean identity  (M1)
. 2

sin®? A 4+ (%) — 1 (orequivalent) (A7)

sin A = % A1

[3 marks]

(b) Find the area of triangle ABC. [2]

Markscheme

% X 8 X 6 X % (orequivalent) (A1)

area= 4+/11 A1

[2 marks]



[Maximum mark: 12]
Alex only swims in the sea if the water temperature is at least 15 °C. Alex goesinto the
sea close to home for the first time each year at the start of May when the water

becomes warm enough.

Alex models the water temperature at midday with the function
f(z) = asin bz 4 cfor0 < x < 12, where  is the number of months after 1st
May and wherea, b, ¢ > 0.

Thegraphofy = f(a:) is shown in the following diagram.
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(a) Show thatb = %

Markscheme

12b=2n OR (b=)22 OR 12= 2" a1

b=7% 4

(1]



[1 mark]

(b) Write down the value of

(bi) a;
Markscheme

a=>5 A1

[1mark]

(bii) c.
Markscheme

c=15 M

[1mark]

Alexis going on holiday and models the water temperature at midday in the sea at the

holiday destination with the function g(z) = 3.5 sin %a: + 11, where
0 < x < 12and z is the number of months after 1st May.
(c) Using this new model g(w)

(ci)  find the midday water temperature on 1st October, five months after
1st May.

Markscheme

attempt to substitute £ = Sinto g(x)  (M1)

g(5) = 3.5sin 2 + 11

s o5m 1
Sin 5 — 2 (A1)



g(5) =3.5 x 3 +11
g(5) =12.75(=2L)

[3 marks]

(cii)  show that the midday water temperature is never warm enough for

Alex to swim.
Markscheme

METHOD 1 (finding maximum temperature)

considering the maximumvalue of sin g (= 1) OR g/(z) = Oat

maximum

OR maximum = vertical shift + amplitude (may be seen on a graph) m1)

Jmax = 3.5+ 11 OR 7 - 3.5 cos <%:v> =0O0RzZ=23

Jmax = 14.5 A1

14.5 < 15 (hence the midday water temperature is never warm enough for
Alex to swim) R1

Note: Do not award the R mark unless the previous marks been awarded (Do not
award M1A0RT or MOAORT).

Worded conclusions are acceptable for the R, as long as the reasoning is clear
that the water does not reach 15 °, so not warm enough for Alex.

METHOD 2 (working with inequality)

3.5sin (§2) +11>15 )



. I 8
sin (Fcc) > = A1

sine values can never be greater than 1 (hence the midday water temperature is

never warm enough for Alex to swim) R1

Note: Do notaward the R mark unless the previous marks been awarded (Do not
award MTAORT or MOAORT).

If candidate works with an equation throughout, the M7 and AT may be awarded,
if appropriate. A correct inequality is required for the R7 to be awarded.

[3 marks]

(d) Alex compares the two models and finds that

g(z) = 0.7f(x) + q.Determine the value of g.
Markscheme
EITHER
attempttofind 0. 7f(x) OR 0.7f(x) +q M)

0.7f(z) = 3.5sin gz + 10.5 OR
0.7f(x) +q=3.5sin g +10.5+qOR10.5+¢=11 @1

OR
attempt to find 0. 7f(£B) for a particular value of M1)

egmaximum?20 X 0.7 =14 (@)



[3 marks]

[Maximum mark: 7]

Consider the function f(z) = a sin (bx)witha, b € Z*.Thefollowing

diagram shows part of the graph of f.
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(a) Write down the value of a.
Markscheme
a=17 A
[1 mark]

(b.i)  Write down the period of f.
Markscheme

period =11 Al

(1]

(1]



[1 marks]

(b.ii) Hence, find the value of b.

Markscheme

_ 2m __ 2n
b=-—ORn= 7 (A1)
=2 A1

[2 marks]

© " Findthevalue of f (1_H2>

Markscheme

substituting % into theirf(:L') M1)
f (%) = 7 sin (%)

sin (%) =1 (1)

= 1 A1

[3 marks]

[Maximum mark: 6]
In the following triangle ABC, AB = v/6 ¢m, AC = 10 cmand
cos BAC = %



diagram not to scale

ﬁECH’l

A C
10cm

Find the area of triangle ABC.
Markscheme

METHOD 1
EITHER

attempt to use Pythagoras'theoremin a right-angled triangle.

(vﬁfi?i:)vﬁi (A1)

M1)

M1)

OR

attempt to use the Pythagorean identity cos® a + sina =1

sin? BAC =1— (%)2 (a1

THEN

sin BKC = @ (may be seen in area formula) A1

attempt to use 'Area— % ab sin C" (mustinclude their calculated value of
sin BAC) 1)

:%xlox\/éx@ A1)

= 12(cm?) A1

[6 marks]



METHOD 2
attempt to find perpendicular height of triangle BAC m1)
EITHER

height = v/6 x sin BAC

2

attempt to use the Pythagorean identity cos? o + sin” a = 1 M1)
. . 12

height = /6 x \/1 — (g) (A1)

_ V24 (12

= \/6 X R (— ?) Al

OR

adjacent = @ (A1)

attempt to use Pythagoras’theoremin a right-angled triangle. m1)

height = /6 — % (: 1—52) (may be seen in area formula) (A1)

THEN

attempt to use 'Area= %base X height' (mustinclude their calculated value
for height) (m1)

_ 1 12
_2><10>< 5

=12 (m? A1

[Maximum mark: 6]

The function fisdefined by f(z) = sin g, where ¢ > 0.The following diagram
shows part of the graph of fforQ) < x < 4m, where T isin radians.There are x-
interceptsatx = 0,2m and 4m.
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(a) Find an expression for 1 in terms of q.

Markscheme

recognition that period is 471 OR substitution of a point on f (except the origin)
(M1)

dm = 277TOR1:sinqm

R
m—zq Al

[2 marks]

The function g is defined byg(:v) = 3 sin %,fcro <z < 6m.

(b) On the axes above, sketch the graph of g.

Markscheme

horizontal scale factoris % (seen anywhere) (A1)

Note: This (A7) may be earned by seeing a period of 61, half period of 31 or the
correct x-coordinate of the maximum/minimum point.

(2]

(4]



m 2m RIT) 4 Sm

ATA1A1

Note:

Curve must be an approximate sinusoidal shape (sine or cosine).
Only in this case, award the following:

A1 for correct amplitude.

A1 for correct domain.

A1 for correct max and min points and correct Z-intercepts.

[4 marks]

[Maximum mark: 14]

2

Consider an acute angle @ such that cos 6 = ..

(a) Find the value of

(ai) sin 6
Markscheme

attempt to use Pythagoras (M1)



. 2
sin® 6 + (%) — 1 OR 22 + 22 = 32 OR right triangle with side 2 and
hypotenuse 3

V5

3 Al

sin 0 =

[2 marks]

(aii) sin 26.
Markscheme

attempt to substitute into double-angle identity using their value of sin 6
M1)

. _ V5 2
sin 20 = 2 T) 3

sin 20 = T\/_ A1

[2 marks]

The following diagram shows triangle ABC,With ﬁ = 9,;‘; = 20 BC = aand
AC =1b.



B

(b)  Showthath = 32,
Markscheme

METHOD 1 (using values from part (a))

b a

sinf =~ sin 20

attempt to use sine rule with their values from part (a) M1)

e (B ()

F e

correct working thatleadsto AG A1

%a:—‘*‘g/gbOR?’—b——ga OR 4 = P

NN ?(orequivalent)

b=32 s

METHOD 2 (double-angle identity)

b a
sinf =~ sin 20

using double-angle identity (A1)

(2]



b a
sinf® = 2sin 6 cos

_ _asinf _ _a
GORb— GORb—

2 sin 6 cos
correct working (involving substituting cos 6 = %) thatleadsto AG A1

V5

__ _asinf _ a( 3 ) _ _a
~ 2sinf(%) ORb = 2(%)(%) ORbD = 2(%)

(orequivalent)

b=32 4
[2 marks]

[BA]is extended to form an isosceles triangle DA C, with D = 6,as shown in the
following diagram.

(c) Find the value of sin CAD. [3]
Markscheme

METHOD 1 (using supplementary angles)

recognizing CAD and BAC are supplementary ~ (M1)



recognizing supplementary angles have the same sine value (A1)
sin CAD = sin 26

sin CAD = 4\/_ A1

METHOD 2 (using sine rule)

recognizingCD =a  M1)

a _ b
sin CKD sin ¢

correct substitution of Sin 9— andb = 4 into sine rule (A1)

(4)

)) oR sin CAD = (=) (or equivalent)

w
1S}

a

sin CAD a (

ol ol

T

sin CAD = Tf A1

[3 marks]

(d)  Find the area of triangle DA C, in terms of a.

Markscheme

METHOD 1 (using CAD in area formula)
recognizing DCA =6 (A1)
recognizing AD = b (: 3721) (A1)

correct substitution into area formula (must substitute expressions for two sides

and name/expression/value for sin CAD) (M1)



area = % <b> (b) (4T\/5) OR area = %(b) (b) sin 260 OR
area = — <b> (b) sin CAD

2

correct substitution in terms of @ (A1)

area = 5 (%) (%) (%)

METHOD 2 (using ACD or ADC in area formula)

recognizingCD = a (A1)

recognizing AD = b (: 3721) and/orDCA =0 1)

correct substitution into area formula (must substitute expressions for two sides

and name/expression/value forsin ADCorsin ACD) 1)

area = % <a> (b) (%) OR area = %(a) (b) sin 6 OR
area = + (a) (b) sin ADC

2

OR area = — (a) (b) sin ACD

2

correct substitution in terms of @ (A1)

area = (o) (%) ()

[5 marks]



[Maximum mark: 5]
Let f(x) = cos(x — k), where0 < z < aanda, k € R™.

(a) Consider the case where k = %

By sketching a suitable graph, or otherwise, find the largest value of a@

for which the inverse function ffl exists. [2]
Markscheme
S
a= 3 A2

Note: For sinusoidal graph through the origin seen with incorrect a, or use of
horizontal line test with incorrect a, award A140

[2 marks]

(b)  Findthe largest value of a for which the inverse function f_1 exists

inthe case where k = 1. (1]
Markscheme
a—1 Al
[1mark]

() Findthe largest value of @ for which the inverse function f_1 exists
in the case where 1t < k < 211. Give your answer in terms of k.

Markscheme



AN .

sketch showing sinusoidal shape decreasing as it crosses the y-axis

(below or above the origin) (A1)
a=k—mu A1
[2 marks]

[Maximum mark: 8]

Consider a quadrilateral ABCD suchthat AB = 2, BC = 4, CD = 6and
DA = 8, asshown in the following diagram. Let @ = AEC and 8 = Af)C.



diagram not to scale

(ai)  Find ACin termsof . 2]
Markscheme
attempt to use the cosine rule (M1)
AC = /22 + 42 — 2(2)(4) cos a(: v/20 — 16 cos a = 2\/m>

Al

[2 marks]

(aii)  Find ACin terms of (3. [1]
Markscheme

AC = /62 + 82 —2(6)(8) cos ﬁ(z /100 — 96 cos B = 2,/25 — 24 cos ﬂ)
Al



[1 mark]

(a.iii) Hence or otherwise, find an expression for & in terms of ﬂ

Markscheme

b—4cosa=25—24cosf

o = arccos(6 cos 8 — 5) a

[1mark]

(b)  Find the maximum area of the quadrilateral ABCD.

Markscheme

attempt to find the sum of two triangle areas using A = %ab sin C
(m1)

Note: Do not award this M1 if the triangle is assumed to be right angled.

Area = (8)sin a + 3 (48) sin B (A1)

attempt to express the area in terms of one variable only M1)

:4\/1—(6cosﬁ—5)2+24sinﬁor
4 sin(arccos(6 cos 5 — 5)) + 24 sin S OR

dsina+ 241/1 — (Bemay®

6
4 sin o + 24 sin (arccos (24522))

Maxarea= 19.5959. ..
=19.6 A1



[4 marks]

[Maximum mark: 6]
A company is designing a new logo.The logo is created by removing two equal
segments from a rectangle, as shown in the following diagram.

diagram not to scale

The rectangle measures 5 cm by 4 cm. The points A and B lie on a circle, with centre
O andradius 2cm, such that AOB = 6, where 0 < 8 < 7r.Thisinformation is
shown in the following diagram.

diagram not to scale

r
k4




(a) Find the area of one of the shaded segments in terms of 6.
Markscheme

valid approach to find area of segment by finding area of sector - area of triangle
M1)

%729 — %rz sin 0
12)%0 - 1(2)*sing @y

area= 20 —2sin @ M1

[3 marks]

(b)  Given that the area of the logo is 13. 4 cm?, find the value of .
Markscheme

EITHER

area of logo = area of rectangle - area of segments m1)

bx4—2x(20—2sin0) =13.4 (@)

OR

area of one segment = % (=3.3) M1)

20 —2sinf =3.3 (A1)

THEN
0 =2.35672...

0 = 2. 36 (do notacceptan answerin degrees) Al



10.

Note: Award (M7)(A1)A0 if there is more than one solution.

Award (M1)(ATFT)A0 if the candidate works in degrees and obtains a final answer of
135.030...

[3 marks]

[Maximum mark: 6]
The following diagram shows part of a circle with centre O and radius 4 cm.

&

A Sem
Chord AB has a length of 5cmand AOB = 6.

(a) Find the value of §, giving your answer in radians.
Markscheme

METHOD 1

attempt to use the cosinerule  (M1)

4% 4% 52 .
cosf= m (orequivalent) A1

=135 A1

(3]



METHOD 2
attempt to split triangle AOB into two congruentright triangles  (M1)
in(3) =25

=135 A1

[3 marks]

(b) Find the area of the shaded region. [3]
Markscheme

attempt to find the area of the shaded region  (M1)
L x4x4x(2r—1.35

s X4 x4x(2r—135...) M
=39.5(cm?) A1

[3 marks]

11.  [Maximum mark: 16]
Adam sets out for a hike from his camp at point A. He hikes at an average speed of 4.2

km/h for 45 minutes, on a bearing of 035° from the camp, until he stops for a break at
point B.

(a) Find the distance from point A to point B. [2]
Markscheme

4.2
5 X 45 Mm

AB=3.15(km) A1



[2 marks]

L)
L
a

R~

A

Adam leaves point B on a bearing of 114° and continues to hike for a distance of 4.6 km

until he reaches point C.

N
A
:
|

B

A
Show that ABCis 101°.
Markscheme

66°or (180—-114) A1

35+66 Al

A
ABC=101° 46

(2]



[2 marks]

(b.ii)  Find the distance from the camp to point C.
Markscheme

attempt to use cosinerule  (M1)
AC?>=3.15% 4+ 4.6% — 2x 3.15 x 4.6 cos 101° (or equivalent) A1

AC=6.05(km) A1

[3 marks]

A
Find BCA.

Markscheme

valid approach to find angle BCA  (M1)
eg sinerule
correct substitution into sinerule A1

AN
sin(BCA) 101
__ sin
9 —315  — 6.0507...

A\
BCA =307 a1

[3 marks]
Adam’s friend Jacob wants to hike directly from the camp to meet Adam at point C.

(d) Find the bearing that Jacob must take to point C.



Markscheme

BKC = 48.267 (seen anywhere) Al

valid approach to find correct bearing  (M1)
eg 48.267 + 35

bearing = 83.3° (accept 083°) A1

[3 marks]

(e) Jacob hikes at an average speed of 3.9 km/h.

Find, to the nearest minute, the time it takes for Jacob to reach point
C

Markscheme

distance M

attempt to use time = speed

80597 or0.065768 km/min (A1)

t=93 (minutes) A1

[3 marks]

[Maximum mark: 8]
Points A and B lie on the circumference of a circle of radius 7 cm with centre at O.

The sector O AB is shown on the following diagram.The angle AOQB is denoted as §

and is measured in radians.



diagram not to scale

rcm

Fcm
@)

The perimeter of the sectoris 10 cm and the area of the sectoris 6. 25 cm?.
(@  Showthat4r? — 20r + 25 = 0.

Markscheme

2r+r0 =10 a1
370 =16.25 M1
attempt to eliminate 6 to obtain an equation in 7 M1

correctintermediate equation in 7 Al

10-2r=220r 2 —2=25 or 37%(2 —2) =6.25 or
1.25 + 2r? = 10r

4r2 —20r +25=0 46
[4 marks]
(b) Hence, or otherwise, find the value of 7 and the value of 6.

Markscheme

attempt to solve quadratic by factorizing or use of formula or completing the
square M1)



13.

(2r —5) 5()

2 _ 0 OR 7 — 201\/(720)274(4)(25) (: QOi\/W)
r=2 m

attempt to substitute their value of 7 into their perimeter or area equation
(M1)

_10-2(3) _ 25
0 = (%) or0——2(%)2
0=2
[4 marks]

[Maximum mark: 16]
All angles in this question are given in degrees.

A farmer owns land which lies between a wall and a hedge.The wall has a length of
50m and lies between points O and A.The hedge meets the wall at O and the angle
between the wall and the hedge is 28 °.

The farmer plans to form a triangular field for her prizewinning goats by placing a
fence with a fixed length of 25 metres from point A to the hedge. The fence meets the
hedge ata point B.

The information is shown on the following diagram.



diagram not to scale

%

B hedge

25m

A 50m 28°
]
| | | | I
NN I I N
wall

(a.i) Find the two possible sizes of OAB, giving your answers in degrees. [5]
Markscheme

METHOD 1

attempt to use the sine rule to find ABO M1)

25 _ _ 50
sin 28 sin ABO

(Aﬁo :)69.8748...° or <A]§O :)110. 125...°  @nan

Note: Award A1 for each value.

attempt to find at least one possible angle for OAB M1)

(OI\B :) 180°—28°—69. 8748 ... OR
(OFAB :)180°—28°—110. 125...°

OAB = 82.1251...°, 41.8748..."



OAB =82.1°, 41.9° 41

METHOD 2

attempt to use the cosineruleto ind OB~ (M1)
252 = 50% 4+ OB? — (50)(OB) cos 28°
OB = 52.7491... or 35.5455... (A1)

attempt to use the sine rule to find OAB m1)

25 _ OB
sin 28 sin OAB

OAB = 82.1251...°, 41.8748...°

OAB =82.1°, 41.9° 41

[5 marks]

ii)  Hence, find the two possible areas of the triangular field.

Markscheme

attempt to substitute two sides of triangle O AB and one of theirangles into the
area formula %ab sinC )

5(OA)(AB) sin 82.1251...° OR +(50)(25) sin 41.8748..."
OR

1(50)(52.7491...) sin 28° orR 1(50)(35.5455) sin 28"
Area= 619.106... OR = 417.190. ..

=619(m)” or =417 (m?) a1

[3 marks]



One of the goats, Brenda, fights with the other goats. The farmer plans to place a
second fence with a fixed length of 10 metres between the wall and the hedge to form
a small triangular field inside O AB for Brenda.

The information is shown on the following diagram.

diagram not to scale

L - * 0
A wall

The small triangular field OCD has an area of 60 m?2.

Let & be the distance OC and let y be the distance OD.

(b)  showthatz? + 2 = 100 4 2= [5]

Markscheme

attempt to use the cosine rule in triangle OCD  m1)
102 = 22 + y> — 2zy cos 28° A1
attempt to use the area formula in triangle OCD  m1)

%wy sin 28°=60 A1

Note: Award (M1)A1 for use of the area formula independently of the (M1)A1 for use
of the cosine rule.

_ 120
LY = sin 28°




— 22 4 q2 — 240cos 28"
100 =z“+y 98" A1

22+ 9 =100 + 2 46

[5 marks]

(0  Hence, determine the two possible lengths of OC.
Markscheme

EITHER

attempt to eliminate y or & (m1)

100::1:2—|—( 120 )2_ 240

T sin 28° tan 28°

OR

attempt to find the intersection of the graph of their cosine rule equation and the
graph of their area formula m1)

Note: Award (M1) only if their graphs are of functions with the same subject e.g.
both"y = .. ."orboth “y2 =..."

THEN
x=13.1300... orx = 19.4673...
z=13.1lorxz=19.5 A
OC = 13.1(m) or 19.5 (m)

[3 marks]



14.

[Maximum mark: 5]

A monument is in the shape of a right cone with a vertical height of 20 metres. Oliver
stands & metres from the base of the monument. His eye level is 1. 8 metres above the
ground and the angle of elevation from Oliver’s eye level to the vertex of the cone is
58, as shown on the following diagram.

diagram not to scale

20m

(a) Find the radius of the base of the cone.
Markscheme

attempt to use trigonometry to find the radius of the cone OR Oliver’s distance
from centre (7 4 5) M1)

tan 58°= 222 OR [-h>- = 22— OR (r+ 5 =)11.3726...
(A1)

r=6.37262...(m)
(r=)6.37(m) A1

[3 marks]

(b) Find the volume of the monument.

(3]

(2]



Markscheme

attempt to substitute A = 20 and their radius into the correct volume of cone
formula M1)

n(6.37262...)%(20
V = ( 2 )7(20)

= 850.540. ..

—851(m)® @

Note: Accept 849. 840 . .. (850) obtained from using” = 6. 37.

[2 marks]
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