Composition and inverse [74 marks]

1. [Maximum mark: 5] SPM.1.SL.TZ0.5
The functions f and g are defined such that f (z) = mTJF?’ and
g(z) =8z +5.
(@)  Showthat(go f) (x) = 2z + 11. [2]
Markscheme

attempt to form composition M1

correct substitution g ("I’KLL?’) =8 (xIS ) +5 41
(go f)(z) =2z + 11 46

[2 marks]

(b)  Given that (g o f)i1 (a) — 4, find the value of @. [3]

Markscheme

attempt to substitute 4 (seen anywhere) (M1)
correctequationa = 2 X 4 + 11  (41)
a=19 A1

[3 marks]

2. [Maximum mark: 5] 23N.1.AHL.TZ1.1

Consider the functions f(z) =  — 3and g(z) = 2% + k? where kisa
real constant.



(a) Write down an expression for (g o f) (:E) (2]
Markscheme

attemptto form (g o f)(x) (M1)
((gof)@)=(z—3)°+k (=2 -6z +9+K)

[2 marks]
(b)  Giventhat (g o f)(2) = 10, find the possible values of k. (3]

Markscheme

substituting £ = 2 into their (g o f) (a:) and setting their expression
=10 (M1)

(2-3)°+k>=100R 22— 6(2) + 9 + k* = 10

k=9 A1)
k= +3 A1
[3 marks]
[Maximum mark: 6] EXN.1.SL.TZ0.5

The functions f and g are defined forx € R by f(.’l:) = — 2and
9(x) = azx + b,wherea, b € R.

Giventhat (f 0 g)(2) = —3and (g o f)(1) = 5,find the value
of @ and the value of b. (6]

Markscheme



*This sample question was produced by experienced DP mathematics
senior examiners to aid teachers in preparing for external assessmentin the
new MAA course.There may be minor differences in formatting compared
to formal exam papers.

(fog)(x)=ax+b—2 (m1)
(fo9)(2)
(g0 f)(z)
(g0 £)(1)

a valid attempt to solve their two linear equationsforaandb M1

—3=2a+b—2=-3(2a+b=-1) A

a(x —2)+b (M)
5= —a+b=5 A1

soa = —2andb=3 A1

[6 marks]

[Maximum mark: 14] EXN.1.SL.TZ0.8
The following diagram shows the graphof y = —1 — 4/ + 3forx > —3.

Ly

i




(a) Describe a sequence of transformations that transforms the
graphof y = \/Efora: > 0 to the graph of

y=—1—+/a+ 3forx > —3. (3]
Markscheme

*This sample question was produced by experienced DP mathematics
senior examiners to aid teachers in preparing for external assessmentin the
new MAA course.There may be minor differences in formatting compared
to formal exam papers.

for example,
areflection in the z-axis (intheliney = 0) A1
a horizontal translation (shift) 3 unitsto the left A1

a vertical translation (shift) down by 1 unit A1

Note: Award A1 for each correct transformation applied in a correct
position in the sequence. Do not accept use of the “move” for a translation.

Note: Award ATA1A1 for a correct alternative sequence of
transformations. For example,

a vertical translation (shift) down by 1 unit, followed by a horizontal
translation (shift) 3 units to the left and then a reflection in the line

y=—1

[3 marks]

Afunction fisdefined by f(z) = —1 — /& + 3forz > —3.

(b)  State the range of f. [1]



Markscheme

rangeis f(z) < —1 A1

Note: Correct alternative notationsinclude] — 0Q, —1], (—OO, —1] or

y< -1

[1 mark]

() Find an expression for f_l(a:), stating its domain. [5]

Markscheme

—1—\/y+3:a: M1

Note: Award M1 for interchanging & and ¥ (can be done at a later stage).

Vy+3=—z—1(=—(z+1)) A1
y+3=(z+1)° A1
sof Yz)=(z+1)*-3(fYz)=22+22x-2) M

domainisz < —1 A1

Note: Correct alternative notationsinclude] — 09, —1] or (—OO, —1].



[5 marks]

(d) Find the coordinates of the point(s) where the graphs of
y = f(z)andy = f1(z) intersect. [5]

Markscheme

the point of intersection lieson theliney = T

EITHER

(z+1)7—-3=2 M

attempts to solve their quadratic equation M1
forexample, (z + 2)(x — 1) = Oor

_ —11\/1254(1)(—2) (w _ %)

OR
—1—+Vz+3=2 M

2 _
(—1—\/:13—|—3) =22= 2/ +3+z+4 =22
substitutes 2\/33 +3= —2(5(3 + 1) to obtain
2z +1)+z+4=2°
attempts to solve their quadratic equation M1
forexample, (z + 2)(x — 1) = Oor

_ —1i\/12;4(1)(—2) (@ = —L13)




THEN

r=—-2,1 A1
asx < —1,theonlysolutionisz = —2 R1
so the coordinates of the point of intersection are(—2, — 2) A1l

Note: Award ROA1 if (—2, — 2) is stated without a valid reason given for
rejecting (1, 1).

[5 marks]

[Maximum mark: 5] 24M.1.SL.TZ2.1
The graphofy = f(x)for0 < x < 10isshown in the following diagram.

The graph intercepts the axesat (10, 0) and (0, 5).
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(a) Write down the value of
(i) f(4); [1]

Markscheme

f4)=1 m

[1mark]

(i) fo f(4); [1]

Markscheme
fof)=3 m
[1 mark]
(aiii)  £=1(3). [1]
Markscheme

f713) =1 m

[1 mark]

(b)  Onthe axesabove, sketch the graph of y = f_l(w). Show
clearly where the graph intercepts the axes. [2]

Markscheme



o I 2 3 4 5 o6 7 & 9 10

concave up curve with yinterceptat (0, 10) and x interceptat (5, 0)
Al

curve passes through (2, 2) OR through (1, 4)and (3, 1) A1

Note: Do not award the second mark unless the first mark has been
awarded. (Do not award A0AT).

[2 marks]
[Maximum mark: 7] 23M.1.AHL.TZ1.1
The function f is defined by f(:c) = % forx € R,x # 2.

(@)  Findthezero of f(x). (2]



Markscheme

recognizing f(:c) =0 M1)

r=—1 A1

[2 marks]

(b)  Forthegraphofy = f(x), write down the equation of

(b.i)  the vertical asymptote; [1]
Markscheme

T = 2 (mustbean equation with x) Al

[1 mark]

(b.ii) the horizontal asymptote. [1]

Markscheme

Y= % (must be an equation withy) A1

[1mark]

(c) Find fﬁl(m),theinverse function of f(m) [3]

Markscheme



EITHER
interchanging  and y (M1)

ey — 4 =Ty + 7

correct working with 4 terms on the same side: 2xy — Ty = 4x + 7

(A1)

OR

Qur —4dy =Tx + 7

correct working with  terms on the same side: 2yx — 7Tx = 4y + 7

(A1)

interchanging  and Yy OR making & the subject £ = —Z;ZJ_F;

THEN

f_l(a:) = gﬁt; (or equivalent) (.CL‘ = %) A1

[3 marks]

[Maximum mark: 7]

The functions f and g are defined forz € IR by
f(:c) = ax + b,wherea,b € 7

9(z) =2+ +3.

M1)

23M.1.AHL.TZ2.5



Find the two possible functions f such that

(g o f) (;c) = 422 — 14z + 15. 7]

Markscheme
attemptstoform (g o f)(z)  M1)
[f(x)]2+f($) + 3 OR (a$+b)2+a$+b+3

a’z? + 2abx +b* +ax + b+ 3(: 472 — 14z + 15) (A1)

equates their corresponding terms to form at least one equation m1)

a’z? = 422 OR a® = 4 OR 2abz + ax = —14x OR

2ab+a=—-140Rb*+b+3 =15
a = 12 (seenanywhere) Al

attempt to use 2ab + a = —14 to pairthe correct values (seen
anywhere) M1)

f(z) = 2z — 4(accepta = 2withb = —4), f(x) = —2z + 3
(accepta = —2withb = 3)  A141

[7 marks]



[Maximum mark: 5] 22M.1SLTZ24
The following table shows values of () and g(z) for different values of .

Both f and g are one-to-one functions.

X -2 0 3 4
fx) 8 4 0 -3
g(x) -5 -2 4 0
(@)  Find g(0). [1]
Markscheme
9(0)=-2 m
[1mark]
(b)  Find (f o g)(0). [2]
Markscheme

evidence of using composite function M1)
f(g(0)) or f(—2)
(fog)(0)=8 m

[2 marks]

()  Findthevalueof z suchthat f(z) = 0. [2]



Markscheme

rT=3 A2

[2 marks]
[Maximum mark: 20] 22M.1.AHL.TZ2.11
A function f is defined by f(a:) = m,where

xrEeR, z#—1, x #3.

(a) Sketch the curvey = f(a:) clearly indicating any asymptotes
with their equations. State the coordinates of any local
maximum or minimum points and any points of
intersection with the coordinate axes. (6]

Markscheme




y-intercept (0, — %) A1

Note: Accept an indication of —% on the y-axis.

vertical asymptotes = —landxz =3 A1
horizontal asymptotey = 0 A1

uses a valid method to find the &-coordinate of the local maximum point
m1)

Note: For example, uses the axis of symmetry or attempts to solve

fr(z) = 0.

T) A

local maximum point (1, —

|

Note: Award (M7)40 for a local maximum pointatx = 1 and coordinates
not given.

three correct branches with correct asymptotic behaviour and the key
features in approximately correct relative positions to each other Al

[6 marks]

Afunction gis defined by g(x) = ﬁ,wherew eER, x> 3.

-2z

Theinverse of gis gil.



00 show thatg_l(w) =1+ % (6]

Markscheme

Note: Award M1 forinterchanging & and ¥ (this can be done ata later
stage).

EITHER

attempts to complete the square m1

¥—2y—3=(@y—1°—-4 m

(y-1-4=1(w-17=4+1) m

y—lzid4+%<=i %#)

OR

attemptstosolve xy? — 22y — 3z — 1 = Ofory M1

) (2.»0)1\/(22;) Ha@ern)

Note: Award ATeven if — (in =) is missing



_ 2zE+/16x24-4x a1
2x

THEN
=148z g

is rejected R1

o VAazr itz
y > 3andhencey =1 — ———

Note: Award R1for concluding that the expression for y must have the '+
sign.
The R1 may be awarded earlier for using the condition z > 3.

Vix2+x

Z

y=1+
[6 marks]

(bii)  State the domain of g 1.

Markscheme

domainof g lisz >0 A1

[1 mark]

(1]



Afunction his defined by h(z) = arctan<,wherex € RR.

(© Giventhat (h o g)(a) = 7.findthevalue of a.

Give youranswer in the formp + %\/;,Where
p, q, v €L [7]

Markscheme

attemptstofind (h o g)(a) M)

(hog)(a) = arctan( g(;) ) ((h og)(a) = arctan(@))
(A1)

arctan(@) =7 (arctan(m) :%)

attemptsto solveforg(a) M1

= 9(0) =2 (@ay =2)

EITHER
=a=g%2)
attempts to find their g~ *(2) M1

4(2)%42

5 A1

a=1+

Note: Award all available marks to this stage if x is used instead of a.

OR



=2a2—4a—-T=0 41

attempts to solve their quadratic equation ~ M1

a = 1

—(—4)£4/ (—4)*+4(2)(7) (_ M) Al
= 4

Note: Award all available marks to this stage if & is used instead of a.

THEN
a:1+%\/§(asa>3) A1

(p:17 q:37 7’:2)
Note: AwardATfora = 1+ ++4/18 (p =1, ¢ =1, r = 18)
[7 marks]
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