Coupled differential equations [86 marks]

1. [Maximum mark: 5] 22N.1.AHL.TZ0.12
Four possible phase portraits for the coupled differential equations

3—? = ax + byand % = cx + dyare shown, labelled A, B, CandD.
A 1,ﬂ B i
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a b
The matrix < d) has eigenvalues A; and A,.
c

(a) Complete the following table by writing down the letter of the
phase portrait that best matches the description.



Description

Phase portrait

2

1
A, =2 with eigenvector [J and A, =3 with eigenvedor[ J

2 1
A, =2 with eigenvector [IJ and A, =—3 with eigenvector [ J

2

1
IJ and 4, =3 with eigenvec‘tor[ J

A, =-2 with eigenvec’tor[

Markscheme
Description Phase portrait
2 1
A, =2 with eigenvector [J and A, =3 with eigenvector [ 1] D
— 5 — T
A, =2 with eigenvector [J and 4, =—-3 with eigenvector ( J c
L 2 L 1
A =-2 with eigenvector ) and A, =3 with eigenvector . B

A1A1A1

[3 marks]

(b) On the following axes, sketch the phase portrait that
correspondstod; = —2 + 3iand Ay = —2 — 3i,given

that% = —12at(3, 0).

(3]



Markscheme

=2

ta—

spiral (crossing -axis at least twice), centre at origin

arrow indicating clockwise, passing through or starting from (3, O)

A1

A1

(2]



[2 marks]

[Maximum mark: 6] 24M.1.AHL.TZ1.15

A system of differential equations of the form

?i—f = ax + by, % = cx + dyhaseigenvalues A = —land A = 2

3 1
with corresponding eigenvectors <1) and (3)

The following incomplete phase portrait for this system, with &, y > 0, shows
lines through (0, 0) parallel to the eigenvectors.

(a) On the phase portrait

(a.i)  show the direction of motion along the eigenvectors.

Markscheme



N

Al
Note: Award A7 for correct directions on eigenvectors

[1mark]

(a.ii)  sketch one trajectory in each of the three regions.

Markscheme



WV

A1A1
Note: A7 for correct trajectories, A1 for correct arrows on trajectories.
[2 marks]
In the system described above, & and Y are the population sizes of two species,

X and Y.The population of Y is vulnerable, so it will be increased by adding
more animals from a different area. Currently, £ = 252 and y = 60.

(b) Find the minimum number of new animals from species Y that
need to be added for the population not to reduce to 0 over
time. [3]

Markscheme

for Y nottodieouty > %a: (R1)

asx = 202, y > 84 (M)



(minimum number of new animalsis) 25 A1

Note: Award (R1)(M1)A0 for an unsupported 24.

[3 marks]

[Maximum mark: 15] 23M.2.AHL.TZ1.6
A model speedboat has its position, at time ¢ secondst > 0, defined by

42 — 5y —0.05z, S = —5z — 0. 05y,

where & metres is the distance east and Y metres is the distance north of a fixed
point O.

(a) —0.05 5
Find the eigenvaluesof A = ,giving
—5 —0.05

youranswers in the form a + bi, wherea # 0,b #£ 0. [4]
Markscheme

attempttosolvedet(A — AI) =0  (m)
(—0.05 —X\)*+25=0 @
—0.05 — A =451 @)
A=—-0.05+5i a1

[4 marks]

(b.i) Statewhata 7& 0 indicates about the path of the speedboat. [1]



Markscheme

spiral A1

[1 mark]

(b.ii) State what the sign of a indicates about the path of the
speedboat. [1]

Markscheme

inwards /towardsQ A1

[1mark]
Attime t = 0, the speedboat has position (20, 0).

(c) Attimet = 0, find the value of

i dy
c.i 9y
() dt - [2]
Markscheme

. d
attempt to substitute (20, 0) into expression for d—?z M1)

—5(20) — 0. 05(0)

% — —100 (ms_l) A1



[2 marks]

(c.ii) %. 3]
Markscheme
dz __
G = —1 (A1)

dy _ dy . dz dy _ dy dt
@ a - a Rw = Xa@w ™)

(= —100 + —1 =) 100 A1

[3 marks]

(d) Use your answers to parts (b) and (c) to sketch the path of the
model speedboat. (4]

Markscheme

Y




Note: Award A7 for starting at (20, 0),A1 for spiral inwards, A1 for
clockwise, A1 for non-negative gradient at (20, 0).

[4 marks]

[Maximum mark: 6] SPM.1.AHL.TZ0.13
The rates of change of the area covered by two types of fungi, XandY,on a

particular tree are given by the following equations, where I is the area covered

by Xand Yy is the area covered by Y.

dz
E—3m—2y
dy
— =2x —2
a  r A

2 1
eigenvectors and .

Initially £ =8 cm?and y = 10 cm?.

3 —2
The matrix <2 2) has eigenvalues of 2 and —1 with corresponding

(a) Find the value of % whent = 0. [2]
Markscheme
dy _ 16-20
de — 24-20 mi
=-1 Al

[2 marks]



(b) On the following axes, sketch a possible trajectory for the
growth of the two fungi, making clear any asymptotic
behaviour.

* (4]

Markscheme
2
asymptoteoftrajectoryalongr:k 1 M1A1

1
Note: Award M140 if asymptote along <2> .

trajectory begins at (8, 10) with negative gradient A741

[4 marks]

[Maximum mark: 19] EXN.2.AHL.TZ0.5
A change in grazing habits has resulted in two species of herbivore, X and Y,
competing forfood on the same grasslands. Attime ¢ = 0 environmentalists

begin to record the sizes of both populations. Let the size of the population of X

be x, and the size of the population Y be ¥.The following model is proposed for
predicting the change in the sizes of the two populations:

z=0.3z - 0.1y

y=—0.2x + 0.4y



forz, y >0
For this system of coupled differential equations find

(a.i)  theeigenvalues.

Markscheme

*This sample question was produced by experienced DP mathematics
senior examiners to aid teachers in preparing for external assessment in the

new MAA course.There may be minor differences in formatting compared
to formal exam papers.

0.3—A —0.1

= M1)(A1
—0.2 0.4—-A 0 (DAY

A=0.5and0.2 A1

[3 marks]

(a.ii) theeigenvectors.
Markscheme

Attempt to solve either
—0.2 —-0.1\ /=« B
—0.2 —0.1/\y/)
0.1 -—-0.1\ /x B
-0.2 0.2 )\y/)
orequivalent  (M1)

()=(0)

e}

or

o o

()
N— "

(3]

(3]



Note: accept equivalent forms

[3 marks]

(b) Hence write down the general solution of the system of
equations. [1]

Markscheme

(5”') _ AeO.5t( 1 ) +Beo.zt(1> AT
Y —2 1

[1 mark]

(c) Sketch the phase portrait for this system, forx, y > 0.

On your sketch show

« the equation of the line defined by the eigenvector in the
first quadrant
« atleasttwo trajectories either side of this line using arrows
on those trajectories to represent the change in
populations astincreases [3]

Markscheme



A1A1A1

Note: A1 fory = & correctly labelled, A1 for at least two trajectories
above y = x and A1 foratleast two trajectories below Yy = Z,including
arrows.

[3 marks]

Whent = 0 X hasa population of 2000.

(d) Write down a condition on the size of the initial population of
Y ifitisto avoid its population reducing to zero. [1]

Markscheme

y > 2000 A1



[1 mark]

Itisknown that Y hasan initial population of 2900.

(ei)  Findthevalue of t atwhichx = 0. (6]

Markscheme

() ()]

Att = 02000 = A+ B, 2900 = -2A+ B MI1A1
Note: Award M1 for the substitution of 2000 and 2900

Hence A = —300, B = 2300 A1A1
0 = —300e%t + 2300e%% M1
t=16.79(6.7896...) (years) A1

[6 marks]

(e.ii) Findthe population of Y atthis value of t. Give your answer to
the nearest 10 herbivores. [2]

Markscheme

y = 60060.5><6.79 4 230060.2><6.79 (M1)

= 26827.9...



= 26830 (tothe nearest 10 animals) A1

[2 marks]

[Maximum mark: 18] EXM.2.AHL.TZ0.1
Consider the system of paired differential equations

T =3+ 2y
Yy = 2z + 3v.

This represents the populations of two species of symbiotic toadstoolsin a large

wood.
Time t is measured in decades.

(a) Use the eigenvalue method to find the general solution to this
system of equations. [10]

Markscheme

The characteristic equation is given by

3—A 2

2 3—A
M1A1A1A1

2 2 0 1
A=1 Py — gives an eigenvector of form
2 2) \g 0 1

M1A1

‘:0:>)\2—6)\—|—5:0:>)\:10r5




-2 2\ (p 0\ . :
A=5 = gives an eigenvector of form
2 =2 q 0

M1A1

T 1 1
General solution is ( ) = Aet ( ) + Be® ( ) A141
Y —1 1

[10 marks]

(bi)  Given theinitial conditionsthatwhent = 0,z = 150,
y = 50, find the particular solution.

Markscheme

Require A+ B=150, — A+ B=50= A =50, B=100
M1A1

1 1
Particular solution is (:B) = 50e! < ) + 100e5? ( ) A1
Y —1 1

[3 marks]

(b.ii) Hence find the solution whent = 1.

Markscheme

x 15000
t=1= <y> = <14700) (3sf) a

[1mark]

() Ast — 00, find an asymptote to the trajectory of the
particular solution found in (b)(i) and state if this trajectory will
be moving towards or away from the origin.

)

(3]

(1]

(4]



Markscheme

1
The dominant term is 100e°? 1) soast — 00,

1
<x> ~ 10065t( > MIAT
Y 1

Giving theasymptoteasy — * Al
The trajectory is moving away from the origin. A1

[4 marks]

[Maximum mark: 17] 21M.2.AHL.TZ2.7
Consider the following system of coupled differential equations.

de __
O —4x
dy __
5 = 9T — 2y
(a) Find the eigenvalues and corresponding eigenvectors of the
—4 0
matrix .
3 -2 [6]
Markscheme
—4— A 0
=0 (M1)
3 —2—-A



—4 0 x —4x
= (M1)
3 -2/ \y —4y
Note: This M7 can be awarded for attempting to find either eigenvector.

3x — 2y = —4y
3x = —2y

—2
possible eigenvector is ( 3 ) (orany real multiple) Al

- ()

0
possible eigenvector is (1 (orany real multiple) Al

[6 marks]

(b) Hence, write down the general solution of the system.

Markscheme
T —2 0
— Ae ¥ + Be™ % (M1)A1
Y 3 1
Note: Award M1A1 forx = —2Ae_4t, Y= 3Ae 4 + Be 2t miaoif

LHS is missing or incorrect.

(2]



[2 marks]

() Determine, with justification, whether the equilibrium point

(0, 0) isstable or unstable.

Markscheme

(2]

two (distinct) real negative eigenvalues R1

(orequivalent (egbothe ™4 — 0, e 2 — Qast — 00))

= stable equilibrium point

Note: Do not award ROAT.

[2 marks]

Find the value of %
X
(d) (i) at (4, 0).
(ii) at (—4, 0).
Markscheme

dy _ 3z—2y
dr -4z

A1

(3]

A1

Al



[3 marks]

(e) Sketch a phase portrait for the general solution to the system of
coupled differential equationsfor —6 < x < 6,
—6 <y<6. [4]

Markscheme

ATA1A1A1

Note: Award A7 for a phase plane, with correct axes (condone omission of
labels) and at least three non-overlapping trajectories. Award A7 for all
trajectories leading to a stable node at (0, 0).Award A7 for showing
gradientis negative at & = 4 and —4. Award A7 for both eigenvectors on

diagram.



[4 marks]
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