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Mixed practice 2

1.

2.

Solve the equation 3 x 9*— 10 x 3*+ 3 = 0.

Find the exact solution of the equation 23*+! = 55-x,

. Solve the simultaneous equations

Inx?+1ny=15
Inx+1Iny* =10

Given that y = Inx — In(x + 2) + In(x> — 4), express x in terms of y.
The graph with equation y = 4In(x — a) passes through the point (5, In 16). Find the value of a.

(a) An economic model predicts that the demand, D, for a new product will grow according to
the equation D = A — Ce %, where ¢ is the number of days since the product launch. After
10 days the demand is 15000 and it is increasing at a rate of 325 per day.

(i) Find the value of C.
(i1) Find the initial demand for the product.
(iii) Find the long-term demand predicted by this model.

(b) An alternative model is proposed, in which the demand grows according to the formula

r+10
D=RBIn [T) The initial demand is the same as that for the first model.

(i) Find the value of B.
(ii) What is the long-term prediction of this model?

(c) After how many days will the demand predicted by the second model become larger than
the demand predicted by the first model?

Going for the top 2

1.

Find the exact solution of the equation 23*~* x 32*=5 = 36*-2, giving your answer in the form

1 :
=L where p and g are integers.

Ing

. Given that log, b = ¢? and log, a = c +1, express a in terms of b.

- In a physics experiment, Maya measured how the force, F, exerted by a spring depends on

its extension, x. She then plotted the values of @ = InF and b = Inx on a graph, with b on the
horizontal axis and a on the vertical axis. The graph was a straight line, passing through the
points (2, 4.5) and (4, 7.2). Find an expression for F in terms of x.

Topics 1: Algebra & 2: Functions and equations



Mixed practice 5

1. The fourth term of an arithmetic sequence is 17. The sum of the first twenty terms is 990.
Find the first term, a, and the common difference, d, of the sequence.

2. The fourth, tenth and thirteenth terms of a geometric sequence form an arithmetic sequence.,

Given that the geometric sequence has a sum to infinity, find its common ratio correct to three
significant figures.

12 1 % i
3. Evaluate 241' + (3) correct to four significant figures.

r=1

4. Find an expression for the sum of the first 20 terms of the series
Inx+Inx*+Inx” +Inx"+...

giving your answer as a single logarithm.

5. A rope of length 300 m is cut into several pieces, whose lengths form an arithmetic sequence
with common difference d. If the shortest piece is 1 m long and the longest piece is 19m,
find d.

6. Aaron and Blake each open a savings account. Aaron deposits $100 in the first month and
then increases his deposits by $10 each month. Blake deposits $50 in the first month and then

increases his deposits by 5% each month. After how many months will Blake have more money

in his account than Aaron?

Going for the top 5

1. (a) (i) Prove that the sum of the first n terms of a geometric sequence with first term a and
common ratio r is given by:

5 28"

r—1

(ii) Hence establish the formula for the sum to infinity, clearly justifying any conditions
imposed on the common ratio r.

(b) Show that in a geometric sequence with common ratio r, the ratio of the sum of the first
n terms to the sum of the next n terms is 1: 7"

(c) In a geometric sequence, the sum of the seventh term and four times the fifth term equals
the eighth term.

(i) Find the ratio of the sum of the first 10 terms to the sum of the next 10 terms.

(ii) Does the sequence have a sum to infinity? Explain your answer.

2. Find the sum of all integers between 1 and 1000 which are not divisible by 7.

5 Sequences and series



Mixed practice 6

1. The area of the triangle shown in the diagram is

12cm?. Find the value of x. ‘
X x+2
2. The triangle shown in the diagram has angles 0
and 20. Find the value of 0 in degrees. 6

3. The area of the shaded region is 6.2cm?.

7
(a) Show that 6 —sin® = 0.496.
(b) Find the value of 8 in radians. A

4. In the diagram, O is the centre of the circle and PT is the tangent to the circle at T. The radius
of the circle is 7cm and the distance PT is 12cm.

(a) Find the area of triangle OPT.
(b) Find the size of POT.
(c) Find the area of the shaded region.

o
—
o

5. Two observers, positioned on horizontal ground at A and B, are trying to measure the height of
a vertical tree, GT. The distance AB is 20m, GAB = 65° and GBA =80°. From A, the angle of
elevation of the top of the tree is 18°.

-

-
-

(b) Find the height of the tree. S 1’_8;;_ o

NS G
20m

B

(a) Find the distance of A from the bottom of the tree. = ]

6. (a) Giventhatcotx+tanx=4 and x € [0, % :‘, find the exact value of tan x.

(b) (i) Show that cotx +tanx=2csc2x.
(ii) Hence solve the equation cotx+tanx =4 for x € [0, TC].

(c) Find the exact value of tan(%}.

Topic 3: Circular functions and trigonometry
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7. Solve the equation 3sin20 = tan 20 for 6 € [—g gjl

8. (a) The function fis defined by f(x)=3x* —2x+5 for —1 < x <1. Find the coordinates of the
vertex of the graph of y= f(x).

(b) The function g is defined by g(8) =3c0s20 —4cos0+13 for 0 <O < 2.
(i) Show that g(8)=6cos?* 0 —4cos8+10.
(i) Hence find the minimum value of g(8).
9. In the diagram, AC is the diameter of the semicircle, BD is perpendicular to AC, AB =2 and
BC=1,and BAD=CAE =6. Let R = AD — CE.

(a) Find an expression for R in terms of 6. E
(b) Show that R has a stationary value when
2sin® =3cos* 0.

(c) Assuming that this stationary value is
a minimum, find the smallest possible
value of AD — CE. A 0 B G

Going for the top 6

1. Lety=cosx.
(a) Worite cos2x in terms of y.
(b) Show that arccos(2y* —1) = 2arccos y.
(c) Evaluate arcsiny + arccosy.

2. The figure shown consists of three squares. Let ADB = and ADC = B. Use a compound angle
formula to find the sum o + 3.

/

C B A

3. (a) Show that cos[(A — B)x]—cos[(A + B)x] = 2sin Axsin Bx.

1—cos2nx

b) Hence show that » sinxsin(2r—1)x=
(b) > 2r-1) =

r=1
1
(c) Solve the equation sin” x +sin xsin3x = 1 fO<x<m.

(- | R - AR TRV S o
(d) Evaluate smg +sin— + sin— + sin— + sin ?

6 Trigonometry



2 EXPONENTS AND
LOGARITHMS

Mixed practice 2
1. 3x9"—10x3*+3=0
& 3x(3) -10x3 +3=0
&3x%(3) -10x3 +3=0
Let 3*=y. Then
3210y +3=0
& (3y-1)(y-3)=0

1
S y=— or y=3
¥ 3 y

So3‘:l x=-1 or 3=3=x=1

(VS

2. 23x+l = §5-x
=51 2%} = liif(57)
= (3x+1)In2=(5-x)In5
=>(31n2)x+ In2=5In5-xIn5
=(3In2)x+xIn5=5In5-1n2
= x(3In2+In5)=5In5-1In2
_5In5-1In2
3In2+1In5

3.  From the first equation:

ln(ny) =15

Substituting this into the second equation gives

15y
1nx+1n(87) =10
7

eis
= ln[xx—) =10
A6

45
=T _ 10
_xS
= x*=e®

=t
Then, substituting back to find y:

e’ e
y=—=—=¢
x2 elﬂl

So the solutionisx=¢’, y=e.

y=1nx—lr1()c+2)+ln(x2 ¥4)

=.( )m( _a)
n(5Y)
o2

ln(x )

x(x=2)=¢
= x2=2x—e*=0

+ 4/ ¥
=#=1i1“+6"
So x=1++1+e’ (asx>0)

Substituting x =5 and y = In 16 into the equation:
In16=4In(5-a)

=nl6=n(5-a)

=16=(5-a)"

=5-a=%2

=a=3or 7

Putting cach of these values into the original equation
and checking that (5, In16) is a solution shows that

a =T is not valid, because in that case we would get
In(5—"7)=In(=2), which is not real.

Soa=3.

(a) (i) After 10 days the rate of increase is 325 per

D
day, so (ii_t =325 when 1 =10:

dD =0.2Ce¥
dr

325=0.2Ce?
s C=1625¢?

(i)  After 10 days the demand is 15000, so we
have D = 15000 when ¢t = 10:
15000=A—Ce™
15000 = A—(1625¢*)e2
s A=16625
The initial demand, D,, is the value of D

when r=0:

D,=A-C=160625-1625e* =4618
(to the nearest integer)

(iii)  Ast—» o, ¥ — 0, Therefore
D—A=160625

15 Worked solutions



(b) (i) Weare given that D = 16625 — 1625¢* when

=0, s0

16625 ~ 162562 = B]n(0+ 10)

1625¢?

_ 60 = 6662 (4 SF)

In2

+10

& = i
(i) Ast—yeoo, [n( J% oo, Therefore D — co,

(c)  We need to find the first ¢ for which

t+10
Bl“[ 5 J > A — Ce ™ that is, we need to solve

+10
Bln( ! . J = A - Ce%% From GDC, 1=50.6,
i.e. after 51 days.

Going for the top 2
T P P
=1n(2 5 32 =1 (3672)
=% In(2%#-%)+ 1n(3%-%) = In(36"-2)
= (3x—4)In2+(2x-5)In3=(x~-2)In36
= (3In2)x—4In2+(2In3)x~5In3 = xIn36 — 21n36
=(3In2+2In3-1n36)x=41n2+5In3-21n36
= (In8+1In9—1n36)x = In2* +In3° — In362

(SX9] [24x35J
= xIn =In
36 36°

"
=sexln?= ln[6 X3J
()4

In3

= x=—
In2

2. Changing base « into base b, we have

1
log, b= log, b _ L 56
log,a log,a
log, b* =¢?
& 2log, b=t

oa

1
=0 =@
log, @

Then, substituting log, «
equation gives

e
c+1

2
c+1

= ¢ + | from the other

2

=i

15 Worked solutions

&2=c+c?

S+t -2=0

<:>(c—1)(cz+2c‘+2)=0

t el

Therefore, log, @ =1+1=2 and hence a= b

Gradient of the line through (2, 4.5) and (4, 7.2) is
7 2-45 —135
4-2

So
InF-45= l.35(1nx-2)
InF=135Inx+1.8

=lnx'% +1.8

and therefore F =g "+ 8 = gl 8x1.35,

3 POLYNOMIALS

Mixed practice 3

1.

The function has a repeated root at x =—2, so it has a
factor (x + 2)% it has another repeated root at x = 3, and
hence also a factor (x — 3)°.

This would give a y-intercept of 2% x (-3)> =36, s0 a
factor of 2 is also needed. Therefore
y=2(x+2) (x-3)

=2(x? +4x+4)(x?* —6x+9)

=2xt —4x —22x2 +24x+ 72

The general term of this binomial expansion is

8 (xl)Bfr(E]r: 8 X24—3rx—.~-3r= S x24—4r3r
P X I r

The term independent of x will have power 0 for x; that
is, 24 —4r =0, so r= 6. The term is

(ij(xﬁ)z(i)ﬁ 28x 6(129] 20412

Because it has a factor of (x + 1):

(~1P +10(=1)* +e(=1)+d =0
= —-1+10-c+d=0
Sie—d=9

As it has a remainder of 5 when divided by (x - 2):

2 +10(2) +¢(2)+d =5
&= 84+4042c+d=5
& 2c+d=-43
Solving these equations simultaneously gives ¢ =— %
and d =— r6—l ‘
&



y=x?+ kx + 2 never touches the x-axis and so has no
real roots. Therefore

b> —4dac<0
2 —-4x1x2<0
k> <8

Bilickeds

Let the 3 roots be o, B and 7.

—b
Then (1+[3+7=T=—b.

Since o, B, v form an arithmetic sequence:

p-oa=y-p
e2B8=a+y
S3P=a+P+y
. B:0t+B+'y=;b
3 3

Using the binomial theorem:

(2+x)(3-2x) =(2+ x)(ss + @3 (2x)

+G)3ﬁ (2a) # ]

=(2+x)(243-810x +1080x* +...)

The quadratic term will be

2x1080x2 + x X (—810x) = 2160x> — 810x> = 1350x?

Solving simultaneously for the intersection point:
x*+ (x + k)2 =9

S P+ x4+ 2kx+k*=9

2+ 2kx+4k2-9=0

As y =x + k is a tangent, there is only one solution to
this quadratic, so the discriminant is 0:

b —dac=0
(2k) —4x2(k? -9)=0
4k —8k* +72=0

42 =T2
k=18
fertBila

(a) Using the binomial theorem:
(2-x) =25 +mz4 (_x)+[§]z*(x)2

5
+( ]22 (-x)  +..
3
=32 -80x+80x> —40.3 +...

(b) Letx=0.01 so that (2 — x)° = 1.99°, Then

1.995 =32 - 80 x 0.01+ 80 x 0.012 — 40 x
0.01° = 31.20796

10.

From the original equation, o+ = . and o = %
The sum of the roots of the new equaticim is
(o +2B)+ (20 +B)=3c+ 3P
=3(a+p)
3b
Ca

The product of the roots of the new equation is
(o+2B)(20 + B) = 207 + Sauf + 22
=2(c+B) +op

2
:2(__[7.} +£
a a
2 e
=T
20 tac

a?

4]

Therefore, taking the coefficient of x* to be 1 in the
new quadratic, a suitable equation is
, 3k 2h% + ac
4+ —x+ =
a a’

0

Or, multiplying through by a*
a’x* +3abx +2b* +ac=0

(a) Given that the polynomial has repeated roots ¢ and f:

x“+bx3+Cx2+dx+e=(x70t)2(x~ﬁ)2

e=(=0) (-B) =(oB)’ 20

(b) Sum of the roots: OL+OL+B+B=T
=2(0+p)=-b

Product of the roots: aafp = ? = (ot[?))2 =e
o + (2 = (o +B) — 20
5V
(7] -2
= é_z\/g
(© (B —oz)2 =B2+0? 208
=2 2o~ 2Vew
= £_4\/E

B—a=,[%2—4\/5

(take the positive square root as 3 > o)

15 Worked solutions



11.

(b) (D) y

(a) Using the binomial expansion:

(l)[o][lj [2][ J[

nin—1
=1+nx+¥xl+...+nx""+x“
Then
(1+x)' =k
e(1+x)' k=0
n(n—1
< 1l—k+nx+ ( Z )x3 +o.+nx™ +x" =0
Sum of roots = - L . —% =—n, which is
aH
independent of k.

Product of roots = (1)’ | (-1)" %

Y-y,

which has modulus |1 - k| independent of .

k1

(i) y

(c) By the remainder theorem, f(1) =16. That is,
(1+1)" =16
=SIr=16
=n=4 (asneZ)

15 Worked solutions

n

n

(d) From the expansion above, the coefficient of x? is

n(nﬂi)l So
2

n(n—l)=136
2
ent-n=-272=0
e (n-17)(n+16)=0
n=17 (asneZ")

(e) Substitute x =1 into the expansion of f(x):

o (G ()2 lo)
=IOl ()

Going for the top 3

1.

Since the remainder when divided by x> + 7x +12 is 3x + 2:

f(x) 3x+2
xX2+Tx+12 ¥ +7x+12
:ef(x):{xz+7x+12)g(x)+3x+2

=g(x)+

for some polynomial g{x),

Then, by the remainder theorem, the remainder, r,
when divided by x + 4 is given by

r=f(-4)
= ((—4)2 +7(-4) + 12)3(4)+3(74)+2
=0xg(-4)-10
=10

. ft(n—l)
2

(ax)* +...

n(n—l) -
2

(]+ax) =1+nax+

=14+ nax+ acx®+...

So we have
Ma2=54 (1)
2
na=12 - (2)

12
From (2), a = —. Substituting this into (1) gives
n

rz(n—l)[g)2 &

2 n




T2n* —T2n
ey
n?

& 720 =720 = 54n?

@lSn(n—4)=0
wn=4

54

Then, substituting back into (2) gives a = 3.

3. The polynomial has a:
e single root at x = —1 and therefore a factor of (x + 1)
e triply repeated root at x = 1 and therefore a factor

of (x—1y’

y= (x + l)(x — l)3 has constant term 1(—1)3 =—1, but
the graph has y-intercept at —3.
Soy=3(x+1)(x- l)3 is a possible polynomial that fits
the graph.

It is also possible that the root at x = 1 is repeated five
times, so another function thsat has these properties
would be y= 3(x + 1)(): - 1) .

4.  Let x* =y. Then the quartic becomes y? + by +c¢ = 0.
For the quartic to have 4 roots, this quadratic needs to
have 2 positive roots.

So, firstly,
b*—dc>0
= b >4c

~b—~b* —4c

The smaller root of the quadratic in y is ——————,
and this needs to be positive: 2

—b—~b*—dc N
2

= -b—b*—dc>0

=>—b>\/m

(Note that this means & must be negative, so that —b is
positive.) Hence, squaring gives

b*> b —4c
sode>0
Therefore, b*> > 4c > 0.

4 FUNCTIONS, GRAPHS AND
EQUATIONS

Mixed practice 4

0

1. For an even function, f(—x)= f(x), so for any point x
in the domain there exists a second point —x that maps
to the same value in the range. Therefore the function
is not one-to-one and so doesn’t have an inverse.

(a)

-

(b) x<-2orx>3

xX—=2y+z=2 - (D)
x+y-3z=k e (2)
2x—y—2z=k* -+ (3)
x—2y+z=2 sesc (1)
x+y—-3z=k e (2)
@+0) |3x—5z=k*+k - (4
m+2x2) [3x=5z=24+2k .- (5)
x+y-3z=k e (2)
3x-5z=k*+k - (&)
3x—5z2=242k - (5
x+y-3z=k e (2)
G- |0=k*-k-2 ()

From (6), there will be infinitely many solutions if:
K —k-2=0
e (k=2)(k+1)=0

k=2 or -1

(-3,5) "}

X*-a*20=x2a or x<—-a

(@) ﬁ
|
|
|
| p=22
_____ - 1= ==
| E/-Vx
A
Az
|
|
x-—2|

15 Worked solutions



. 2E=1
T x+2
:,»y(x+2):2x—1

(b) y

‘=ay+2y=2x-1
=2x—xy=2y+1
=x(2-y)=2y+1

.y
2-y

- F(x)= 22x_+x]

Rangeisye R, y#-2.

(c) g(x)=f’*(2—x)
2(2-x)+1
2-(2-x)

5=2x

Therefore, the domain is x € R, x # 0.

@ r()=s()
2x—1_ 5-2x
x+2  x

= x(2x— 1)= (5 —2x)(x+2)

S2x2—x=10+x-2x?

= 4xE-2x-10=0
& 2x2—x-5=0

1+,/1-4x2x(-5)

S X=

22

15 Worked solutions

(a)

(b)

(a)

(b)

=]

-1-2y6 -1+2/6

The 4 points of intersection (from right to left on

the graph) are given by the solutions to:
#1228 = (1)

—(x*—x-12)=3x-7 - (2)
—(x?—x-12)=-(32-7) - (3)
2 -x—12=—(3x-7) - (4)

However, (1) and (3) are the same equation
and (2) and (4) are the same, so just solve (1) and
(2) to get 2 points of intersection from each:

x2—x—-12=3x-7
& xt—4x-5=0
<:>(x—5)(x+l):0
e x=95 =1
And
—(¥?—x-12)=3x-7

&P+ 2x—-19=0

2422 —4x1x%(-19)

S X =

From the graph the solution is therefore

“1-25<x<—1 or —1+25<x<5

ax—a*+1

fx)=

Sop=aandg=1.

1
The graph y = — has been translated up by ¢ and
X

to the right by a.



(c) y‘

-

@ y

e
Il
o

(f) Since f o f(x)=x,fis self-inverse and so

f*‘(x)za+ L 2

XxX—a

(g) Itis symmetric in the line y = x.

Going for the top 4

x*=3x+3
x=2
= xy—2y=x2-3x+3

1. (a) y=

= x-3x—xy+2y+3=0
=x2—(3+y)x+(2y+3)=0

73+jii (3+y)274(2y+3)
= )

34 ydyr+6y+9-8y—12
2

3+ ydyr-2y-3

2

(b) For the square root to give a real number:
¥y =2y=320
e (y-3)(y+1)z0
Ly<-1ory=23

T

2.

(a) yq‘
X
1 3 4
y = Inxf ¥ = 2In(x —2)
(b) Intersection when In x = 21n(x - 2)

<::>1ruc:1n(x—2)2
<::>x:(x—2)2

S xP-5x+4=0
@(x—l)(x—4)=0
sox—4 (Rejectx=1)

2In(x —2) has no real value for x <2
From the graph, In x 22 In(x —2)for2<x <4

Eliminating x and y from the last equation:
3x+2y—-z=4 - (1)
2x—4y+3z=1 --- (2)

x+y+taz=k - (3)
3x+2y-z=4 v (1Y

@-2x 346y +(3-2a)z=1-2k -+ (4)

sx-0) |y+(3a+1)z=3k-4 - (5)
3x+2y—-z=4 o (D)
-6y+(3-2a)z=1-2k - (4)

@ +oxis) [(16a+9)z=16k—-23 - (6)

(a) The solution will be unique when the coefficient

(b)

(©)

of z in the last equation is not O

16a+9=20

9
LaE——
16

There will be infinitely many solutions when the
last equation is 0 = 0, so:

16k-23=0
k=2
16
The conditions for infinitely many solutions are
2
k= 2 and a = —2.
16 16

There will be no solutions when the LHS of the
last equation is 0 but the RHS isn’t, i.e. when
9 23 '

a=—— and k#*—.
16 16

15 Worked solutions




5 SEQUENCES AND SERIES

Mixed practice 5
1. u, =17 = u +3d=17 - (1)
S, =990 = 2—20[2u, +19d]| =990
=2, +19d=99 --. (2)
From (1), u, = 17 — 3d; substituting this into (2) gives
2(17-3d)+19d =99

< 34+13d =99
=d=5

Sou =17-3d=17-3x5=2.

2. The fourth, tenth and thirteenth terms of the geometric
sequence are:

uy =i

Uy = iyr°
_’ 12

Uy = WyF

As these form an arithmetic sequence:

Wy — Uy =3 —Hy

Sur! —wr? =ur'’? —ur®

= =27+ =0 (asuy, 20)
=SrP-2rf+1=0 (asr=z0)
=r=1,1.17,-0.852 (from GDC to 3 SF)

2 r=-0.852  (for sum to infinity to exist, |r| < 1)

12 1 & 12 12 1 T
3. 241'4-[—) =42r+2(—
r=l 3 r=1 W
The first sum is an arithmetic series, and the second
sum is a geomelric series. So, using the formulae:

12
12 -]
4 ?(2x1+(12—[)x1) +—1—|:312.5 (4 SF)
)
4. For 20 terms of this series, i.e. with n = 20:
Inx+Inx*+Inx’ +Inx"+..=Ilnx+4Inx+7lnx
+10Inx+...

=Inx(1+4+7+10+...)
2
= !nx[;o(z-ﬁ- 19x3))

=590Inx
=lax*0
5. We know that the total length of the pieces is 300, i.e.
S, =300:

S, = ;—i(u[ +u,,)
n
300=—(1+19

(1419
< 300=10n
< n=30

15 Worked solutions

So iy, =19:

U, =u +(n— l)d
19=1+29d

1
od= —8 metres
29

The amount Aaron has in his account for the first few
months is:

Lst: 100
2nd: 100+ 110
3rd: 100+ 110+ 120

His monthly balance forms an arithmetic series with
a =100 and d = 10. So after n months he will have:

n
S, = E[2>< 100+ (n—1)10]
:%[zoo+10n—1o]

=ﬂ[190+10n]
2
=5n*+95n

The amount Blake has in his account for the first few
months 1s:

Ist: 50
2nd: 50 x 1.05
3rd: 50 x 1.052

His monthly balance forms a geometric series with
a =50 and r = 1.05. So after » months he will have:

_50(1.05" —1)
" 105-1
=1000(1.05" -1)

Therefore, Blake will have more in his account than
Aaron does when:

1000(1.05” —1) > 5n* + 951
. n=73 months (from GDC)

Going for the top 5

1

(a) (1) Writing out the sum from the first term, «,

to the nth term, ar":
S, =atar+ar’+..+ar"2+ar! (1)
Multiplying through by 7:
rS,=ar+ar*+ar’+..+ar+art (2)
We can see that (1) and (2) have many terms
in common:

S, =a+ar+ar’+ar’+..+ar"? +ar"! (D

S, = ar+ar’+ar’+..+art+ar' +art (2)



(ii)

So (2) — (1) gives:
¥S,—S,=ar"—a
=>S,,(r—])=a(r" -1)
s = a(r" —I)
r—1

If —1 < r< 1 (or equivalently || < 1), then as
n— oo, = 0. S0
S _)a(()fl): —-a _ a

n -

r—1 r—-1 1-r
If |r| =1, then 7" has no limit as n — oo, and
so there is no finite limit for §,,.

Thus, S, = li only for M <l1.
-r

ul{l —r")

(b) The sum of the first n terms is §, = ——=.

1-r

The sum of the next n terms is given by

S2.'r = Sﬂ o

B u (1=r2) u (1-r")

1-r 1-r
u(1=r> =1+r")
=
”1 (?"H - '.2.11)
B l—r
oyt (l—r"}
=

So the ratio of the sum of the first n terms to the
sum of the next n terms is

w(1-r") " (1=r")

=L pt

(c) @

1-r 1-r

iy, +4us = ug

ie. wrS + durt = ur’

=r’+4=r3 (since u,r #0)
=ri-rt—-4=0

To factorise this, substitute small positive

and negative integers into f(r)=r’—r>—4
until you find an r such that f(r)=0:

f)=r-1r-4=-—4

A)=(-1f (1) 4=
f(2)=22-22-4=0

Therefore, by the factor theorem, (x —2) is

a factor and so by long division or equating
coefficients we get:

r37r274=(r72)(r2+r+2)
For the quadratic > + r + 2,
A=12-4x1x2=-7<0

Hence there are no real roots for this quadratic
factor, and so the only root of f(r)is r=2.

Then, from part (b), the ratio is
151 520141024

(i1) No, because r >1 in this case, and as shown
in part (a)(ii), the condition for a sum to
infinity to exist is that || < .

2.  The integers from 1 to 1000 form an arithmetic

sequence withu, =1, u, = 1000 and n = 1000. So

S = g(u, +u,,)

n

= l—(5)2(1 +1000)

= 500500

The multiples of 7 between 1 and 1000 form an
arithmetic sequence with u, =7, u, =994 and
_ 994

n=——=142.So
7
Sn = g(“l +un)

= %(7 +994)

=71071

Therefore the sum of the integers between 1 and 1000
that are not divisible by 7 is

500500 —71071 =429429,

6 TRIGONOMETRY

Mixed practice 6
1 .

1. A=—absinC
2

12= %x(x+2)sin30°

H 2= lx(x+2)l
D 2

=48 =x*+2x

= x2+2x-48=0
:>(x+8)(x—6):0
L x=6 (as x>0)

2. By the sine rule:
sin@ _ sin20

5 7
= 7sin® = 5sin20

= 7sin0 = S(ZSinﬂcosﬂ)
= 7sin® —10sinBcosO =0
= sin0(7—10cos0) =0

15 Worked solutions



=sinB=0 or cose=l

10
=0=0°%180° or ©=456°
s 0=456°

3. (a) Shaded area = area of sector — area of triangle

] 1
6.2=—r0——absinC

2 2

1 1 .
6.2=—x50——x5x5sin0

2 2

6.2= %(B—sin@)

s B8—-sinB= s =0.496
25

(b) From GDC, 6 = 1.49 (3 SF)

4. (a) Since OTPis a right angle,
1
Area = —bh
2

L iax7
2
=42
(b) Let POT = 6. Then
12
tan8 = —
o

s B=tan™! (%) =1.04 (3 SF)

(c) Shaded area = area of triangle OPT — area of sector
=42 —% X 7% x POT
=16.5 (3SF)
5 (a) InAtriangle ABG, we know GAB= 63° and
GBA =80°,s0 G
AGB = 180° - 65° —80° = 35°
By the sine rule:

AG 20
sin80°  sin35°

= AG=—22_ ysin80°
sin35° @ ;
=343m ik
A 20 B
(b) Inwiangle AGT, we know the length AG and the
angle GAT:

tz;mlB":ﬂ
AG

*. GT =AG xtan18°
=11.2m (3 SF)

A G

15 Worked solutions

(a) cotx+tanx=4

=1 +tanx =4

tan x
< l+tan? x =4tanx

<tan x—4tanx+1=0

4+ (—4)2—4x1><l

& tanx =
2x1
4412
_4+23
2
=23
Forxe[(),%[,os tanx < 1, so only the smaller

value is possible. Hence tanx =2 — NEY

. cosx sinx
(b) (1) cotx+tanx= +

sinx  cosx
cos? x sin? x
+

sinxcosx Sinxcosx
cos® x +sin’ x
sinxcosx
1
Sin xcos.x
_ 1
a 18in2x
_ 2
 sin2x
=2cse2x

(i)  cotx+tanx=4
& 2cs¢2x=4
Sesc2x=2

& sin2x = l
2

xX€E [0, Tc] = 2xe [0, 2712]

The graph shows that there are two

solutions to sin® = % in [0, 27]:

y=sino

ST

ol -

olg

<
A

1
One solution is sin™! [5] =

ol

And another is T — S EE
6 6



.. . . .
(¢) From (b)(ii), x = E is a solution of the equation

. . T
cotx +tanx = 4, and it satisfies x € |:(J, Z [

Therefore, from part (a), tan [%) =2-/3.

3sin 20 = tan 26
sin20

cos26
< 35in20c0s26 =sin26

& 3sin20co0s20 —sin20=0
< sin20(3cos20—-1)=0

< 3sin20 =

* sin20=0 or cosZG:%

0 e[fﬁ, E:l =20¢[-nn|
2.2

For sin260 = 0, the graph shows there to be three
solutions in |-, 7t|:

A y =sin 20

(=~

[}
El
Ay

One solution is sin”'0=0
Anotherist—0=m

Then, adding/subtracting 2r gives one further value in
the interval: T -2 =-7

520=0,t7

S
2

1
For cos20 = 3’ the graph shows there to be two

solutions:
) y=cos 26
I — ] _— e = |-
T T | o
- -1.23 123 n

One solution is cos™! [%J =123

21 — 1.23 = 5.05 is not in the interval [—m, 7],
but 5.05 — 2w =—1.23 is in the interval.

& 20=x1.23

=0=10.615

So the solutions are 6 =0, £0.615, ig

(a) 3x? —2)c+5=3|:):2 —%x]JrS

A=)

»

So the coordinates of the vertex are (% %)
(b) () g(8)=3cos20—4cosB+13
=3(2cos>0—1)—4cos0+13
=6¢c0s’0—4cos0+10
(ii) Let cos® = x. Then
6c0s’0—4cosO+10=6x>—4x+10
=2(3x2—2x+5)
=2f(x)

and <0< 2n=>—-1<x<1

. . . 14
Since the minimum value of f(x) is 3

w . 28
the minimum value of 2 f(x) is -

4 o . 12
That is, the minimum value of g(0) is Fi

(a) Intriangle ABD:

2 B
0
cos = .3
AD
= AD = 2
cos®
~ D
Since AC is a diameter, AEC 1s a right angle.
So in triangle ACE: E
sin@ = £
3
= CE =3sin6 5
A 3 C

15 Worked solutions




(b)

(c)

Therefore

R=AD-CE
= L~3Sin9
cosB

=2secB—3sin0

; dR
For stationary values, - =0.

ﬁ =2secBtanB —3cosH
de

0=2secOtan0 —3cos0
= 2secOtan® =3cos0
=55 ! xsmB:SCose
cos® cosO

= 2sin0=3cos*0

From GDC, the minimum occurs at 6 =0.711
and R = (0.682 (3 SF). So the smallest value of

AD - CE is 0.682.

Going for the top 6

(c) y=cosx= arccosy=x

: T . T
Also, y=cosx = sm(z— x] = arcsiny = E —x

’ b |
.'.arcsmy+arccosy:(5—xJ+x:5

AB 2ZAD
tanot=—=—"—"—=
AD AD
AC 3AD
tanf=—=——=
AD AD

By the compound angle formula:

tanc + tan 3
1—tanotanfy
. 2+3

T 1-2%3

tan (0. +B) =

T
tanl(-1) =——
(=D r

.-.a+[3=—g+n (asa+f>0)

3n
1. (a) By the double angle formula: B 4
cos2x=2cos*x—1
=2y -1
(b) cos2x=2y*—1
= 2x= arccos(2y2 - l)
But cosx = y = x = arccosy
- 2arccosy=2x= arccos(Zy2 = 1)
3. (a) COS[(A - B)x] - cos[(A + B)x] = cos(Ax - Bx) - cos(Ax + Bx)
= cos Axcos Bx + sin Axsin Bx — (Cos Axcos Bx —sin Axsin Bx)
= 2sin Axsin Bx
(b) LetA=1land B=2r-1.

Tmmwgy%mmmupnﬂ:m{u4mfm@fm{hﬂh~md

§ZSinxsin(2r ~1)x =§COS[(1 -(2r- 1))x]—cos[(1+(2r—1))x]

= iCOS[z(l = r)x] —cos2rx
r=1

=(cos0 —cos2x)+ (cos(—Zx) +cos 4x) + (cos(—4x) +cos ﬁx) +..+ (cos [2(1 = n)x] +cos 2nx)

= (cosO - cost) + (cost - cos4x) + (cos4x - cosﬁx) +..+ (cos[2(n - l)xJ - cosan)

=1-cos2nx (because all the terms in the middle cancel out)

isinxsin(.’lr -lx= !

r=1

15 Worked solutions

—cos2nx



(c) Letn=2in part (b). Then

. p—
3 sinxsin(2r - 1)x =1 24X

r=1 2
. . . . 1 —cosdx
< sinxsinx +sinxsin3x = T
1—cosdx

&> sin? x +sinxsin3x = .

Therefore, solve

I —cosdx

1
0 4

1

© cosdx=—

O<x<nm=0<4dx<4n

The graph shows there to be four solutions:

One solution is cos™ l =)
2 3
3
Another is 21 — e _20
3 &

Then, adding 27 to these gives two more
solutions in [0, 4x]:

E+21rt=7—Tc
3

(d) Letn=5and x :% in part (b). Then

gsin(%]sin[(zr— 1)%] = M

2

. nm.® . m.3® . mw. .5t . mw.,In . m.
=>smgsmg+smgsm?+51n—sm—+sm—sm—+sm—sm—

.nf . n . 3n . 5m ., In . 9n
= 8Sin—| SIn—+sIn—+sin— +s8in— + sIn—
5] 5 5 5 5

. .3 .5t . Im . 9n
:>smg+5m—+51n—+sm—+sm?:0

7 VECTORS

Mixed practice 7

1. (a)

(b)

(-1)x p-2x1
2x1-3xp
3x1-(-1)x1

axb=

-p=2
=|2-3p
4

(or =(p+2)i+(2-3p)j+4k)

If @ x b is parallel to ¢, then @ x b = L¢ for some
constant A.

—p—=2 2
So|2-3p |=A|22
4 8

The third component gives 4 =8\ = A = %

And the first component gives
—-p—2=2A
fopis=a—3

Check these values in the second equation: 2 — 3p
=11 =22), as stated.

91 l-—cos2n
2

15 Worked solutions



