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Chapter 1

Operations on Numbers

1.1

Types of numbers

We use the following notation to denote various types of numbers:

N

Z

natural numbers: 0,1,2,3,4,.... Note that some textbooks do not include 0 as a natural number.
We include 0 in the set of natural numbers.

integers: ...,—3,—2,-1,0,1,2,3,.... Note that every natural number is an integer. The natural
numbers are the non-negative integers.

rational numbers are the numbers that can be expressed as a fractions of two integers (with non-zero
denominator). Note that every integers is a rational number. For example —3 can be expressed as
a fraction of two integers as _76. Equivalently we can define rational numbers as numbers that have
finite or recurring decimal expansion, so 0.42 and 0.33333... are both rational numbers (the first one is

21 1
£5, the second is 3).

real numbers include all rational numbers but also irrational numbers, so numbers that lie on the
number line, but cannot be expressed as fractions of integers. Real numbers include numbers like /2
and 7.

Note that every natural number is an integer, but not every integer is a natural number. Every integer is
a rational number, but not every rational number is an integer. And every rational number is real, but not
every real number is rational. This relationship between these sets of numbers can be represented by the
following diagram:



Worked example 1.1.1

1.1. TYPES OF NUMBERS

Classify the following numbers by
placing them in appropriate re-
gions of the above diagram.

10

0 -
) _5a

(-2)°
5%, V3, V4

0 is a natural number,

i—% = —2 so it is an integer, but not a natural number,

(—2)% = —8 so it is an integer, but not a natural number,

5z = % it is a rational number, but not an integer,

1
3
V/3 is real number and it is irrational,

V4 = 2 so it is a natural number.

Exercise 1.1.1. Place the following numbers in appropriate regions of the diagram below:

0.1111..., g, (V2)?,

(V2)?, V5, 2,

V2

—5
100 101
73 (71) ) (71) 9 ?



1.1. TYPES OF NUMBERS

There are other types of numbers that you should be familiar with

Prime numbers are natural numbers greater than 1 that are not products of two smaller natural
numbers. Note that 1 is not a prime number by definition. 12 is also not a prime number as it can be
written as 12 = 3 X 4 and both 3 and 4 are smaller than 12. 5 is a prime number, it can be written as
1 x 5, but 5 is not smaller than 5. It can also be written as 2 x 2.5, but 2.5 is not a natural number.
Here is a list of all prime numbers smaller than 100:

2,3, 5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97

Composite numbers - natural numbers greater than 1 which aren’t prime are called composite num-
bers. Note that 1 is neither prime nor composite.

Triangular numbers:

o
o o0
o o0 000
@ o0 000 0000
o o0 000 0000 00000
L o0 00 0000 00000 000000
1 3 6 10 15 21
The n-th triangular number is given by the formula w
Square numbers:
000000

000 0000 00000 000000

o0 000 0000 00000 000000

o ( ] J 000 0000 00000 000000
1 4 9 16 25 36

The n-th square number is given by the formula n2.

Cube numbers:

13 =1, 23 =8, 3% =27, 4% = 64, 5% = 125, 6% = 216, 73 =343, ...

The n-th cube number is given by the formula n3.

Exercise 1.1.2. Write down the 10-th:

(a) prime number (b) triangular number (¢) square number (d) cube number

Note that there is no known formula for the n-th prime number.



1.1. TYPES OF NUMBERS

FACTORS

A factor of a natural number n is a natural number that divides n exactly (without remainder). The number
20 has 6 factors:

1, 2, 4, 5, 10, 20

Note that every natural number greater than 1 has at least 2 factors: 1 and itself. Another (equivalent to
the one above) definition of a prime number is that it is a natural number which has exactly two factors.

Exercise 1.1.3. List all the factors of:

(a) 25 (b) 40 (c) 60 (d) 200

DIVISIBILITY RULES

When a number a is a factor of a number b, then we say that b is divisible by a and write alb. A number is
divisible by:

2 if its last digit is 0, 2, 4, 6 or 8.

3 if the sum of its digits is divisible by 3.

4 if the number made up of its last two digits is divisible by 4.

5 if its last digit is 0 or 5.

6 if its divisible by both 2 and 3.

8 if the number made up of its last three digits is divisible by 8.

9 if the sum of its digits is divisible by 3.

10 if its last digit is 0.

11 if the sum of every other digit minus the remaining digits is divisible by 11.



1.1. TYPES OF NUMBERS

Worked example 1.1.4

Decide if 542 124 is divisible by The last digit is 4, so it is divisible by 2.
2,3,4,5,6,8,9, 10 or 11.
The sum of the digits is 5+ 4 +2+ 1+ 2 + 4 = 18, which
is divisible by 3 and also by 9, so the number is divisible by
3 and 9. Since it is divisible by 2 and 3, it is also divisible by 6.

The last two digits make a number 24, which is divisible by
4, so the number itself is divisible by 4.

3 The last digit is not 0 nor 5, so the number is not divisible
' by 5 or 10.
i The last two digits make a number 124, which is not divisible

by 8, so the number is not divisible by 8.

The sum of every other digit minus the remaining digits is
5+2+4+2—-4—1—4 = 0, which is divisible by 11, so the
number is divisible by 11.

542 124 is divisible by 2, 3, 4, 6, 9 and 11.

Exercise 1.1.4. Decide if the following numbers are divisible by 2, 3, 4, 5, 6, 8, 9, 10 or 11.

(a) 12056 (b) 591375 (c) 292820 (d) 658489

PRIME FACTORIZATION

A factor which is a prime number is called a prime factor. 20 has 6 factors, 2 of which are prime factors:
2 and 5.

Exercise 1.1.5 List all the prime factors of:

(a) 75 (b) 80 (c) 100 (d) 200

A factor of a number, which isn’t the number itself is called a proper factor. The proper factors of 20
are: 1, 2, 4, 5, 10. The sum of proper factors of a number may be smaller than the number itself (proper
factors of 10 are: 1, 2 and 5; and 1+ 2 + 5 < 10), it can also be greater than the number (proper factors of
20: 1+2+44+54 10> 20). A number whose some of proper factors is equal to the number itself is called
a perfect number. The first four perfect numbers are: 6, 28, 496 and 8128.

The Fundamental Theorem of Arithmetic states that every natural number greater than 1 can be
uniquely written as a product of prime numbers. For example:

3060 =2x2x2x3x3x5x11=2>x32x5x11

The theorem says that 3960 can be written as a product of prime numbers (as it was shown above), but also
that this is the only way it can be done - there will always be three 2, two 3, one 5 and one 11.



1.1. TYPES OF NUMBERS

Worked example 1.1.6

Write 7020 as a product of prime 7020 is divisible by 2, we have 7020 = 2 x 3510.
factors.
3510 is also divisible by 2, so we get 7020 = 2 x 2 x 1755.

1755 is no longer divisible by 2, but it is divisible by 3, so
7020 = 2 x 2 x 3 x 585.

We continue this way to get:
7020 =2 x2x3x3x3x5x13=22x3%x5x13

i The whole process can be quickly done using the following
3 notation:

1 7020
1 3510
| 1755
; 585
: 195
! 65
| 13
l 1

= Ot W W W NN

So

7020=2x2x3x3x3x5x13=22x33%x5x13

Exercise 1.1.6 Write the following numbers as products of primes.
(a) 72 (b) 250 (c) 392 (d) 1400

(e) 3663 (f) 21125 (g) 22032 (h) 35937
Consider a number written as a product of primes:

n = pjt X p5? X pg® X .. x phm
Any factor of n must be of the form:

ba

f=np xph ’

X pg3 X ... X pym

where 0 < b; < a;. Which means that the number of factors of n is

number of factors of n = (a1 +1) X (a2 +1) X (ag + 1) X ... X (@ + 1)
Consider the number 20, written as a product of primes 20 = 22 x 5'. The number of factors of 20 will be
(2+1) x (14+1) = 6, but let’s look closer into it. Any factor of 20 must be written in the form 2% x 5¥

where z can be 0, 1 or 2 and y can be 0 or 1. There are 3 possible values of z and for each of those we have
2 possible values of y, so there are 3 x 2 = 6 possible factors of 20. These are:

20x59=1, 2'x59=2 22x5°=4, 2°x5'=5 2! x5'=10 and 22 x5'=20

10



1.1. TYPES OF NUMBERS

Exercise 1.1.7 Find the number of factors of:

(a) 36 (b) 84 (c) 120 (d) 1080

COMMON FACTORS
The following are all the factors of 220 and of 320:
220 : 1, 2, 4, 5, 10, 11, 20, 22, 44, 55, 110 and 220;
320 : 1, 2,4, 5,8, 10, 16, 20, 32, 40, 64, 80, 160 and 320;
The numbers that are factors of both 220 and 320 are called common factors of these numbers. They are:

1, 2, 4, 5 10 and 20

Of these 20 is the highest and it is called the highest common factor. We can write this information as:

hef(220,320) = 20

Some authors use the term greatest common divisor and the notation ged(220,320) = 20 instead.

Worked example 1.1.8

Find the highest common factor Method 1 We can list all the factors of 120 and of 450:
of 120 and 450.
120 : 1,2,3,4,5,6,8, 10, 12, 15, 20, 24, 30, 40, 60 and 120;

450 : 1, 2, 3, 5, 6, 9, 10, 15, 18, 25, 30, 45, 50, 75, 90, 150,
225, and 450;

The common factors are:
1, 2, 3, 5, 6, 10, 15 and 30
The highest common factor is then 30, i.e. hef(120,450) = 30.

Method 2 We factorize both numbers into prime factors:

120 | 2 450 | 2
60 | 2 225 | 3
30 | 2 ™ |3
15 |3 25 | 5

5 |5 ) )
1 1

Now we can see that 2, 3 and 5 each appear in the prime
factorization of both numbers (each once), so the highest
common factor is hef(120,450) = 2 x 3 x 5 = 30.

Note that if we want to find the highest common factor of more than two numbers, then we can use the fact
that hef(a, b, ¢) = hef(hef(a, b), ¢). However it is often easier to simply look for the prime factors that appear
in the prime factorization of each of the numbers.

11



1.1. TYPES OF NUMBERS

Exercise 1.1.8 Find the highest common factor of the following numbers:

(a) 72 and 100 (b) 140 and 343 (c) 1020 and 1422
(d) 2400 and 3006 (e) 2592 and 3888 (f) 3993 and 5120
(g) 42, 60 and 108 (h) 60, 85 and 500 (i) 90, 120, 144 and 1000

If hef(a, b) = 1, then we say that a and b are co-prime.

Exercise 1.1.9 List all pairs of co-prime numbers from the following list:

21, 30, 55, 60, 100, 121, 125, 128,

MULTIPLES

The following are the first few multiples of 6, 8 and 10:

6 : 6,12, 18, 24, 30, 36, 42, 48, 54, 60, 66, ...

8 : 8, 16, 24, 32, 40, 48, 56, 64, 72, 80, 88, ...

10 : 10, 20, 30, 40, 50, 60, 70, 80, 90, 100, ...

200

The common multiples of 6 and 8 are: 24, 48, 72, .... The least common multiple is 24. We can write

this as:

lem(6,8) = 24

Similarly we have lem(6,10) = 30, lem(8, 10) = 40 and finally lem(6, 8, 10) = 120.

12



1.1. TYPES OF NUMBERS

Worked example 1.1.10

Find the least common multiple Method 1
of 30 and 36. We start listing the multiples of 30 and 36 until we find one
that is on both lists:

30 : 30, 60, 90, 120, 150, 180, ...;
36 : 36, 72, 108, 144, 180, ...;

So we have lem(30, 36) = 180.

Method 2
30 | 2 36 | 2
15 | 3 18 | 2
5|5 9 |3
1 3 |3
1

Numbers 2 and 3 appear once in both factorizations -
they’'re marked in red. Take all the remaining numbers and
multiply. We get 5x2x2x 3 x3 or just 5 x 36 which gives 180.

3 We factorize both numbers into prime factors:

Exercise 1.1.10 Find the least common multiple of the following numbers:

(a) 12 and 15 (b) 14 and 20 (c) 22 and 33
(d) 24 and 30 (e) 36 and 60 (f) 37 and 40
(g) 8, 12 and 15 (h) 10, 12 and 18 (i) 18, 24, 30 and 40

Any multiple of 2 (i.e. an even number) can be written as 2k, where k € N. Similarly any multiple of 3 can
be written as 3k, where £ € N. A natural number which is not a multiple of 2 (i.e. an odd number) can be
written as 2k + 1 for k € N.

Exercise 1.1.11 Write down a general form of a number which:

(a) is a multiple of 4 (b) is a multiple of 10
(c) leaves remainder of 1 when divided by 3 (d) leaves remainder of 3 when divided by 4
(e) leaves remainder of 5 when divided by 7 (f) leaves remainder of 1 when divided by 10

13



1.1. TYPES OF NUMBERS

Worked example 1.1.12

Suppose n is even, then n = 2k for some natural number k,
then

Prove that for any natural num-
ber n the numbers n and n? have
the same parity (either both are
even or both are odd). n? = (2k)? = 4k* = 2 x 2k* = 2m

2

where m is a natural number, so n° is even.

Now suppose n is odd, then n = 2k + 1 for some natural
number k, then

n?=02k+1)?=2k+1)(2k+1)=4k* + 2k + 2k + 1 =
=2x (2k2+2k) +1=2m +1

where m is a natural number, so n? is odd.

So if n is even, then so is n? and if n is odd, then so is n?,
which means that n and n? have the same parity.

Exercise 1.1.12a Prove that a sum of two odd numbers is even.
Exercise 1.1.12b Prove that a sum of three consecutive numbers is divisible by 3.

Exercise 1.1.12c Show that a square number can never have a remainder of 2, when divided by
3.
Exercise 1.1.12d* Prove that none of:

2, 22, 227, 2222, 22222, ...

is a square number.

ROOTS

VY (square root of y) denotes a positive number x such that 22 = 1. For example /4 =2 and v/1.44 = 1.2.
It is important to understand that there are two numbers that when squared equal to 4, these are of course
2 and —2, but /4 = 2, v/4 # —2. In fact we can write that the two solutions to the equation 22 = 4 are v/4
and —v/4. Note also that there is no real number that when squared gives a negative number, which means
that numbers like v/—3 or v/—100 are not real numbers. Note that v/0 = 0, as 02 = 0.

¢y (cube root of y) denotes a number x such that 2% = 1. For example /8 = 2. Note that cube roots of
negative numbers are real e.g. /—27 = —3 as (—3)3 = —27.

In general we have z/y denotes a number x such that ™ = y, but in the case when m is even, we additionally

require x to be positive. For example v/81 = 3 and v/1024 = 4.

14



Exercise 1.1.13 Calculate:

(2) V256
(d) VIGST
(g) ¥/0.001
(j) V0.064
(m) v/0.0081

(p) ¥/0.00032

RECIPROCALS

1.1. TYPES OF NUMBERS

A reciprocal of a non-zero number a is the number % A negation of a number a is the number —a.

Worked example 1.1.14

Find the negative reciprocals of: (a) We have:
(a) 43, SRLINE N
(b) —15 (b) We have:
1
———=—(-15)=15
15
Exercise 1.1.14a Find the reciprocals of
) = (b) & (c) 5%
(d) 3.2 () — 1553 (f) 1075
Exercise 1.1.14b Find the negative reciprocals of
(a) —2 (b) 1 (c) 22
(@) 15 () =3 © 12

15



INVESTIGATION 1.1. TYPES OF NUMBERS

Irrationality of V2

1. Write the following numbers as products of prime factors:
62, 102, 182, 242

What do you notice about the number of times each prime appears in the prime factorization
of a square number?

2. Explain why the 2 must appear even number of times in a prime factorization of a square
number.

3. How many times will 2 appear in a prime factorization of 2k?, where k is an integer?
4. What would it mean, if \/2 were rational?

5. Show that if v/2 = § for non-zero integers p and ¢, then it must be the case that: 2¢* = p?

6. Comment on the number of times 2 appears in the prime factorization of 2¢? and p?.

7. State the conclusion of your investigation.
8. Repeat the above argument for v/3.

9. Why does the above argument not work for \4?

16



GDC INSTRUCTIONS 1.1. TYPES OF NUMBERS

The following examples show how to use you GDC for calculations required in this section.

EXAMPLE 1

Calculate: INPUT OUTPUT
AN TS
EE J L2 Y4 L4 i CATALOG v CATALOG o } L ENTRYSOLVE QCd( 1080 L] 2400)
W (2) () () (0 WD

Note that on Ti-84 the command ged (greatest common divisor) is used instead of hef (highest common
factor).

EXAMPLE 2

Calculate: INPUT OoOuTPUT
0| g @ 65 59 ) i
T D e lcm(36,40)
Y, @ e 360,
EXAMPLE 3
Calculate: INPUT OoOuTPUT
YOI @ (o) o (T B
D D (1) o) ) Qo) Co) 0

3
L oo 0.008
@

17



GDC INSTRUCTIONS

1.1. TYPES OF NUMBERS

EXAMPLE 4
Calculate: INPUT ouTPUT
. SRS A PR, ” 0
omon [omis s (omioss [vmios 160000
o) Qo) (o) @D 20
oo
EXAMPLE 5
Calculate: INPUT OoOuTPUT
— DD OO -
1 e vV L T 8 S cmwoc. i : 15U 3°-J64
& (s) (O & ) &) ) 0.5+23
MEM % 12 2 M 13 0 mmmw TEST A oo e e n 1176470588
2O DDDD Ans)Frac
2
@ i

Note that on never versions of Ti-84 you can press ALPHA + LINK to make a fraction.

EXAMPLE 6

Calculate:

(3

INPUT

{ K A-LOCK  smmotF1 |2 Z u o [} Y

TEST A L5 U L5 U

@ DD s
lelelok O k- Ko

TEST A L2 Z ewmysowe

W =)

ouTPUT

2
(74-%2)

18



1.1. TYPES OF NUMBERS

SHORT TEST
1. [4 points]
Consider the following numbers:
1 333333333333222 1
a = reciprocal of — 1 b= 3 , c=4 ~g7 d = +/hcf(18,27)
Place each number in an appropriate part of the diagram below:
z Q R
2. [4 points]
Calculate:
(a) hef(48,72,120) (b) lem(18, 24, 50)
(c) 1% (d) v/0.008
3. [2 points]

Write down 180 as a product of primes and hence state the number of factors of 180.

4. [2 points]
Write down a general form of a natural number that:

(a) is divisible by 2 and 3 (b) leaves remainder of 2 when divided by 4

19



1.1. TYPES OF NUMBERS

SHORT TEST
SOLUTIONS
1. [4 points]
Consider the following numbers:
1 333333333333222 1
a = reciprocal of — 1 b= 3 , c=4 ~g7 d = \/hcf(18,27)

Place each number in an appropriate part of the diagram below:

2. [4 points]
Calculate:

(a) hef(48, 72, 120)= 24 (b) lem(18, 24, 50)= 1800

(c) 1/1%:1/%—2:%:% (d) v/0.008= 0.2

3. [2 points]
Write down 180 as a product of primes and hence state the number of factors of 180.

180 =22 x 32 x5

number of factors = (2+1) x (2+1) x (1+1) =18

4. [2 points]
Write down a general form of a natural number that:

(a) is divisible by 2 and 3 (b) leaves remainder of 2 when divided by 4

(a) Gk, keN (b) 4k + 2, keN

20



1.2. FRACTIONS AND DECIMALS

1.2 Fractions and decimals

A fraction of two natural numbers ¢, where b # 0 is called a proper fraction if a < b. If @ > b it is an

improper fraction. Fractions are simplified if ¢ and b are co-prime (that is hef(a,b) = 1). In order to
simplify a fraction we can divide the numerator and the denominator by hcf(a,b). A mixed number is a
natural number and a proper fraction.

Exercise 1.2.1 Simplify the following fractions. If the fraction is improper, write your answer as
a mixed number.

80 18 81
(@) =5 (b) 155 (©) =2

60 99 70
(d) 34 (©) 135 (f) 3¢
(8) ~or ) 5 () 2oc

A decimal representation of a number is a way of writing the number using powers of 10 only (including
negative powers, so numbers like 1—10, ﬁ, ﬁ etc.). For example 24.153 represents 2 tens, 4 units, 1 tenth,

5 hundredths and 3 thousandths i.e. 20 + 4 + & + 155 + 155.

Exercise 1.2.2a Write the following fractions as decimals.

() OF ©) 5
@ % © % ) 32

Exercise 1.2.2b Write the following decimals as simplified fractions. If the fraction is improper,
write your answer as a mixed number.

(a) 0.4 (b) 0.012 (c) 0.005

(d) 3.04 (e) 10.02 (f) 5.55

A decimal representation may have recurring digits. For example a decimal representation of % is 0.33333...
where the digit 3 repeats forever. This can be written as 0.3. If more than one digits repeats itself then we
use the following notation:

5.1212121212... = 5.12 10.0103103103... = 10.0103 2.11912339123391233... = 2.1191233

Note that we place the dot above the first and the last of the set of recurring digits.

21



1.2. FRACTIONS AND DECIMALS

Worked example 1.2.3a

Write 0.126 as a proper fraction
in simplified form.

Denote our number by z, so that:

z = 0.126126126...

Now we have:

1000z = 126.126126126...

Note that we consider 1000z because 3 digits (1,2 and 6)
recur. If we had 2 digits recurring, we would consider 100z
instead.

Now subtract the first equation from the second one to get:

999z = 126
Which gives x = % = %

Worked example 1.2.3b

13 ision:
Write o asa decimal. We need to perform long division

0.481
27)13.000
10.8
2.20
2.16
~ 40
27
13
At this point we get back to 13 and the process repeats, so
the digits 481 will be the recurring digits.

Exercise 1.2.3a Write the following as proper fractions in simplified form.

(a) 0.2 (b) 0.12 (c) 0.123
(d) 0.363 (e) 0.2349 (f) 0.13122
(g) 0.1285 (h) 0.0i14 (i) 0.0352125

Exercise 1.2.3b Write the following as mixed number in simplified form.
(a) 1.5 (b) 1.35 (c) 10.i01

(d) 5.511 (e) 100.1001 (f) 99.99990

22



1.2. FRACTIONS AND DECIMALS

Exercise 1.2.3c Write the following as decimals.

(a) % (b) g (c) %
(®% (@% m%

Note that any rational number will have a finite or recurring decimal expansion. The fraction 4—19 has a

recurring decimal expansion and the length of the list of repeating digits is 42. This means that on the
GDC, if we type 1 + 49 we wouldn’t know that it has a recurring decimal expansion (as the number of
displayed digits is fewer than 42).

Worked example 1.2.4

Calculate: We have 1.2 = % = g. We make a common denominator for
5 3 fractions appearing in the numerator and denominator of the
511 . 2 first term:
1.2 — % 3

8 . 15
: : S48 2
Write your answer as a mixed Zg 12),(5] -2 =
number. S = O

Now we add/subtract the fractions:

23
_ 3 .2_
- 13 - -
T 3

Dividing by a fraction is equivalent to multiplying by its re-
ciprocal, this gives:

23 40 3

= — X — X
20 13 2
We simplify first and then multiply:

22 1 3 69 _4
- = - =

X P —p—
1 13 1 13 13

When we have sums or differences of fractions in the numer-
ator and the denominator it is often a good idea to multiply
both by the least common multiple of the denominators of
these fractions, so when we have:

it is quicker to proceed by multiplying the numerator and the
denominator by 40 (least common multiple of 5, 4 and 8).
This gives:

_16+30 2 46 3 69 4

o33 13 213 °13

23



1.2. FRACTIONS AND DECIMALS

Exercise 1.2.4 Calculate the following. Give your answer as a proper fraction or a mixed number.

2 1 5 O) 3
R - 3407 5
(a) 3+61 +§ (b) 6_‘_104 +z (C) 59 y % =
16-—1 77 0.95—% "8 2376
3 3 5
3406 303 4 5_03
(d) T x 0.9 (e) 0.25 + 5§+; x = (f) 04+ E—5 + 12
8 2 8 4 3 7
1 2-02 : 1 0.285714 —0.15 5 1-01
(8) =+ 22— x06 (h) -+ —F——5—— %08 (i) =+2——=+25
3 243 4 Rt 12 ° 24016
i == 3 1 2=l Lo Z—=
- . -+ - 2= — =
) 3 oo (s (k) 7+ ><1+% 027 -7 2

24



INVESTIGATION 1.2. FRACTIONS AND DECIMALS

Continued fractions

A given mixed number conists of an integer part and fractional part. For example 3.54 has 3 as

integer part and 0.54 = % = g—g as fractional part.

1. Write down the integer and fractional part of 7.35.
2. Write down the integer and fractional part of the reciprocal of your answer to previous part.

3. Repeat step 2. until there is no fractional part.

1
You should get that 7.35 =7+ S Note that the numbers 7, 2, 1, and 6 are the integer parts
1+5

1
you found in part 2. 7+ 7T is called a continued fraction.
1+35

In general a continued fraction has the form

1
i1 +

i2+ Z3i

where is are the corresponding integer parts in the iterative process described above.

12 and 1.234.

4. Find a continued fraction for the following numbers: 5.21, &=

5. With the help of GDC to find the first 5 terms of the continued fraction for V2.

6. With the help of GDC to find the first 5 terms of the continued fraction for 7.

7. What do you notice about your answers to parts 4., 5. and 6.7
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GDC INSTRUCTIONS

1.2. FRACTIONS AND DECIMALS

The following examples show how to use you GDC for calculations required in this section.

EXAMPLE 1
Change a INPUT ouTPUT
given frac-
mived mum. | OB ODTD® | -
ber and wvice S = o S = Y7
’l]e’,‘sa: @ @ @ @ ‘ .------.-------------------......------.----------_?---
Al Ans»n/d O Un/d
v 6? Ans»n/d»Un/d
y?
EXAMPLE 2
Change INPUT ouTPUT
between a
e e | @O ® @D _
fraction ﬁ IR @ ﬁ ﬁ ) .25
@ pices i nssssssssnnenasessssnennre R,
1 1
025=—2 | L e, .
4 Ans?»Dec
EXAMPLE 3
Calculate: INPUT ouTPUT
- T T
55 <085 OOV D) -
5 4 w A-LOCK STATPLOTFL  ENTRY SOLVE ———
@@@0@0@ ;_;:0.85
S ALOCK SWIPLOTFL  exrrysowe 5y
() @ ) @ Do @ et n 2444444444
W ALOCK STMLOTFL HnS’FraC
oo D z
@ &) @ O, Q%o Co)
@ DO DDDD
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GDC INSTRUCTIONS

1.2. FRACTIONS AND DECIMALS

EXAMPLE 4
Find the INPUT ouTPUT
integer part
and the frac- TEST A 3 e u_ 0 i :u Y 12 z NORMAL FLOAT AUTO REAL RADIAN MP n
. @ @ (3 (1) ) Co) i) IORNAL FLORT AUTO RERL RACIAN P[]
tional  part L e e e e iPart(7.12)
ot W D DD T ) (T T | s, 7.
L1 \/ L2 z 3 L ewmysowe TEST A L3 o Fpart(7.12)
7.12 and V3 W @D ) ettt R A2
v 1 L3 ] } L enmvsowe TEST A ipart(ﬁ)
D CO O DD | e, 1
“w T = [@e }oL ‘FPar‘t(ﬁ]
NVAEDA -~ A - BEPAVUVA > 4 . 7320508076

ENTRY SOLVE
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1.2. FRACTIONS AND DECIMALS

SHORT TEST
1. [3 points]
Write the following as proper fractions or mixed numbers in simplified form:
(a) 0.042 (b) 12.125 (c) 5.42
2. [3 points]
Write the following as decimals:
7 51 2
L b) — il
(@) 3 b) 5 (©) o
3. [4 points]

Calculate the following. Give your answer in simplified form as a proper fraction or a mixed number.

-2 g
(a) -
02-1 4
1 0d2-1
(b) s> x 0.6
3 i3
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1.2. FRACTIONS AND DECIMALS

SHORT TEST
SOLUTIONS
1. [3 points]
Write the following as proper fractions or mixed numbers in simplified form:
(a) 0.042 (b) 12.125 (c) 5.42
21
(@) 5o (b) 123 (c) 53
2. [3 points]
Write the following as decimals:
7 51 2
— b
() = (b) > © 5
(a) 0.175 (b) 5.6 (¢) 0.074
3. [4 points]

Calculate the following. Give your answer in simplified form as a proper fraction or a mixed number.

07+2 3 I+2 3 35+30 3 65 3 130 9 139 7
(a) 3_7:9 3_7: _—_—=s—— = - = — — — :—7:_11

02-1 4711 47 9-15 4 6 4 12 12 12 12

1 0i2-1 1 £-L1 3 1 £_3%3 1 8-132 1 52 55 52 3
b) 4 B5x06=-+33 Sy —_41 5 __ T 9f - °° 29 9 _ 9
()3+ 3_3 3+§_g 5 3*%—3 3785660 3 165 165 165 165
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1.3 Percentages

1.3. PERCENTAGES

a
In order to express quantity a as a percentage of quantity b we calculate the ratio 7 and multiply this ratio

by 100%. As an example consider the numbers 80 and 200. We have:

80
200 © 100% = 40%

So 80 is 40% of 200. On the other hand we have:

200
=2 100% = 250%
80 % 0

Which means that 200 is 250% of 80.

Worked example 1.3.1

Calculate what percent of
number b is number a for the
following values of a and b:

(a) We have:

30
120

(a) a =30, b=120 So 30 is 25% of 120.

(b) We have:

300
20
So 300 is 1500% of 20.

c¢) We have:
(¢) a=0.03, b=15 ©
0.03

15
So 0.03 is 0.2% of 15.

— x 100% = 25%

(b) a =300, b =20 | — x 100% = 1500%
—= % 100% = 0.2%

Exercise 1.3.1

Calculate what percent of number b is number a for the following values of a and b.

(a) a=14, b=25 (b) a =80, b=16

(d) a =230, b= 225 (e) a=0.05, b=12

Exercise 1.3.2

Calculate:
(a) 20% of 90 (b) 0.5% of 82
(d) 13% of 13 (e) 120% of 700

30

(¢) a=0.02, b=0.5

(f) a =32, b=0.04

(c) 24% of 0.5

(f) 3000% of 120



1.3. PERCENTAGES

When calculating a percentage of a certain number it is worth remembering that multiplication is commu-
tative (that is @ x b = b x a). That is 8% of 25 is the same as 25% of 8. The later is of course much easier
to calculate (the answer is 2).

Exercise 1.3.3

Use commutativity of multiplication to calculate without the use of calculator:

(a) 16% of 50 (b) 40% of 75 (c) 4% of 150

(d) 0.4% of 25 (e) 620% of 50 (f) 3% of 250

Increasing number by p% is equivalent to multiplying that number by (1 + 755). Similarly decreasing a
number by p% is equivalent to multiplying that number by (1 — 155). So for example increasing by 40% is
the same as multiplying by 1.4, while decreasing by 40% is equivalent to multiplying by 0.6.

Worked example 1.3.4

A number a has been
increased (1) /decreased(]) by
p%. The resulting number is b.
Calculate the missing number
for the following cases:

(a) Increasing a number by 20% corresponds to multiplication
by 1+ % = 1.2, so we have

140 x 1.2 = 168
So b = 168.

(2) a 0,1,p=1205 (b) Decreasing a number by 4% corresponds to multiplication

by 1 — ﬁ = 0.96, so we have
(b) a =260, |, p=4,b="7, 260 x 0.96 = 249.6
So b = 168.

() a=0.7,1,p=250,b=7, (¢) We have 0.7 x 3.5 = 2.45. So b = 2.45.

(d) a=7?, 1, p=10, b= 126, (d) We solve a x 0.9 = 126. So a = +28 = 140.

(e) We solve a x 1.24 = 372. This gives a = 222 = 300.

(e)a=71,p=24,b=372,

(f) We solve 220 x (1 — 355

So (1 — 155) = 0.95, which gives p = 5.

) = 209. This gives (1—%) = 3703'

(f) a =220, |, p="7, b =209,

(g) We solve 0.2 x (14 7£5) = 0.44. This gives (1+%;) = %4

0.2 "
(8) a=02,1,p=7b=044, So (1 + 155) = 2.2, which gives p = 120.
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1.3. PERCENTAGES

Exercise 1.3.4

A number a has been increased(1)/decreased(]) by p%. The resulting number is b. Calculate the
missing number for the following cases:

(a) a=24,1,p=30,b="7, (b) a=0.06, [, p=8,b=7,
(c)a=7,1,p=15 b=92, (d)a=7,1,p=12 b= 2288,
(e) a=350, 1, p= 7, b=490, (f)a=12,],p=7b=0.84.

When a percentage change occurs more than once, then we multiply the given number as many times. If a
number 2500 is increased by 20% three times, then the resulting number is:
2500 x 1.2 x 1.2 x 1.2 = 2500 x (1.2)® = 4320

Note that (1.2)3 = 1.728 = 172.8%, which means that three increases by 20% each are equivalent to one
increase by 72.8%.

Worked example 1.3.5

A number 3200 has been de-
creased by p% twice. The result-

We start by setting up the equation:

ing number is 2312. Calculate p. | 3200 x (1 — %)2 = 2312
3 This gives
| D 9
| 1- -2 )2 =072
| (1- 155)° = 0.7225
3 And we get 1 — 55 = 0.85,s0 p = 15

Exercise 1.3.5a

A number a has been decreased by p% twice. The resulting number is b. Find p for the following
values of a and b.

(a) a = 500,b = 245, (b) a = 6,b = 4.6464, (c) a = T72,b = 64.98.

Exercise 1.3.5b

A number a has been increased by p% twice. The resulting number is b. Find p for the following
values of a and b.

(a) a = 440,b = 532.4, (b) a=8,b=13.52, (c) a=0.5,b=1.805.

Exercise 1.3.5¢

A number a has been increased by p% and then decreased by p%. The resulting number is b. Find
p for the following values of a and b.

(a) a = 700,b = 693, (b) a=15,b = 11.25, (c) a = 0.06,b = 0.0114.
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1.3. PERCENTAGES

Worked example 1.3.6

The width of a rectangle has been
increased by 30% while its length
has been decreased by 20%. Find
the percentage change of the area
of the rectangle.

The initial area is A, q = w X [, the new area is A,cw =
1.3w x 0.8]. Then we have:

Apew  1.3w x 0.8]

= =1.04
Aold w X [

The new area is 104% of the old area, so the area increased
by 4%.

Exercise 1.3.6a

The width and the length of a rectangle has been decreased by 40% and 50% respectively. Find
the percentage change of the area of the rectangle.

Exercise 1.3.6b

The width and the length of a rectangle has been increased by 5% and 10% respectively. Find the
percentage change of the area of the rectangle.

Exercise 1.3.6¢

The width of a rectangle has been decreased by 20%. By what percentage should the length increase,
so that the area remains unchanged?

Exercise 1.3.6d

The width of a rectangle has been increased by 10%. By what percentage should the length increase,
so that the area increases by 30%?

Exercise 1.3.6¢e

The length of a side of a square increased by 10%. By what percentage has the area increased?

Exercise 1.3.6f

By what percentage does the side-length of a square need to increase in order for the area to increase
by 44%?

Exercise 1.3.6g

By what percentage does the side-length of a square need to decrease in order for the area to
decrease by 51%?
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1.3. PERCENTAGES

Worked example 1.3.7

Initially there was 30% x 200 = 60 mL of alcohol and 140 mL
of water. The amount of alcohol has not changed, but the
amount of water has increased to 240 mL, which means that
the total amount of the solution is now 300 mL. So the new
percentage concentration of alcohol is:

A solution contains 30% alcohol.
100 mL of water is added to 200
mL of this solution. What is the
new percentage concentration of
alcohol in the diluted solution?

60
300 x 100% = 20%

Exercise 1.3.7a

You need to create 800 mL of a 12% saline solution using a 20% saline solution and pure water.
How much of each component should you use?

Exercise 1.3.7b

You have 300 mL of an 8% alcohol solution and you want to dilute it to make a 5% alcohol solution.
How much water should you add?

Exercise 1.3.7c

You mixed 400 mL of a 25% acid solution with 600 mL of a 10% acid solution. What is the
concentration of acid in the resulting mixture?

Exercise 1.3.7d

A mixture contains 30% alcohol and the rest water. If a sample of 500 mL of this mixture is diluted
with 200 mL of water, what is the new percentage of alcohol in the diluted mixture?

Exercise 1.3.7e

A club has 180 members, 60% of whom are men. If the number of men increased by 25% and the
number of women increased by 50%, what is the new total number of members?

Exercise 1.3.7f

A company planned to increase its workforce by 25%. However, due to budget cuts, only 60% of
the planned hires were made. If the current workforce is 400 employees, how many new employees
were actually hired?

Exercise 1.3.7g

A factory’s production cost per unit decreases by 0.5% each time the production volume increases
by 1%. If the initial cost per unit is $50 and the factory increases its production from 1,000 to
1,650 units, what is the new cost per unit?

Exercise 1.3.7h

An investor’s portfolio consists of three investments. Investment A comprises 40% of the total
portfolio and grows by 8% annually. Investment B comprises 35% of the portfolio and grows by 5%
annually. Investment C comprises 25% of the portfolio and decreases by 3% annually. If the total
portfolio value is $50,000, what will be the value of the portfolio after 2 years?
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INVESTIGATION 1.3. PERCENTAGES

Percentage points and basis points

The support for a certain political party increased from 40% to 45%.

1. Is it true that the support increased by 5%?
2. By what percentage has the support increased?

Percentage points represent the unit of a difference between two percentages.
The support for a certain political party was 40%.

4. Find the support for this party, if it increased by 10%.

5. Find the support for this party, if it increased by 10 percentage points.

The inflation recorded in January and February was 3.25% and 3.30% respectively.

A basis point is one hundredth of a percentage point.
6. How did the inflation change. Give your answer using % and using basis points.

7. Try to find an example in the media where % was incorrectly used instead of percentage points
or basis points.
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GDC INSTRUCTIONS 1.3. PERCENTAGES

Note that the Ti-84 does not have an % sign button. This means that when you need to use percentages,
you need to turn them into decimals.

EXAMPLE 1
Calculate INPUT OUTPUT
12% of 175
e () () [ (R [ (N NORMAL FLOAT AUTO REAL RADIAN MP n
DACPACYVACYA * AEVACD,
Gl e 0.12x175
................................................ 21
EXAMPLE 2
What per- INPUT oOuUuTPUT
centage  of
W@ @ 2) (W) (o) 0
= R N N N = 125,240
Ansx100
.............................. 52, 08333333,
[ |
EXAMPLE 3
The price INPUT OuUTPUT
of 2520 has
EVACVACVATCVA * AEVAEY, 1
creased by e — 2520%1. 2%0. 9
20% and EPA > AWDAWDATIDA = S R S 2721.6.
then de-

creased Dby
10%. Find
the final
price.
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1.3. PERCENTAGES

SHORT TEST
1. [2 points]
Calculate:
(a) a number whose 85% is 119, (b) what percentage of 0.042 is 0.002.
2 [3 points]

Price of an item has been increased by p% and then decreased by p%. Find the value of p, if the
initial price was $1200 and the final price is $1053.

3. [3 points]
The length of a rectangle has been decreased by 40%. By what percentage does the width need to
increase in order for the area to remain constant?

4. [4 points]
What is the percentage concentration of acid in a solution which is a mixture of 200 mL of a 20%
acid solution, 300 mL of a 10% solution and 500 mL of a 5% solution.
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1.3. PERCENTAGES

SHORT TEST
SOLUTIONS
1. [2 points]
Calculate:
(a) a number whose 85% is 119, (b) what percentage of 0.042 is 0.002.
(a) x x 0.85 =119 (b) 3922 % 100% ~ 4.76%
which gives x = 01‘;% =140
2. [3 points]

Price of an item has been increased by p% and then decreased by p%. Find the value of p, if the
initial price was $1200 and the final price is $1053.

We have:

1200 x (1 + -2-)1 - -2y = 1053

100 100
This gives (after simplifying):
(P2 =
(100) 0.8775

Solving for p gives p = 35.

3. [3 points]
The length of a rectangle has been decreased by 40%. By what percentage does the width need to
increase in order for the area to remain constant?

The initial area is Agq = w x [, the new area is Ay = (14 755)w x 0.61. Since the new area must
be the same as old one, we have:

p
)Xl =(1+— 0.61
w X ( +100)w><

This gives (14 155) ~ 1.667, so p ~ 66.7%.

4. [4 points]
What is the percentage concentration of acid in a solution which is a mixture of 200 mL of a 20%
acid solution, 300 mL of a 10% solution and 500 mL of a 5% solution.

The total amount of the solution is:

200 4+ 300 + 500 = 1000mL

The total amount of acid in the solution is:

0.2 x 200 4+ 0.1 x 300 + 0.05 x 500 = 95mL
This means that the concentration of acid is:

95

1 o7 .r(Y
1000x 00% = 9.5%
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1.4. FINANCIAL MATHEMATICS AND EXPONENTIAL GROWTH

1.4 Financial Mathematics and Exponential Growth

We will consider two types of interests on the capital invested. Simple interest means that a fixed amount
is added each compounding period. Compound interest means that a fixed percentage is added each
compounding period.

Worked example 1.5.1

Find the value after 3 years of
$2000 investment into savings
account that pays 5% annual
interest rate which is:

(a) For simple interest fixed amount is added each year. We
have:

5% of 2000 = 100

which means that each year $100 is added to the account.

impl
) il After 3 years the total amount in the account will be:

(b) compound.
(b) Each year the amount in the account is increased by 5%.
An increase by 5% is equivalent to multiplying by 1.05. So

after 3 years the amount in the account is:

2000 x 1.05 x 1.05 x 1.05 = 2000 x 1.05% = 2315.25

2000 + 3 x 100 = 2300

Note that in case of the compound interest the amount added to the account each year changes. In the
example above in the first year the amount added is 5% of $2000 which is $100, but the amount added in
the second year is 5% of $2100 which is $105.

Exercise 1.5.1 Let PV (present value) be the amount invested, N the number of years and 4 the
annual percentage interest rate. Find the FV (future value), the value of the investment after N
years, for the following values of PV, N and i. Consider two cases (i) simple interest, (ii) compound

interest.
(a) PV =$30 000, N =2,i=6 (b) PV =$100 000, N =4,i =4
(¢) PV =85000,N =6,i =10 (d) PV =$120 000, N =10,i =1
(a) PV =$18 000, N =5,i =7 (b) PV =$1000000,N =8,i=5
(a) PV = $25 000, N = 30,7 =3 (b) PV = $140 000, N = 15,i =2
(a) PV =$12 000, N =4,i =12 (b) PV = $250 000, N = 20,i =6
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1.4. FINANCIAL MATHEMATICS AND EXPONENTIAL GROWTH

Compound interest may not necessarily be compounded once a year. However in most cases the annual
interest rate is given. This means that you must adjust the interest rate per compounding period.

The future value F'V after N years of an investment of PV into savings account that pays 1% annual interest
year which is compounded k times per year is:

i kN
FV =P 1+
v VX(+I<:><100)

Worked example 1.5.2

$120 000 is invested into savings
account that pays 8% annual in-
terest rate which is compounded
every quarter. Find the value of
the investment after 5 years.

8% is the annual interest rate, but because it is compounded
quarterly (and there are 4 quarters in a year) every quarter
the savings increase by 87% = 2%. Now there are 20 quarters
in 5 years, so the future value of the investment is:

120000 x 1.02%° =~ 178313.69

mula. We have PV = 120000, N = 5, ¢ = 8 and k = 4,
S0:

4x5
FV = 120000 x (1 + ) ~ 178313.69

4 % 100

3 You can also simply substitute the given values into the for-

Exercise 1.5.2a $120 000 is invested into savings account that pays an annual interest rate of
6%. Find the future value of the investment after 5 years, if the interest is compounded:

(a) yearly (b) every 6 months (¢) monthly

Exercise 1.5.2b $10 000 is invested into savings account that pays an annual interest rate of 2%.
Find the future value of the investment after 30 years, if the interest is compounded:

(a) every 6 months (b) every 4 months (¢) quarterly

Exercise 1.5.2¢ $50 000 is invested into savings account that pays an annual interest rate of 4%.
Find the future value of the investment after 10 years, if the interest is compounded:

(a) quarterly (b) every 4 months (¢) monthly

Exercise 1.5.2d $250 000 is invested into savings account that pays an annual interest rate of
10%. Find the future value of the investment, if the interest is compounded:

(a) monthly (b) every day (c) every second
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1.4. FINANCIAL MATHEMATICS AND EXPONENTIAL GROWTH

Worked example 1.5.3

$20 000 is invested into savings
account. The interest on the
account is compounded monthly.
Find the minimum annual inter-
est rate required for the amount
in the account to double in 7
years.

Let % be the annual interest rate. We want:

5 12x7
12 % 100) = 40000

5 84
(1 + 1200) =2

So 1+ 5 = V/2, which gives i ~ 9.95.

20000 x (1 +

Simplifying we get:

Note that a more accurate answer is i = 9.9430700... and we
round this answer up to 9.95, not down to 9.94, as an interest
of 9.94% would not be enough for the money to double.

Exercise 1.5.3a $35 000 is invested into savings account.

The interest on the account is

compounded k times per year. Find the minimum annual interest rate required for the amount in
the account to double in IV years for the following values of & and N

(a) k=2,N=10

Exercise 1.5.3b $24 000 is invested into savings account.

(b) k=4,N =12

The interest on the account is

compounded k times per year. Find the minimum annual interest rate required for the amount in
the account to triple in N years for the following values of k and NV

(a) k=1,N =20

(b) k=6,N =25

(c) k=12, N = 40
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1.4. FINANCIAL MATHEMATICS AND EXPONENTIAL GROWTH

EXPONENTIAL GROWTH & DECAY

Worked example 1.5.4

The population of a certain town
is increasing by 10% each year.
The current population is 40
000. Find the population of the
town:

(a) in 4 years,

(b) 5 years ago.

Each year the population increases by 10%, which is equiva-
lent to multiplying by 1.1.

(a) We have:

40000 x 1.1* = 58564
(b) Let = be the population 5 years ago, then we have:

z x 1.1° = 40000

So z = 40090 ~ 24837

Exercise 1.5.4a The number of visitors to a website increases by 25% each month. The current
number of visitors is 2,000. Find the number of visitors after 6 months.

Exercise 1.5.4b The cost of tuition at a university increases by 9% each year. The current tuition
cost is $15,000. Find the cost of tuition in 4 years.

Exercise 1.5.4c The population of a town decreases by 3% each year. The current population is
30,000. Find the population of the town in 10 years.

Exercise 1.5.4d The number of downloads of a certain app increases by 20% each week. The
current number of downloads is 600. Find the number of downloads

(a) after 6 weeks,

(b) last week.

Exercise 1.5.4e The amount of a certain drug in the bloodstream decreases by 18% every hour.
The current amount is 150 mg. Find the remaining amount of the drug in the bloodstream

(a) after 7 hours,

(b) 3 hours ago.

Exercise 1.5.4f The price of a computer model decreases by 8% each year. The current price of
the computer is $1,200. Find the price of the computer:

(a) in 5 years,

(b) 2 years ago.
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INVESTIGATION 1.4. FINANCIAL MATHEMATICS AND EXPONENTIAL GROWTH

Rule of 72

1. List all positive divisors of 72.

2. An initial population of 10 000 grows by 4% per year. Find the population after 17 years, after
18 years and after 19 years. Approximately how may years it takes for the population to double?
Note that % = 18.

3. An initial population of 25 000 grows by 6% per year. Find the population after 11 years, after
12 years and after 13 years. Approximately how may years it takes for the population to double?
Note that % =12.

4. An initial population of 32 000 grows by 8% per year. Find the population after 8 years, after 9
years and after 10 years. Approximately how may years it takes for the population to double? Note
that 2 = 9.

8

5. An initial population of 15 000 grows by 9% per year. Find the population after 7 years, after 8
years and after 9 years. Approximately how may years it takes for the population to double? Note
that 22 = 8.

9

6. Repeat the above calculations for any value of initial population and growth rate of 12%, 15%,
18% and 20%. What do you notice?

7. State the conclusion of your investigation.

Note that the rule of 72 gives you an approximate doubling time. It is useful for quick back-of-the-
envelope calculations. On the test you should use more accurate methods.
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GDC INSTRUCTIONS 1.4. FINANCIAL MATHEMATICS AND EXPONENTIAL GROWTH

By far the quickest way to solve financial problems is to use to FINANCE APP on the GDC. All you do
is input the data into the GDC and solve for the unknown. You need to remember the meaning of the
following:

N number of periods,
1% annual interest rate,
PV present value,
PMT payments,
FV future value,
P/Y periods per year,
C/Y compounding per year,

At this point we won’t be using PMT - these are payments (or withdrawals) made during the investment. For
now we will always have PMT = 0. Periods are related to payments. If you make payments (or withdrawals)
every month, then your period is a month (and hence P/Y = 12 as there are 12 months in a year). However,
as we have PMT = 0, we can choose our period to be anything. The two most natural choices are setting
the period to be a year (and then P/Y = 1) or setting the period to be equal to the compounding time (and
then P/Y = C/Y).

You should also remember that the GDC indicates the direction of money with the sign. In other words if
we pay $1000 into the account this should be indicated as —1000 (negative). If we withdraw $1000, then
this is 1000 (positive).

EXAMPLE 1

$120 000 INPUT ouTPUT
is invested

o swvings | g5 55 &5 45 &5 () 5
account that @OD® @ & o
pays 8% an- | (o) () () Gy Co) CoJ G0 1/=8
nual interest TS TR CEE G PV=-120000
rate which is q Ca) (:%@ @@ PMT=0

© " FV=178313. 6875
compounded P/Y=1
every quar- C/Y=4
ter. Find PMT:[EYB] BEGIN
the value of
the invest-

ment after 5
years.

Note that PV is negative as we initially give away the money to the bank. Note also that C/Y = 4, as the
interest is compounded 4 times a year.
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GDC INSTRUCTIONS 1.4. FINANCIAL MATHEMATICS AND EXPONENTIAL GROWTH

We could have taken a different approach and let our period be a quarter. In this case we would input:

EXAMPLE 2

$120 000 INPUT OoOuTPUT
is invested

into savings | ey &5 G (2) Co) @ (o)

ot tht | @B DTS -

pays .8% an- © () @) @) DAY, 17=8

nual lntereSt caas . O S 4 T enmysowe & =  ALOCK  Eentrysowe Pv: -120000

rate which is Qo) CE%@ evren) E%@ @ 'FF’UI:$8313 6875

compounded Ve )
P/Y=4

every quar- C/Y=4

ter. Find PMT:[EY® BEGIN

the value of

the invest-

ment after 5
years.

Notice that we must now have N = 20 as our period is a quarter and there are 20 quarters in 5 years. The
FV we get is of course the same as in the previous example.

We can use the FINANCE APP to solve for other unknowns, not just the future value. This is illustrated
in the next examples.

EXAMPLE 3

$50 000 is INPUT OoOuTPUT
invested into

vont e e e e «N=138.9757216
pays 6% an- &) ) (@) (o) o) &, 1/=6

nual interest Ll — g — PV=-50000
rate which Qo) Qo) Qo) o) (o) & (1) IF__’UITSO%G

is com- 12 z & & B 2 ALCK ewmvsowe —_

ounded ov. | O ODD P/Y=12

ery month. PMT:[E\ BEGIN
How long

does it take

for the

money to

double?

FV was set to 100 000 (positive) as we want to be able to withdraw twice the invested amount. Note that
the answer N = 138.975... means that it takes 139 months (P/Y was set to 12) for the money to double.
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EXAMPLE 4

How much INPUT ouTPUT
needs to

be invested ANGLE B mmwsowe s 16V S € 15 u & ® NORMAL FLOAT AUTO REAL RADIAN MP n
e TDOVSOH -

ings accomnt | 5 () &) O O @D 1%=5

that pays e —— - = PV=-37177.79425
5%  annual G DD PMT=0

interest rate 53;2?000
compounded C/Y=2

every 6 PMT:[EYp] BEGIN
months in

order to

have $50

000 after 6

years?

The required amount is $37177.80. Note that $37177.79 would not be enough, so we need to round up.

EXAMPLE 5

$60 000 is INPUT OouTPUT

invested into

savings ac- ANGLE B evmmvsowe  enn S as 7 16V NORMAL FLOAT AUTO REAL RADIAN MP n

DT ®

ALOG . CATALOG »  CATALOG o

count that

cam ams—. & S u 0 12 z N=3
pays an an- Qo) (o) ) o) & @) (@) » 17=6.500011021

nual intereSt U4 T ou 0 u 0 & &= ALOCK evmvsowe pv: -60000
t - PMT=0
rate  com @O @O DD FVer9477
pounded P/Y=1
yearly. CsY=1
What is PMT :[E] BEGIN

the interest
rate if there
are $72 477
in the ac-
count after
3 years?

The required interest rate is approximately 6.5%.
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1.4. FINANCIAL MATHEMATICS AND EXPONENTIAL GROWTH

When solving exponential growth problems a table of values is a useful tool.

EXAMPLE 5
A popu- INPUT OuUTPUT
lation of
40 000 in_ STATPLOTFL L4 T  CATALOG —  CATALOG .  CATALOG .  CATALOG - [ R ;{ggzsnt;:]_%?nnyggcﬁgh RADIAN MP
eases by | PO OO @ seorch:
5% 2aElh O OO OO 1| 4z000
year. Find iR g :zégg
the popula- == G% y 48620
. 5 51051
tion after 7 H 3604
? | 56284 |
YKL 8 59098
9 62053
10 65156

Y1=56284.0169063

The population after 7 years is approximately 56284.

EXAMPLE 5
A popu- INPUT ouTPUT
lation of
70 000 in- WMol 4 0 oo omse. omwe- omes- [ R pgl{t?sm. Fr(:.;mr:]um REAL RADIAN MP
creases by | D OO @ o

L1 \7 i H CATALOG o u o ™ H LINK 1 ?HSGG
T ek D OO DD ;[
year' er TABLE F5 & = y 91756
how many D @, £ 98179
years will 3 8ol
the popula L |
tion double? 10 iz;;s%

X=11
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1.4. FINANCIAL MATHEMATICS AND EXPONENTIAL GROWTH

SHORT TEST
1. [2 points]

$20 000 is invested into savings account. Find the value of the investment after 6 years, if the annual
interest rate if 4% and it is

(a) simple (b) compound (compounded yearly)

2. [4 points]
$72 000 is invested into savings account that pays 6% annual interest rate compounded monthly.

(a) Find the value of the investment after 5 years.

(b) Find the number of months required for the value of the investment to double.

3. [4 points]
A population of a certain town increases at a rate of 7% per year. The current population is 35 000

(a) Find the population after 3 years.

(b) How long will it take for the population to exceed 85 0007
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1.4. FINANCIAL MATHEMATICS AND EXPONENTIAL GROWTH

SHORT TEST
SOLUTIONS

1. [2 points]
$20 000 is invested into savings account. Find the value of the investment after 6 years, if the annual
interest rate if 4% and it is

(a) simple (b) compound (compounded yearly)
(a) 20000 x 4% = 800, so after 6 years: 20000 + 6 x 800 = 24800

b) 20000 x (1.04)® = 25406.38

2. [4 points]
$72 000 is invested into savings account that pays 6% annual interest rate compounded monthly.

(a) Find the value of the investment after 5 years.

(b) Find the number of months required for the value of the investment to double.

(a) (b)

NORMAL FLOAT AUTO REAL RADIAN MP N
N=60 = N=138.9757216
I1%=6 I17=6
PV=-72000 PV=-72000
PMT=0 PMT=0

= FY=97117.21098 FV=144000
PsY=12 P,sY=12
CrsY=12 CrY=12
PMT:[@Y] BEGIN PMT:[EYP BEGIN

$97117.21 139 months

3. [4 points]

A population of a certain town increases at a rate of 7% per year. The current population is 35 000
(a) Find the population after 3 years. 35000 x 1.07% ~ 42877

(b) How long will it take for the population to exceed 85 0007

(a) (b)

NORMAL FLOAT AUTO REAL RADIAN MP 1 NORMAL FLOAT AUTO REAL RADIAN MP 1

PRESS @ T0 EDIT FUNCTION PRESS + FOR aTb1

Y1 X Y1

0 35000 7 56202
1 37450 8 60137
2 40072 9 64346
3 10 68850
y 45878 11 73670
5 49089 12 78827
6 52526 13 84345
? 56202 90249
8 60137 15 96566
9 64346 16 103326
10 68850 17 110559

Y1=42876.505 X=14

42877 14 years
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1.5. RATIO AND PROPORTION

1.5 Ratio and proportion

One quantity y varies directly with some other quantity z, if there is a constant k such that:

y=kzx

In such cases we may also say that z and y are directly proportional. The constant k is often referred to
as the constant of proportionality. It is often useful, when solving problems involving directly proportional
quantities, to focus on the ratio % This ratio is by definition constant.

Worked example 1.5.1

The number of pages a printer Let = be the number of cartridges and y be the number of
can print is directly proportional pages printed.

to the amount of ink available. If
4 ink cartridges can print 1000
pages, how many pages can be
printed using 5 ink cartridges?

Method 1
The quantities are directly proportional so they satisfy the
following equation for some constant k:

y = kx
We will calculate k using the information in the question:

1000 =k x 4
So k = 250 and the equation relating y and x is:

y = 250z
No we want y for x = 5 and we get y = 250 x 5 = 1250.
Method 2

The quantities are directly proportional so the ratio ¥ is con-
stant, which means that:

Solving the above gives y = 1250.

Exercise 1.5.1a A company pays its employees based on the number of hours worked. If an
employee earns $120 for working 15 hours, how much will the employee earn for working 19 hours
at the same rate?

Exercise 1.5.1b The brightness level of a light bulb is directly proportional to the electrical
current passing through it. If a current of 2 amperes produces a brightness level of 76 lumens, how
many lumens will be produced by a current of 3 amperes?

Exercise 1.5.1c The number of phone calls made from a call center is directly proportional to the

number of employees working. If 5 employees can handle 240 calls per hour, how many employees
are needed to handle 400 calls per hour?
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1.5. RATIO AND PROPORTION

Exercise 1.5.1d The growth rate of a plant is directly proportional to the amount of sunlight it
receives. If a plant grows 2 inches with 5 hours of sunlight, how many inches will it grow with 8
hours of sunlight?

Exercise 1.5.1e The temperature rise in a room is directly proportional to the number of heaters
running. If it takes 3 heaters to raise the temperature by 10 degrees Celsius, how many heaters
are needed to raise the temperature by 16 degrees Celsius?

One quantity y varies inversely with some other quantity z, if there is a constant k such that:

Y=
x

In such cases we may also say that r and y are inversely proportional. Note that when two quantities
are inversely proportional, then their product is always constant, that is xy = k for some constant k.

Worked example 1.5.2

The time taken to complete a Let ¢ be the time measured in hours and w be the number of

task is inversely proportional to workers.
the number of workers working
on the task. If 4 workers can Method 1

complete a task in 5 hours, how
long will it take for 6 workers to
complete the same task?

The quantities are inversely proportional so they satisfy the
following equation for some constant k:

t=—
w

We will calculate k using the information in the question:

k
5=—
4
So k = 20 and the equation relating ¢ and w is:
20
t==
w

No we want t for w = 6 and we get t = % = 3h 40min.

Method 2
The quantities are inversely proportional so their product ¢ xw
is constant, which means that:

5x4=tx6

Solving this for ¢ gives t = % = 3h 40min.

Note that in both instances (direct and inverse proportionality) the second method is much quicker and is
recommended, when we only need to calculate one quantity. You need to remember that when two quantities
a and b are directly proportional, then their ratio is constant and when they are inversely proportional,
then their product is constant.
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1.5. RATIO AND PROPORTION

Exercise 1.5.2a Quantity p is inversely proportional to quantity q. When p = 24, then ¢ = 5.
Find the value of ¢, when p = 10.

Exercise 1.5.2b The pressure of a gas is inversely proportional to its volume. If a gas occupies a
volume of 4 litres at a pressure of 3 atm, what would be the pressure if the volume is reduced to 3
litres?

Exercise 1.5.2c The resistance of a wire of given length is inversely proportional to its cross-
sectional area. If a wire with a resistance of 6 ohms has a cross-sectional area of 4 mm?, what
would the resistance be for a wire with a cross-sectional area of 9 mm??

Exercise 1.5.2d The frequency of a sound wave is inversely proportional to the wavelength. If a
sound wave has a frequency of 400 Hz with a wavelength of 3 meters, what will be the frequency
with a wavelength of 2 meters?

Worked example 1.5.3a

The resistance of a wire is di- Let’s represent resistance as R, length as [, and cross-sectional

rectly proportional to its length area as A.
and inversely proportional to its
cross-sectional area. If a wire of Method 1

length 20 m and cross-sectional
area of 2 mm? has a resistance of
30 ohms, what will be the resis-
tance of a wire of length 15 m and
cross-sectional area of 3 mm??

The formula for R will have [ in the numerator (as R is directly
proportional to [) and A in the denominator (as R is inversely
proportional to A):

l
R—kxZ

Substituting the given values we get:

20
:k —_
30 X 5

which gives k = 3 and the equation for R is:
l

A
nowforl:15andA:3wegetR:3><?:150hms.

Method 2
We start be fixing A at 2 mm?. Now R is directly proportional
to [, so:

0 _R

20 15

Which gives R = 22.5, so a wire of length / = 15 m and A = 2
mm? has resistance of 22.5 ohms. Now we fix [ at 15 m. R is
inversely proportional to A, so:

225 x2=Rx3
which gives R = 15 ohms.

3 R=3x
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Worked example 1.5.3b

Let’s represent the number of workers as w, number of
products assembled as p and time as t. We assume that for
fixed w, p is directly proportional to ¢ and for fixed ¢ it is
directly proportional to w

If 5 workers can assemble 200
products in 4 hours, how many
products can 8 workers assemble
in 6 hours?

Method 1
We have the following formula:

p=kxwxt

Substituting the given values we get:

200 =k x5 x4

this gives k = 10 and we get the following equation for p is:

now for w = 8 and t = 6 we get p = 10 x 8 x 6 = 480 products.

Method 2
We fix w at 5. Now p is directly proportional to ¢, so:
200 _p
4 6

Which gives p = 300, which means that 5 workers will assem-
ble 300 products in 6 hours. Now we fix ¢ at 6 h. p is directly
proportional to w, so:

300 p

5 8

l p=10xw x t
3 which gives p = 480 products.

Exercise 1.5.3a The temperature of a gas is directly proportional to its pressure and inversely
proportional to its volume. If the pressure of the gas is 4 atm, the temperature is 300 K, and the
volume is 2 L, find the temperature when the pressure is 6 atm and the volume is 3 L.

Exercise 1.5.3b Three quantities x, y, and z are related such that z is directly proportional to y
and inversely proportional to z. If x = 10 when y = 3 and z = 5, find the value of x when y = 6
and z = 4.

Exercise 1.5.3c Three variables, a, b, and ¢, are related in a way that a varies directly with b
and inversely with c. If when a = 8 when b = 4 and ¢ = 10, find the value of @ when b = 6 and ¢ = 25.

Exercise 1.5.3d Three variables, p, ¢, and r, are related such that p is directly proportional to g

and inversely proportional to r. If p = 12 when ¢ = 6 and r = 2, find the value of p when g = 8
and r = 3.
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Exercise 1.5.3e Three quantities a, b, and c are related such that a is directly proportional to
the square root of b and inversely proportional to c¢. If @ = 20 when b = 25 and ¢ = 5, find the
value of @ when b = 36 and ¢ = 4.

Exercise 1.5.3f If 5 carpenters can build 4 chairs in 8 hours, how many chairs can 3 carpenters
build in 6 hours?

Exercise 1.5.3g If 2 chefs can bake 100 cakes in 5 hours, how many cakes can 3 chefs bake in 8
hours?

Exercise 1.5.3h If 3 painters can paint 2 rooms in 4 hours, how many rooms would 4 painters
paint in 6 hours?

Exercise 1.5.3i If 4 machines can produce 300 units in 5 hours, how many units can 6 machines
produce in 8 hours?

Exercise 1.5.3j* Suppose u, v, and w are related such that u is directly proportional to /v and
inversely proportional to w. If u = 16 when v = 25 and w = 4, determine the value of u when
v =36 and w = 6.

Exercise 1.5.3k* The force experienced by an object is directly proportional to the mass
and inversely proportional to the square of the distance from the source of the force. If a 4 kg
object feels a force of 20 N at a distance of 2 m, what force will a 6 kg object feel at a distance of 3 m?

Exercise 1.5.31* The brightness of a light source is directly proportional to the power of the
source and inversely proportional to the square of the distance from the source. If a 100 W light
bulb is 4 meters away and has a brightness of 25 lumens, what distance would produce a brightness
of 64 lumens with a 150 W light bulb?

Exercise 1.5.3m* The speed of sound in air is directly proportional to the square root of the
temperature and inversely proportional to the square root of the density of air. If the speed of
sound is 340 ms~—! when the temperature is 25°C' and the air density is 1.2 kgm ™3, what will be
the speed of sound when the temperature is 35°C' and the air density is 1.5 kgm™3?
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When dividing a certain quantity into several parts that are in a given ratio, it is recommended to introduce
an auxiliary variable that represents the smallest part required for the division. For example when we want
to divide a certain quantity into two parts in ratio 2 : 7, the first part will be equal to 2x, the second part
will be equal 7z and the total is equal to 9x.

Worked example 1.5.4a

The first part is 2z, the second part is 3z and the third part
is 4z. This gives the total of 92. We have:

Divide 81 into 3 parts in ratio
2:3:4.

which gives x = 9, so the three parts are 18, 27 and 36.

9z = 81

Worked example 1.5.4b

The angles in a triangle are in a The angles are 2x,9z and 13z. The total is 24z and it has to
ratio of 2 : 9 : 13. Calculate the be equal to 180°:

size of the smallest angle.
24x = 180°

So z = 7.5° and the smallest angle is 22 which is 15°.

Exercise 1.5.4a Divide 120 in the ratio:
3:5:10 1:8:11 2:5:11:14

Exercise 1.5.4b The angles in a triangle are in the ratio 3 : 5 : 7. Find the size of the largest angle.

Exercise 1.5.4c The angles in a quadrilateral are in the ratio 2 : 5 : 6 : 7. Find the size of the
smallest angle.

Exercise 1.5.4d A school committee is made up of teachers, parents, and students in the ratio
2:3:4. If there are a total of 45 members in the committee, determine how many members belong
to each group.

Exercise 1.5.4e A school committee is made up of teachers, parents, and students in the ratio
2 : 3 : 4. If there are a total of 20 students on in the committee, determine how many members are
there in total.

Exercise 1.5.4f Suppose a certain amount of money is divided among three people, X, Y, and
Z, in the ratio 2 : 3 : 5. If person Y received $120 more than person X, calculate how much each
person received.



1.5. RATIO AND PROPORTION

Exercise 1.5.4g A certain amount of money is divided among four people, A, B, C, and D, in the
ratio 3:5: 7 : 9. If person B received $360 more dollars than person A, calculate how much each
person received.

Exercise 1.5.4h Three siblings divide a collection of toys in the ratio 2 : 5 : 8. If the second
sibling has 9 more toys than the first sibling, determine the number of toys each sibling receives.

Exercise 1.5.4i A fruit basket contains apples, oranges, and bananas in the ratio 3 : 4 : 7. If the
number of bananas is 12 more than the number of apples, find the quantity of each fruit in the
basket.

Exercise 1.5.4j Four friends decide to share a box of chocolates in the ratio 1 : 2 : 3 : 4. If the
friend with the most chocolates has 15 more than the friend with the least, calculate how many
chocolates each friend receives.

Exercise 1.5.4k In a painting competition, the ratio of the number of paintings submitted by
students X, Y, and Z is 7: 9 : 11. If Z submitted 10 fewer paintings than the combined number of
paintings submitted by X and Y, find the number of paintings each student submitted.

Exercise 1.5.41 A school awards scholarships to students in the ratio 2:3:7 for art, sports, and
academic achievements. If the scholarship for academic achievements is $100 more than combined
scholarships for arts and sports achievements, find the scholarship amount for each category.
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INVESTIGATION 1.5. RATIO AND PROPORTION

Golden rectangle

Consider a square ABCD of side-length 1:

1. Let E be the midpoint of the line segment AB. Find the length of DE.

D L c

2. Draw a circle centered at E of radius equal to the length of DE. Let F' be the point where the
circle meets the half-line AB. Find the length of AF

A E B F

!

3. Draw a rectangle AFGD. What are the lengths of its sides?

D 1 C G

4. Find the ratio of the length of the longer side to the length of the shorter side for rectangles
AFGD and BFGC. What do you notice?

These rectangles are called golden rectangles and the ratio of their sides is ¢ = 1+2‘/5 ~ 1.61803,

which is known as the golden ratio.
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GDC INSTRUCTIONS

2

1.5. RATIO AND PROPORTION

To solve % = % we can simply rearrange this equation and find that 15 = 2x, so x = 7.5. We can however

3

solve this equation directly on the GDC.

EXAMPLE 1

Solve: INPUT ouTPUT
§ = g TEST A ® & evmvsone ALOCK SWPOTFL evmysowe L5 U NORMAL FLOAT ﬁUTO R[ﬂL RADIAN MP n
r 3 DO ODDeE D ) SOLUTION IS MARKE

LOCK  STATPLOTFL  ewmRvsowe L2

DD D D

L3 © TBLEFS 16 V ALOCK v

@D DD

x|
w|n

= X=7.5
bound={-1e99, 199}
=E1-E2=0

When solving an equation in Numeric Solver you need to remember several things:

you need to input both sides of the equation and use x as your unknown,

- the initial value assigned to z (in the above example I set & = 6) is the place where your calculator will
start looking for solutions. Make sure that this initial value is sensible and does not lead to problems.
In the example above we cannot start with = 0 as this leads to division by 0.

- the bounds indicate the interval in which your calculator will look for solutions. You may change them,

if you are interested only in a solution in a certain interval.

- beware that the GDC will only give you one solution at a time. If an equation has more than one
solution, you may need to look for them by changing the initial value of x or the bounds.

EXAMPLE 2
Solve: INPUT ouTPUT
1'2 =25 TEST A ve  LINK

DD (2

U ewmysowe A-LOCK  EnTRYson

O DD

NORMAL FLOAT AUTO REAL RADIAN MP n
SOLUTION IS MARKED *

X2=25

= X=5
bound={-1e99, 1993}
=E1-E2=0
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GDC INSTRUCTIONS 1.5. RATIO AND PROPORTION

In the previous example the GDC gave us only one solution. You can change the initial value of x to find
the other one.

EXAMPLE 3
Solve: INPUT ouTPUT
1,2 =25 TEST A B A enmrsowe

NORMAL FLOAT AUTO REAL RADIAN MP n

e =
@ @ @ ﬁ 6 @ u@jz SOLUTION IS MARKED *

L5 U TABLEFS ANS ? w Q  ALOCK  EwtRvsowe

) O DD X?=25

n X=-5
bound={-1e99, 1992}
=E1-E2=0
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1.5. RATIO AND PROPORTION

SHORT TEST

1. [2 points]
Two quantities z and y are such that when x = 8, then y = 20. Find y, when = = 6, given that =
and y are

(a) directly proportional (b) inversely proportional

2. [4 points]
Three variables, a,b and ¢, are related in a way that a varies directly with b and inversely with c. If
a = 20 when b = 5 and ¢ = 4, find the value of a when b = 8 and ¢ = 3.

3. [2 points]
Divide 60 in the ratio:

(a)2:3:7 (b)1:5:5:7
4. [4 points]

The inheritance was divided among 4 heirs in the ratio 2 : 3 : 5 : 10. If the person who received the
most received $4000 more than what the two people who received the least combined, find how much
each person received.
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1.5. RATIO AND PROPORTION

SHORT TEST
SOLUTIONS

1. [2 points]
Two quantities z and y are such that when x = 8, then y = 20. Find y, when = = 6, given that x
and y are

(a) directly proportional (b) inversely proportional
20y
(a)gzé,soyzlf) (b) 20 x 8 =y x 6, s0 y = 262
2. [4 points]

Three variables, a,b and ¢, are related in a way that a varies directly with b and inversely with c. If
a = 20 when b = 5 and ¢ = 4, find the value of @ when b = 8 and ¢ = 3.

Fix ¢. We have:

20 a
5 8
which gives a = 32 (when b = 8 and ¢ = 4). Now fix b:
2 x4=ax3
. 9 . o 2
which gives a = 425.
3. [2 points]
Divide 60 in the ratio:
(a)2:3:7 (b)1:5:5:7
(a) 22 4 3z + 7o = 12z, so 12z = 60 (b) & + b5z + bz + Tz = 18z, 18z = 60
this gives x = 5 and the parts are SO x = 3% and we get
1 102 1a2 1
10, 15 and 35 33,165,165 and 2335
4. [4 points]

The inheritance was divided among 4 heirs in the ratio 2 : 3 : 5 : 10. If the person who received the
most received $4000 more than what the two people who received the least combined, find how much
each person received.

The amounts the heirs received are 2z, 3z, 5z and 10x. We have:

2z 4 3x + 4000 = 10z
This gives x = 800, so the amounts each person received are $1600, $2400, $4000 and $8000.
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1.6. APPROXIMATION AND ROUNDING

1.6 Approximation and rounding

A natural number can be written as a sum of multiples of powers of tens. For example we have:

7532 =7 x 10° +5 x 10% + 3 x 10" + 2 x 10°
So 7532 consists of 7 thousands, 5 hundreds, 3 tens and 2 units:

thousands tens

) 3 2

hundreds units

When rounding a number to a given degree of accuracy, if the following digit is 5 or more then round up,
otherwise round down.

Worked example 1.6.1

Round the number 4548.7 to the

nearest: i

(a) thousand, i (a) 5000
(b) hundred, i (b) 4500
(c) ten, i (c) 4550
(d) unit. i (d) 4549

Exercise 1.6.1 Round the following numbers to the nearest thousand, hundred, ten and unit:

(a) 54525.13 (b) 2742.5 (c) 3298.53 (d) 969.9

You may need to round a number to a given number decimal places (d.p.). These are places after the decimal
point.

Worked example 1.6.2

Round the number 3.299543 to: 3

(a) 1 d.p., i (a) 3.3
RS (b) 3.30
(c) 3 dp, (c) 3.300
() 4 d-p.. (d) 3.2995

Note that the above answers to parts (a), (b) and (c) are equal in value, but they represent different degree
of accuracy. 3.3 indicates that the original value could be any number between 3.25 and 3.35, while 3.30
indicate that the original value was between 3.295 and 3.305.
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1.6. APPROXIMATION AND ROUNDING

Exercise 1.6.2 Round the following numbers to 1 d.p., 2 d.p., 3 d.p., and 4 d.p.:

(a) 13.257814 (b) 0.074691 (c) 1.599421 (d) 0.598993

Significant figures (s.f.) are counted started from the first non-zero from the left and counting every digit
after that. Consider the numbers 3026 and 0.06709. We have:

3 0 2 6 and 0 . 0 6 7 0
15t s.f. 2nd g f, 3rd g.f. 4th g f. 15t s.f. 2nd g f, 3rd g.f. 4th g f.

Worked example 1.6.3

Round the following number to
3 significant figures:

(a) 2.54678, (a) 2.55

(c) 4599900, (c) 4600000

(d) 0.000429932. (d) 0.000430

(b) 987320, " (b) 987000

Note that in example (c¢) the number is rounded to 3 s.f., but this isn’t immediately obvious by looking at
the number (it could have been rounded to 2 s.f. instead).

Exercise 1.6.3 Round the following numbers to 1 s.f., 2 s.f.; 3 s.f. and 4 s.f.:

(a) 29.457 (b) 395.042 (c) 529275 (d) 0.0269532

(e) 7992305 () 0.00549928 (g) 1.00392 (h) 20.04992

Rounding can be used to quickly approximate answers to certain calculations. Consider the multiplication
28 x 73. If we round each term to one significant figure we get 28 x 73 = 30 x 70 = 2100, which can be easily
calculated without the use of a calculator. The exact answer is 28 x 73 = 2044, which isn’t far off from our
approximated answer.

Exercise 1.6.3 Round the numbers involved to 1 s. f. and approximate the following:

(a) 387 x 19 (b) 0.0792 x 22 (c) 29.5 x 1.143 (d) 722 x 0.38923

(a) 592 + 29 (b) 1105 = 23 (c) 95 + 1.897 (d) 31 +6.38
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Worked example 1.6.4

1.6. APPROXIMATION AND ROUNDING

By rounding the lengths to 1 s.f. estimate the
volume and surface area of the given solid.

512 cm

6.92 em

118 cin 3.3l em

7.23 cm

The total volume is a sum of volumes of two
cuboids:
VaTxTx14+7x5x3=494105 = 154 em?

The surface area consists of several faces:

SAR2XTX(T+5)+2XxTx3+2x1x7+2x3x5

The above sum consists of top and bottom faces
first, then left and right faces and finally the
front and back faces. Finally we get:

SA = 254 cm?

Exercise 1.6.4a

By rounding the lengths to 1 s.f. estimate the areas of the figures below. Diagrams are not to

scale.

(a) (b)

4.11 em

1.89 cm
3.23 em

6.85 cm

0.51 em

0.43 em

10.096 cm

64

82 cm

31 em

68 m

52m




1.6. APPROXIMATION AND ROUNDING

Exercise 1.6.4b
By rounding the lengths to 1 s.f. estimate the volume and surface area of the given solids.

(a) (b)

4.1 cm

9.5 mm

0.485 m
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INVESTIGATION 1.6. APPROXIMATION AND ROUNDING

Lower and upper bounds

Suppose a number z when rounded to 1 d.p. is 6.4. This means that we know that
6.35 <z < 6.45

6.35 is the lower bound and 6.45 is the upper bound for x.
1. Find the lower and the upper bound for the number = which when rounded to 1 d.p. is:

(a) 29.5 (a) 0.1 (c) 9.0

2. Find the lower and the upper bound for the number x which when rounded to 2 s.f. is:

(a) 25 (a) 0.023 (c) 75000

3. Find the lower and upper bound of the perimeter and area of a rectangle whose sides are of
length 40 ¢m and 50 em both rounded to 1 s.f.

4. Find the lower and upper bound of the volume and surface area of a cuboid with dimensions
2m x 3 m x 5 m, if each measurement was rounded to the nearest metre.

5. Lottery prize is divided equally among a group of people. If the prize is $500 000 rounded to
1 s.f. and there are approximately 20 (rounded to 1 s.f.) people in the group, find the lower and
upper bound of the amount each person receives.

6. Consider the following expression:

]
g | n

Find the lower and upper bound for the value of this expression if

x = 20, y = 80, z = 300, w = 200

and each number has been rounded to 1 s.f.
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GDC INSTRUCTIONS 1.6. APPROXIMATION AND ROUNDING

The GDC allows you to display numbers rounded to up to 9 decimal places.

EXAMPLE 1

Round the INPUT ouTPUT
following

numbers to

2, OlolelTlolOlO,

ur & € ENTRY SOLVE QUIT  entrysowe 65- 2375

DO O @DODD W | | €5..24.
(a’) 652375 LY v B [E2ENz] it S ORY Q w Q 182'39995

€Y, S A AP 1D N S 182.409.
(b) 182.39995 T

) & @D

The Ti-84 does not have an option to round to a certain number of significant figures. You can however

circumvent this by using standard form (see section 1.8) and using decimal places. Note that 2 d.p. in
standard form is equivalent to 3 s.f.
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1.6. APPROXIMATION AND ROUNDING

SHORT TEST

1. [2 points]
Round 4597 to the nearest:

(a) hundred (b) ten
2. [2 points]
Round the following numbers to 2 d.p.:

(a) 97.2993 (b) 0.01293
3. [2 points]
Round the following numbers to 3 s.f.:

(a) 543752 (b) 0.023997
4. [2 points]
Estimate the answer to the following calculations by rounding the numbers to 1 s.f.:

(a) 39 x 53 (b) 1013 = 202
5. [4 points]

By rounding the lengths to 1 s.f. approximate the areas of the figure below. Diagram is not to scale.

10.14 m

2.81m
3.95m
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1.6. APPROXIMATION AND ROUNDING

SHORT TEST
SOLUTIONS
1. [2 points]
Round 4597 to the nearest:
(a) hundred (b) ten
(a) 4600 (b) 4600
2. [2 points]
Round the following numbers to 2 d.p.:
(a) 97.2993 (b) 0.01293
(a) 97.30 (b) 0.01
3. [2 points]
Round the following numbers to 3 s.f.:
(a) 543752 (b) 0.023997
(a) 544000 (b) 0.0240
4. [2 points]
Estimate the answer to the following calculations by rounding the numbers to 1 s.f.:
(a) 39 x 53 (b) 1013 + 202
(a) ~ 40 x 50 = 2000 (b) ~ 1000 + 200 = 5
5. [4 points]

By rounding the lengths to 1 s.f. approximate the areas of the figure below. Diagram is not to scale.

10.14 m

2.81m
3.95m

Adding areas of two trapeziums:

4+1 4 3 1 )
Az( +1) x +(34— )xb:22m2

2 2
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1.7. LAWS OF INDICES

1.7 Laws of Indices

In this section you will practice applying the laws of indices. Recall that we have the following laws of
indices:

1. Product of Powers:

m n m+n

Example: 57 x 5% = 574 = 511

2. Quotient of Powers:

8
Example: 25 =

3 38—6 — 32

3. Power of a Power:
Example: (73)* = 73%4 = 712

4. Power of a Product:
(ab)" =a™ x b"

Example: 6% = (2 x 3)% = 2% x 35

5. Power of a Quotient:

2

3
Example: 0.4% = (5) = = —

6. Zero Exponent:
a®=1, fora#0

Example: (7 ++v2+13)° =1

7. Negative Exponent:

Example: 273 = 2%

-1
- 8

8. Fractional Exponents:

Example: 83 = (/8)* = 2% = 16
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1.7. LAWS OF INDICES

Worked example 1.7.1

Calculate:

32% x 27735
(2v2)=2 x (¥/9)~6

We can start by expressing given numbers as powers of 2 and

3:

power law:

Finally we apply the quotient of powers law to get:

()% x (3%

(2 x 22)-2 x (V/32)-6

Now we will apply fractional exponents law and power of a

22 x 37°
2-3 x 3-4

32
25 x 371 =2
3
Exercise 1.7.1
Calculate:
325 x 64 % 275 x 811

) @ @

© 253 x 125~3
(5)~* x (251/2)~3

© 9% x 2773
(33)-1 x (91/2)—4

(2)

(i)

49% x 8~
(4v2)=3 x (¥/32)75

163 x 1287

(k)

@VE) X (V81)°

71

b) Ty x @y

85 x 4-3
(d) (24)3 x (161/4)-2

) 167 x 32-3
(26)-2 x (81/3)-3

1253 x 36-3
(5v/5)~1 x (V/8)~*

(h)

1002 x 273
(2v3)~4 x (V64)2

)

n 32% x 81~% x 252
(82)—1 x (91/3)-3 x (53/2)—4




1.7. LAWS OF INDICES

Worked example 1.7.2

We start by turning mixed fractions into proper fractions and
change every number into a power of 2, 3 or 5. We also use
the law of negative exponents:

1/3—2 X (3*3)§
{5 x(275)73

Now we can apply the power of a power law and power of a
quotient law to simplify our expression:

Calculate:

[\
ol
X
—~

N
Nl=
N
win

w
—
ot

oolen
X
—
0
=
S~—
|

3 -3
:§><3 _
5
5 x 22
This gives:
3.1
_3X5_ 1
g><4 60

Exercise 1.7.2

Calculate:

1
4 5E )
13 < () 13 x (%)}
25 4 5 25

o LX) 6 3 x ()
[ () 5P (@]
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1.7. LAWS OF INDICES

Worked example 1.7.3

Write We start by expressing every number as a power of 2:

8 x (3)°
162 x 324

as a power of 2.

(23)5 X (2—2)3

@) @)

We now apply the power of a power

215 % 276

T 28920

Now the product of powers law:

29

=om =

And finally the quotient of powers law:

=973

law:

Exercise 1.7.3

Write the following as a power of 2:

323 x (1)2 163 x (% 4 x (1)°
QEeEct o) o2 e 0 )
84 x4 64—1 x 162 3272 x 45
Write the following as a power of 3:
0! x ()" 27° x (§)° 812 X (g43)°
d) —=& (€ ————= () — 71
81-1 x 92 243=2 x 271 729-1 x 813
Write the following as a power of 5:
@ 22X (=) ) 125X (%)’ i) 21X (1)°
- N radZ P . T A— 1 —_— N9
&) 6251 x 257 31252 x 1253 (0.2)=3 x 6253

Write the following as a power of x:
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1.7. LAWS OF INDICES

Worked example 1.7.4

Simplify:

(16(%)%b2) ™ x (8ab?) ™!
(4a=3b2)5

We start by expressing numbers as a power of 2 and we apply
the power of product law and power of a power law:

(278(%)7%74) % (2*3a*1b*2)
910, 1510 =

We now apply the product and quotient of power laws:

2_11a_7b12

T 910,-15p10

And finally the quotient of powers one more time:

_ 2—21a8b2

Exercise 1.7.4

Simplify the following expressions:

(2a3672)3 x (4a~2b%)~2
(16a—4b)2

(a)

(5a3b=1)2 x (a~2b%)~3

(c) (25a2h-3)2

(o BV x (4(5) )
(16a2b—3)2

(2(2)° %) x (3(2)"a) ™

(12a2b-3)3

(g)

o 8@ <6(F) <)

(36¢2d3)2

(3x7%y°)% x (272%y~*)~?
(w2y=3)4

(b)

(x2y73z)2 X (3x*1y4z*2)*2
(9.’133y_22’_1)2

(d)

((25)228)4 x (927 1(2£)=3)~2

(2722y—12-3)4

(f)
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1.7. LAWS OF INDICES

Worked example 1.7.5

Give an example of a natural
number raised to a rational
power which is:

(a) 5% = 25 and 5 is a natural number, 2 is rational and 25 is
a natural number. A less trivial example is

8% = (¥8)2 =4
(a) a natural number, 5 . .
8 and 4 are both natural numbers and 5 is rational.

(b) a rational number which isn’t | (b) : 1 ]
an integer, i 477 = — ==
¢ | ViTo

(¢) an irrational number. 4 is a natural number and both % and —3 are rational.

(c)
22 =+/2

2 is a natural number, % is rational and /2 is irrational.

Exercise 1.7.5

For the following statements decide, if they’re true or false. Justify your answers.
(a) A natural number raised to a natural power is always a natural number.

(b) An integer raised to an integer power is always an integer.

(¢) A rational number raised to a rational power is always rational.

(d) A rational number raised to a rational power is always irrational.

(e)* An irrational number raised to an irrational power is always irrational.

We define irrational powers as limits of rational powers. We have

V2 ~ 1.41421356237

and we define 3V2 as the limit of the following sequence of numbers:

31’ 31‘4’ 31.41, 31‘414 31‘4142

3 g e

Of course every term of this sequence can be evaluated by using the law of fractional exponents. For example:

314142 _ 345555 — '°°%/314142 ~ 4 79873393017

If we put 32 into a calculator, we get:

3V2 & 4.72880438784
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INVESTIGATION 1.7. LAWS OF INDICES

Comparing numbers

1. By writing each of the following numbers as a power of 2, list them in an ascending order:

1 —95
450, 827, 12816, 10248, (\/5)1207 <§)

2. By writing each of the following numbers as powers of different numbers with exponents equal
to 16, list them in an ascending order:

258’ 264, 38’ 4487 716’ 632

Now we would like to arrange in an ascending order the following numbers:

222555 333444 444333 555222

3. Write each of the above numbers as powers of different numbers with exponent equal to 111
(the highest common factor of 555, 444, 333, 222). You may want to use the power rule.

4. Now we need to compare the following numbers:

2225, 3334, 4443, 5552

Find the highest common factor of all these numbers.

5. Now we need to compare the following numbers:

25 x 1113, 3% x 1112, 43 x 111, 52

The above numbers are very easy to compare.

6. Use similar approach to compare:

777999 888888 999777
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GDC INSTRUCTIONS 1.7. LAWS OF INDICES

The following examples show how to use you GDC for calculations required in this section.

EXAMPLE 1

Calculate: INPUT OuUTPUT

16_1 X 85 ALOCK  STATPLOTFL g

wmvsove L1 Y L6V T H ANS 7
Doxors | D@D O
1 v [ R v P T H 15 U & &
EDANVA < ACPA ~ ACPASY)
{ K  ALOCK SWIPLOTFL  entRysowe L1 Yy & S 12 z
VDO @
} Lorn H ANS ? 15 U [ R
VA ) A ~ ACYACDANDA *
6 VvV 14 T n H camos .. i : L5 U ewmysowe
) (W @ o)

NORMAL FLOAT AUTO REAL RADIAN MP n

Beware that on Ti-84 there is a distinction between negative sign and subtraction sign.

EXAMPLE 2

Calculate: INPUT ouTPUT

3-1 _(_2)*3 Ee) W (Al (Y WK NORMAL FLOAT AUTO REAL RADIAN MP n
DA ~ ACYAEDAUVA - A (

ANS 7 12 Z ANS ? L3 O enmvsowe

olol L - Iolo)l -~

TEST A  ENTRYSOVE ENTRYSOLVE
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1.7. LAWS OF INDICES

1.
Evaluate:

(a) 273

2.

Write as a power of 3:

(v3)* x 2772

(®) (5)F x 812

Simplify:

(a) (a?b)? x (2a)~?2
(52)7% x (40%)~2

4.
Give an example of:

SHORT TEST

(3d?)* x (27¢)~2

() 0)7

(a) an integer raised to a natural power which gives a negative integer,

(b) a negative integer raised to a rational power which gives a negative rational number which isn’t

an integer.

[2 points]

[4 points]

[4 points]

[2 points]
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1.7. LAWS OF INDICES

SHORT TEST
SOLUTIONS
1. [2 points]
Evaluate:
(a) 273=(V27)2 =32 =9 (b) 1673= A =k =1
2. 4 points
[4p

Write as a power of 3:

(&) (V/3)* x 2772 (b) (v/3)3 x 972
(3)7 x 812 (3)% x 273
_ 32x376 _ 3ix3t
TETXE T3 Txal
—4 —4
_ % — 31 _ ;’73 :3411
4
3. [4 points]
Simplify
(a) (a®b)?® x (2a)~? (b) (3d?)* x (27¢) ™2
(35)73 x (4b%)—2 (g—z)—l x (9d2)—3
272(L4b3 o 376(:10(18 .
T 24 8p2 2ath T 363+ ¢ d
4. [2 points]

Give an example of:
(a) an integer raised to a natural power which gives a negative integer,
(-2 = -8

(b) a negative integer raised to a rational power which gives a negative rational number which isn’t
an integer.
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1.8. STANDARD FORM

1.8 Standard form

A number is written in the standard form if it is in the form:

a x 10F

where a is a real number with 1 < a < 10 and k is an integer. The following numbers are all in standard
form:

3.54 x 10, 1.001 x 107109, 9.9241 x 10*3, 5 x 10%, 3.14 x 10°

The following numbers are not in standard form:

37, 0.52 x 10°, 123.4 x 10*1, 0.00554 x 10733, 0.0000022

They can however be easily written in standard form as follows:

3.7 x 10, 5.2 x 104, 1.234 x 10%3, 5.54 x 10736, 2.2x107°

Worked example 1.8.1

Write the following numbers in
standard form:

(a) We need to move the decimal point 4 places to the left so:

52451.2 = 5.24512 x 10*
(a) 52451.2

(b) We need to move the decimal point 3 places to the right

(b) 0.001357 |

SO:
0.001357 = 1.357 x 1072
Exercise 1.8.1
Write the following in standard form:

(a) 12000 (b) 0.095 (c) 3500000
(d) 530 x 10% (e) 0.00324 x 10~* (f) 251 x 10711
53 1 31

/= h) —— i) ———
(&) 1000 () 2000 (i) 20000000
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1.8. STANDARD FORM

Worked example 1.8.2

Calculate the following, give
your answer in standard form:

(a) We will deal with powers of ten separately:

6.51 x 8.22 y 10% x 1076
2.77 10-7

(6.51 x 10%) x (8.22 x 10-°)
2.77 x 107

(a)

Now we can calculate the first fraction on a calculator and the
second using index laws. Finally we need to make sure that
the answer is in the standard form.

~19.3 x 10° = 1.93 x 10°

(b) (3.11 x 10%) + (7.51 x 107) —

(b) We first make sure that we have the same power of 10 in
(2.05 x 109)

each term:

(311 x 10°%) + (75.1 x 10%) — (2.05 x 10°)

Now we can add and subtract the terms and finally turn the
answer back into standard form:

= 384.05 x 10° = 3.8405 x 108

Exercise 1.8.2
Calculate the following. Give your answer in the standard form:

@ (4.57 x 1011 x (5.21 x 10%) b) 2.11 x 106
3.91 x 10° (3.17 x 10—3) x (9.25 x 103)
© (6.71 x 107%) x (1.01 x 1073) () (2.51 x 10™) x (3.12 x 10'®)
(5.23 x 10~7) x (8.14 x 10?) (2.35 x 107) x (1.48 x 1012)

(e) (6.12 x 105) + (5.41 x 10°) (f) (7.82 x 1078) + (9.15 x 1079)

(g) (8.32 x 10%) — (6.61 x 10%) (h) (3.23 x 10711) — (8.54 x 10712)
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1.8. STANDARD FORM

(1.32 x 101%) + (4.11 x 10*) 3.18 x 107°

(0 9.21 x 10° () (5.27 x 10-6) + (7.35 x 10-7)

(5.52 x 1073) — (2.13 x 107%) B (7.88 x 107%)3
(1.58 x 103)2 (9.21 x 109) — (8.11 x 10%)

(k)

i (1.32 x 10°) + (2.63 x 102)2 " (5.58 x 1019)2 + (3.79 x 1020)
(6.56 x 10=3) + (6.16 x 10~2)2 (9.96 x 101 + (4.01 x 10°)

Exercise 1.8.3
Calculate the area and perimeter of a rectangle with side-lengths  and y. Express your answer in
standard form.

(a) x = 3.2 x 103 em and y = 1.6 x 10* em (b) 2=5.33x10"* m and y = 2.29 x 1075 m
(c)  =5.06 x 10* m and y = 9.76 x 10* em (d) 2=2.38x10"* cm and y = 9.25 x 10~% em
(e) 2 =2.5x10% km and y = 7.6 x 10* m (f) 2 =783 x 1073 dm and y = 7.79 x 107°> m

Exercise 1.8.4%*
Find the perimeter of a square whose area is A. Give your answer in standard form.

(a) A=1.44 x 10* m? (b) A =2.56 x 107¢ cm?
(c) A=5.56 x 107 dm? (d) A =3.86 x 107° m?
(e) A=8.13 x 10!t em? (f) A=9.89 x 10731 m?
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INVESTIGATION 1.8. STANDARD FORM

Orders of magnitude

An order of magnitude of a certain value is the smallest power of ten needed to represent
that value. One can use the standard form as the representation in which case the order of
magnitude is the exponent of 10 in the standard form.

1. Write the orders of magnitude of the following numbers:

21, 1440, 0.000031, 2700000, 0.013, 2999999999

2. By how many orders of magnitude is 1500 greater than 0.0002327

3. By how many orders of magnitude is the distance from Earth to Proxima Centauri greater
than the Planck length?

Distance from Earth to Proxima Centauri ~ 4.017 x 1016 metres.

Plank length =~ 1.616 x 10735 metres.

4. By how many orders of magnitude is the mass of the Earth greater than Planck mass?
Earth’s mass ~ 5.927 x 10?7 grams.

Plank mass ~ 2.176 x 1075 grams.

The prefix picto- represents 10~!2, nano- represents 10~ and the following increase by 3 orders
of magnitude: micro-, milli-, 1, kilo-, mega-, giga-, tera-. Where tera- represents 10'2.

5. By how many orders of magnitude is 1 kilometre greater than 1 nanometre?

6. By how many orders of magnitude is 1 milligram smaller than 1 teragram?
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GDC INSTRUCTIONS

1.8. STANDARD FORM

The following examples show how to use you GDC for calculations required in this section. On your GCD
the standard form (or scientific notation) is represented with the symbol E. For example 3.7 x 107 will be

written as 3.7E10

EXAMPLE 1

Write 252000
in standard

INPUT

ouTPUT

e~ ) D) (R o o s fen SCI FLOAT AUTO REAL RADIAN MP

) &) (2) (o) (o) (o) D

) ol (e 252000

@D TDTD | e, 2.52€8.
EXAMPLE 2
Write INPUT ouTPUT
417 %1072 as
a decimal NORMAL FLOAT AUTO REAL RADIAN MP

W T i 1LY ou o EE_J ANS ?
13 e QuIt ENTRY SOLVE QuIT ENTRY SOLVE

O DDOD

Note that for higher powers of 10 (both positive and negative) the Ti-84 will display the answer using

standard form.

EXAMPLE 3
Calculate: INPUT OoOuTPUT
5.12 x 108 o
ALOCK SWPLOTFL evmvsowe L5 U i Py 2 oz SCI FLOAT AUTO REAL RADIAN MP
3.37 x 10-3 DD ) @) @)

EE_J 16 vV & & 13 e i : 13 e
ve  QuUIT

u o EE_J ANS ? L3 © enmrson

ENTRY SOLVE QuIt ENTRY SOLVE

DOODODDD

1519287834
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1.8. STANDARD FORM

SHORT TEST

1. [2 points]
Write down the following numbers in the standard form:

13

13 -
(a) 320000 (b) 0.0000522 (c) 257 x 10 (9) 1500000

2. [3 points]
Arrange the following numbers in ascending order:

3.15 x 10, 5.63 x 1072, 9.21 x 1072, 0.0832, 223 x 103, 0.000042 x 103

3. [4 points]
Calculate, giving your answer in standard form:
(8.32 x 107) — (1.53 x 103)?2 (1.58 x 10%) x (5.75 x 1073)

(®) B54x10-1) + (616 x 10-9) U (816 x 10 + (.33 x 1027

4. [3 points]
Calculate the area and perimeter of a rectangle with side-lengths of 5.32 x 10% m and 9.21 x 10* cm.
Give your answers in standard form.
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1.8. STANDARD FORM

SHORT TEST
SOLUTIONS
1. [2 points]
Write down the following numbers in the standard form:
(a) 320000 (b) 0.0000522 (c) 257 x 1013 (d) 18
4000000
(a) 3.2 x 10° (b) 5.22 x 107 (c) 2.57 x 10%° (d) 3.25 x 107
2. [3 points]

Arrange the following numbers in ascending order:

3.15 x 10°, 5.63 x 1072, 9.21 x 1072, 0.0832, 223 x 103, 0.000042 x 103

0.000042 x 103, 5.63 x 1072, 0.0832, 9.21 x 1072, 223 x 10°, 3.15 x 10°

3. [4 points]
Calculate, giving your answer in standard form:

(8.32 x 107) — (1.53 x 10%)2 (1.58 x 10%) x (5.75 x 1073)

(®) B54x10-1) + (6.16 x 10-9) 0 (816 x 109 + (@33 x 1077
(83.2 x 10%) — (2.3409 x 10°) B 9.085 x 10° B
(354 x 1076) + (6.16 x 1076) ~ (8.16 x 106) + (81.1827 x 106)
~80.8591 x 108 ~9.085x 10°
©360.16 x 10-6 ©89.3427 x 106
~ 0.225 x 10'? = 2.25 x 10! ~0.102x 107 =1.02 x 1072
4. [3 points]

Calculate the area and perimeter of a rectangle with side-lengths of 5.32 x 102 m and 9.21 x 10* cm.
Give your answers in standard form.

9.21 x 10* em = 9.21 x 10° m
Area = (5.32 x 10° m) x (9.21 x 10? m) = 49.5 x 10° m? = 4.95 x 10° m?

Perimeter = (2 x 5.32 x 10% m) + (2 x 9.21 x 10% m) = (103.2 x 10* m) + (18.42 x 10*> m) =
=121.62 x 10> m = 1.2162 x 10* m
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1.9. SURDS

1.9 Surds

For non-negative numbers a and b and positive integers m and n we have:

1. Yaxb=ax Vb

Example: /54 = ¢/27 x 2 = /27 x /2 = 33/2.

2 0= Ve
V=

for b#£0

Example: V1.25 = \/E > ?

4f

s

3. Vam = (Ya)™

Example: v/323 = (V/32)% =23 =8,

Worked example 1.9.1

Write
44/32 4 3v/50 — 2v/98

in the form a\/i, where a € Z.

We start by writing the expressions under the va sign as a
multiple of a square number. In this example it is always a
square number times 2:

416 x 2 +3v/25 x 2 — 2/49 x 2 =

Now we use the properties of surds to get:

= 4V16 x V24 3v/25 x V2 — 2V/49 x V2 =
Which gives:

=16V2+ 15v2 — 14V2 =

Now we can perform the addition and subtraction to get:

=17V2
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1.9. SURDS

Exercise 1.9.1a
Write in the form av/2, where a € Z:

(a) 4v/32 + 3v/50 — 21/98 (b) 6318 — 44/72 + 5v/32 (c) 7V/8 + 3v72 — 2/50

Write in the form a\/g7 where a € Z:

(d) 5v/27 + 2v/75 — 3V/48 (e) 6v12 — 4V/75 + V108 (f) 4v27 — 2v/147 + 875

Write in the form av/5, where a € Z:

(g) 3v/45 + 2v/125 — 41/20 (h) 7v/80 — 5/45 + 3v/125 (i) 6v/45 — 2¢/180 + v/125

Write in the form a\ﬁ, where a € Z:

(j) 4v28 — 3v/63 + /700 (k) V343 — 2v/112 + 2175 (1) 4175 — 2v/252 + V28

Exercise 1.9.1b
Write in the form a+/2, where a € Z:

(a) 3v/16 + 2v/54 — 2+/128 (b) 3¢/250 — 5¢/16 + /432 (c) 3v/128 — 3v/250 — 2+/2000

Write in the form (1\3/37 where a € Z:

(d) VBT +2v24 - 29192 () 3V3T5— 581+ V192 (f) 5¥/3000 — 39/375 — /648

Write in the form a+/5, where a € Z:

(g) 540 + 4135 — 3/320 (h) 3¢/625 — /1080 + 5v/40 (i) 8/135 — /5000 + 2/320
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1.9. SURDS

When a surd appears in the denominator you may be required to rationalize it (turn it into a rational num-
ber). This can be achieved by multiplying the given fraction by 1 (and hence not changing the value of the
fraction) expressed in a suitable way.

Worked example 1.9.2

Rationalize the denominator in

2
the following fractions: (a) We multiply the fraction by £ in order to have a square

V2

number under the square root in the denominator:

10
(a) —=
V2 10 V2 _10v2_10v2 . s
V2 V2 V4 2
6
b) —
(b) 7
: : V9 .
(b) We multiply the fraction by 3—\/§ in order to have a cube
© 5 number under the cube root in the denominator:
c
2V 6L Y9696V,
V3 V8 V2t 3
8
d
(&) 5= 7

2-3
23

! Note that the ex-
! pression in the denominator becomes:

(¢) We multiply the fraction by

(2+v3)(2—-v3) =4—2v/3+2v/3-/0=4-3=1

2 — 10 —
5 y \/§: 0 5\/5210_5\/5
24v3 2—+3 1

3+5

(d) We multiply the fraction by 3 Note that the ex-

+4/5

pression in the denominator becomes:
B—VE)(B+v5) =9+3v5—-3v/5-v25=9-5=4

8 X3+\/5_8><(3+\/5)
3—v5 3+v5 4

=6+2V5
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Exercise 1.9.2
Rationalize the denominator in the following fractions:

15

(b) 7

1.9. SURDS




INVESTIGATION 1.9. SURDS

Roots of negative numbers

1. Use the property:

Va x b=+/ax Vb
to simplify v/12, /20, /50, /108

2. Write down the value of v/16, /49, /225, +/1024

3. Write down the value of V2 x v2, V5 x5, vV8x 8, V11 x+11

4. Use the part (3) to suggest the value of /—3x+v/—3, /—6xv/—6, +/—10xy/—10, /—13x
v—13

5. Repeat part (4) but this time use the property from (1) assuming that it also works for
negative numbers.

6. Compare the answers from parts (4) and (5).

7. What does it say about the property:

va b:\/EX\/l_)

8. Do we have the same problem for AR A AR

9. Generalize your investigation for the property:

Vaxb= /ax Vb
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GDC INSTRUCTIONS

1.9. SURDS

Ti-84 does not give answers in surd form, only in decimal. You can however use the GDC to check your

answers.
EXAMPLE 1
Write in the form INPUT ouTPUT
a\/g:
3 o - 112 Z u o 1w NORMAL FLOAT AUTO REAL RADIAN MP n
3V/27—2V/T5 4 5V/12 €A -~ A ~ AEUACDAUVA - | Y
DY@ | | 15.58845727.
B U ~ 1 1LY 12 Z evmsove w Q 9J§
O VD@ 15.58845727.
DD D
EXAMPLE 2
Rationalize INPUT ouTPUT
the denomi-
BB OTS i d
].0 1 w v 1 L5 U entRY sowve A-LOCK  sTatPLoTF1 —
5-J5
5—45 Oﬁ @ 0 &) i@ @ oo | e, 3.618033989.
A + A A < ACPACY) s’f
2ot e, 3.618033989.
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1.9. SURDS

SHORT TEST

1.
Write in the form av/2 or a\/g, where a € Z:

(a) 5v/8 — 3v/50 4 2v/72

2.
Write in the form a</2 or a¥/3, where a € Z:

(a) 24/16 — 4/54 + 5+/128

3.
Rationalize the following fractions:

12 15

(a) e (b) W

4.
Rationalize the following fractions:

(b) 7v/12 — 5v/27 4+ 6/75

e
Ny

()

(b) v/24 — 2+/81 4+ 2+/375

11
3—2V2

[2 points]

[2 points]

[3 points]

[3 points]
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1.9. SURDS

SHORT TEST
SOLUTIONS
1. [2 points]
Write in the form av/2 or a\/g, where a € Z:
(a) 5v/8 — 3v/50 + 2V/72 = (b) 7V12 — 5v/27 + 6/75 =
=54 x2—-3V25 x 24236 x 2 = =T7V4x3-5V9x3+625x3 =
=10v2 - 15v/2 +12V/2 = =143 — 15v/3 + 303 =
=72 =293
2. [2 points]
Write in the form /2 or af/g, where a € Z:
(a) 2V/16 — 4/54 + 5/128 (b) V24 — 24/81 + 2/375
=28 X2 — 42T x 2+ 564 % 2 = = /8x3-2¢2Tx3+2Y/125 x 3 =
=42 - 129242092 = =23 - 6+/3+ 103 =
=12%2 =63
3. [3 points]
Rationalize the following fractions:
12 12 1 5 155 5 2 V2  2v2 A
@ 2B BB s @ BB BAW 2 B g
V3 V3 3 2v5 V5 10 2 Vi V2 2
4. [3 points]
Rationalize the following fractions:
2 3+V3 8 4—+/2 11 342v2
(a) X = (b) X = (c) X =
3-v3 3+V3 4+v2 4-V2 3-2v2  3+2V2
_23+V3) _ _8-vD) _ _uET2vD) _
N 6 N N 14 N N 1 N
16 — 4
:3+3\/§ :6#\/5 — 3349222
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1.10. SPEED, DISTANCE AND TIME

1.10 Speed, distance and time

The following standard notation will be used in this section:

s displacement from a given origin,
d distance travelled,

v velocity,
|v| speed,

a acceleration,

t time.

Note that the displacement indicates the distance of an object from a fixed origin. If an object starts at
the origin moves 2 metres forward and then 2 metres backwards, then its final displacement is 0, as it is back
at the origin. However the distance travelled by this object is 4 metres (and not 0).

Velocity is the rate of change of displacement. This means, in particular, that velocity can be negative
(if the object moves backwards). In fact, if we consider motion which isn’t restricted to one dimension
(backwards and forwards), then velocity is a vector. Speed is the magnitude of velocity, so it is always a
non-negative real number. If speed is 0, then the object is at rest. We have:

d

|Uaverage | = E

Acceleration is the rate of change of velocity. Note that when an object is moving in the positive direction,
then negative acceleration indicates that the speed is decreasing. However if the object is moving in the
negative direction (backward), then negative acceleration indicates that its speed is increasing.

Note the for a motion along a line velocity is the gradient (slope) of the displacement-time graph, while
speed is the gradient (slope) of the distance-time. Acceleration is the gradient of the the velocity-time
graph. Distance travelled is the area under the speed-time graph, while displacement is the area under the
velocity-time graph.

Worked example 1.10.1

An object started its motion
at 5:30 am and finished at 3:20
pm the same day. It travelled a

i The travel took 9 hours and 50 minutes which is 9% hours, so:
distance of 120 kilometres. Find |

120 k
|vaverage| = —F = 1227m

93 h
its average speed.
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1.10. SPEED, DISTANCE AND TIME

Exercise 1.10.1 Find the average speed of objects for the given journeys:

(a)

START: 9:20 am,

FINISH: 1:45 pm (same day),
DISTANCE = 90 km.

(d)

START: 11:20,

FINISH: 13:10 (same day),
DISTANCE = 82 km.

(8)
START: 7:49 pm,

FINISH: 1:04 pm (next day),
DISTANCE = 1500 km.

8)

START: 8:11,

FINISH: 14:02 (next day),
DISTANCE = 1620 km.

(m)

START: 6:55 am (Tuesday),
FINISH: 3:25 pm (Thursday),
DISTANCE = 250 km.

(p)
START: 6:55 (Sunday),

FINISH: 18:45 (Saturday),
DISTANCE = 170 km.

(s)

START: 14:03:12 ,

FINISH: 14:04:17 (same day),
DISTANCE = 300 m.

(b)

START: 10:37 am,

FINISH: 2:51 pm (same day),
DISTANCE = 200 km.

(e)

START: 13:45,

FINISH: 17:51 (same day),
DISTANCE = 170 km.

(b)

START: 10:10 am,

FINISH: 11:25 pm (next day),
DISTANCE = 350 km.

(k)

START: 14:10,

FINISH: 13:25 (next day),
DISTANCE = 140 km.

(n)

START: 6:55 am (Saturday),
FINISH: 3:25 pm (Friday),
DISTANCE = 6500 km.

(a)
START: 6:55 am (25" of May),

FINISH: 3:25 pm (30'" of May),
DISTANCE = 4200 km.

(t)

START: 5:51:05,

FINISH: 6:01:02 (same day),
DISTANCE = 550 m.
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()

START: 8:45 pm,

FINISH: 7:15 am (next day),
DISTANCE = 800 km.

()

START: 7:32,

FINISH: 17:15 (next day),
DISTANCE = 950 km.

(i)

START: 6:55 am (Monday),
FINISH: 3:25 pm (Friday),
DISTANCE = 2800 km.

(1)

START: 13:55 (Tuesday),
FINISH: 15:10 pm (Saturday),
DISTANCE = 5330 km.

(0)

START: 13:12 (Friday),
FINISH: 16:25 (Monday),
DISTANCE = 1300 km.

(r)

START: 13:12 (30*" of June),
FINISH: 16:25 (3" of July),
DISTANCE = 200 km.

(u)

START: 23:59:42 |

FINISH: 00:01:12 (next day),
DISTANCE = 120 m.



1.10. SPEED, DISTANCE AND TIME

Worked example 1.10.2

(a) For the first 2 hours the distance
is increasing at a constant rate, so the
velocity is constant. The object trav-
elled 60 km in 2 hours so the speed at
t=1Iis:

The following graph shows motion of an object:

100

distance [km]

60 km
1| =— =30—
[o(1)] = 5 =307
For the next 2 hours the distance is
not changing, so the object is at rest,
which means that:

time [h]

(a) Find the speed of the object when: For the remaining 6 hours the distance
is increasing at a constant rate. The

t=1h t=3h t=8h object travelled 20 km in 6 hours, so:

20 1km

(b) Find the average speed of for the whole 10 hour jour- |v(8)] 5= 33 —

ney.
(b) Over the whole journey the object
travelled 80 kilometres in 10 hours, so
we have:

80 km
|vaverage| - E - 87

v(3)] =0

Exercise 1.10.2a
The following graph shows motion of an object:

100

distance [km]

40

20

0 1 2 3 4 5 6 7 8 9 10
time [h]

(a) Find the speed of the object when:

t=1h t=5h t = 400 min t=8.5h

(b) Find the average speed of the object for the whole 10 hour journey.
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1.10. SPEED, DISTANCE AND TIME

Exercise 1.10.2b
The following graph shows motion of an object:

140
120
100

80

distance [km)]

60

40

20

time [h]
(a) Find the speed of the object when:
t=3h t = 250 min
(b) Find the average speed of the object for the whole 8 hour journey.
(c) For how long was the object at rest?
(d) Find the average speed of the object while it was moving.

Exercise 1.10.2c
The following graph shows motion of an object:

140
120
100

80

distance [m]

60

40

20

time [s]
(a) Find the speed of the object when:

t=0.5s t=3s

(b) Find the average speed of the object for the whole 7 second journey.

(c) During what times was the object moving the fastest?
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1.10. SPEED, DISTANCE AND TIME

Exercise 1.10.2d
The following graph shows motion of an object:

120
100
80

60

distance [km]

40

20

0 1 2 3 4 5 6

time [h]

(a) Was the object moving with a constant speed throughout the journey?

(b) Describe the motion of the object.

(c) Find the average speed of the object for the whole 6 hour journey.

Exercise 1.10.2¢e
The following graph shows motion of an object:

200 |
1303
1603
140?
1203

100 |

distance [km]

80 |
60 |
40

20|

0 1 2 3 4 5

time [h]

(a) At what times was the object moving the fastest?

(b) Describe the motion of the object.

(c¢) Find the average speed of the object for the whole 4 hour journey.

(d) Find the average speed of the object while it was moving.
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1.10. SPEED, DISTANCE AND TIME

Worked example 1.10.3

The following graph shows motion of an object along a (a) We have:

straight path:

120 |

\M0®|:60%? |m4®|=1m)%?

(b) In the first hour the velocity is
constant, so the acceleration is 0. Be-
tween ¢t = 1 h and t = 4 h velocity
increases at a constant rate, so accel-
eration is constant and we have:

40 1 km

o2 =73 =18392

h

km]

{

velocity

0 1 2 3 4 5

(a) Find the speed of the object when: (c) The distance is the area under the
graph and we have:

t=05h t=45h

d(1) =60 x 1 =60 km

(b) Find the acceleration of the object when: Now we add the areas of two rectan-

les (60 + 100) and a trapezium:
t=05h t=2h gles ( ) pes

(100 + 60) x 3

d(5) = 160+ 5

(b) Find the distance travelled by the object: = 400 km

in the first hour during the whole journey

1
I
1
|
|
1
|
1
|
|
1
|
|
1
|
1
|
|
1
|
|
1
|
1
|
|
1
|
time [h] I
1
I
1
|
|
1
|
1
1
I
1
|
|
1
|
1
1
I
1
|
|
1
|
1
|
|
1
|

Exercise 1.10.3a
The following graph shows motion of an object along a straight path:

120

100

]

80

h

km

60

velocity [

40

20

0 1 2 3 4 5

time [h]

(a) Find the acceleration of the object when:
t=1h t=25h t = 200 min

(b) Find the total distance travelled by the object.
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1.10. SPEED, DISTANCE AND TIME

Exercise 1.10.3b
The following graph shows motion of an object along a straight path:

120

100

)

80

km
h

60

velocity {

40

20

0 1 2 3 4
time [h]

(a) Was the object at rest at any time during the journey?
(b) Describe the motion of the object.

(c¢) Find the total distance travelled by the object.

Exercise 1.10.3c
The following graph shows motion of an object along a straight path:

m
S
=3

velocity {

(a) Describe the motion of the object.
(b) Find the total distance travelled by the object.

(c) What was the acceleration of the object when t = 0.5 s?
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INVESTIGATION 1.10. SPEED, DISTANCE AND TIME

Graphs of motion

1. Consider the following displacement-time graph of motion of an object:

Describe the motion of the object and sketch the velocity-time and acceleration-time graphs
for the motion of this object.

2. Consider the following velocity-time graph of motion of an object:

Describe the motion of the object and sketch the displacement-time (assuming the initial
displacement is 0) and acceleration-time graphs for the motion of this object.

3. Consider the following velocity-time graph of motion of an object:

Describe the motion of the object and sketch the displacement-time (assuming the initial
displacement is 0) and acceleration-time graphs for the motion of this object. What do you
notice about the shapes of these graphs?
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GDC INSTRUCTIONS 1.10. SPEED, DISTANCE AND TIME

Note that 2.5h indicates 2 hours and 30 minutes. Ti-84 allows you to convert between decimal format and
hour-minute-second format.

EXAMPLE 1
(a) Change INPUT OUTPUT
7.3h into
e and | 135 4% o @ 5 85
o —— OO DD IS
@ DWW D () ) i 7°18'@",

(b) Change @ 2@ | e, 3.25.
3 hours and
15 minutes
into hours in
decimal.

EXAMPLE 2

Add 4 hours INPUT OuUTPUT
and 50 min-

utes to 3 w T ANGLE B svmsoue L5 U ommos— NORMAL FLOAT AUTO REAL DEGREE MP
WD ) D
hours and OCH | 1209 1
. ANGLEB & & eovmvsove MEM " 13 © ANGLE B 4 50 +3 25
25 minutes - AC PR e+ BEY) @ | e, 8.25.

ENTRY SOLVE ANGLEB & £ ewmrsone

D ) DD T | oo 8°15'0"

ANGLEB & & ewmrsowe entaysowe

DODTGEDOD
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1.10. SPEED, DISTANCE AND TIME

SHORT TEST

1. [2 points]
An object started its motion at 7:30 pm and finished at 4:20 am the following day. It travelled a
distance of 850 kilometres. Find its average speed.

2.

[4 points]

The following graph shows motion of an object:
’E‘ 120

time [h]
(a) Find the speed of the object when ¢ =1 h.
(b) At what times was the object moving the fastest?
(c) Find the average speed of the object for the whole 4 hour journey.
3 [4 points]

The following graph shows motion of an object along a straight path:

\

km
h

velocity [

time [h]

(a) At what times was the object not accelerating?
(b) Find the distance travelled by the object during the first hour.

(c) Find the distance travelled by the object during the whole journey.
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1.10. SPEED, DISTANCE AND TIME

1

. . . . 5
Time of journey is 8 hours and 50 minutes, so 8 h. We then have:

2.

The following graph shows motion of an object:

distance [km]

(a) Find the speed of the object when ¢t =1 h. |v(1)| =
(b) At what times was the object moving the fastest? Between the 3rd and 4th hour of the journey.

(c) Find the average speed of the object for the whole 4 hour journey. |vgperage| = % =45 k,—lm

3

km ]

h

velocity {

(a) At what times was the object not accelerating? Between the 1st and 3rd hour of the journey.
(b) Find the distance travelled by the object during the first hour. d(1)

(c) Find the distance travelled by the object during the whole journey.
d(10) = 3+ 2 x 6 + EET = 64 km

An object started its motion at 7:30 pm and finished at 4:20 am the following day. It travelled a
distance of 850 kilometres. Find its average speed.

The following graph shows motion of an object along a straight path:

SHORT TEST
SOLUTIONS

[2 points]

850 . km
|U(1,’1,v(17'(1,ga‘ = g5 ~ 96.2 T
6 ]
[4 points]
180
160
140
120
100
80
60
40
20
0 1 2 3 4 )
time [h]
80 _ 40 km
2 40 h

[4 points]

time [h]

8x1 =3 km
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1.11. MONEY AND FINANCE

1.11 Money and finance

PROFIT & LOSS

The difference between income and cost is called profit (if positive) and loss (if negative).

Worked example 1.11.1

Tomasz buys apples, carrots and His profit per kg for each fruit and vegetable is:
tomatoes from a farmer and re-
sells them at a market. He buys
apples for $4.80, carrots $6.50

| apple: 6.15 —4.80 = 1.35
and tomatoes $5.10. He sells |

carrot: 8.10 — 6.50 = 1.60

these at $6.15, $8.10 and $6.90 tomato: 6.90 — 5.10 = 1.80
respectively. Calculate Tomasz’s
profit for selling 10 kg of apples,
8 kg of carrots and 12 kg of toma-

toes.

So his total profit is:

10 x 1.35 + 8 x 1.60 + 12 x 1.80 = $47.90

Exercise 1.11.1a
Emily owns a flower shop and arranges bouquets. She buys flowers for $1.50 per stem and charges
$20 for a bouquet of 10 stems. Calculate Emily’s profit if she sells 50 bouquets.

Exercise 1.11.1b

Nancy specializes in importing coffee and tea blends. She buys Colombian coffee at $6 per bag,
green tea at $4 per bag, and herbal tea at $5 per bag. She sells them at $9, $6, and $8 per bag,
respectively. Calculate Nancy’s profit if she sells 40 bags of Colombian coffee, 50 bags of green tea,
and 30 bags of herbal tea.

Exercise 1.11.1c

Sandra runs a small grocery and buys corn, lettuce, and cucumbers from a local farmer. She spends
$2.75 on each kilogram of corn, $2.00 per kilogram of lettuce, and $3.30 per kilogram of cucumbers.
She sells them at a price of $3.60, $2.80, and $4.00 per kilogram, respectively. Calculate Sandra’s
profit if she sells 12 kg of corn, 15 kg of lettuce, and 8 kg of cucumbers.

Exercise 1.11.1d

Ella runs a flower stall. She buys roses at $0.50 each, tulips at $0.30 each, daisies at $0.20 each, and
orchids at $1.00 each. She sells them at $1.00, $0.80, $0.50, and $2.00 each, respectively. Determine
Ella’s profit if she sells 100 roses, 150 tulips, 200 daisies, and 50 orchids.
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1.11. MONEY AND FINANCE

NET & GROSS PAY

Gross pay is what employee earns before taking into account taxes and other deductions (like health insurance
etc.). The so called take-home pay (the amount that the employee sees transferred to their account) is called
the net pay.

Worked example 1.11.2

Tomasz works 40 hours a week
at an hourly rate of $11 per
hour (basic pay) and an addi-
tional 5 hours of overtime for

3 His gross pay is:
which he receive double the basic |

40 x 11 +5 x 2 x 11 =550
The deductions amount to 43%, so his net pay is:

pay (double time). The deduc-
tions amount to 43% of his gross
pay. Calculate what his weekly
net pay is.

0.57 x 550 = $313.50

Exercise 1.11.2a

Jessica works 35 hours a week at an hourly rate of $15. She also works 8 hours of overtime, where
she earns time and a half (1.5 times the basic pay). Her deductions total 30% of her gross pay.
Calculate Jessica’s weekly net pay.

Exercise 1.11.2b

David works 45 hours a week with a basic hourly rate of $12. For any additional hours beyond 40,
he receives 1.5 times his basic pay. He also receives a weekly bonus of $50. His total deductions
amount to 28% of his gross pay. Determine David’s weekly net pay.

Exercise 1.11.2c

Sarah works 50 hours a week at an hourly rate of $10. For overtime hours beyond 40 hours, she
earns double time (2 times the basic pay). Her total deductions are 25% of her gross pay. What is
Sarah’s weekly net pay?

Exercise 1.11.2d

David works 40 hours a week at an hourly rate of $20. He also works 5 hours of overtime, where
he earns double time (2 times the basic pay rate). His deductions amount to 35% of his gross pay.
Calculate David’s weekly net pay.
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1.11. MONEY AND FINANCE

CONVERSIONS

Foreign currency exchange providers can earn money either by charging commission for each exchange or by
using different exchange rates when selling and buying a given currency.

Worked example 1.11.3

Wanda uses a bank to exchange By exchanging £120 at a rate of £1 = €1.18 Wanda receives:
pounds into euros. The bank uses
the exchange rate of £1 = €1.18,
but the bank charges 5% commis-

! 120 x 1.18 = €141.6
sion on each transaction. Calcu-

But she needs to pay 5% commission, so she receives 95% of

. . h 2
late how euro will Wanda receive e o Gumomit

by essebeeglug L1 141.6 x 0.95 = 134.52

She receives 134.52 euro.

Exercise 1.11.3a

Michael visits a currency exchange to convert U.S. dollars into Canadian dollars. The exchange
rate is $1 = C$1.25. The currency exchange charges a 4% commission on each transaction.
Calculate how many Canadian dollars Michael will receive if he exchanges $200 US dollars.

Exercise 1.11.3b

Emily is traveling to Japan and wants to exchange her British pounds for Japanese yen. The bank
offers an exchange rate of £1 = ¥150. The bank charges a 3% commission on each transaction.
Determine how many yen Emily will receive by exchanging £250.

Exercise 1.11.3c

Carlos is planning a trip to Australia and needs to convert euros into Australian dollars. The
exchange rate is (€1 = A$1.60). The currency exchange service charges a 6% commission on every
transaction. Calculate how many Australian dollars Carlos will receive if he exchanges (€300).

Exercise 1.11.3d

Sophia is traveling to Europe and wants to convert her British pounds into euros. The exchange
rate is £1 = €1.15. The currency exchange charges a 3% commission on each transaction. Calculate
how many euros Sophia will receive if she exchanges £300.
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1.11. MONEY AND FINANCE

Worked example 1.11.4

Maria goes on vacation to USA
and takes 1000 PLN with her.
She exchanges her money into
USD and then spends 200 USD
on her vacation and exchanges
the rest back to PLN. She uses
a bank that sells USD at a rate
of 1 USD = 3.92 PLN at buys
USD at a rate of 1 USD =
3.79 PLN (no commission). Cal-
culate how much money (in PLN)
Maria brings back from her vaca-
tion.

First the bank sell Maria USD at a rate of 1 USD =
3.92 PLN, so she buys:

She then spends 200, so she brings back 55.10 USD. Now the
bank buys these from her at a rate of 1 USD = 3.79 PLN,
so she brings back a total of:

Note that Maria (and the bank) uses different exchange rates
when buying and selling USD.

—— &~ 255.10USD
.92

55.10 x 3.79 ~ 208.83 PLN

Exercise 1.11.4a

John has 1500 AUD and travels to Europe. He exchanges his Australian dollars for euros. The
bank sells euros at a rate of 1 EUR = 1.60 AUD and buys euros at a rate of 1 EUR = 1.52 AUD
(no commission). John spends 500 EUR in Europe and exchanges the remaining euros back to
Australian dollars. Calculate how much money (in AUD) John brings back.

Exercise 1.11.4b

Emily travels from Canada to Japan with 2000 CAD. She exchanges her Canadian dollars into
Japanese yen at a rate of 1 JPY = 0.0115 CAD, and the bank buys Japanese yen at a rate of
1 JPY = 0.011 CAD (no commission). After spending 60 000 JPY on her trip, she converts the
remaining yen back to Canadian dollars. Calculate how much money (in CAD) Emily brings back.

Exercise 1.11.4c

Sophie goes to the USA with 800 EUR. She exchanges her euros for US dollars. The bank sells USD
at a rate of 1 USD = 0.85; EUR and buys USD at a rate of 1; USD = 0.80; EUR (no commission).
After spending 300 USD, Sophie exchanges the remaining USD back to euros. How much money
(in EUR) does she bring back?

Exercise 1.11.4d

Alex travels to Japan with 1,000 GBP. He wants to exchange his pounds for Japanese yen. The
bank sells JPY at a rate of 1 GBP = 150 JPY and buys JPY at a rate of 1 GBP = 155 JPY (no
commission). After spending 30,000 JPY, Alex exchanges the remaining yen back to GBP. How
much money (in GBP) does he bring back?
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INVESTIGATION 1.11. MONEY AND FINANCE

1. If you have $1000 and an item costs $50, how many items can you afford to buy?

2. The price of this item increases by 4% each year. How many items will you be able to afford
with $1000 in 3 years time?

Inflation is the measure of the increase of price of goods in a given economy. As the price of
goods increases, the value of money decrease, as you can afford to buy fewer goods.

The nominal value of $1000 will always be $1000. However the real value of $1000 changes
depending on how much can be purchased with this money. If the prices of goods increase, the
value of money decreases. If the prices of goods increase twofold (inflation of 100%, then the
real value of $1000 becomes $500 as you can afford half of what you could before the increase.
In other words the real value of money is its nominal value adjusted for the change in the
price of goods.

3. If the inflation averages 4% per year, what is the real value of $1000 in 3 years time?

4. Compare the real value of $1000 after two years in case where the inflation was 4% each year
to the case where it was 5% in the fist year and 3% in the second year.

5. If you invest money into savings account that pays 5% interest rate compounded yearly, while
the inflation is 6% per year, would you expect the real value of the investment to be ever
greater than its nominal value?

6. Calculate the real value of the investment from part 5. after 3 years.

7. Calculate the real value after 4 years of the investment of $50000 into an account that pays
%7 annual interest compounded yearly, if the average rate of inflation is %6 each year.
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1.11. MONEY AND FINANCE

SHORT TEST

1. [2 points]
Oliver runs a bakery and specializes in selling pastries. He buys croissants at $1.50 each, muffins
at $2 each, and scones at $1.75 each. He sells these items for $3, $3.50, and $3 each, respectively.
Calculate Oliver’s profit if he sells 100 croissants, 80 muffins, and 120 scones.

2. [2 points]
Eva works 45 hours a week at an hourly rate of $18. She works 10 hours of overtime beyond her
regular 35-hour schedule, where she earns time and a half (1.5 times the basic pay rate). Her total
deductions are 28% of her gross pay. Calculate Eva’s weekly net pay.

3. [2 points]
James is planning a trip to Japan and wants to convert his Canadian dollars into Japanese yen. The
exchange rate is C$1 = ¥85. The currency exchange charges a 2% commission on each transaction.
Calculate how many yen James will receive if he exchanges C$500.

4. [4 points]
Liam travels to Australia with 1000 GBP. He exchanges his pounds for Australian dollars. The
currency exchange sells AUD at a rate of 1 AUD = 0.60 GBP and buys AUD at a rate of 1 AUD
= 0.55 GBP (no commission). After spending 400 AUD on his trip, Liam exchanges the remaining
AUD back to GBP. How much money (in GBP) does Liam bring back?
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1.11. MONEY AND FINANCE

SHORT TEST
SOLUTIONS

1. [2 points]
Oliver runs a bakery and specializes in selling pastries. He buys croissants at $1.50 each, muffins
at $2 each, and scones at $1.75 each. He sells these items for $3, $3.50, and $3 each, respectively.
Calculate Oliver’s profit if he sells 100 croissants, 80 muffins, and 120 scones.

Her profit is:

100 x (3 — 1.50) + 80 x (3.50 — 2) + 120 x (3 — 1.75) = $420

2. [2 points]
Eva works 45 hours a week at an hourly rate of $18. She works 10 hours of overtime beyond her
regular 35-hour schedule, where she earns time and a half (1.5 times the basic pay rate). Her total
deductions are 28% of her gross pay. Calculate Eva’s weekly net pay.

Her weekly net pay is:

0.72 x (35 x 18 + 10 x 1.5 x 18) = $648

3. [2 points]
James is planning a trip to Japan and wants to convert his Canadian dollars into Japanese yen. The
exchange rate is C$1 = ¥85. The currency exchange charges a 2% commission on each transaction.
Calculate how many yen James will receive if he exchanges C$500.

James receives:

0.98 x 500 x 85 = ¥41650

4. [4 points]
Liam travels to Australia with 1000 GBP. He exchanges his pounds for Australian dollars. The
currency exchange sells AUD at a rate of 1 AUD = 0.60 GBP and buys AUD at a rate of 1 AUD
= 0.55 GBP (no commission). After spending 400 AUD on his trip, Liam exchanges the remaining
AUD back to GBP. How much money (in GBP) does Liam bring back?

Liam takes to Australia:

1000
—— =1666.67 AUD
0.60 666.67 AU

He spends 400, so he has 1266.67 AUD left. He exchanges it back to GBP:

1266.67 x 0.55 = 696.67 GBP
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1.12. SET NOTATION AND VENN DIAGRAMS

1.12 Set notation and Venn diagrams

A set is a collection of items. In most cases these items will be numbers (in which case one can refer to the
set as a number set), but they do not have to be. We use curly brackets {} in order to list the elements of a
set and we usually use capital letters to denote sets. Consider a set A such that A = {1, 2} This set consists
of two elements, this can be written as n(A) = 2 (the number of elements of A equals 2). 1 is an element
of A, which can be denoted as 1 € A. Similarly 2 € A.

Consider a different set B = {A, 3}. B consists of the set A and the number 3. Note that n(B) = 2 and
A€ Band3€ B, butl¢B.

Consider yet another set C' = {1, 2, 3}. We have n(C) = 3. We also have 1 € C and 2 € C, but A ¢ C.
A is not an element of C, but every element of A is also an element of C, in such cases we say that A is a
subset of C' and denote this as A C C. In fact A is a proper subset of C (there are elements of C' that are
not in A), this can be written as A C C. Note that if C' C A, then also C' C A, that is a proper subset is a
subset. You may find the distinction between subset and proper subset analogous to the distinction between
< and <.

Worked example 1.12.1

Consider the following sets:

A=1{1, 2 3, 4}, (a) True, 4 is an element of A.

B={1, 2},
(b) False, 4 is not an element of B.

C = {3, 4, 5}.

Decide if the following are true

of false: (c) False, B is not an element of A.

(a) 4 € A,

(b) 4€ B (d) True, B is a subset of A, because every element of B is
7 also in A. In fact we also have that B C A.

(c) Be A,

(d) BC 4, (e) False, C' is not a subset of A. Not every element of C' is

(©CcCA in A (5isin C, but not in A).

e — )

(f) n(C) = 5.

(f) False, n(C') = 3 i.e. C has three elements.

A set with no elements is called the empty set and is denoted with @. Of course we have n(&) = 0. Note
that an empty set is a subset of every set, that is @ C A for any set A.
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1.12. SET NOTATION AND VENN DIAGRAMS

Exercise 1.12.1a
Let A={1, 2, 3, 4, 5}, B= {3, 4, 5, 6} and C = {1, 3, 5}. Decide if the following statements
are true or false:

(a)1e A (b)1€B (c)1eC
(dBCA (eyCcA (f)ACA
(8) BCA h)yCccA ()AcCA
(4) n(A) =5 (k) n(B) =6 O n(C)=5
(m) g C A (n) g C A (0)zedA

Exercise 1.12.1b
Let X = {1}, Y ={1, 2} and Z = {1, X}. Decide if the following statements are true or false:

(a)leX (b)ley (c)leZz
(d) XeY () XeZ fYez
(8) XCY (h) X CZ ()Ycz
() n(X) =1 (k) n(Y) =2 ) n(Z) =3

Instead of listing all elements of a set we may use the set builder notation to specify the conditions that
the elements of the set must meet. The notation is as follows:
A = {variable | condition}

For example, consider A = {z | z € Nand x < 3}. A consists of natural number that are smaller than 3, so
A=1{0, 1, 2, 3}.

Exercise 1.12.2
List all elements of the following sets:

(a) {z|z eNand4 <z < 8} (b) {z | 2?2 =9}

(){z|xze€Zand —2 <z <4} (d) {z | * € Q and 22 = 2}

(e) {z |z iseven and 1 <z < 9} (f) {x | 2> = 16 and x ¢ N}

(¢) {z | z € Nand z is a factor of 12} (h) {z | # < 21 and « is a positive multiple of 5}
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1.12. SET NOTATION AND VENN DIAGRAMS

OPERATIONS ON SETS

The set of all objects that are considered in a given question or context is called the universe or the uni-
versal set and denoted with the letter U (some textbooks use € for the universal set).

We define the following operations on sets A and B (both being subsets of U):

u union AUB={z |z € Aorz € B}. So aunion of sets A and B is the set of all elements
that are in A or in B (note that this includes elements that are in both A and B).

N intersection ANB={z|xz € A and x € B}. An intersection of sets A and B is the set of
all elements that are both in A and in B.

— difference A—B={z|z € Abut z ¢ B}. A difference of sets A minus B is the set of all
elements that are in A but are not in B. Note that A — B is of course not the same as B — A. Note
also that some textbooks use the notation A\B for A — B.

complement A¢={z |z ¢ A}. A complement of a set A is the set of all elements that are
not in A. Some textbooks use the notation A’ to denote A°.

Note that we have:

Aug=A
ANg =9
AuU=U
ANU=A4
A°=U-A

A—-—B=ANB

(AUB)® = A°N B°

(ANB)® = A°U B°

The last two identities are known as de Morgan’s laws.
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1.12. SET NOTATION AND VENN DIAGRAMS

Worked example 1.12.3

and let:

Find:

(a) AUB
(b) AnC
() B—C

(d) B

Let the universal set be:
U={z|xz€Zand 0 < x <10}

A=1{1,2 3, 4}
B = {xz | x is prime}

C ={x|xis even}

(e) (AUB) - C

First of all we have:

B=1{23,5 7 and C={2 4,6, 8, 10}

Now we have:

(a) AUB=1{1, 2, 3, 4, 5, T},

(b) ANC = {2, 4},

(¢) B—C{3, 5, 7},

(d) B{1, 4, 6, 8, 9, 10},

(e) (AUB) — C{1, 3, 4, 5, 7).

Exercise 1.12.3a Let U = {z |z € Z and 0 < z < 10} and let:

Find:

X ={1, 2, 3, 4}

(a) XUY
(d) XnY
(8 X-Y

(3) x°

Y ={y |y is even} Z ={z| z is a square number}

(b) XUZ (c)YUZ
(e) XN Z YNz
(h) X - Z DY-2
(k) v (1) z¢

Exercise 1.12.3b Let U = {z | z € Z and 11 < z < 20} and let:

A= {13, 15, 16, 17}

Find:

(a) AUB
(d) AnB
() A-B

(3) A°

B = {b| b is prime} C = {c| ¢ is a triangular number}

(b) AUC (c) BUC
(e) AnC (f)y BnC
(h) A-C (i) B—-C
(k) AnBNnC 1) (AuBUCQC)®
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VENN DIAGRAMS

Sets can be represented graphically using Venn diagrams. Let U = {1, 2, 3, 4, 5} and A = {1, 3, 5}. This
can be represented using a Venn diagram as follows:

U

Consider another example with U = {z | 2 € Zand1 < z < 10}, A = {z | xiseven} and B =
{z | z is a multiple of 3}. These sets can be represented as follows:

U

10

pN
sy

We may also have Venn diagrams with three sets. Consider the following. U = {z | z € Z and 1 < z < 10},
A={z|zisodd}, B={z |2 <6} and C = {x | x is a multiple of 3 or 4}. We have the following Venn
diagram for the above sets:

U
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1.12. SET NOTATION AND VENN DIAGRAMS

Consider another example with U = {1, 2, 3, 4, 5}, A = {1, 2, 3} and B = {1, 2,}. In this instance we
have B C A, which can be illustrated as follows:

As a final example consider U = {1, 2, 3, 4, 5}, A= {1, 2,} and B = {4, 5,}. Now we have AN B = &,
which gives the following Venn diagram:

U

Exercise 1.12.4 Illustrate the following sets using Venn diagrams:

(a) U={1, 2,3, 4,5}, A={1, 2, 3} and B = {3, 4}

(b) U =A{1, 2, 3, 4, 5}, A= {z | z is prime} and B = {3, 4, 5}

(c)U=A{1, 2, 3,4, 5, 6}, A={z | z is even} and B = {3, 5}

() U={z|z€Zand 1 <zx<10}, A={1, 2, 3} and B = {z |z > 5}
(e)U={z|z€Zand1<2x<10}, A= {z|zisodd} and B = {z | z is a multiple of 4}
) U={z|ze€Zand 11 <2 <20}, A= {z |z is prime} and B = {z | z is a multiple of 3}

(g) U={z |z e€Zandl <z <10}, A= {z | xziseven}, B = {z | z is a multiple of 3} and
C:{l’ 27 37 47 5}

(W U={z|ze€Zand 1l <z <20}, A= {z | zisprime}, B = {z | 2 is a multiple of 5} and
C = {11, 12, 13, 14, 15}

(i) U ={z |2z €Zand0 < z <10}, A = {z | zis a factor of 12}, B = {z | z is prime} and
C = {z|zis odd}
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1.12. SET NOTATION AND VENN DIAGRAMS

Venn diagram can also be used to illustrate the operations on sets:

AUB ANB

Similarly for three sets:

ANnBNC AUuBUC
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1.12. SET NOTATION AND VENN DIAGRAMS

Worked example 1.12.5

Represent the following sets on a
Venn diagram:

(a) (AU B)° represents all elements that are not in A U B.
We may start with A U B and then highlight everything

outside of this region:
(a) (AUB)*

(b) AN B represents the intersection of A and B. Now we
add everything that is in C to this intersection. The final set
should everything that is in both A and B and also everything
that is in C:

(b) (ANB)UC

Exercise 1.12.5 Represent the following sets on a Venn diagram:

(a) A°N B (b) B°— A (c) (A= B)*
(d) (AUB)NC (e) (AUC) - B (f) (ANBNC)°
(g) (ANC) - B (h) BU(A-C) (i) CN (B - A)
() (ANC)U(ANB) (k) (ANB) — (ANC) () (ANB) - (BUC)
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1.12. SET NOTATION AND VENN DIAGRAMS

Venn diagrams can also be used to represent the number of elements in each step. Consider the following
example:

n(U) =24 n(A) =15 n(B) =12 n(ANB) =7

We can represent the above information on a Venn diagram by first including the information about the
number of elements in AN B:

Note that the number 7 does not represent an element of AN B, but the total number of elements in AN B.
We can now include the number of elements in the remaining regions of the Venn diagram. For example the
number of elements in A — B has to be 8, because the total number of elements in A is 15 and there are 7
elements in AN B (15 -7 = 8).

We get,
n(A—B)=38 n(ANB) =7 n(B—A)=5 n((AUB)¢) =4

When using a Venn diagram the following identities (that we use) become obvious visually:

n(A) =n(ANB)+n(A— B)

n(A) + n(A°) =n(U) in particular n(AUB) +n((AU B)°) =n(U)

121



Worked example 1.12.6a

1.12. SET NOTATION AND VENN DIAGRAMS

Represent the following informa-
tion on a Venn diagram:

n(U) =13
n(A) =9
n(B) =4
n(AUB) =11

Method 1

When we add the number of elements of A to the number of
elements of B we get 13, which is 2 more than the number
of elements of AU B. This excess comes from counting the
number of elements of AN B twice, so n(AN B) = 2.

Method 2
Let the number of elements of AN B be z, then we get the
following Venn diagram:

U

Now we can add up all the elements in AU B, which we know
is 11:

9—orx+r+4—ax=11

which gives z = 2

Methods 1 & 2

Now we can produce the whole diagram by starting to include
2 in the part corresponding to ANB. We then have n(A—B) =
9—-2=7n(B—A) =4—2=2 and finally n((AU B)¢) =
13-11=2
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Exercise 1.12.6a Represent the following information on a Venn diagram:

(a) n(U) =20 n(A) =11 n(B) =17 n(ANB)=3

(b) n(U)=30 n(A)=21 n(B) =11 n(AUB) =27

(¢) n(U) =25 n(A—B)=5 n(B—A)=8 n(AUB) =17

(d) n(U) =22 n(A)=14 n(A-B)=9 n(AUB)=16

(e)n(U)=50 n(A)=30 n(B)=25 nB-A4)=15

(f) n(U) =75 n(4A)=60 n(B)=25 n((AUB)°) =10

@ nU)=20 n(ANB)=6 n(B—-A)=2n(A-—B) n((AUB))=2

(h) n(U) =15 n(A) =2n(B — A) n(A—B)=n(B—A)+2 n((AUB)°) =6

Working with 3 sets is similar. If there is information that corresponds to a particular region of the Venn
diagram, then it should be included and used to deduce further information. If however no (or no more)
information can be directly put on the Venn diagram, then an auxiliary variable can be introduced as shown
in the example below.
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Worked example 1.12.6b

1.12. SET NOTATION AND VENN DIAGRAMS

Represent the following informa-
tion on a Venn diagram:

n(U) = 50
n(A) = 25
n(B) = 20
n(C) =15
n(ANB) =6
n(ANC) =10
n(BNC) =9

n(AUBUC) =40

We are not given information about the number of elements
of ANBNC, so we will set n(ANBNC) =z and work
backwards:

The number of elements of A is 25. By adding the regions in A
filled so far we have 16 — z, which means the remaining region
must have 9 + z elements: 25 — (16 — ) = 9 4+ z. Similarly
we can fill in the remaining regions:

Now we can add up the number of elements of the region that
constitute AU B U C. We know that they should add up to
40:

25+ GB+z)+9—2)+ (x—4) =40

This gives = 5. So the Venn diagram becomes:
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Exercise 1.12.6b
Represent the following information on a Venn diagram:

) (b) )
n(U) = 35 n(U) = 26 n(U) = 22

n(A) =12 n(A) =18 n(A) =13

n(B) =19 n(B) =10 n(B) =14

n(C) =15 n(C) =12 n(C) =14
n(ANB)=6 n(ANB) =7 n(ANB) =12
n(AnC) =3 n(ANC)=5 n(AnC) =28
n(BNC) = n(BNC) = n(BNC)=
n(ANBNC)=1 n(ANBNC) =2 n(ANBNC) =38
d) (e) 0

n(U) = 27 n(U) = 30 n(U) = 50

n(A) = 16 n(A) =17 n(A) =14

n(B) =10 n(B) =13 n(B) = 23

n(C) =38 n(C) =9 n(C) = 16
n(ANB)=5 n(ANB) =8 n(ANB)=9
n(AnC) =14 n(AnC)=6 n(AnC) =
n(BNC) =3 n(BNC)=6 n(BNC) =1
n(AUBUC) =25 n(AUBUC) =24 n(AUBUC) =39
2 (h) i)

n(U) =30 n(U) = 60 n(U) = 80

n(A) = 22 n(A) = 30 n(A) =35

n(B) =15 n(B) =25 n(B) = 28

n(C) =13 n(C) = 20 n(C) =18
n(ANB) = n(ANB)=4n(ANBNC) n(ANB) =19
n(ANC)=3n(ANBNC) n(ANC) =12 n(ANC) =
n(BNC) = n(BNC) = n(BNC)=5n(ANBNC)
n((AUBUC)) =0 n((AUBUC)¢) =10 n(AUBUC) =51
i (k) )

n(U) = 30 n(U) = 40 n(U) = 50

n(A) =19 n(A) = 22 n(A) =24

n(B) =12 n(B) =15 n(B) = 20

n(C) =12 n(C) = 14 n(C) =18

n(A— B) =12 n(A— B) =13 n(A—B)=14
n(A—-C)=11 n(A—-C) =12 n(A—-C)=15
n(B-—C)=9 n(B—-C)=10 n(C — B) =11
n(ANBNC)=1 n(ANBNC) =2 n(ANBNC)=3
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Venn diagrams can be used to solve word problems like the ones below. These are in essence identical
problems to those in exercise 1.12.6, but the information about the number of elements of each set is given
in a more elaborate way.

Exercise 1.12.7a In a group of 20 student, 12 chose Mathematics HL. and 7 chose Physics HL. 5
students chose both of the mentioned subjects. Represent this information on a Venn diagram and
find the number of students who did not choose any of the two subjects.

Exercise 1.12.7b 50 students were asked about their free time activities. 22 like playing computer
games, 19 like watching Netflix. 15 do not like neither. Represent the information on a Venn
diagram and find the number of students who like both playing computer games and watching
Netflix.

Exercise 1.12.7c In a group of 25 students: 15 speak Spanish, 8 speak German, 7 speak French,
3 speak Spanish and German, 3 speak Spanish and French, 2 speak German and French and 1
person speaks all three languages. Represent this information on a Venn diagram and hence find
the number of students in this group who do not speak any of the three languages.

Exercise 1.12.7d In a group of 31 students everyone chooses at least one of the three sports:
football, basketball or volleyball. 14 students chose football, 14 chose basketball and 16 chose
volleyball, 4 chose both football and basketball, 4 chose both football and volleyball and 8 chose
both basketball and volleyball. Represent the above information on a Venn diagram and find the
number of students who chose all 3 sports.

Exercise 1.12.7e In a group of 25 people were asked if they ate any of the following meals in the
last 7 days: spaghetti, pizza or lasagne. 11 ate spaghetti, 10 ate pizza, 7 ate lasagne, 5 ate spaghetti
and pizza, 2 ate spaghetti and lasagne and 4 ate pizza and lasagne. 7 people did not eat any of
the mentioned meals. Represent the information on a Venn diagram and find the number of people
who are exactly one of the mentioned meals.
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INVESTIGATION 1.12. SET NOTATION AND VENN DIAGRAMS

Power sets

1. Consider the set with two elements A = {1, 2}. List all subsets of A. Remember to include &
and A itself.

2. Now consider B = {1, 2, 3}. List all subsets of B.

3. How many subsets does @ have?

4. How many subsets does a set with one element have?

A power set of a set A is a set consisting of all subsets of A and is denoted by P(A).

5. Explain why, for a finite set A, the number of elements of a power set of A is always greater
than the number of elements of A.

6. Fill in the following table:

S

nin —~

=W N O:b
~

7. Consider a set A with = elements, conjecture and justify a formula for the number of elements
of P(A).
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1.12. SET NOTATION AND VENN DIAGRAMS

SHORT TEST
1. [4 points]
Let U ={z |z € Zand 1 < z < 10} and let A be the set of prime numbers in U, B = {2,3,5} and
C = {z |22 > 30}.
(a) State if the following are true or false and justify your answer:

(i)BC A (ii) BNC =9 (iii) ANC =@

(b) Write down all elements of A°.

2. [2 points]
Represent the following on Venn diagrams.

(i) AU B (i) (ANB) - C

3.
Let n(U) = 18,n(A) =
diagram and find n(A N

[2 points]
10,n(B) = 7 and n((A U B)¢) = 5. Represent this information on Venn
B).

4. [4 points]
In a group of 25 students:

10 like physics,

12 like chemistry,

11 like biology,

2 like physics and chemistry,

3 like physics and biology,

7 like biology and chemistry,

4 students do not like any of the three mentioned subjects.

Represent the information on a Venn diagram and find the number of students who like all three
subjects.
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1.12. SET NOTATION AND VENN DIAGRAMS

SHORT TEST
SOLUTIONS

1. [4 points]
Let U={z |2 € Z and 1 <z < 10} and let A be the set of prime numbers in U, B = {2,3,5} and
C = {z | z2 > 30}. Note that we have A = {2,3,5,7} and C = {6,7,8,9,10}

(a) State if the following are true or false and justify your answer:

() BC A (i) BNC =2 (ili) ANC = @
(i) true (ii) true (iii) false, 7€ ANC

(b) Write down all elements of A°.

Ac={1,4,6,8,9,10}

2. [2 points]
Represent the following on Venn diagrams.

(i) AUB® (i) (ANB) - C

v

3. [2 points]
Let n(U) = 18,n(A4) = 10,n(B) = 7 and n((A U B)°) = 5. Represent this information on Venn
diagram and find n(AN B). n(ANB) =4

4. [4 points]
In a group of 25 students: 10 like physics, 12 like chemistry, 11 like biology, 2 like physics and
chemistry, 3 like physics and biology, 7 like biology and chemistry, 4 students do not like any of the
three mentioned subjects.

Represent the information on a Venn diagram and find the number of students who like all three
subjects.

No student likes all three subjects.
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1.13 End of unit test

TEST 1

e The test consists of two sections. In section A calculators are not allowed. GDC is required for
section B.

e Unless otherwise stated in the question, all numerical answers should be given exactly or correct to
three significant figures.

e The maximum mark for this test is [36 + 36 marks].
o Time allowed is 90 minutes.

e Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show
all working.
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SECTION A

1. [4 points]

Consider the following numbers:

696412008
a = /—64, b= — ¢ = reciprocal of 3, d=27"%
Classify these numbers by placing them in appropriate regions of the diagram below.
z Q R
2. [4 points]
(a) Write 120 as a product of prime factors and hence find the number of all factors of 120. 2]
(b) Find the highest common factor of 48 and 120. [2]

NO GDC



3. [4 points]

(a) Write 0.36 as a proper fraction in simplified form. [2]
.13 . .

(b) Write o7 88 a recurring decimal. 2]

4. 4 points

[4 points]

A certain amount of money has been divided among 3 people in the ratio 2:3:4. If the person who received
the most, received $300 less than the other two people combined, calculate how much each person received.

5. [3 points]
Round:
(a) 14589 to the nearest hundred, [1]
(b) 22.7969 to 2 d.p., 1]
(c) 604.1455 to 3 s.f. 1]

NO GDC



6.

Consider the following solid (diagram not to scale):

3.68 m

712 m
1.85m

6.23 m

By rounding all lengths to 1 s.f. estimate the volume and the surface area of this solid.

[4 points]

7.

Consider the following rectangle (diagram not to scale):

4%x10°m

3x 1074 m

Find the perimeter and the area of this rectangle. Give your answers in standard form.

NO GDC

[4 points]



8. [5 points]

Calculate and arrange in ascending order:

2_ 1 )
2 = 2, 523 x 1071, 873, V0.027, 0.4% of 50
[

9. [4 points]

(a) Write as a power of 2: [2]
16 x (v2)°
(1)-3x 83

2]

NO GDC



SECTION B

1. [4 points]

Maria invests her savings into an account that pays 8% annual interest rate compounded every 6 months.
[4 points]

(a) How much does she need to invest in order to have $100000 in her account in 5 years? 2]
(b) If she invests $40000, how long will it take for her money to double? [2]
2. [3 points]

The width of a rectangle has been decreased by 15%. By how much does the length need to be increased in
order for the area to increase by 2%?

GDC



3. [3 points]

Wanda exchanged 3 000 PLN in GDP at a rate 5.12PLN = 1GDP for her vacation in England. She spent
500 GDP while there and exchanged the remaining pounds into zlotys at a rate 5.04PLN = 1GDP. Calculate
how many PLN she brings back from her vacation.

4. [3 points]

The universal set U consists of all positive integers smaller than 10. Consider the following subsets of U:

A=1{1,2,6,7% B=1{567 C=1{1,2,34,5)
Write down: (a) ANB (b)) AUC (c) C'

5. [3 points]
Write the following expression in the form a + by/2, where a,b € Z:

8 14
3V18 — — +
V2 3-42

GDC



6. [4 points]

Population of a certain town grows by 5% each year. The population of this town in 2024 is 42 000.

(a) Calculate the expected population in 2030. 2]
(b) In what year will the population exceed 100 0007 2]
7. [5 points]

The following diagram shows the distance-time graph of a moving object.

120
100
T
a0
2
0 1 2 3 7 5 5
time [h]
(a) Find the speed of the object at ¢t =4 h. 2]
(b) How long as the object at rest? [1]
(c¢) Find the average speed of the object for the whole 5 hour journey. 2]

GDC



8. [4 points]

The electrical resistance of a wire is directly proportional to the length of the wire and inversely proportional

to its cross-sectional area. If the resistance is 15 ohms when the length is 20 m and the cross-sectional area

is 2 mm?2, find the resistance when the length is 15 m and the cross-sectional area is 3 mm?.

9. [2 points]

Calculate the value of the following expression. Give your answer in standard form rounded to 4 s.f.:

(3.541 x 10°) x (2.511 x 1073)
(8.745 x 10°) + (9.253 x 10°)

GDC



10. [5 points]

A group of 30 people were asked about what pet they own. They had 4 options to choose from: dog (D),
cat (C), bird (B) or none of the above. More than one option could be chosen. The results are as follows:

18 own a dog,

12 own a cat,

11 own a bird,

3 own a dog and a cat,

7 own a dog and a bird,

6 own a cat and a bird,

3 own none of the above pets.

Let x represent the number of people who own all three pets.

(a) Represent the above information on a Venn diagram. 2]
(b) Calculate the value of z. [2]
(¢) Find the number of people who own a dog or a cat but no bird. [1]

GDC



GDC



Chapter 2

Algebra

2.1 Algebraic manipulation

EXPANSION AND FACTORIZATION

Consider the expression 5(z + y) we can expand this expression by using the distributive property of
multiplication over addition to get 5z + 5y. On the other hand, if we started with the expression 3a + 6b we
could factor this into 3(a+2b). In this section we will practice expanding an factoring algebraic expressions.

Exercise 2.1.1a
Expand the following expressions:

(a) 7(z + 3y) (b) a(5 — b) (c) V2(z +2v/2)
(d) 3(8+ 6c¢) (e) £(2z — 3y) (f) 2(5b+ 4b?)
(8) zy(@ +y — 2) (h) 5 (a—0b+a?b) (i) 2 (pg —pr —qr)

Exercise 2.1.1b
Factorize the following expressions:

(a) bz + 10y (b) 6a + 12b (c) 102% + bz
(d) 15zy + 25y> (e) 24x%y + 16y (f) 18a3b* + 12423
(g) 30m*n? + 45m3n3 (h) 823 — 1222 + 4w (i) 5022y — 2523y? + Thalty

() 922yz + 18zy%2 + 27xy2? (k) 1523y?2 + 252222 — 10zyz3 (1) 40a2b3¢c — 20abc? + 8a?bc?
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2.1. ALGEBRAIC MANIPULATION

MULTIPLYING BINOMIALS

A binomial is an expression which is a sum (or a difference) of two terms (called monomials). The following
are examples of binomials: 3z + 5, zyz + a®, V5 + x*. When multiplying binomials we use the distributive
property of multiplication over addition:

(a+b)(c+d)=alc+d)+blc+d)=ac+ad+bc+bd

Note that the distributive property was applied twice in the example above.

In the following examples and exercises you will practice multiplying binomials.

Worked example 2.1.2

Expand and simplify

(V2+3)(5 - 3v2) (V2+3)(5—-3v2) =

3 =5V2—-6+15—9v2 =
1 =942

Exercise 2.1.2a
Expand and simplify:

(a) 3+ Vv2)(2-2v2)

(d) (4+2vV7)(1 = V7)

(8) (V3 —2vV7)(2V3 +V7)

(i) (@ = bv2)(b+cv2)

(m) (2 —pya@)(p+3/4)

(p) (ab—c)(a+ bc)

(b) (5+ v3)(3 +2v3)

(e) (V24 V3)(V2+2V3)

(h) (VB + 2v/3)(V5 + 3v/3)

(k) (z +yv3)(2 +2v3)

() (@ + bv/c)(b + av/c)

(a) (pg —q)(p+q)
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(c) (2—3v5)(5 —2V5)

(£) 2v5 = 3v2) (V5 + V2)

(i) (VT - 3v2) (VT — 2v2)

D) (p—qv2)(q —pV2)

(0) (Va—vb)(2y/a — 3vb)

(r) (zy — 2)(3zy + 42)



2.1. ALGEBRAIC MANIPULATION

There are some very important examples binomial multiplication that you should be familiar with:

Exercise 2.1.2b
Expand and simplify:

(a) (1+ V22

(@) (1 v7)?

(8) B+ V7)(3—V7)

() (= +2y)?

(m) (4o — 3y)*

(p) (z+ 5y)(z — 5y)

(s) (2 +3v/5)2

(v) (5+V6)(5 - V6)

(v) 2z + 3y)*

(a+b)*> = (a+b)(a+b) = a® + 2ab + b*

(a—b)? = (a—b)(a—b) = a® — 2ab + b*

(a+b)(a—Db) =a* -1

(b) (3 +/3)?

(e) (V2-+3)

(h) (54 2v3)(5—2V3)

(k) (3p +¢v2)?

(n) (2m - nv/5)?

() (3a +bv/3)(3a — bV/3)

(t) (4—V3)?

(w) (7 + v/10)(7 — V10)

(z) (5p — 2qV/7)?
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(c) (5+2v/5)?

(f) (2v5 —v2)

(i) (V7= V2)(VT+V2)

(1) (3d + 2cv/3)?

(o) (2¢ — dV2)?

(1) (rv5 — 5v3)(rv/5 + sv/3)

(u) (6 +2v2)?

(x) (VII = v3)(VI1 +V/3)

(zz) (4d + c\/6)?



2.1. ALGEBRAIC MANIPULATION

CHANGING THE SUBJECT OF A FORMULA

In some cases we are given a formula that involves several variables and we may want to rearrange it to
make a different variable the subject of it. Consider:

_y
r=2
z

This is a formula for z in terms of y and z. If we multiply both sides of this formula by z we get:

y=1xz
and we have a formula for y in terms of x and z. We can then divide both sides by x to get:

_Y

=2

x
a formula for z in terms of z and y. Note that when me make a variable the subject of a formula, then we
require this variable to only appear on one side of the equation. We cannot have a formula for z in terms of

x. Note that rearranging the formula often involves factoring, squaring, taking roots etc.

Worked example 2.1.3

Rearrange the following formula (a) Divide both sides by 3 and then square both sides to get:

to make zx its subject:

(a) y=3v2zx—7

2
%:2:1@—7

Now we add 7 to both sides and then divide by 2:

Finally we can multiply the denominator and numerator of
the fraction by 9 to get:

x_y2+63
18

3z +2
ar+b

3 (b)We first multiply both sides by the denominator of the left
' hand side (az + b):

: axy + by =3z + 2

. Now we move all terms with z to one side and all other terms
| to the other side:

3 ary —3x =2 —by

3 We can now factor out z on the left hand side:

: 2(ay —3) =2~ by

i And finally we divide by the bracket (ay — 3):

2—by
ay — 3
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Exercise 2.1.3

Rearrange the following formulae to make z their subject:

(@) y=22+1
(d) y=az+b
(g) a =2z +bx
() e=ve-1
(m) a = 2=
() m = ma—H)
(w="24g
(v)y=2"-3
(y) y=2°-3

(b)y::[;3
() y="7
(h) z = cx — dx

(k) b= avbz +d

(n) d=cyexr—f

(q)vz ajft
axr +b

®y=——"7

(z) a = bx?
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ALGEBRAIC MANIPULATION

e
- ax
2

\4/ 5r + \/ix

3r+b
x—17

2r — 3
4x + 5




INVESTIGATION 2.1. ALGEBRAIC MANIPULATION

Pascal’s triangle and binomial expansion

The following triangle is known as the Pascal’s triangle.

The triangle consists of 1s on the left and right sides and each other number is the sum of the number
above and to the right with the number above and to the left. The rows of the triangle are counted
starting from zero, so for example 1 2 1 is the second row.

1. Write down two more rows of the triangle.

2. Expand the following and write your answer in descending powers of a:

(a+1b)° (a+b)? (a + b)?

3. By writing (a + b)? as (a + b)?(a + b) expand it and write in descending powers of a.

4. What do you notice about coefficients of terms in your expansions in parts 2. and 3.7

5. What do you notice about powers of a and b in your expansions in parts 2. and 3.7

6. Conjecture the expansion of (a+b)* and test your conjecture by writing (a+b)* as (a+b)3(a+b).
7. Expand (a +b)".

8. Expand and simplify the following

(1+v2)4 2+ v/3)° (3 —+/5)°

146



2.1. ALGEBRAIC MANIPULATION

SHORT TEST

1. [4 points]
Expand and simplify (if possible):

(a) §(Bzy —y) (b) 2+v2)(1-3v2)

(c) (a—3b) (d) (y = V5)(y + V5)
2. [3 points]
Factorize the following expressions:

(a) 622 + 9y (b) 2a%b + 4b%a — 6ab (c) 1223 — 822 + 16z
3. [3 points]

Make z the subject of the following formulae:

(@) b= 2

- Yy
(b) z = .
s
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. ALGEBRAIC MANIPULATION

SHORT TEST
SOLUTIONS
1. [4 points]
Expand and simplify (if possible):
() 2(32y — v) (b) 2+ V(1 - 3V3)
(a) =322 — (b) =2-6vV2++v2—6=—-4-5/2
(c) (a—3b)* (d) (y — V) (y + V)
(c) = a® — 6ab + 9b? (d)=y?-5
2. [3 points]
Factorize the following expressions:
(a) 622 + 9y (b) 2a%b + 4b%a — 6ab (c) 1223 — 822 + 162
(a) = 3z(2z + 3y) (b) = 2ab(a + 2b — 3) (c) = 4z(32? — 2z + 4)

3. [3 points]
Make z the subject of the following formulae:
2 b
(a)b:—z = bc = 2z = z= —
2 2
Y Y Y Y
b) x = = —2== = —-2== = =X +2
(b) z—2 : x - 2 - JJZJF
zZ—a ay +a
(c)y= = yztay=z—a = ayta=z—yz = ayt+a=z(1—-y) = z=
z+a 1—y
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2.2. FURTHER MANIPULATION

2.2 Further manipulation

FACTORIZATION
Consider the expression:

22— 16

It can be viewed as a difference of squares 22 and 42 and then factorized using the difference of squares
formula:

22 —16 = (x — 4)(x + 4)

Worked example 2.2.1

Factorize z* — 100 We start by noting that we have:
z* — 100 = (22)% — 102
So we can apply the difference of squares formula to get:
(x? — 10)(2* 4 10)
Now note that the first bracket can be written as

.’1?2 _ (\/E)Q

so it can be further factored to:

(z — V10)(z + v10)(2” + 10)

Exercise 2.2.1
Factorize the following expressions using difference of squares formula:

(a) 22 -9 (b) a® -1 (c) p*> -3
(d) a® — 4v? (e) 922 — 25y (f) ¢® — 2d?
(g) 10022 — 2 (h) 25 — 4k? (i) 8 — 3¢
(G)p*—1 (k) z* — 16 Qe—-1
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2.2. FURTHER MANIPULATION

Recall that we have:

(x+3)*=2+6x+9

Which means that the expression 22 + 6x + 9 can be factorize into (z + 3)2. It is very useful to be able to
recognize the expansion of (a + b)? and (a — b)2.

Exercise 2.2.2 Write each expression as a square of sum or difference:

(a) 2% + 4z +4 (b) 2% — 10z + 25 (c) 22 — 8z + 16
(d) 922 — 6z + 1 (e) 422 — 4z +1 (f) 8122 + 18z + 1
(g) 42® + 122+ 9 (h) 922 + 30z + 25 (i) 2522 — 40x + 16

Recognizing the formula for square of sum or difference together with formula for difference of squares can
be used to factorize quadratic trinomials.

Worked example 2.2.3

Factorize 2 + 4z + 3 We rewrite the expression to use the formula for square of

sum:

2 +4z+3=2+4x+4-1=(x+2)2-1

Now we can apply the formula for difference of squares:

(x+22-1=(@+2-1)(z+2+1)=(z+1)(x+3)

Exercise 2.2.3
Factorize the following expressions:

(a) 2% + 62 + 8 (b) 2 +2x — 8 (c) 2% 4+ 10z + 24
(d) 422 — 42 -3 (e) 422 +4z — 15 (f) 922 — 62 — 3
(g) 22 +22 -1 (h) 22 — 4z + 1 (i) 92% + 6z — 1
(j) 422 + 12z + 5 (k) 922 — 122 — 5 (1) 1622 + 8z — 15
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2.2. FURTHER MANIPULATION

We will look at a different approach at factoring trinomials by considering the expansion of (z + 2)(z + 5):

(x+2)(x+5) =2 +5x+22+10=2>+ 7z + 10

In the final form of the expression the coefficient of x is 7 and it comes from adding 2 and 5, the constant
term is 10 and it comes from multiplying 2 and 5. So if we were to factorize 22 4+ 7z + 10 we would need to
find two numbers that added together give 7 and multiplied together give 10.

Worked example 2.2.4

Factorize z2 + = — 12 We are looking for two numbers that added together give 1

and multiplied together give —12. Note that this means one
of the numbers will be positive and the other negative. We
should look at the integers that multiplied produce -12:

3 factors sum
| 1and —12 | —11
l 12 and —1 11
| 2and —6 | —4
3 6 and —2 4

3and -4 | —1
4 and —3 1
We found the numbers satisfying the conditions (4 and —3),
so we get:
2 +r-12=(z+4)(z-3)
Exercise 2.2.4
Factorize the following expressions:
(a) 22 + 62 +5 (b) 22 + 6z + 8 (c) 2% + 8z + 15
(d) 2?2 — Tz + 12 (e) 22 — 7z + 10 (f) 22 — 4z +3
(g) z2 + 2z — 15 (h) 22 — 3z — 18 (i) 22 + 52 — 6
(j) 2 + = — 30 (k) 2% — 2z — 24 (1) 2% + 3z — 21
(m) 22 + 10x + 16 (n) 2% — 9z — 22 (o) 2% + 7z — 30
(p) 2% + (a + b)x + ab (q) 22 + (p — 3¢)x — 3pq ()22 —(r—s)z—rs
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2.2. FURTHER MANIPULATION

Another approach to factoring trinomials like 2 + 7x + 10 is to split the middle term so that the ratio of
the coefficients of the first and second term is the same as the ratio of coefficients of the third and fourth
term:

22+ 72 +10 = 2%+ 22 + 52 + 10

Note that the ratios are equal % = 2 now we can factorize the terms in pairs:

10°

22+ 22+ 52+ 10 = 2(x +2) + 5(z +2) = (z + 2)(x +5)

Worked example 2.2.5

Factorize 22 — 92+ 18 by splitting
the middle term.

We can split the middle terms as follows:

22— 9z + 18 = 2% — 3z — 6z + 18

And now we factorize the terms in pairs:

x? — 3z — 62+ 18 = z(z — 3) — 6(xz — 3) = (z — 3)(z — 6)
Note that we could’ve split the middle term as:

22— 92+ 18 = 2% — 62 — 3z + 18

This produces the same result:

22 — 6z —3z+ 18 = z(x — 6) — 3(x — 6) = (z — 6)(z — 3)

Exercise 2.2.5
Factorize the following expressions by splitting the middle term:

(a) 22 + 4z + 3 (b) 2 + 7x + 10 (c) 22 +5x+6
(d) 2% — 8z + 12 (e) 22 — 10z + 24 (f) 2% — 92 + 20
(g) 22 + 3z — 10 (h) 22—z —20 (i) 2% + 2z — 48
(G) 22 +x —42 (k) 22 — 5z — 14 (1) 2% + 3z — 28
(m) 22+ (c+d)z + cd (n) 2 + (2¢ — 5f)x — 10ef (0) 2% + (t — 3s)z — 3st
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2.2. FURTHER MANIPULATION

Both approaches can be used when the coefficient of z2 is not 1 as in all previous examples. Consider:

Br+2)(x+3) =322 +9r+2x+6 =32+ 11z +6

The constant term 6 comes from multiplying 2 and 3, the coefficient of z (11) comes from adding 3 times
(coefficient of x in the first bracket) 3 and 2.

Worked example 2.2.6

Factorize 222 + 5x + 3: We can look at numbers that multiplied together result in 3,

but this time a sum one of the numbers and the twice other
number should be 5:

factors ‘ sum (p + 2q)

1 and 3 7
3 and 1 5
—1 and —3 -7
—3 and —1 -5

Which gives:

Alternatively we can split the middle terms as follows:

202+ 50 +3=22>+22+3z+3

And proceed as before:

222 + 22+ 3x+3=2z(z+1)+3(x+1) = (z +1)(2z + 3)

222 + 5z + 3 = (22 + 1)(z + 3)

Exercise 2.2.6
Factorize the following expressions:

(a) 222 — 5z + 2 (b) 222 + 3z — 5 (c) 22% 4+ 11z + 14
(d) 322 — 8z + 4 (e) 3z2 —z — 4 (f) 322 + 16z + 5
(2) 0% — 132 + 6 (1) 50 — 14z~ 3 () 522 1 122 + 4
(j) 42® — 4z -3 (k) 422 4 5z — 6 (1) 622 4 11z — 10
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2.2. FURTHER MANIPULATION

Consider the following cubic expression:

2 4322 — 4z — 12

We can factorize this expression by combining the methods we’ve used before - factoring terms in pairs and
applying difference of squares:

234327 —dr —12=2%(x+3) —4(x+3) = (x +3)(z* —4) = (z + 3)(z — 2)(z +2)

Worked example 2.2.7a

Factorize 222 + 22 — 18z — 9: We can factor out z? from the first pair and —9 from the

second pair:

2% + 22 — 182 —9 =222z +1) —9(2x + 1)

x2 — 9 to get:

2z +1)(z*> - 9) = (2z + 1)(z — 3)(z + 3)

' Now we factor out 2z + 1 and apply difference of squares to

Some examples of quartic expressions can be factorized by applying the methods used for quadratics and
difference of squares:

2t =32+ 2=(22 - 1)z -2) = (z - D)z + 1)(z —V2)(z — V2)

Worked example 2.2.7b

Factorize z* — 22 — 12: We first look for numbers that multiplied together give —12

and added together give —1 and we find that:

zt— 22— 12 = (2% - 4) (2?2 + 3)

The first bracket can be further factorized using difference of
squares:

(2 — 4) (2% + 3) = (z — 2)(z + 2)(2® + 3)

Note that 22 + 3 cannot be factorized any further, if we allow
real coefficients only.
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Exercise 2.2.7

Factorize the following expressions:

(a) 2° +22% — 9z — 18

(d) 223 + 322 — 62 — 9

(g) 23— 522 +2 -5

(j) @3 + 722 + 10z

(m) z* + 223 — 422 — 8z

(p) z* — 522 + 4

(s) 4z* — 522 +1

(v) 2° — 623 + 8x

(b) 23 — 322 — 52+ 15

(e) 3z3 — 22 — 6z + 2

(h) 423 + 822 —z — 2

(k) 223 — 1122 + 12z

(n) z* — 323 — 2% + 3z

(q) z* + 222 — 24

(t) 92* — 1022 + 1

(w) 2° + 23 — 20z
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() x>+ 22 —2—1

(f) 323 + 222 — 122 — 8

(i) 2% — 622 + 2 — 3

(1) 323 + 1422 — 5z

(o) 22* + 3x® — 1822 — 27x

(r) z* — 1222 + 27

(u) 2z + 52% -3

(x) 2° — 192 + 90z



2.2. FURTHER MANIPULATION

ALGEBRAIC FRACTIONS

In order to add to fractions we need to make a common denominator:

11 3 2 5

5737676 6
Similarly if the fraction involves algebraic expressions:

1 1 3 n r 3+x
z 3 3z 3z 3z
Note that because x appears in the denominator of one of the fractions, we must add the assumption that

x # 0.

Worked example 2.2.8

Combine the following fractions
to form a single fraction. State
necessary assumptions.

The common denominator of all three fractions will be the
product of their denominators, which is 2z(z + 1):

4(x+1) 2z _ z(z+1)

20(x+1)  2z(x+1) 2z(x+1)

Yz+1)+2r—z(z+1) —2+5x+4

2z(z + 1)  2x(z+1)

We need to make sure that 0 does not appear in the denomi-

i Now we can add and subtract the fractions to get:
' nator, so x # 0 and x # —1.

Exercise 2.2.8
Combine the following fractions into a single fraction. State all necessary assumptions.

a 2 1 2 2 3

.z b) — — =2 _c 42
(@) 3+3 ®) 3173 (©) 77+ i1

1 1 2 1 1 1
(@) o - — (@) —=+— t) - -~

r x-—1 y+1 y+2 P q

2 3 1 3 2 1 . 3 1
@)+ -~ () —= -3 () 2 .

P q pq z—1 z+1 3 z+1 2z

4 1 2 q 1 2 1
— ——+2 k) —+=— 1 —
(J)x2 x+ ()q+3 E ()m2—4+x—2 z 42
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2.2. FURTHER MANIPULATION

An algebraic fraction can be simplified, if the numerator and denominator contain a common factor.

Worked example 2.2.9

State necessary assumptions.

222 —xz+3
z2 —4

Simplify the following fraction.

We can factorize both the denominator and the numerator:

202 —z+3 _ (2z+3)(z—2)
2—4  (z-2)(x+2)

Now we must assume that x # 2 and x # —2 in order to

then simplify the fraction by dividing the denominator and
numerator by x — 2, to get:

(22 +3)(z—27 22 +3
M(Z‘—‘rz) oz +2

3 make sure that the denominator is not equal to 0. We can

Exercise 2.2.9

Simplify the following algebraic fractions. State all necessary assumptions.

a5
(2) T2 — 2%
x? — 16
d — —
( )x2—5x+4
z? + 3z — 18
©) ¢
T 5 + 6
() 22 4+ 3z — 2
Voowrt 7z -4
z2 — 2%

3+ x2 —4x —4

22— 4z +4
3 — 4

2 —9 22 + 5z
b) — = Ll
()3:2+33: (c) 72 — 25
24+ z—12 22+ x
€ —5—o— 6 525
x 9 28 3x — 2
z2 + 52— 14 L 2+ —20
(h) ———7+ () 575
z*+8x+ 7 x? 4+ 8x + 15
32 +x—2 222 — 9z + 10
&) oo —— O
3z T —4 3z 11z + 10
3+5x2 —xz—5 3+

(n)

2 +4x -5

23 +322 -z -3
3 +22 -9 -9

(a)
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INVESTIGATION 2.2. FURTHER MANIPULATION

Sum and difference of cubes

1. Expand the following:

(a — b)(a® + ab + b?) and (a+ b)(a® — ab + b?)

You should get the formulae for difference and sum of cubes:

a® — b = (a —b)(a® + ab+ V?) and a® + b = (a +b)(a® — ab+ b?)

2. Using the above formulae factorize:

-1 and 22 4+1

3. Factorize the following expressions
83 — 27 64p® — 1 4¢® — 125

a+38 27y3 + 125 646> + 2a3

4. State the values of a and b for which the following is true:

(V2-1)(a®+ab+b%) = (V2P -1°=2-1=1

5. Rationalize the denominator of the expression —

S
.
L

1
V2 +

6. Rationalize the denominator of the expression

S

7. Rationalize the denominator of the following expressions:

6 8 V2
V3-1 22 3—V3[2]
b V5 V4
V3+1 U5 +2 V2+ 3

158



2.2. FURTHER MANIPULATION

SHORT TEST
1. [4 points]
Factorize the following expressions:
(a) 422 — 25 (b) 2%+ 62 — 7
(c) 222 + bz — 12 (d) 3 + 522 — 4z — 20
2. [3 points]
Write the following expressions as a single fraction (simplify your answer if possible):
p 3
a2 _2
OFSE
3
b)¢g+-—-———
(b) ¢ o,
3. [6 points]
Simplify the following algebraic fractions, state all necessary assumptions:
z2 -9
(2) 2?2 — 3x
z2 -3z —10
b)) =5
44+ 3z + 2
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2.2. FURTHER MANIPULATION

SHORT TEST
SOLUTIONS
1. [4 points]
Factorize the following expressions:
(a) 422 — 25 (b) 22 +6x — 7
=(2x —5)(2z+5) =(@x+7)(r-1)
(c) 22% 4+ 5z — 12 (d) 23 + 522 — 42 — 20
= (22— 3)(z +4) =(z+5)(z—2)(x+2)
2. [3 points]
Write the following expressions as a single fraction (simplify your answer if possible):
p 3 _p° -6
(22—
p 2p
3 CHP—q+2
b) g+ - — =
(b) q+1 q(g+1)
3. [6 points]
Simplify the following algebraic fractions, state all necessary assumptions:
2 -9 (x—3)(z+3) x+3
(@) 53— ="—"—"7— =
x? —3x z(x — 3)
Assumptions x # 0 and x # 3.
(b) 22 —3x—-10 (z—-5)(z+2) -5
224+3x+2 (z+1)(xz+2) z+1
Assumptions x # —1 and x # —2.
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2.3. SIMULTANEOUS LINEAR EQUATIONS

2.3 Simultaneous linear equations

LINEAR EQUATIONS

A linear equation is an equation where the highest power of the variable (unknown) is 1. The following are
linear equations:

1
32+2=5 2 —4y+7=0 5ac—x/§y+m:1

Note that the first equation is a linear equation in one variable, the second in two variables and the third in
three variables. A solution to a linear equation are the values that when substituted for the unkowns make
the equality true.

Worked example 2.3.1

Decide if the following values are
solutions to the linear equation:

(a) 1 is not a solution since:

4x1—-7#5
4 —T7=5

()l ()2 ()3 (d)4 (b) 2 is not a solution since:

4x2—-T7T#5
(c) 3 is a solution since:

4x3-7=5
(d) 4 is not a solution since:

Ax4—T#5

Solving a linear equation in one variable requires performing operations (adding, subtracting, multiplying
and dividing) on both sides of the equation to reach the point where the unknown is left by itself on one of
the sides of the equation.

Worked example 2.3.2a

Solve the equation: We add 7 to both sides of the equation to get:

dr —7=5 dr =12

r=3

. Now we divide both sides by 4 to get the solution:
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2.3. SIMULTANEOUS LINEAR EQUATIONS

Worked example 2.3.2b

Solve the equation:

20 —1=2vV3+2

We add 1 and subtract z+/3 to get:

2 — V3 =3

Now we can factor out x on the left hand side to get:

z(2—v3)=3
We divide by (2 — v/3):
3
9B = 2= 3

Finally (this step may not be required) we rationalize the
denominator:

L3 243
2-vV3 2+V3
which gives:
z=06+3V3

Exercise 2.3.2
Solve the following equations:

(a) bx —7=2x+3

(d) 6a—9=3a+2

(8) dV3+5=3d—1

() gv5+2=49-7

(m) yv5 —3 =6y + 5

(p) 6n — V3 =nV3+9

(5) (& +1)2 + (2 - 3)(e +3) = 2(x — 2)?

(W) 2(x—1)2%2+(4—2)4+x)=(z+5)?

(b)3y—4=y+11

(e) 8b+7 = 4b+ 12

(h) Te +9 =eV2 — 14

(k) 3h —8 = hV11 + 1

(n) 2z —11=2V3+3

(q) Ip+3=pV2++V3
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(c)4z+7=22—6

(f) 2c—3=5c+5

(i) 5f—6=fVT+3

D) 1z +4=xv2-9

(0) 4gV2+7=31-V2

(r) 2¢ — V3 = 2¢V/5 + 12

t) (-2 + (-3 =2@-1)(z+1)

(v) 2(z +2)% — (z — 5)(z + 5) = (z — V/3)?



2.3.
SIMULTANEOUS LINEAR EQUATIONS
Consider the following pair of linear equations:
3r+y=1
20 -3y =19

SIMULTANEOUS LINEAR EQUATIONS

The pair x = 0 and y = 1 satisfies the first equation, but it does not satisfy the second equation, so it is not
a solution to this system of equation. The pair x = 2 and y = —5 satisfies both equations and therefore it

is the solution to the system.

Worked example 2.3.3

Solve the system of equations:

3z +y=1
2z — 3y =19

Method 1 - substitution

We will use one of the equations to express one of the variables
in terms of the other. In this example we will use the first
equation to express y in terms of x:

We will substitute this expression for y in the other equation:

22 — 3(1 — 3z) = 19

Now we have a linear equation with one variable. We solve it
to get = 2. We still need to find y:

y=1-3x2=-5
So the solution to the system is the pair z = 2 and y = —5.
Method 2 - elimination
We can try to eliminate one of the variables by combining the

two equations. In our example we will first multiply the first
equation by 3 to get:

Now we can add the two equations together. Note that 3y
will cancel with —3y and we will be left with a single variable:

Which gives z = 2. We still need to find y. Going back to
one of the original equations:

So y = —5 and we found that the pair x = 2 and y = —5 is
the solution to the system.

y=1-3zx

9xr + 3y =3
20 — 3y =19

11z = 22

3x24y=1
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Exercise 2.3.3a

Solve the following systems of equations:

3z +4y =12
(a) _
2r—y=2>5

~ J6x —2y =10
§)) _
3z +y=38

(s) {m‘y:
T+ 3y =

( 22 — by =4

¥ V2r+y=+/3

( Vilz +2y =5
y) 3z —\V3y="7

rz—2y=1
(b) _
3r+y="7

r+ 5y =11
(e) _
2z + 4y =10

4z + 6y = 24
(h){ -
z—y=2

5z + 3y = 20
(k) _
2r—y=3

l‘+ly=§
(a) {1 802

gx—y:2

Vhr +y=4
® {3x—\@y—1

(w) \/§x+y:6
W x — 6y =2

(2) 2V2x +y=2
“ x+\/6y:4
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5z + 2y =10
(c) _
z+3y=6

3z —y =2
(f) _
5r + 2y = 17
N2 4+y="7
(i) _
3z 4+ 4y =18
z—3y=-—4
M _
dor + 2y = 14

5 2,
(r) {6$+3y—1

%1:+y:1

() z+VTy=5
V3z—y=6

x) Vs ++v2y=3
& Qxfy:\/g

(22) 4x—\/§y:9
77 VB ty=3



2.3. SIMULTANEOUS LINEAR EQUATIONS

Exercise 2.3.3b
Solve the following systems of equations, write your answer in terms of parameter k:

2z + 3y = 2k 3z—y==%k
(a) - (b) _
x—y=1 20 +5y=k+1

c+5y=1—k 2¢ —3y=k+1
(c) _ (d) _

3r—y =2k dx+y=k—-1

3r+by=1—k 3z —4y =1-—3k
(e) _ (f) _

x —2y =2k 2v+3y =k

Exercise 2.3.3c
Solve the following systems of equations:

x+1_g_2 2z—-1 y-1 1
3 4 5 2
(a) (b) )
2—x 33—y - Yy
°J_1 7 _
3 5 2 5 3
z Yy x—2 y—1 2—=z
—_ = = 2—7:
3 2 4 v 3 1
(c) (d) )
Yy — Y+ r T —9Yy
2 T iop—_1 YIr=_S =
e 2 2 4
2y—1 =x+1 z 2-y 3z+1
YTy T 372 T
(e) (f)
T+y 3y -+ T T+2y 2r+y
= 1 = = — 1
5 YT ° 9T 2
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Exercise 2.3.3d
Solve the following systems of equations:

(a) (x-1)°+2y=(z—3)(z+3)
P 42w-1=(y—1)>

(e) (y—i_?’)z_(y_2)2:3j
2z +1)°+11=22-3)(22+3)—y

2.3. SIMULTANEOUS LINEAR EQUATIONS

@ {(y+2)2—(y—1)2:3x+3

(z+1)°=@=-2)(z+2) +2

(22 -3 —y=4(z+1)
W {y<1—y>—16=2m—<1+y>2

" {(y—3>2—2x=<y—1><y+1>
@+)y+2)=(@-2)@F-1)
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2.3. SIMULTANEOUS LINEAR EQUATIONS

Consider the following system:

20 +3y =3

dr + 6y =5
Solving this system will lead to a contradiction 0 = 1. This means that this system is inconsistent, it does
not have any solutions. On the other hand the system:

2r+3y=3
dr + 6y =6

is consistent, because it has a solution. But this system has in fact infinitely many solutions. Solving the
system leads to 0 = 0. Note that the fact that a system has infinitely many solutions does not mean that
every pair of numbers is a solution. For the above system we can write the solutions in the form x = A and
y=1-— %)\ where A can be any real number. So for example z = 3 and y = —1 is a solution, but also z =4
and y = —% etc.

Worked example 2.3.4

For the following system of equa- We start solving the system. We will use elimination methods,

tions: so we will multiply the second equation by 2:
2z + by = 12 2z + by = 12
r+ay=> 2x + 2ay = 2b

Now we subtract the first equation from the second one in
order to eliminate x:

Find the values of a and b for
which this system is:

(a) consistent with 1 solution, 2ay — 5y = 2b — 12

. i o We factor out y:
(b) consistent with infinitely
many solutions, (2a —5)y =2b— 12
Now note that if 2a — 5 # 0, we can divide both sides by

2b— 12
2a — 5 and find that y = 5 5

@ —

into the second equation and solve for z we get that the

12a — 5b 2b—12

2a—5 YT 95"

Now if a = 2.5, the left hand side of the equation is 0. Then if
2b — 12 =0 (so if b = 6), the right hand side is also 0 and we
get 0 = 0, a consistent system with infinitely many solutions.
However if a = 2.5, but b # 6, then we get a contradic-
tion when we solve the system, meaning that it is inconsistent.

(¢) inconsistent.

. If we now substitute this

system has a unique solution z =

(a) a # 2.5.
(b) a=2.5 and b = 6.

(¢) a=2.5 and b # 6.
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2.3. SIMULTANEOUS LINEAR EQUATIONS

Exercise 2.3.4
For the following systems of equations find the values of a and b for which this system is:

(i) consistent with 1 solution,
(ii) consistent with infinitely many solutions,
(iii) inconsistent.

r+3y=> 20 — 3y =6 dr+y =3
a) B (b) B (c) B
ax —6y =5 6x +ay =0b r4+ay=>

(d) 3r+2y=1» (©) 2c—y=>b+1 () 4x — 5y = 2b
e
200 —y=8+b 2e+ (a+3)y=7-3b S5e+(a—1ly=1+b

When solving linear system with 3 equations and 3 unknowns both elimination and substitution methods
can be applied.

Worked example 2.3.5

Solve the system of equations: Method 1 - substitution

20 +y+2=2
20 —y — 22 =15
3z —3y+2z=—-4

We can use the first equation to express z in terms of x and
Ik
z2=2-2x—y

We will substitute this expression for z into the other two
equations:

20—y —2(2—2x—y) =15
3z —3y+2(2—-2x—y)=—4

6x +y =19
—r — 5y =—8

Now we have a system of two equations and two unknowns.
We solve this to get x = 3 and y = 1, which gives:

z2=2—-2%x3—-1=-5

So the solution to the system is a triple x = 3, y = 1 and

3 Which simplifies to:
. z=—5.
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2.3. SIMULTANEOUS LINEAR EQUATIONS

20+y+2=2

@
20 —y — 2z =15 @)
@

3r—3y+2z2=—4

Method 2 - elimination

We can use one of the equations to eliminate one of the vari-
ables from the other two equations. In this example we can
add the second equation to the third one and then the first
equation to the second equation twice. This gives:

@+2xQ
®@+®@

Solving the above gives x = 3 and y = 1. Now we come back
to one of the original equations:

6x +y =19
5z —4y =11

2x3+14+2=2
which gives z = —5. So we get z =3, y =1 and z = —5.

Exercise 2.3.5

Solve the following systems of equations:

rT+2y+3z2=4
(a) 4o —y+2=14
3z +by —2z=-1

3z +y—4z=-14
(d) < 2z + 3y + 5z = 22

T—y+z=-7

r+4y+2z=3
() < 3z — 2y +52=25
20 +y — 32 = -3

r+y+2z=12
() S2x—y—2=-11

3r+4y+2z=5

(S

3T+ 3y + gz =
(m) { 20— dy+2=
z+3y—gz=

WIN |0

20 —y +4z =19
(b) <3z +2y+2=4
5r — 3y +2z=3

T—2y+z=—6
dr +y—32 =15
20+ 3y + 2z =10

20 +y+ 32 =18
dr —y+2=13
S+ 2y —4z="7

2r+y+52=17

@ =19 dz = =2
(k) 4o +2y —2=15

T+y+z=-3
22 —y+3z2=28
dr + 5y — 2 =12

3r—y+z2=2

3z +2y+z2=—6
r—2y+5z=11
dr+y=9

(C){

5T +2y —3z2 =17
(f) € 22+ 4y + 2 = 20
<i>{

20 4+ 3y — 2z =12

() 3z —4y+2z=-10
T+2y+32=38

o= fy+=1 Ja+y-t2—4
) 4o+ dy -4 =} (0§ 3o+ dy+ 3= 4
o= fy+ o= o+ by- =}
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INVESTIGATION 2.3. SIMULTANEOUS LINEAR EQUATIONS

Crammer’s rule

A matrix is a rectangular array of numbers. The following are examples of matrices:

5 =2 1
3 0 4

A n by m matrix (or n X m matrix) is a matrix with n rows and m columns. The list above consists
of a 2 by 3, 4 by 2 and 2 by 2 matrices.

1

1

2 -5 3 4

3 0 (5 —7)
6

A determinant of a 2 by 2 matrix (Z b) is defined as:

d

a b

a b
et (c d) Tle d
1. Calculate the determinant of the following matrices:

() 6D 6

’:ad—bc

2. Show that a system:

ax+by=c
de+ey=f
c b a c¢
d
has a unique solution x = f e , Y= / provided a b #0
a b a b d e
d e d e
3. Solve the following systems using the above method:
2z 43y =4 Sr+2y=1 3z 4 5y = -2
3z +4y =5 dr —Ty =11 22 + 6y = —3

4. Explain what can we say about the system:

ar+by=-c
der+ey=f

. a
in the case

d

b‘zo
e
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GDC INSTRUCTIONS 2.3. SIMULTANEOUS LINEAR EQUATIONS

Simultaneous linear equations can be solved on GDC using the PlySmlt2 APP.

EXAMPLE 1

Solve: INPUT ouTPUT

@ @ @ (2) @ PLYSMLT2 APP n

3z +2y =17 e — SOLUT 10N

O DO DD x1811/5
x2=1/5

{2x + 3y = 5 ANGLEB L4 T ewvmvsowe L2 Z TABLEFS 12 2 NORMAL FLOAT FRAC REAL DEGREE CL

ENTRYSOWE U O enmvsowe TABLE F§

@@ D

Note that the interface of the APP is different (and more intuitive) in the newer versions of the GDC. You
do not input the coefficients into a matrix, but into a system of equations.

EXAMPLE 2
Solve: INPUT ouTPUT
{5;5 —+ Yy = -2 ANGLE B @ @ QGDZ TABLE F5 @DU $ pEEgntTZngI FRAC REAL DEGREE CL n
dr +3y = 11 o —— SR ([ SOLUT 10N
DD OD DD x18-17/11
ENTRY SOLVE L1 ENTRYSOLVE TABLE F5 x2=63/11
@ evren) @ @ @ D
IMAIN I MODE [ SYSMISTOREIF <©»D |
EXAMPLE 3
Solve: INPUT ouTPUT
6:1; _|_ 2y — 1 ANGLE B @ @ @jz TABLE F5 a % ?E$fs1rﬂ1tT;ngT FRAC REAL DEGREE CL n
9z + 3y =2 P . . _ O coemsny
C:i ? ? E @ ) NO SOLUTION FOUND
@D
[MAINIMODE [ SYSM I RREF |

Note that in the last example we have a system which is inconsistent, so the calculator won’t find any
solutions.
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2.3. SIMULTANEOUS LINEAR EQUATIONS

SHORT TEST
1. [3 points]
Solve the following equations:
(a) Tx+13 =42 -5 (b) 3zv/2 —1=22+4++2
2. [5 points]
Solve the following systems of equations:
2z=9
3r+2y="7 Tyt
a (b) $2z+3y—2=0
2z + 5y = —10
3xr—y+z=-1
3. [4 points]
For the following system of equations find the values of @ and b for which this system is:
(i) consistent with 1 solution,
(ii) consistent with infinitely many solutions,
(iil) inconsistent.
2v —y=2>
6x + ay = 15
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2.3. SIMULTANEOUS LINEAR EQUATIONS

1.

Solve the following equations:

(a) Te +13 =42 -5

3x = —18

2.

Solve the following systems of equations:

n 3z 4+2y="7
22 + 5y = —10

152 + 10y = 35

4x 4+ 10y = —20
11z =55
z=5y=-4

3.

For the following system of equations find the values of a and b for which this system is:

(i) consistent with 1 solution,

(ii) consistent with infinitely many solutions,

(iii) inconsistent.

(1) a 7& _31
(ii) a = =3 and b = 5,

(i) a = —3 and b # 5.

SHORT TEST
SOLUTIONS
[3 points]
(b) 32vV2 —1=22+2
3xv2 -2z =v2+1
z(3v2—-2)=v2+1
oo V241 _5V2+8
3v2 -2 14
[5 points]
r+y+22=9

(b) {22 +3y—2=0
3z—y+z=-1

S5+ Ty=9 D+2x®
51+ 2y = —1 @+2x®

5y =10
r=—-1y=2,z2=4

[4 points]

2r—y=2>b
6x +ay = 15
{6;1;3y—3b

6x 4+ ay =15

(a+3)y=15—3b
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2.4. QUADRATIC EQUATIONS
2.4 Quadratic equations

A quadratic equations is an equation that can be arranged in the form:

ax? +bx+c=0

where x is the unknown variable and a, b and ¢ are known numbers (called coefficients) with a # 0. Note that
when a = 0, then the term ax? disappears and we're left with a linear equation bx + ¢ = 0. The following
are examples of quadratic equations:

1
202 +2-3=0 —§x2—1:0 1122 +vV22 =0

L'p=0

Note that in the first example we have a = 2,b = 1 and ¢ = —3. In the second example we have a = —3,

and ¢ = —1 and finally in the third example we have ¢ = 11,b = /2 and ¢ = 0.
In this section we will learn three methods for solving quadratic equation.
FACTORIZATION

The factorization method is based on a useful property that if a x b = 0, then at least one of a and b must
be 0. This property can be applied to an equation in the following (factorized) form:

(@—T)(z+2) =0

We have a product of (z — 7) and (z + 2) and this product is equal to 0, so we must have z —7 = 0 or
x4+ 2 = 0. This means that x = 7 or x = —2 and these are our solutions to the above equation.

Some special cases of quadratic equations are especially easy to solve. Let’s first consider the case where ¢ = 0.

Worked example 2.4.1

Solve: We can factor out = and get:

322 —8x =0 z(3z—8) =0

Now a product of two terms is 0, so at least one of these must

be 0. We must have £ = 0 or 3z — 8 = 0. So the solutions are

szorx:%.
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2.4. QUADRATIC EQUATIONS

Exercise 2.4.1
Solve the following equations by factoring x out:

(a) 222 — 52 =0 (b) 422 -z =0 (c) 622 + 52 =0
(d) 322 = 4w (e) 2% = —Tx (f) 322+ 32 =0
(8) 222 -3z =0 (h) 222 — 3z =0 () V222 +22 =0
() 32° = 2z (k) 222 = V22 (1) V522 = 3z

Another easy case occurs when b = 0. Our expression can then be factorized using difference of squares
formula. Recall that we have a? — b% = (a — b)(a + b).

Worked example 2.4.2

Solve: We rewrite the left hand side as a difference of squares:

42°-9=0
(22)> -3 =0

(2 —3)(2z+3)=0
Now 2z —3=0o0r2x+3=0

. and apply the difference of squares formula:

Exercise 2.4.2
Solve the following equations using difference of squares:

(a) 22 —16=0 (b) 922 —25=0 (c) 422 —49=0
(d) 2% —5=0 (e) 322 —1=0 (f) 3622 — 7 =0
(g) 4922 =100 (h) 222 =1 (i) La? = %
() 4 = & () 922 = 2 W 27 = 9
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2.4. QUADRATIC EQUATIONS

When neither b nor ¢ is 0, we still want to factorize the quadratic. This can be done using the methods from

section 2.

Worked example 2.4.3

Solve:

which gives:
22 —3x—18=0 8

We factorize the expression 22 — 3z — 18 into (z — 6)(x + 3),

(z—6)(xz+3)=0

So either z — 6 = 0, which gives z = 6, or  + 3 = 0, which
gives x = —3. The solutions are x = 6 or z = —3.

Exercise 2.4.3
Solve the following equations using factorization:

(a) 22 =5z +6=0 (b) 22 +42+3=0

(d) 22 +62+9=0 (e) 22 —3x—10=0

(g) 32 +z—-2=0 (h) 222 — 5z +3 =0

() 22* +32-2=0 (k) 522 — 11z +6 =0
(m) 722 + 10z +3 =0 (n) 322 +7x+2=0

(p) 42% 4+ 6 = 10z (q) 922 + 6 = 15z

(s) 222 +6r=x+3 (t) 322 +1=8z—3

(v) 2 + 5z = 32+ 3 (w)z?—8z+9=3z—1
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(c) 22 =72 +10=0

(f) 22 + 22 —15=0

(i) 422 — 4z —3 =0

(1) 622 — 52 —4 =0

(0) 822 — 14z +3=0

(r) bz2 + 9z +5=1

(w) 222 +2z=2+1

(x) 22 + 2.62 = 1.2



2.4. QUADRATIC EQUATIONS

COMPLETING THE SQUARE

Another approach is to complete the square by using the formulae for square of a sum or difference.
Consider the equation:

2 —4x+3=0
By adding 1 to both sides we get:
w? —dr+4=1
which gives:
(z—2)P2=1

Now (x — 2) squared results in 1, so z — 2 must be either 1 or —1. If 2 —2 =1, then x =3. If 2 — 2 = —1,
then z = 1. The solutions to the original equation are x = 3 or x = 1.

There are 2 natural questions one can ask at this point: (1) how do we know what to add to complete the
square and (2) what if the coefficient of 22 is not 17 Let’s start with the second question - as we are dealing
with an equation it is always possible to divide both sides by the coefficient of 22 reducing it to 1. As for the
second question - the number the is added to/subtracted from in the bracket is always half of the coefficient
of z (provided the coefficient of 22 is 1) which means that we want the constant term to be half of the
coefficient of x all squared.

Worked example 2.4.4a

We start by dividing both sides of the equation by 2 in order
to make the coefficient of 2 equal to 1:

Solve the following equation by
completing the square:

1
1:2—|—3x—|—§=O

Now we know that the bracket will be (z + 2)2, which means
that the constant term needs to be (%)2 = %. We have % = %,
so we need to add % to both sides:

202+ 6x+1=0

9 7
2

3z+-=—
1:—|—x—|—44

This gives:

and finally we get:
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2.4. QUADRATIC EQUATIONS

Worked example 2.4.4b

Solve the following equation by
completing the square:

z2+8x+21=0

The coefficient of 22 is already 1. The bracket will be (z+4)2,
so the constant term needs to be 42 = 16, which means that
we need to subtract 5 from both sides:

22+ 8z + 16 = =5

We can stop at this point and state that there are no real
solutions to the above equation as no real number squared

| (@ +4)2=-5
3 produces a negative number.

Exercise 2.4.4

Solve the following equations by completing the square:

(a) 22 —4z+3=0
(d) 22 + 5z — 6 =0
(g) 222 +42—-3=0
(G)3z2—2z—-2=0
(m) 22 —22+3=0
(p) 2% + 4z —2=0
()22 —6z—-2=0
(v) 222 —z+7=0

(y) 22 +3z+1=0

(b) 22 +6x+8=0 (c) 22 — 8z +15=0
(e) 22 —3z+2=0 (f) 22 +72+10=0
(h) 222 +8z+6=0 (i) 222 + 122+ 16 =0
(k) 422 +22 - 7=0 (1) 522 —92+8=0
(n) 622 +2—-5=0 (0) 2 +z2+1=0
(@) 22 —4z+7=0 (1) 222 +z+V/3=0
(t) 322 +2x —5=0 (w) 22 +52—-1=0
(w) 222 +22—9=0 (x) 422 =Tz +3=0
(z) 522 — 22 +1=0 (zz) 222 + 32— 4 =0
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2.4. QUADRATIC EQUATIONS

QUADRATIC FORMULA
If we try to solve a general quadratic equation:

az? +br+c=0
by completing the square, we will start by dividing both sides of the equation by the coefficient of 22 to get:

b
Pt trt =0
a a

Now we know that the bracket will be (z + %)2, which means that the constant term should be %. We

should therefore add % to both sides and subtract ¢ from both sides to get:

, b oo e
o+ -+
a

4a® " 4a®  a

We can complete the square on the left hand side and subtract the fractions on the right hand side:

n b\?> b —dac

r+—) =——

2a 4a?

We reach an important point. If the right hand side is less than 0, then the equation will have no real
solution. The sign of the right hand side depends on the numerator only (as 4a? is always positive). So the
existence of real solutions of a quadratic equation depends on the expression b?> — 4ac. This expression is

called the discriminant of a quadratic and is denoted using the Greek letter A.

A =b% — dac

b 2
_— :O
<x+2a>

and we get only one solution, which is z = —%. If A > 0, then we get that:

If A =0, then the equation becomes:

b b2 — 4ac
ST i
T 2a 4a?

b Vb2 — 4ac
r+—=+———
2a 2a

77£i\/b274ac
v 2a 2a

And finally we get, what is known as the quadratic formula:
. —b+b?% — dac

2a

or:

—b+ VA
o= 2EVA

2a
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2.4. QUADRATIC EQUATIONS

Worked example 2.4.5

Solve the following equation

using the quadratic formula: discriminant first:

We have a = 2, b = 3 and ¢ = —5. We will calculate the

202+ 3z —-5=0

A is positive, so there will be two real solutions. These are:

m_—3i\/4f9_—3j:7

Which gives x =1 or z = —

A =32 —4(2)(=5) =49

4 4

[Sl[}

Exercise 2.4.5

Solve the following equations using the quadratic formula:

(a) 22 —22 —-8=0

(d) 22 +52+6=0

(g) 222 +8x+5=0
() 322 —dz — 5 =0

(m) 22 4+22+5=0

(p) 522 +3z—7=0
(s) 2 — 5z — 6 =

(v) 222 — 6z +10 = 0

(y) 22 +6x+2=0

(b) 22 +4z—-5=0
(e) 22 —3x—10=0
(h) 222 +42-6=0
(k) 422 + 22— 8 =0
(n) 622 +52—-9=0
(@ 22 -4z +9=0
(t) 322 + 3z —4=0
(w)2?+3z—3=0

(z) 5a®> — 32 +3=0
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(c) 22 =62 +8=0
(f) 22+ 92+ 18 =0
(i) 222 +122+18=0
(1) 522 — 62 +1 =0
(0) 22 +4x+4=0
(r) 222 +2+5=0
(W) 22 +7z—-1=0
(x) 422 —52+2=0

(aa) 22° + 3z —5=0



Exercise 2.4.6

2.4.

Solve the following equations using any method:

(a) 22 — 4z =0
(d)z2-9=0
(g) 22 +9 =62

(j) 22+ 32 =10

(m) 222 + 52 = 8

(p) 2> +4x+6=1

(s) 22 -4z +10=0

(v) 322 +9 =2z + 4

(y) 222 -3z +7=-1

(ab) Bz —1)2 = (z+2)2=0

(ae) (5x — 2)? = (3z — 4)?

(ah) (x —3)2= (22— 1)? — 4x

(b) 222 + 3z =0

(e) 1622 — 25 =0

(h) 2% + 9z +20 = 2

(k) 22 =z + 12

(n) 322 =5z +2

(@ 22 +2z+6=2—1

(t) 522 + 62 =8

(w) 22 +12 =5z +2

(z) 22 + 3z +11 =12

(ac) (x+1)2—(2z-3)2=0

(af) (x —2)2=(2x —3)?2 -5

(ai) 2z +3)2=(z—2)(z+2) +4
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(c) 322 =8z

(f) 10022 = 49

(i) 2% = 10z — 21

()22 +6z=24+=z

(o) 4z +4x =2 +7

(r) 222 -3z -5=0

(u) 222 +Tx =6

(x) 422 =8 — =z

(aa) 32 + 4z + 10 =13

(ad) (2x +5)? = (z — 1)2

(ag) (x+1)2 =Bz —1)2+2

(aj)* (z+1)* = (2% — 5)2



2.4. QUADRATIC EQUATIONS

Worked example 2.4.7

Solve the following equation and
state the necessary assumptions:

$+1_2x—1
xr—2 x+2

We start by noting that z # 2 and x # —2 in order for the
denominator not be 0. We can then multiply both sides by
x — 2 and z + 2 to get:

22 +3x+2=222—-5x+2
Which gives:

0=2x%—8z

So z(x — 8) = 0, which gives x =0 or z = 8.

Exercise 2.4.7

Solve the following equations using any method (state necessary assumptions):

(a) m+3:2x71

z—1 xz+4
(d) 2;;13231212
(&) i:izij’:f

=2 © 531= o1
e UEE i

(h)ii§:23;tl1 (i)w—x%:?jll
O U S
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INVESTIGATION 2.4. QUADRATIC EQUATIONS

Imaginary number

1. Consider the equation:

z24+1=0

Explain why this equation has no real solutions.

Assume that there is a number 4, such that 2 = —1. Note that i is not a real number, that is i ¢ R.

2. Write down the value of (—i)? and hence state the solutions to the equation:

3. Calculate the value of i3, 44, 4100
3. Calculate the value of (2i)%, (—3i)2, (iV3)?, (%6)2.

4. Write down the solutions to the following equations:

5. Expand and simplify the following expressions:

(141)2, (2 —1)2, (3 +1)2, (1 + 2i)?

6. By completing the square, or otherwise, solve the following equations (your answers will

involve 1):

(a) 22 —22+2=0 (b) 22 =4z +5=0
(c) 22 —6x+10=0 (d)z2-2x+5=0
(e) 22 +6x+12=0 (f) 22 =102 +27=0
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GDC INSTRUCTIONS 2.4. QUADRATIC EQUATIONS

Quadratic equations can be solved on GDC using the PlySmlt2 APP.

EXAMPLE 1
Solve: INPUT ouTPUT
2?2 —52+6 =0 E LT oo ﬁ G; @ $ yfcgatrnggT FRAC REAL DEGREE CL n
U evmvsowe L6 V enmvsowe TABLE F5 az2x2+ai1x+ae=0
WO DO D x1B83
xX2=2
EXAMPLE 2
Solve: INPUT ouTPUT
22%4+32—7=0 Aiis L4 T 6 omviox TE FS 12 2 vmsows NORHAL FLOAT FRAC REAL DEGREE CL n
13 0 emsaw ANS 7 u O TABEFS az2x2+ai1x+ao=0
€A === ACYACDL = x18-2.765564437
x2=1.265564437
[MAIN | MODE ICOEFFISTOREIF «»D |

If the solutions are irrational, the calculator will give you rounded answers as in the example above

EXAMPLE 3
Solve: INPUT ouTPUT
2 — ANGLE B L4 T eNmvsowe EnRYsowve TABLE F5 L3 ©  ENTRYSOLVE
3x°—2x+7=0 ?EsgatT;ng; FRAC REAL DEGREE CL n
ANS 7 L2 Z ENTRYSOLVE U O TABLE F5
NO REAL ROOTS FOUND
[MAIN I MODE ICOEFFI

Note that in the last example we have A = —80 < 0, so there are no real solutions to this equation
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2.4. QUADRATIC EQUATIONS

SHORT TEST

1. [2 points]
Solve the following equations:

(a) 522 = 4x (b) 922 —4 =0
2. [2 points]
Solve the following equations using factorization:

(a) 2% — 3z = 28 (b) 222 —2—-6=0
3. [2 points]
Solve the following equations by completing the square:

(a) 22 — 4z = 45 (b) 22 — 10z +14=0
4. [2 points]

Solve the following equations using quadratic formula:

(a) 222 + 3z =1 (b) 22 +3x+7=0

185



2.4. QUADRATIC EQUATIONS

1.
Solve the following equations:

(a) 522 = 4x
522 —4x =0
z(br —4) =0

:L'ZOOI':L‘:%

2.

Solve the following equations using factorization:

(a) 2% — 3z = 28
22 —3x—28=0
(x+4)(xz—-7)=0

r=—4dorx=7

3.

Solve the following equations by completing the square:

(a) 22 — 4z =45

22 —dr+4=49

(x—2)2=49
98 — 2} = ==/
r=-5orzx =9
4.

Solve the following equations using quadratic formula:

(a) 22% + 3z =1

SHORT TEST
SOLUTIONS
[2 points]
(b) 922 —4 =0
(3z—2)(3z+2) =0
r=2orz=-2
[2 points]
(b) 222 —z—6=0
2z +3)(z —2) =
g7 = f% orr =2
[2 points]
(b) 22— 10z +14 =0
x? — 10z + 25 = 11
(x—5)2=11
x—5=+11
x=5—+v1lorz =5+ 11
[2 points]

(b) 22 +324+7=0

no real solutions
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2.5. INEQUALITIES

2.5 Inequalities

Consider the following inequality:

3r—82>4

7 satisfies this inequality, because 3 x 7 — 8 = 13 and 13 > 4. Similarly 4 satisfies this inequality, because
3x4—-8=4and 4 >4. However 1 does not satisfy this inequality because 3 x 1 — 8 = —5 and —5 < 4 (so
it is not true that —5 > 4). To find all values of & which satisfy this inequality we rearrange it by adding 8
to both sides:

3x > 12
and dividing both sides by 3:

Now we know that the inequality is satisfied by every real number which is greater or equal to 4. This can
be represented on the number line as follows:

® >
%
4

We can also write the solutions to the above inequality using interval notation as x € [4, oo[.

Now consider the following inequality:

15-7Tx>1
We subtract 15 from both sides to get:
—T7z > —14
Now we divide both sides by —7 and get:
T <2

Note that the inequality is reversed. Multiplying or dividing both sides of an inequality reverses
the inequality.

The solutions to the inequality can be represented on the number line as:

< O
%
2

Using the interval notation we write this as x €] — 00, 2].
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We use the following notation:

2.5. INEQUALITIES

Inequality Number line Interval
O
r<a % ] —o0,a
a
®
z<a i | —o0,a
a
O
x>a % la, 00|
a
@
r>a % [a, 00]
a
O O
a<z<b % % la, b]
@ b
[ @
a<x<b % % [a, b]
a b
[ O
a<zr<b % % [a, b]
a b
O L
a<z<b % % Ja,b]
a b
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LINEAR INEQUALITIES

Consider the following inequal-
ity:
11 -3z <4

(a) Decide if the following num-
bers satisfy the inequality:
(i) 1 (ii) v/5 (iii)
(b) Solve the inequality, write
your answer using interval nota-

tion and represent the solution
on the number line.

2.5. INEQUALITIES

Worked example 2.5.1

11-3x1=8>4
So 1 does not satisfy the inequality.

(ii) We need to decide whether 11 — 3+/5 is greater than 4
or not. Note that /5 is between 2 and 3, but this is not
enough to answer the question as 11 —3 X 2 =5 > 4, but
11-3x3 =2 < 4. However 3v/5 = v/45 and v45 < /49 = 7,
so we are subtracting a number smaller than 7, which means
that 11 — 3v/5 > 4 i.e. v/5 does not satisfy the inequality.

(iii) 7 > 3,80 11 —3r <11 -3x3=2<4,s011-37 <4
i.e. 7 satisfies the inequality.

(b) We subtract 11 from both sides:

—3r < =7

and divide both sides by —3 (remembering to reverse the in-
equality):

x>z
3

So x 6]%, oo[ and this can be represented on the number line
as:

o, >
% i % % %
0 27 4 6 8
3
Exercise 2.5.1 Decide if the following numbers satisfy the given inequality:
(a) 3, V10, m, 4z —5< 9 (b) 0, ¥/2, 1.2, 3r+2<6
(c) 1, V2, V2, 5— 6z < —2 (d) 1.6, /3, 271, 7—3x>2
(e) V2, V3, 2, V2 —3<1 (f) 2, 22, 272, 8¢+ 26 < o7
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2.5. INEQUALITIES

Exercise 2.5.2a Solve the following inequalities, write your answer using interval notation and
represent it on a number line:

(a)3z—5<1

(d)4—5x>12

(g) 20 +3<3z—4

(p) Tx —3<T7x+5

(s) 2v2+1>3

(v) 2vV2+3 >z +4

(y) 3xr+1>xvV3-1

(b) 4 — 3z <2

(e) 5 <3—10x

(q) 4z —5> 22z —2)

(t) zv/3 - 3v3 <5

(w) 2v/3-5<3—=x

(z) 2vV2 -1 < 2v/3 42

(c) 7T—2x>2

(f) 7>4+3z

(i) 11 — bz < 3+ 4z

r)3z-1)+2<3z—1

(u) 2zv5 — V3 < V2

(x) 222 — /5 > 4x

(z2) %x—3§x\/§+5

Exercise 2.5.2b Solve the following inequalities, write your answer using interval notation and
represent it on a number line:

(a) (x+2)? =3z > (z—1)(x+1) ) (z—1)2+4x > (z—-2)(z+2)+5

(a) 222 — (z +1)? > z(z — 3) + 2 () (z+1)2+(z—-2)2>2(z—3)(z+2)
(a) 2z +1)2 = 3z(z+1) > (z — 2)? (b) 2z(z — 1) — (z +4)2 > (z — 3)(z + 3)
(a) (x+2)% -3z > (z—1)(z+1) (®) (x+2)2 =3z > (z — 1)(z + 1)
(a) (z+v2)2+ 2> (z —V3)(z +V3) (b) (z — v3)2 + 2z > (z — V2)(z + V2)

(a) (z+ %)2 - %x > i(Qm —3)(2z + 3) (b) 2(z — %)2 +2z(x+1) > (22 — %)2
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2.5. INEQUALITIES

QUADRATIC INEQUALITIES
Consider the following inequality:

22 —6x+5>0

One side of this inequality is a quadratic expression, while the other side is 0. We can solve this inequality
by factoring the quadratic expression:

(z—1)(x—5)>0

We can analyze the sign of the factored expression. When z = 1 or = 5, the expression is 0. When x > 5,
then both x — 1 and x — 5 are positive, so their product is positive. When = < 1, both z — 1 and z — 5 are
negative, so their product is again positive. Finally if 1 < z < 5, then x — 1 is positive, but = — 5 is negative,
so their product is negative. This can be represented on a sign diagram:

Note that 4+, — and 0 above the number line represent the sign of the expression for the given interval.

Because we want (x — 1)(x — 5) to be greater than 0, then the solutions are x < 1 or > 5. This can be
represented on the number line as:

| | |
I I I

-1 0 1 2 3 4 ) 6 7

Using interval notation we can write x €] — 00, 1{ U 5, col.
Now consider the following inequality:

224+204+7>0

We cannot factorize the expression on the left hand side (at least not using real numbers). In fact we get
that A = 4 — 28 = —24 < 0, which means that the quadratic expression is never 0. We can rewrite it by
completing the square to get:

(z+1)2+6>0

Now we can clearly see that the left hand side is always positive as (z + 1)? is nonnegative and we add 6 to
it. This means that the inequality is satisfied for all real numbers z (z € R). In fact the sign diagram for
2% 4 22 + 7 is simply:

+

Indicating that the expression is positive for all real numbers.
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2.5. INEQUALITIES

Worked example 2.5.3

Solve the following inequality: We start by moving all terms to one side:

2 +4r <1 22 +4r—-1<0

Now we would like to factorize the quadratic expression on

the left hand side. We can proceed in two ways.

Method 1
We complete the square and rewrite the LHS as follows:
(z+2)2-5<0

Now we use difference of squares to factorize the LHS:

(x+2—-V5)(z+2+V5) <0
Method 2 We use the quadratic formula to find the zeroes
of £? + 42 — 1 and use the fact that we have:
az® + bx +c=a(z — z1)(z — 22)

where z; and x5 are the zeroes of az? + bx + c.

—44+16+4
= 245
5 V5

£1,2

)

and since the coefficient of 2 is just 1, we must have:

2 +4z 1= (2 — (-2 +V5))(z — (-2 — V5))

?+4r—1=(x+2—V5)(z+2+V5)

Once we factorized the quadratic expression using either of
the two methods we analyze the sign of the expression and
draw the sign diagram:

|
T

1 2

[
: ™

—6 -5 -4 -3 —2 -1 0
—2

—24 /B W

We want our expression to be smaller or equal to zero so the
solution is —2 — /5 < & < —2+ /5. On the number line this
can be represented as:

| |

I I

-6 -5 -4 -3 -2 -1 0 1 2
-2-+/5 -2++5

Using interval notation we have z € [-2 — v/5, —2 4+ /5].
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2.5. INEQUALITIES

Exercise 2.5.3 Solve the following inequalities. Write your answer using interval notation and

represent it on the number line:

(a) 22 + 5z <0

(d) 5z% >«

(g) 22 -4 <0

(j) 422 > 9

(m) 322 > 2

(p) 2> —x—-2<0

(s) 22 < Tz — 12

(v) b < 3 — 222

(y) 322 +bz >4+

(ab) 22 + 62 +7 <0

(ae) 222 <3z +1

(ah) 2% + 5z +8 >0

(ak) 22 +5 <z

(an) 6z — 8 > z2

(aq) 22 —2v2 <2 — /2

(at) 222 + 4z > V5 — /20

(b) 222 — Tz >0

(e) 622 < Tz

(h) 922 — 16 > 0

(k) 10022 > 1

(n) 522 > 8

(q) 22 — 3z > 10

(t) = +20 < 22

(w) 222 —2>6

(z) 322 <z +4

(ac) 22 — 4z > 1

(af) 5z > 22 — 2

(ai) 22 +4 < 4z

(al) 22 < 8x — 16

(a0) 7Tz +5 < 222

(ar) 22 + 2v/3 > 2z + /12

(au) 322 4+ zV/18 > z 4+ /2
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(c) 322 —x >0

(f) 222 > 3x
(i)z?2-3<0

1) 2% <11

(0) 22% <

(r) 2% + 16 > 10z

(w) 22 +z>3z+15
(x) 222 <z + 10

(aa) 322 +x > 5z + 15
(ad) 10z < 22 + 19
(ag) 1 — 2% < 3w

(aj) 0 <z*+6x+9
(am) 222 > x — 2

(ap) 22 <2z —1

(as) 22 < V3 —2vV2 + 6

(av) 422 + V48 < 3z + V2T



2.5. INEQUALITIES

WORKING WITH INTERVALS

An interval is a set, so we can perform set operations like union, intersection, difference and complement on
intervals. In this section we will revisit set operations of U N — and .

Consider the intervals A =] — 3,3] and B = [0,4]. We can represent each of these intervals on a number line
(A in blue, B in red):

o
w- @

Now we can see that some numbers (for example 1.5, v/5 and 3) are in both A and B, in fact every number
between 0 and 3 (inclusive) is in both A and B, so we can write that:

ANB=]0,3]

Every number between —3 (exclusive) and 4 (inclusive) is in A or B, so:

AUB =] - 3,4]

Every number between —3 (exclusive) and 0 (exclusive) is in A, but not in B, so:

A—B=]-30]

Every number between 3 (exclusive) and 4 (inclusive) is in B, but not in A, so:

B—A=]3,4]

It is important to realize that although B — A contains only one integer (4), it has infinitely many elements
that are not integers (for example 3.5, /10 and ).

Numbers not in A are those that are smaller or equal to —3 and those that are greater than 3, so:

A€ =] — 00, -3] U]3,00]

Similarly numbers not in B are those that are smaller than 0 and those that are greater than 4:

B¢ =] — 00,0[ U 4, 00|

Note that the universal set U has not been specified, so we assume the universal set to be all real numbers,
that is U = R.
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2.5. INEQUALITIES

Worked example 2.5.4

Given the following intervals: The three intervals can be represented on a number line (A -

blue; B - red; C' - green):

A=1[-2,3]
B =] — 00, 1]
< ®
C =]0, 00| @ ®
T e S
Write down the following: -4 -3 -2 -1 0 1 2 3 4 5

(a) ANB (a) AN B is the part that is both blue and red, so we have
(b)y BNnC ANB=[-2,1]
(c) A— B (b) BN C is the part that is both red and yellow, so we have
d)A-C BNC=0,1]
(e) AUB (¢c) A — B is the part that is blue but not red, so we have
(f) BUC A=-B=JL3
(&) A° Note that 1 is not in A — B as it is in B.
(h) B (d) A — C is the part that is blue but not yellow, so we have

A—C=[-2,0]

Note that 0 isin A — C as it is in A and is not in C.

(G)AnBNnC

(e) AU B is the part that is blue or red, so we have
AUB =] — 00,3

(f) BUC is the part that is red or yellow, so we have

BUC=R
as every number on the number line is in B or C.
(g) A° is the part that is not blue, so we have

A€ =] — 00, —2[ U |3, 00]

(h) B¢ is the part that is not red, so we have

B¢ =]1, 0]
(i) C*€ is the part that is not yellow, so we have

C° =] — 00,0]

(j) AN BNC is the part that is both blue, red and yellow, so

ANBNC=)0,1]

(i) C |
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2.5. INEQUALITIES

Exercise 2.5.4a
Find ANB, AUB, A— B, B— A, A° and B¢ for the following intervals:

(a) A=]—0,3] B=[-1,4] (b) A=]— 1,5 B=[0,00]
() A=[-2,1] B=[0,3[ (d) A=[-3,1] B=]-2,5]
(¢) A=]—00,1] B =]0, 0] (f) A=]=2,00[ B=[-00,3]
(@) A=]—3,2] B=]-22 (h) A=]—4,4 B=[0,1]

Exercise 2.5.4b

Given that:

A =] — 00,2 B=]-3,00] C=][-1,4] D =]-2,2|
Find:
(a) AnB (b)y AnC (¢ BNnC (d)CcnD
(a) AUB (b) AuC (¢ BUC (d)CcnD
(a) A— B (b) B— A (c)A-C (dyCc—A
(a) C—D (b) D—-C (c) B=D (d) D-B
(a) A€ (b) B¢ (c) C°© (d) D¢
(a) AnBNC (b) (ANC)—-B (¢c) (ANnB)—-D (d)C—-(ANCQC)
(a) ANN (b) CNZ (¢c) DNN (d) AnBNZ
(a) A°NCNN (b) (C—-D)NZ (¢) B°NN (dCcnNnDNZ
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2.5. INEQUALITIES

SYSTEMS OF INEQUALITIES

Consider the following system of inequalities:

2r—5<1
1-3z<7
The first inequality is satisfied by < 3 (blue) and the second inequality is satisfied z > —2 (red):

o, >
< ®

| | | |
I I I I I I I

|
1
-3 -2 -1 0 1 2 3 4

so both inequalities are simultaneously satisfied by —2 < 2 < 3 (both blue and red) or = € | — 2, 3].

Worked example 2.5.5

Solve the following system of in-
equalities:

We solve both inequalities:

—2x < 4 x> —2
1—-2x<5

22—-2-2>0 (z+1)(xz—2)>0

2>x+2
We draw the sign diagram for the second inequality:

Now we can indicate solutions to both inequalities on the
number line:

Blue arrow represents the first inequality, red arrows represent
the second. Now the solution to the system is:

o—e *—>»

| | | |
I I I I I I I

-3 -2 -1 0 1 2 3 4
Whichis —2<xz<1lorz>2.

Using interval notation z €] — 2, —1] U [2, o0].
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Exercise 2.5.5 Solve the following systems of inequalities:

3r—1<5
(a)
2 —5xr <12

4 —7> —1
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—_—— ——
[\)
8
|
w
8

2246 > 5z
)]
(@ -1 < (2-2)(x+2)

x2 < 25
o)
2412 > Tx

z? < 10z
n
() 1—=z 3—x
<
3 — 5

2243z <0
1)

z2 413 > 5z




2.5. INEQUALITIES

INEQUALITIES IN 2 DIMENSIONS

The inequalities can also be represented on a graph. Consider the inequality = > 1. In a coordinate system,
where the first coordinate is x and the second coordinate is ¥, this inequality represents all points for which
the first coordinate is greater than 1. This can be represented graphically as:

Note that the dotted line represents the fact that points with the first coordinate equal to 1 are not included.
We can see that for example points (3,1) and (2, —4) satisfy the inequality, while points (—2,3) and (1, —2)
do not.

Similarly the inequality y > 2 represents all points whose second coordinate is smaller or equal to 2:

8

Note that the thick line indicates the fact that points with second coordinate equal to 2 satisfy the inequality.
Example of points satisfying the inequality: (—3,7), (1,2) and (v/2,3). Example of points not satisfying the
inequality: (3,1.9), (4,—4) and (0,0).
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2.5. INEQUALITIES

Now consider the inequality y > « + 1. Points whose second coordinate is more than 1 more than the first
coordinate satisfy this inequality. We can represent this as:

8

Note that the dotted line indicates the points where the second coordinate is equal to 1 plus the first coor-
dinate - we do not include these points.

The set of points satisfying all of 3 of the above inequalities, that is:

z>1
y=>2
y>x+1
can be represented as:
Y Yy
4+ 4+ X
B F 3+ :
2 2+ ¥
1+ 1+
% % f } I I — T f % % % % % —
=3 —-2.--1 i 2 3 4 -3 -2 -1 1 2 3 4
14 14
94 _9 1
_34 34

The diagram on the left shows the regions satisfying each inequality: > 1 in blue, y > 2inred and y > z+1
in green. The diagram on the right shows the region satisfying all three inequalities. It corresponds to the
region on the right diagram that is shaded with all three colours.
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2.5. INEQUALITIES

Exercise 2.5.6 Mark points satisfying the following inequalities on the coordinate system:

(a) x < 2

Hy<z-1

(m)z+y<3

(b)y>-1

(€ y<Vv2

(h) 3y +7< 10

(c) x>

N[—=

(f)2y+3>0

(i) 23 <1

Exercise 2.5.7 Mark points satisfying the following system of inequalities on the coordinate system:

x>0
<w{y§1

y<1
y>—2

{
{x>1

x> —1
(m) y<2
y<zx

x> —2

y<2-x

x> —1
<m{y<3

<3
x> —1
y<3

y<2
y<z+1

x>0
T+y<4
y>z—2

|
|
"
|
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<3
<@{y<_1

(£) {x>y1

y<2

Q) {x > 2y

y<zx+1

x>0
1) qy<3

r <4

x> —1
y<4

&
|

T+y>-3
r+y<l
y>z+1



2.5. INEQUALITIES

Exercise 2.5.8 Choose all the points from the list below that satisfy the given inequality or system
of inequalities.

A(1,1), B(1,-2), C(-2,2), D(-1,-3), E(vV2,1), F(r,7), G(v/5,v/10), H(0.3,1 —/2)

(a) z >2 (b)y<1
(Jy<z (dy+z<2
x>0 xr <2
(e) (f)
y<1 y<4
Yy>x c+y>1
(2) (h)
y<2 y=>0
(i) i)
Y Y
3T 3L
2 9L
.................1....... ..................... 1Ak
f f f f f — T f f f f —> T
-3 -2 -1 1 2 3 -3 -2 -1 2 3
=1 =p -1+
9L _9 4
-3+ 34
(k) 1)
Y Y
3*/ 3L
2 9L
1 —+ 1 Y S —
f f f f — T f f f f f — T
-3/-2 -1 1 2 3 -3 -2 -1 1 2 3
=1 =p 14+
9L 94
-3+ 34
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2.5. INEQUALITIES

Exercise 2.5.9 Write down inequalities that correspond to the shaded regions.

(a) (b)
Y Yy
3T 3T
2 F 2 9F
1+ 1+
f f f f — & f f f f f — &
-3 -2 -1 1 2 3 -3 -2 -1 1 2 3
1+ - 0 S
24 924
_3 b _3 £
(c) (d)
Y Y
BT 31
2 7 F
1 [
b e e e R —t—t—
-3 -2 -1 1 2 3 -3 -2 =1 1 2 3
-1+ —1 4+
., 924
_3 b _3 £

8
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2.5. INEQUALITIES

Exercise 2.5.2b Write down systems of inequalities that correspond to the shaded regions.

(a) (b)
Y y
& TF 3L
2 9L
1+ 14+
P ——t—+— P ——t—x
- = = 1 2 3 -5 =2 =1l 2 3
-1+ i
=2 7F 9L
-3 + -3 +
(c) (d)
Y y
3+ 3+
2+ ’ 2 \
1+ v 1
P —t—+— | P —t—t—
- = =1 1 2 3 4 -5 =2 =l 1 2 3
-1+ —1 4
=2 7F 9L
-3 + -3 +
(e) (f)
Y Y
& TF 34
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INVESTIGATION 2.5. INEQUALITIES

Further inequalities

1. Consider the expression (z + 2)(z — 1)(x — 3).
(a) For what values of z is the expression 07

(b) Consider the sign of the expression for x < =2, —-2<zx <1, 1<z <3andz>3and
hence draw the sign diagram for this expression.

(c) Solve the inequality:

(x+2)(z—-1)(x—3)>0

2. By drawing the sign diagram for the left hand side solve the following inequalities:

(a) z(x+3)(z—5) <0 ) (z+4)(z+1)(xr—3)(x—4)>0
(c) z(z +3)%(x —5) <0 (d) (x+4)%(x+1)(z—3)%(x—4) >0
(e) 23(x +3)%(z —5)2<0 ) (z+4)3(x+ Dz -3)*(x—4)2>0

3
3. Consider the expression T 1
-

(a) For what value of z is the expression not defined?
(b) For what value of x is the expression 07

(c) Consider the sign of the expression for z < —3, —3 <z <1landz > 1 and hence draw
the sign diagram for this expression.

(d) Solve the inequality:

x+3<0
x—17"

4. By drawing appropriate sign diagrams solve the following inequalities:

r—2 T

(@) 257> ) 275
(x —2)(x +1) x(x —2)(x +4)

S @D e ne=3 =°
22 -9 22—z —12

() x2—5x<0 ®) 3 + 622 +8x —
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GDC INSTRUCTIONS 2.5. INEQUALITIES

One can graph certain inequalities using the Ti-84. The Inequalz APP has more options for graphing
inequalities. However this APP is not allowed in the IB examination.

EXAMPLE 1
Draw the set INPUT ouTPUT
bounded by
the following o 12 2 NG MEW % 1Y omysove NORMAL FLOAT AUTO REAL DEGREE MP N
inequalities: : ) E <9 eGZ G%g
@O
y > QI + 1 ENTRYSOLVE  ENTRY SOLVE L4 T 1 w LINK
y<d—a DD eoD
2 ENTRYSOLVE L4 U 1 w LINK v 1 ENTRY SOLVE
YIS LU DOOD
@O DD

Note that the blue colour represents the inequality y > 2x + 1, the red colour represents y < 4 — x and the
black colour represents y < 4 — 2. So the set of points satisfying all three inequalities is the set coloured by
all three colours.
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2.5. INEQUALITIES

SHORT TEST
1. [3 points]
Solve the following inequalities:
(a) 3—4z < 11 (b) 15 — 7z > 222
2. 5 points
[5 points]

Solve the following system of inequalities

2 3
z? > —bx
3. [4 points]
Consider the intervals A =] — 3,2[ and B = [0, oo[. Find:
(a) ANZ (b)y ANB (c) A—B (dy B-A

4. [3 points]
Shade the set of points satisfying the following system of inequalities:

r <1

y>x
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2.5. INEQUALITIES
SHORT TEST
SOLUTIONS
1. [3 points]
Solve the following inequalities:
(a) 3—4z <11 (b) 15 — 7z > 222
—4xr < 8 0>2x2+7z—15
x> —2 0> 2z —3)(xz+5)
—H<x< %
2. [5 points]
Solve the following system of inequalities
2 - 25251
x2 > —bx
3(x+2)—2(x—3)>6
22 4+52>0
r+12>6
z(x+5)>0
x> —6
r< -5 or x>0
Which gives —6 <z < =5 or x > 0.
3. [4 points]
Consider the intervals A =] — 3,2[ and B = [0, oo[. Find:
(a) ANZ (b)y ANB (c) A—B (dy B-A

() ANZ={-2,-1,0,1} () ANB=1[0,2] (c)A-B=]-3,0 (d)B-A=][2 0]

208



2.5. INEQUALITIES

4

Shade the set of points satisfying the following system of inequalities:

r <1
y>x

[3 points]
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2.6. QUADRATIC EQUATIONS WITH PARAMETERS

2.6 Quadratic equations with parameters

NUMBER OF SOLUTIONS
Consider the following quadratic equations:
22 +4r+3=0 2?2 +4x+4=0 2?2+ 4z +5=0
The first equation has two solutions (z = —1 or = —3), the second equation has one solution (z = —2, it
is often referred to as repeated or double solution), the last equation has no real solutions. The number
of real solutions of a quadratic equation depends on the sign of the discriminant:
A > 0 two real solutions,

A = 0 one (repeated) solution,

A < 0 no real solutions.

Worked example 2.6.1

Find the number of real solutions We have a = 3, b=15, ¢ =4, so:
of:
A=5>—4(3)(4) = -23<0

2 —
327+ 52 +4=0 So the equation has no real solutions.

Exercise 2.6.1
Find the number of real solutions of the following equations (you do not need to find the solutions):

(a) 222 +52+1=0 (b) 222 —3z+2=0 (c) 322 +5x++v/2=0

(d) 122 — 4v/2w +2/3 =0 (e) w22 + Tz — VT =0 (f) 32+ 30+ 5 =0

Worked example 2.6.2

For what values of k the following We have a =2, b=6, c =k, so:
equation has two real solutions:
A =62 —4(2)(k) = 36 — 8k

2 _
2 e G = We want A > 0 in order to have two real solutions, so:

36 —8k >0

which gives 8k < 36, so k < 4.5. The equation has two real
solutions provided that k& < 4.5.
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2.6. QUADRATIC EQUATIONS WITH PARAMETERS

Exercise 2.6.2a
For what values of p the following equation has exactly one real solution:

(a) 22 +52+p=0 (b) 322 —z+2p—3=0 (c) iz +a2=p+1
(d) 22 +pr+3—-p=0 (e) 2>+ (p+3)x+3p+1=0 )22+ (pp-1Dz+2p+3=0
(g) 32 +pr+p+T7=2r  (h)2’+(p+1lz+p=2 () 2>+ (p-4z+p=3

Exercise 2.6.2b
For what values of ¢ the following equation has exactly two real solutions:

(a) 22 =22 +3¢=0 (b) 222 =3z +2¢—1=0 (c) 322 —z=¢q

(d) 22 +(g—3)z+6—-qg=0 () x>+ (q—1Dz+q+2=0 )22+ Bg+1)z+10—q¢=0

(g) 2>+ (¢+2)x+3=¢ (h) 2> + gz + g =3z + 4 () 2?+(g+ Dz +g=2

Exercise 2.6.2c
For what values of r the following equation has no real solutions:

(a) 222 +4x+3r=0 (b) 322 —5x+4r+2=0 (c) 222 -4z =r—1

(d) 22 +@2r+4)z+T7r+4=0 (e)2>°+(r+2)z+3r—-2=0 ()22°+(r—-1)z+7-7r=0

(g) 3z + (r+ 1)z +2=r (h)z2+@r+lz=1-7r () 22 +rz+2r=5-2z
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2.6. QUADRATIC EQUATIONS WITH PARAMETERS

VIETE’S FORMULAE

Consider a quadratic equation:

ax’ +bx+c=0

If the solutions to this equation are o and (3, then the left hand side can be written in factored form as:
alz —a)(x—B)=0
If we now expand this factored form and collect the like terms we get:
az® — a(a+ B)x + aaf =0

But this should be the same equation as our original one:

ax? +bxr+c=0

So the coefficients should be the same. This gives us the following formulae:

—ala+p)=0 and aaff =c

Rearranging these we get, what is known as Viete’s formulae:

b
sum of solutions =a+ = ——
a

c
product of solutions = aff = —
a

Exercise 2.6.3
Find the sum and product of solutions of the following equations:

(a) 22 +5z+1=0 (b) 22 —4z+2=0 (c)z?—4z=0
(d) 22 -8=0 (e) 322 —Tx—1=0 (f) 322 +22—-5=0
(g) 3x2 =z +3 (h) 422 -2z =7 (i) 322 —z =11
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2.6. QUADRATIC EQUATIONS WITH PARAMETERS

Worked example 2.6.4

For what values of &k the following
equation has two real solutions,
whose product is positive.

We have a =1, b =2 — 2k, ¢ = 3k — 5, so:

A = (2 —2k)* — 4(3k — 5) = 4k* — 20k + 24

A =4(k—2)(k—3)
We want A > 0,s0 k<2or k> 3.

24+ (2-2k)x+3k—-5=0

We also want the product of solutions to be positive. We

have:
c
product = — =3k —5
a

5
So we must have 3k — 5 > 0, which gives k > = Putting the

two conditions together we get that:

5
—<k<?2 or k>3

3

Exercise 2.6.4a
For what values of p the following equation has two real solutions, whose product is positive.

(a) 22 +2pxr +4p—3 =0 b)z?+(1-pz+p=1

Exercise 2.6.4b
For what values of ¢ the following equation has two real solutions, whose product is negative.

(a) 22+ 3¢+ 1)z +8¢+1=0 (b) 22 + 6qx +2q = =

Exercise 2.6.4c
For what values of r the following equation has two real solutions, whose sum is positive.

(@) 22+ (r—4)z+r—1=0 (b) 22 +rz+2r =3

Exercise 2.6.4d
For what values of s the following equation has two real solutions, whose sum is negative.

(a) 2> + sz +5+8=0 (b) 22 +3sz+5s=x—1

Exercise 2.6.4e
For what values of ¢ the following equation has two real solutions, whose product is greater than
their sum.

(a) 222 +tz +2t—7=0 (b) 22 + 3tz +t=1
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INVESTIGATION 2.6. QUADRATIC EQUATIONS WITH PARAMETERS

Positive roots

In this investigation we will analyze the equation:

22 —kzx+3—-k=0
where k is a parameter, which can be any real number.

1. Solve equation (1) by hand for k = —7.

2. Use the GDC to solve the equation (1) for various other values of k. Can you find a value of
k, for which the solution has two positive real solutions?

3. Show that equation (1) has two distinct real solutions only when k < —6 or k > 2.

Let « and 8 be two real numbers.

4. If a+ B > 0, does it guarantee that both « and 8 are positive?
5. If a x B8 > 0, does it guarantee that both « and /3 are positive?

6. Explain why a4+ 3 > 0 and « x 8 > 0 is a sufficient (and necessary) condition for both o and
B to be positive.

7. Write down an expression in terms of k for the sum and product of roots of equation (1).

8. Find the set of all possible values of k for which equation (1) has two positive real roots.

9. Find the set of all possible values of k for which equation:

P2+ B—k)r+k=0

has two negative real roots.
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2.6. QUADRATIC EQUATIONS WITH PARAMETERS

SHORT TEST
1. [3 points]
State the number of solutions to the following equations:
(a) 222 +72x—1=0 (b) 322 +5 =2z (c) 422 =4z — 1
2. [6 points]

Find the possible values of k for which the following equations have (i) exactly one real solution, (ii)
two real solutions, (iii) no real solutions:

(a) 22+ (k+3)z+5k—1=0 (b) 2?2 + kz +3k =2

3. [3 points]
Write down the sum and product of the following quadratic equations:

(a) 22 —3x+1=0 (b) 222 — 5 = 6z (c) 322 =2z +1
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2.6. QUADRATIC EQUATIONS WITH PARAMETERS

SHORT TEST
SOLUTIONS
1. [3 points]
State the number of solutions to the following equations:
(a) 222+ 7 —1=0 (b) 322 +5 =2z (c) 42 =4z —1
A=49—-4(2)(-1)=57>0 312 -2z +5=0 422 —42+1=0
2 real solutions A=4-4(3)(5)=-56<0 A=16—-4(4)(1)=0
no real solutions one real solution
2. [6 points]

Find the possible values of k for which the following equations have (i) exactly one real solution, (ii)
two real solutions, (iii) no real solutions:

(a) 22+ (k+3)z+5k—1=0 (b) 2?2 + kx + 3k =2

A= (k+3)%—4(5k — 1) 2?2+ kr+3k—2=0

A=k>—-14k +13 A=k?—4(3k-2)

A=(k-1)(k-13) A=Fk*—12k+8

one solution for k=1 or k =13 A= (k—-6)2-28

two real solutions for k < 1 or k > 13 one solution for k=6 — 2/7 or k = 6 + 2/7

no real solutions for 1 < k£ < 13 two real solutions for k < 6 — 2v/7 or k > 6 + 24/7

no real solutions for 6 — 2v/7 < k < 6 + 24/7

3. [3 points]
Write down the sum and product of the following quadratic equations:
(a) 22 —3z+1=0 (b) 222 — 5 = 62 (c) 322 =2z +1
-3 —6 -2 2
sumz—T:S sum:—7:3 sum:—?:§
1 -5 5 -1 1
product = 1= 1 product = 5 = —% product = 3 =73
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2.7. INDICES

2.7 Indices

Consider the following equation:

2" =8

Because the unknown x appears in the exponent only, this equation is an example of an exponential equa-
tion. We're looking for a number to which we need to raise 2 to get 8 as a result. This number is of course
3, so x = 3 is a solution to this equation. In fact it is the only solution.

Worked example 2.7.1

Solve the following equation: We start by writing both 8 and 32 as a power of the same
number - in this case power of 2:

8% =32
(23)I — 25

Now, using the rules of indices, we get:
23;8 = 25

Equating exponents we get:

3z =5
5
Sox=-.
0z =g
Exercise 2.7.1 Solve the following exponential equations:
1
(a) 4* =8 (b) 16* =8 (c) 64 = 5
(d) 8% = (¢) 4% = v/2 (f) 327 =
= — e = _
1 NG
1
(g) 9* =27 (h) 81* =27 (i) 27% = 9

(G) 9" =3 (k) 27* = /9 (1) 817 = ——

1_1 m_ r __
(m) 257 = = (n) <125> — /5 (0) 125% = 7%
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2.7. INDICES

In some cases the equation needs to be rearranged first in order to use the above method.

Worked example 2.7.2

We start by subtracting 3 and then dividing by 2 both sides
of the equation to get:

Solve the following equation:
2x9%+3 =57
9% =27

Now, as before, we write both sides as a power of the same
number (in this case 3):

(32):1) _ 273
This gives:
3% =273
3
So 2z = 3 and this gives x = 3

Exercise 2.7.2 Solve the following equations:

(a) 3x 8" —1=11 (b) 5x 27" —1=14 (c) 4 x 257 + 20 = 520

Worked example 2.7.3

Solve the following equation:

1 zZ—-1
8r—3 N
(2)

We write both sides as a power of the same number (in this
case 2):

2

(28)==3 = (2~ 1)=°-1
Using laws of indices we get:
931—9 _ 9—z”+1
Which gives:
32 —9=—2°+1

Moving all terms to one side we get a quadratic equation:

22 4+32z—-10=0

(z+5)(z—2) =0

Sox=-5orz=2.
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Exercise 2.7.3 Solve the following equations:

(a) 412 =82

. (;)+

(s) 32" +2= — 97

2

e ()7

(y) 8%% = 4% x 2°°

(b) 2717:70 — 32z+1

(e) 16% = (\/ﬁ)m+1

(q) 817°+1 = 243

(t) 6251 = 5=° 1
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2.7. INDICES

Worked example 2.7.4

Use a graph to solve: Sketching the graph of both y = 3% and y = 7 we get:

=T

®

j’\ 7712437496928, 7)

The graphs intersect at (1.77124...,7), so the solution is
x=1.77 (3 s.f.).

|
1
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
| 3
|
|
|
|
|
|
|
|
|
|
1
|
|
|
|
|
|
|
1

Exercise 2.7.4 Solve the following equations using graphs:

(a) 22 =6 (b) 57 =3 (c) 7% =10

(d) 2o+ =45 (e) 3%22=1 =100 (f) 51" =4
€)= 3 (0) 371 = 2 5 -1

() 2 x 5° = 11 (k) 3% = 20+1 ) 4 = <;)14
(m) 2% 3% =57 — 2 (n) (;)H -z (0) 10° = 3°°+1
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INVESTIGATION 2.7. INDICES

Disguised quadratics

1. Solve the equation:

> —6x+8=0
2. By letting t = 2* show that the equation
(2%)2 —6x2°+8=0
reduces to:

2 —6t+8=0

3. Show that 4% = 22 = (27)2,

4. Hence solve the equation:
4" —6x2*+8=0

5. Show that 22*+1 = 2 x (2%)2 and hence, using an appropriate substitution solve:

228+l _ 17 % 9% +8=0

6. By using an appropriate substitution solve:

9t _10x3*+1=0

7. Solve the equation:
47 _13x 27 -3 =0
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GDC INSTRUCTIONS 2.7. INDICES

Exponential equations can be solved on GDC using the Numeric solver (as shown in example 1) or using
graphs (as shown in example 2)

EXAMPLE 1
Solve: INPUT OuUTPUT
2T — 8 TEST A B A e 202 ®H UK oo NORMAL FLOAT AUTO REAL RADIAN MP n
DO 2 DD SOLUTION IS MARKED =
DD D 2%=8
= X=3
bound={-1e99, 1993}
=E1-E2=0

Note that solver will only show you one answer at a time. You won’t know, if there are more answers. Using
the graphs allows you to check for more answers as long as you set up the display window appropriately.

EXAMPLE 2
Solve: INPUT ouTPUT
2% _ 8 oo 2z W UMK mmew v P S S NORMAL FLOAT AUTO REAL RADIAN MP
@ 2 ODD D CALC INTERSECT

Y2:=8

CALC F4 |5 U  ENTRYSOLVE ENTRYSOLVE ENTRY SOLVE

DD DDD

Intersection
X=3

Note that the solution is the x coordinate of the point of intersection.
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2.7. INDICES

SHORT TEST
1.
Solve the following equations without the use of technology:
(a) 9°F1 = & (b)5x4t—1=32

=36 (d) (vV2)

2.
Solve the following by graphing appropriate functions on your GDC:

(a) 5° = 30 (o) =" = =i

T
227 +2 _ 16

[9 points]

[4 points]
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2.7. INDICES

SHORT TEST
SOLUTIONS

1. [9 points]

Solve the following equations without the use of technology:

() 9! = &

32x+2 — 373

20 +2=-3

2

(a) 5% = 30

Solve the following by graphing appropriate functions on your GDC:

r~ 211

(b)5x4=t—-1=32

5x4°t =2

x—1 _ 1
=3
22.’1:72:271
2z —2=—1
L1
PS5

T
22°+2 _ 16

(@) (v2) :

9 +1 _ Zi:
9@’ +1 _ gdr—2
224+ 1=4z -2
22 —4x+3=0
(x=3)(z—-1)=0

r=3 or z=1
[4 points]

(b) 336—1 — 24—33?

/\w’z 181042961288, 1.2707560774953)

N

T~ 1.22
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2.8. SEQUENCES

2.8 Sequences

One can think of a sequence as a list of numbers. The order of the list is important (i.e. 1, 2, 3 and 3, 2, 1
are two different sequences). A number may appear on the list multiple times (1, 1 and 1, 1, 1 are again
two different sequences). The number of elements on the list is called the length of a sequence (note that the
list can be infinite in which case we have an infinite sequence). The elements on the list are often referred
to as terms.

Consider the following sequence:

1, 5, 15, 51

This sequence has 4 terms. Its first term is 1, its second term is 5, its third term is 15 and its fourth term
is 51. Lowercase letters are used to denote sequences and the lower indices are used to indicate the number
of the term in the sequence. For the above sequence we have a1 = 1,a2 = 5,a3 = 15 and a4 = 51.

A sequence may be given by an explicit formula. For example the formula
a, =2" —1
gives the sequence:
1, 3, 7, 15, 31,..

A sequence may also be given by an recursive formula. Consider the sequence defined by

a1:1
ap4+1 = 2ar + 1 fork>1

The above definition gives us the first term and a rule to obtain any term from the previous one. Note that
this definition also defines the sequence:

1, 3, 7, 15, 31,..

You may realize an important advantage of an explicit formula over a recursive formula. The tenth (or any
other) term of the sequence can be easily calculated using the explicit formula by substituting an appropriate
value for n:

aro =29 —1=1023

However in order to calculate a1g using the recursive formula, we need to know ag and in order to calculate
ag, then ag is needed and so on.
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2.8. SEQUENCES

Exercise 2.8.1 Write down the first five terms of the following sequences:

(a) ap, =3n+2 (b) b, = 3"~1 (c) cp = 2" — n?

di =5 =1
@ 1% o
diy1 =dg —2 €1 = 26k o1 =3 —1
g1 = 2 hl =1 il =2
(8) $g2=1 hy =2 (i) qia=1 ‘
Gk+2 = Gk+1 — Gk hiyo = hrp1 X hy b2 = 5,

In many cases one can guess the explicit formula for a given sequence by simply looking at its initial terms.
For example consider the sequence:

] 1 1 1
9, 2 ) 3 ) 4’ b
It is fairly clear that the explicit formula for this sequence is a,, = % Note that it is not as easy to figure
ap =1
out a recursive formula for the above sequence, but for example { ! . works.
a’kJrl - ap—+1

Exercise 2.8.2 Guess an explicit formula and write down the next two terms for the following

sequences:
(a) 2, 4, 8, 16, ... (b) 1, 3, 7, 15, ... (c) 8, 16, 32, 64, ...
(d) 1, 4, 9, 16, ... (e) 2, 5, 10, 17, ... (f) 4, 9, 16, 25, ...
() 5, 10, 15, 20, ... (h) 7, 12, 17, 22, ... (i) 15, 20, 25, 30, ...
(j) 1, 8, 27, 64, ... (k) 3, 10, 30, 67, ... (1) 2, 10, 30, 68, ...
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2.8. SEQUENCES

LINEAR SEQUENCES

Consider the following sequences:

10, 16, 22, 28, 34, ...
25, 23, 21, 19, 17, ...

—21, —11, —1, 9, 19, ...

These are all examples of arithmetic (or linear) sequences. An arithmetic sequence is a sequence where
the difference between consecutive terms is constant (we usually denote this constant difference with d). In
the first example we have d = 6, in the second d = —2 and in the third d = 10. Note that (as in the second
example) the difference may be negative, in which case the sequence is decreasing. Otherwise it is increasing
(if d > 0) or constant (if d = 0).

Exercise 2.8.3 State the value of the common difference d and write down the next two terms of
each of the following arithmetic sequences:

(a) 5, 8, 11, 14,...  (b) 13, 6, —1, —8, ... ()7, 7,7, 7,...

@3, 2 2 1,.. (e) 3v/3, 5v/3, 7V3, 93, ... (f) 2+3v2, 3+V2, 4—+2, 532, ...

Note that the general formula for an arithmetic sequence will be linear in n with gradient d i.e.:

U, =d Xn-+c

where c is a constant. The formulae for the three sequences listed at the top of the page are a,, = 6n + 4,
b, = —2n + 27 and ¢, = 10n — 29 respectively.

Note that the name arithmetic comes from the fact that if a,b and ¢ are three consecutive terms of an

. . . . . . . a+c
arithmetic sequence, then the midle term is an arithmetic mean of the other two terms, that is b = 5

Exercise 2.8.4 State the value of the common difference d and write down the first four terms of
each of the following arithmetic sequences:

(a) ap =5n—1 (b) b, =in+ 2 (c) en =—3n+12

(d) dn = nvZ + 412 (@ en=5-2 () fo=1+vV3-n(v3-2)
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2.8. SEQUENCES

Exercise 2.8.5 The following sequences are arithmetic. Find the missing terms (denoted with x

or y).
(a) 5, z, 17, 23, ... (b) 10, z, —4, ... (c) z, 4, y, 20, ...
(d) z, y, 13, 9, ... (e) 11, =, y, 5, ... () %, x, v, %,

Worked example 2.8.6

Find the general formula for the (a) We have d = 4, so the formula will be:
following arithmetic sequences:

ap =4n+c

(2) 7, 11, 15, 19, .. for some constant c¢. Now the first term is 7 (a3 = 7), so

substituting n = 1 should result in 7:
ar=4+c=7
so ¢ = 3 and the formula is a,, = 4n + 3.

(b) 10, 4, -2, -8, ... (b) We have d = —6, which gives the formula:

b, = —6n+c

Now using the first term we get:

by =—-6+c=10
so ¢ = 16 and the formula is b,, = —6n + 16.

Exercise 2.8.6 Find the general formula for the following arithmetic sequences:

(a) 2, 10, 18, 26, ... (b) 23, 25, 27, 29, ... (c) 37, 47, 57, 67,...
(d)9, 7, 5, 3, ... (e) 15, 10, 5, 0, ... (f) 7, 11, 15, 19,...
(2 % 2 3,.. (h) 9, 81, 8, 73, ... (i) 3v/2, 2v/2, V2, 0, ...
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2.8. SEQUENCES

Worked example 2.8.7

Find the number of terms of the
arithmetic sequence:

33, 29, 25, 21,..., —67

We have d = —4, so the formula for this sequence is:

a, = —4n+c

Using the fact that a; = 33 we to find ¢: 33 = —4 4+ ¢. So
¢ = 37 and the general formula for the sequence is:

a, = —4n + 37

Now the last term a,, is equal to —67, so:

—4n + 37 = —67

Which gives —4n = —104, so n = 26, which means that the
last term is the 26th term, so there are 26 terms.

Exercise 2.8.7 Find the number of terms of the following arithmetic sequence:

(a) 10, 16, 22, ..., 118
(c) 25, 22, 19, ..., —25
(e) 12, 21,3, ..., 92

(2) 3v2, 5v/2, V2, ..., 212

(b) 5, 1, =3, ..., —79
@3 41 ..., 8;
(f) _%a _%7 07 ) 2%

(h) V3, 2+2V3, 4+33, ..., 26 + 143

(i) 5—+5, 3, 1++/5, ..., 10v/5 - 17 () a, 3a, 5a, ..., 2la

(k) a, 3a+b, 5a+2b, ..., 21a+ 10b ) -2y, —x, 2y — 3z, ..., 10y — 11z

Worked example 2.8.8

Find the first term of the arith-
metic sequence:

111, 117, 123, 129, ...
which is greater than 1000.

We find the general formula for the n-th term of this sequence,
which is:

an = 6n + 105

Now we solve:

6n + 105 > 1000

which gives n > 149%. So the first term greater than 1000 is
ai150 = 1005.
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2.8. SEQUENCES

Exercise 2.8.8a Find the first term of the given arithmetic sequence which is greater than 500.
(a) 12, 21, 30, 39, ... (b) =5, —1, 3, 7,...
Exercise 2.8.8b Find the first term of the given sequence which is smaller than 0.

(a) 120, 117, 114, 111, ... (b) 520, 507, 494, 481, ...

The defining property of an arithmetic sequence is the constant difference between consecutive terms. This
may be used to solve problems, where the terms of the sequence are expressed in terms of some unknown.

Worked example 2.8.9

The following are first three
terms of an arithmetic sequence:

The difference between consecutive terms must be constant
for an arithmetic sequence, so we must have:

x+1, 3z, 4x+3 3z —(rx+1)=4z+3 -3z

Find z and hence calculate these |
terms. : 20 —1=x+3

Which gives x = 4. The terms are:

5 12, 19

Exercise 2.8.9a Find z, if the following terms are consecutive terms of an arithmetic sequence:

(a) 26 +1, 4z, bx+4 (b) 4o +4, 6z, 2z-—1 (¢) Tz —1, 3z, x—3

Exercise 2.8.9b Find x and y, if the following terms are consecutive terms of an arithmetic
sequence:

(a) 2y, =, 16, 2z +y (b) z+y, 20—y, v+ 5y, 20+ 3 (c) 3z +1, 2z, x+y, 2y
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2.8. SEQUENCES
QUADRATIC AND CUBIC SEQUENCES
Consider the following sequence:
3,7, 13, 21, 31, ...

This clearly is not an arithmetic sequence as the difference between consecutive terms is not constant
(7 —3 # 13 — 7). However if we write down the consecutive difference we get 7 — 3 = 4, then 13 — 7 = 6,
then 21 — 13 = 8 etc.:

4, 6, 8, 10, ...

We should notice that the above is an arithmetic sequence. That is the difference between consecutive
differences of our original sequence is constant. Such sequences are called quadratic sequences and the
general formula for them is:

a, = an® +bn +c

where a,b and c¢ are constants to be found. Let d be the constant difference between the difference (often
referred to as second difference) of a quadratic sequence given by a, = an?® + bn + c. So we should have:

d= (an+2 - an+1) - (an+1 - an) = Gpt2 + ap — 2CLn+1

This gives:

d=an+2)?+bn+2)+c+an’*+bn+c—2an+1)2+bn+1)+c

This simplifies to:

d=an® +4an +4a +bn +2b + ¢+ an® +bn + c — 2(an® + 2an +a +bn + b+ c)

Which finally gives:

d=2a

So the coefficient a in the formula for a quadratic sequence is half of the second difference (difference between
differences).

Note that if a,, is a quadratics sequence, then a,, — an? = bn + ¢ will be linear (arithmetic). We already
know how to find a formula for an arithmetic sequence, so we should be able to find constants b and c.
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2.8. SEQUENCES

Worked example 2.8.10

Find the general formula for the We already know that this will be a quadratic sequence as

sequence: the difference between differences is constant. So the formula
is of the form a,, = an® + bn + ¢. The second difference is
3, 7, 13, 21, 31, ... equal to 2, so we must have a = 1.

Now we can proceed in two ways.

Method 1
Consider the sequence a,, —n? (= bn + c):

2,3, 4,5, 6, ..

This is now an arithmetic sequence. We easily find the its
formula is n + 1, so b = 1 and ¢ = 1 and the formula for our
original sequence is:

an=n2+n+1

' Method 2

; We know that a; = 3 and as = 7, we can use this information
! to set up a system of equations, by using the formula a, =
' n? 4+ bn + c (we already know that a = 1):

1+4b+c=3
44+2b+c¢c=7

Solving this gives b =1 and ¢ = 1, so the formula is:

an=n2+n+1

Alternative Method

Of course, if we forget that we can calculate a from the second
difference, then we can simply set up 3 equations from a; = 3,
as =7 and a3 = 13:

at+b+c=3
da+2b+c=7
9a+3b+c=13

And solve for a,b and ¢ to get the same result as above.

Exercise 2.8.10 Find the general formula for the following sequences:

(a) 2, 10, 26, 50, 82... (b) 1, 3, 7, 13, 21, ... (c) 3, 10, 21, 36, 55, ...
(d) 10, 6, 0, —8, —18... (e) 2, 1, 2, 5, 10... (£) 5,8, 7,2, —9...

(g) 3,2, 1, 11, 37, .. (h) 8, 71, 61, 5, 3,... (i) 5v/2, 4v/2, 2v/2, =2, —5V/2, ...
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2.8.

Consider now the following sequence:

3, 9, 27, 63, 123, 213,..
This time the third differences ds are constant. We start by writing the first differences:

6, 18, 36, 60, 90,...

The second differences are:

12, 18, 24, 30,...
And finally the third differences:

6, 6, 6,..

Sequences where the third difference is constant are given by the formula:

an =an® + % +en+d

and are called cubic sequences.

Exercise 2.8.11 Show that for a cubic sequence in the form

ap =an> +bn®+cen+d

we have 6a = d3 that is the coefficient a is one sixth of the third difference.

SEQUENCES

In order to find the other coefficients of the formula for a cubic sequence, we can proceed is similar fashion
as with quadratic sequences. Note that if the sequence a,, is cubic, then the sequence a,, — an® will be

quadratic, so once you found the coefficient a, you work with a,, — an>.

Worked example 2.8.12

Find the general formula for the
sequence:

2, 1, 0, -1, -2, -3,..
3, 9, 27, 63, 123, 213,..

an=n>—-n+3

We already know that the third difference is 6, so 6a = 6,
which gives a = 1. Now consider the sequence a,, — n°:

Usually at this point we will get a quadratic sequence, but
this one is linear, which means that b = 0, now c is the first
difference so ¢ = —1 and we must have d = 3, so finally:

3

Exercise 2.8.12 Find the general formula for the following sequences:

(a) 4, 16, 50, 118, 232, 404... (b) 2, 2, —6, —28, —70, —138...

(c) 2, 17, 50, 107, 194, 317... (d) 6, 14, 12, —12, —70, —174...
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2.8. SEQUENCES

EXPONENTIAL SEQUENCES
Consider the following sequence:

3, 6, 12, 24, 48, 96,..

The differences of this sequence are never constant. However, one can quickly notice that the ratio of the
consecutive terms is constant, that is:

6 12 24 48 96

36 12 24 48
A sequence for which the ratio of consecutive terms is constant is called an exponential (or geometric)
sequence.

Let aq is the first term and r the constant ratio of a gemeotric sequence (in the example above, we have
ay; = 3 and r = 2). The terms of the sequence are:

2 3 4
ay, ar, ayr-, ar-, ayr-,...

That is we have that the second term as = a,7, the third term as = a172, etc. and the general formula is
thus:
an = a;r™ !

For the example above we get the formula

a, =3 x 271

Exercise 2.8.13 Write down the ratio, r, and the general formula for the following geometric

sequences:

(a) 7, 21, 63, 189, ... (b) 8, 4, 2, 1,... (c) 90, 30, 10, 3%, ...
(d) 3, 30, 300, 3000, ... (e) 5, —5, 5, —5, ... (f) 7, —14, 28, —56, ...
(g) 12, —6, 3, —1.5,... (hy —1, -5, —25, —125, ... () 2, 2v2, 4, 4V2, ...
: 2 3 4 2 3.2 4.3 a b v

(J) q7 3q ) 9q bl 276] 9 ooo (k) Z, T y7 X y , L l/ g coo (1) 57 17 57 ﬁu
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2.8. SEQUENCES

Worked example 2.8.14

Find the first term of the fol-
lowing geometric sequence that is
greater than 25000:

The ratio of the sequence is 2.5, so the general formula for the
sequence is:

u, = 16 x (2.5)" !

16, 40, 100, 250, 625, ... Now we want:

We can solve this inequality on the GDC using graphs (graph-
ing both y = 16 x (2.5)""! and y = 25000) or tables. We get
that n > 9.02588..., so the first term greater than 25000 is

16 x (2.5)"~' > 25000
' wujg ~ 61035 (the previous term ug ~ 24414).

Exercise 2.8.14 Find the first term of the following geometric sequences that is greater than 40 000.

(a) 3, 12, 48, 192, ... (b) 100, 110, 121, 133.1,... (c) 2, =3, 4.5, —6.75, ...
111
(d) 3, 3v/2, 6, 6v/2, ... (e) T 1,... (f) 16, 20, 25, 31.25, ...
w2 73 2\/§ 3\/3
2, Wy —, —, .. h) 2, —, 3, —, ... i) V3, V9, 3, 33, ...
() = 2 == 3 " (i)

Worked example 2.8.15

Find the value of x for which the In a geometric sequence the ratio must be constant, so we

following terms are consecutive must have:

terms of a geometric sequence:
2r+2 4z —2
T+3  2x+2

42 + 8x +4 = 42° + 102 — 6

z+3, 2¢x+2, 4dxr—2 i By multiplying both sides by = + 3 and 2z + 2 we get:
3 This gives 10 = 2z, so x = 5 and the sequence is 8, 12, 18.
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2.8. SEQUENCES

Exercise 2.8.15 Find the value of z for which the following terms are consecutive terms of a
geometric sequence:

2
(b) x —3, 12, bHxr+1 (c) 2z, =-—1, 3

(dxz+1, -1, 3—=z (e)z—4, 8—z, 2z-1 )2, z+3, z?+1

Worked example 2.8.16

Find the values of x and y given Using the fact that x, 4, vy is geometric and z, 4, y—2

that is arithmetic we can form a system of equations:
x7 47
Y 4 y
are consecutive terms of a geo- @ = 4

metric sequence and

xZ, 47 Yy — 2
are consecutive terms of an arith- xy = 16
metic sequence.
100—x=y

Substituting the second equation into the first one and rear-
ranging results in the equation 22 — 10z 4 16 = 0, which gives
x=2orx=3_8. If x =2, then y =8 and if z = §, then y = 2.
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Exercise 2.8.17 For the following sequences decide if they
cubic, exponential (geometric) or neither.

(a) 10, 7, 4, 1, —2... (b) 5, 10, 20, 40, 80, ...
(d) —1, 11, 39, 89, 167... (e) 24, 12, 6, 3, 1.5...
(8) 2, 3,5, 7, 11,... (h) 2, 4, 8, 16, 31, ...
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are linear (arithmetic), quadratic,

(c) 6, 8, 11, 15, 20, ...

(f) 100, 80, 55, 25, —10...

(i) 3, 3v2, 6, 6v2, 12...



INVESTIGATION 2.8. SEQUENCES

Fibonacci sequence

The Fibonacci sequence can be defined by the recursive rule:

o 1 forn=1lorn=2
" \Fy1+F,_5 forn>3

The goal of this investigation is to find an explicit formula for F,.
1. The first seven terms of the Fibonacci sequence are given below:
1,1, 2, 3,5, 8, 11, ...

Write the next three terms of this sequence.

2. Let ¢ and 1 be the solutions (with ¢ > 1) to the equation:

22=z+1
Calculate the exact value of ¢ and .
3. Using equation (1) show that
#=20+1 and ¢*=3p+2
4. Write similar expressions for ¢® and .
5. Generalize your answers to parts 3 and 4 to write down similar expressions for ¢™ and ™.

6. Find an expression for F), using the system of equations:
" = Fnd+ Fry
Y =Fpp + Frg

7. Check your formula for the initial terms of the Fibonacci sequence given in 1.

The formula

is known as the Binet’s formula.
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2.8. SEQUENCES

SHORT TEST

1. [6 points]
Find the general formula for each of the following sequences:

(c)-4, —5, 2, 23, 64, 131,.. (d) 40, —20, 10, -5, 2.5, —1.25,..

2. [4 points]
Find the first term of the given sequence which is greater than 20 000:

(a) 2, 6, 18, b54,... (b) 8, 12, 18, 27,..
3 [4 points]

Find the value(s) of x given that the following terms are consecutive terms of a sequence which is
arithmetic (part (a)), geometric (part (b)):

(a) 20 —3, z-1, 6-ux (b) 22 +2, z-—2, z
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2.8. SEQUENCES

SHORT TEST
SOLUTIONS

1. [6 points]
Find the general formula for each of the following sequences:

(a) 15, 11, 7, 3, —1, —5,..

The difference is constant and equal to —4, so the sequence will be of the form w,, = —4n + ¢. Using
the fact that u; = 15, we get that ¢ = 19, so the general formula is u,, = —4n + 19.

(b) =3, =3, 1, 9, 21, 37,..
The differences are:

0, 4, 8, 12, 16,..
The second differences are constant and equal to 4. This means that we have a quadratic sequence
an?® 4+ bn + ¢ with a = % =2. So v, = 2n? + bn + c. Now we consider v,, — 2n? and we get:
-5, 11, -—-17v, -—-23, —29, -35,...
We get a linear sequence with difference equal to —6, given that the first term is —5 it must be of
the form —6n + 1, so the general term for the original sequence is v,, = 2n? — 6n + 1.

(c)—4, 0, 14, 44, 96, 176,...

This time the third differences are constant, so this is a cubic seqence. The third differences are 6,
so the coefficient of n? is 1. Considering the sequence w,, — n® we get a quadratic sequence —n? — 4,
so finally w,, = n3 —n? — 4.

(d) 40, —20, 10, -5, 2.5, —1.25,..

The ratio is constant (and equal to —%), so we have a geometric sequence, the first term is 40, so the

general formula is z, =40 x (—3)" "'

2

. [4 points]
Find the first term of the given sequence which is greater than 20 000:

(a) 2, 6, 18, 54,.. (b) 8, 12, 18, 27,..

(a) The ratio of the sequence is constant (and equal to 3), so this is a geometric sequence. Since the
first term is 2, the formula for the sequence is:

Up =2 x 3771
We want 2 x 37~ > 20000. Using GDC we get that n > 9.38..., so w19 = 39366 is the first term of
the sequence greater than 20 000 (ug = 13122).

(b) The ratio is again constant (and equal to 1.5), so this is also a geometric sequence. The formula
for this sequence is:
vp =8 x (1.5)" !

We want 8 x (1.5)"~! > 20000. Using GDC we get n > 20.296..., so vg1 ~ 26602 is the first term of
the sequence greater than 20000 (veg &~ 17735).
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2.8. SEQUENCES

3. [4 points]
Find the value(s) of = given that the following terms are consecutive terms of a sequence which is
arithmetic (part (a)), geometric (part (b)):

(a)2r -3, z—1, 6-z (b) 22 +2, z-2 %

(a) The sequence is arithmetic, so the difference between consecutive terms must be constant:

(z—1)—22—-3)=06—2)—(x—1)
Solving the above equation gives x = 5 and the terms of the sequence are 7, 4, 1.
(b) The sequence is geometric, so the ratio between consecutive terms must be constant:
z—2 7
20 +2 -2

After cross multiplying and moving all terms to one side we get:

22-9x+8=0

Which factorizes into (z — 1)(z —8) =0, so z = 1 or « = 8 and the possible sequences are: 4, —1, 1
or 18, 6, 2.
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2.9 Absolute value

|z| denotes the absolute value of a number. If z is non-negative, then |z| = z, so for example |3| =3, |7| =7
and |2 — V2| = 2 — /2. If 2 is negative, then |z| = —z, so | — 3| = 3 and |1 — V2| = v/2 — 1. Another
way to think about the absolute value is that |z| denotes the distance on the number line from 0 to z, so

|5] =5 = | — 5|, because both 5 and —5 are 5 units away from 0.
Worked example 2.9.1

Simplify the following expression: We have:

12v2—3| - |3v2 — 4|+ 2|5v2 - 7] 2v2=v/8<Vv9=3

So 2v/2—3 is negative, which means that |2\/§—3| = —92/2+3
Similarly:

3vV2=v18 > V16 =4
So 3v2 — 4| = —3v2 +4

i And finally:

5v2 =50 > V49 =7
So [5v/2 — 7| =5v2 —T.

i We then have:

2v2—3| - [3v2 — 4|+ 25v2 - 7| =

= —2VZ43— (—3VZ+4) +25V2-T7) =
=-2V2+3+3V/2-4+10V/2- 14 =

=112 - 15 =

Exercise 2.9.1 Simplify the following expressions:

(a) 2]v/3 — 2| + |2v/3 — 3| — 2|3v/3 — 5| (b) |v5 — 2| — 3|2v/5 — 4| + 2|3v/5 — 9|
(c) 2|4v/7 — 10| — |3v/7 — 9] + |63/7 — 15| (d) |2v/11 — 6] — |3v/11 — 10| + 2|4v/11 — 13|
(e) 2|1v/3 — 2|+ |2v/3 — 3| — 2|3v/3 — 5| (f) |7v/2 — 9] +2|8v/2 — 12| — [10v/2 — 14]
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Consider the expression V2. If z is nonnegative, then v 2 = z, but if x is negative, then we get V2 = —ux.

For example M = /9 = 3. Therefore V2 = |z|.

Worked example 2.9.2

Evaluate: (a) We have:

(a) /(7 —3v5)? (7-3V5)2 = |7 - 3V5|

and since 3v5 = V45 < V49 = 7 we get that 7 — 35 is
positive and hence:

(b) V20 - 6vi1 (7-3V5)2=7-3V5

(b) We would like to write 20 — 64/11 as something squared.
By comparing 20 — 61/11 to a? — 2ab+ b2, we notice that if we
take a = 3 and b = \/ﬁ, then a? + b2 = 20 and 2ab = 6\/ﬁ7
SO we can write:

20 — 6v11 = (3 — V11)?

This means that:

V20 — 6V11 = 1/ (3 — V11)2 = |3 — V11|

Since V11 > /9 = 3, so 3 — V/11 is negative and thus:

/20 — 611 = -3+ V11

Exercise 2.9.2 Evaluate:

(a) /(11 = 5v/3)? (b) 1/(7v/2 — 10)2 (c) 1/ (7 — 3v6)?
(d) V6 —2v5 (e) V21 + 85 (f) V7—4v3
(g) V33 —10v2 (h) V/52 — 14+/3 (i) V11 — 6v2
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Note that the distance between two numbers a and b on the number lineisa —bifa>bor b—aif b > a,

so it can be written as |a — b|. We clearly have |a — b| = |b — al, that is the distance between a and b is the
same as the distance between b and a.

b—a a—2b

) ! ) i

T T

a b b a

This means that an expression |z — 5| can be thought of as a distance between numbers = and 5 on the

number line. Similalrly |z +2| = |« — (—2)| is the distance between x and —2, and |z| = |z — 0| is the distance
between x and 0.

Consider the equation:

|lz[ =7

We’re looking for a number whose absolute value is 7. There are two such numbers 7 and —7 and these

are the solutions to our equation. Alternatively we can think of a number whose distance from an 0 on the
number line is 7:

] J( ] ] ] ] ] ] \/ ] ] ] ] ] ] J(
T T T T T T T T T T

T T T

-8 -7-6 -5 -4-3-2-10 1 2 3 4 5 6 7 8

Now consider the following equation:

|z —3|=4
We can consider the expression inside the absolute value - it has to be either 4 or —4, so we must have:

r—3=4 or r—3=—-4

So:

=7 or r=—1

We can also think of the equation |z — 3| = 4 as indicating that the distance between x and 3 on the number
line has to be 4:

1
1<
F



Worked example 2.9.3

Solve the equation:

3z +1]-1=38

We start by adding 1 to both sides and then dividing both
sides by 3 to get:
|z +1| =3
Now we can proceed in two ways:
Method 1

The expression inside the absolute value has to be 3 or —3, so
we get:

r+1=3 or r+1=-3
So:
T =2 or r=—4
Method 2
We rewrite the equation as:
lz = (-1)[=3

So the distance between z and —1 is 3. On the number line
this gives:

] ] J( ] ] \/ ] ] J( ] ]
T T T

T T T T T T T T

-6 5 -4 -3 -2-10 1 2 3 4

Exercise 2.9.3 Solve the following equations:

(a) 4|z -5 =11

lv —1]4+3
c =

(d) 4

() |lx—2|+2)2—2|=9

3e—6  |2-a| _

0 = =2

(m) /(z+1)2+2)z+1]=9

(b) 5lz —1|-2=38 (c) f|lz+3|+1=2

(e)3lz+2/+7=1

(f) |z + 3| + 3|z + 3| = 2

L 2z-10] |5-g
) el e - =2

|2z — §]
3

|12;3x| —2 () |z — 1]

(k) -

—l—a|=2+ 222

(m) 2z —42—|2-2/=3 (o) 22 4 Va?—6z+9=3
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Consider the inequality:

|z —2| <4

We can consider the expression inside the absolute value and note that it must be smaller or equal to 4 and
also greater or equal than —4, so we must have:

—4<z—-2<4

Adding 2 to all sides of the inequalities we get:

—2<z<6

We can also note that |z — 2| is the distance between x and 2 on the number line and this distance cannot
exceed 4, so we must have:

4 4
f f ‘L f f f \/ f f f ‘L f f
-4 -3 -2-1 0 1 2 3 4 5 6 7 8
® ®

So the inequality is satisfied by all numbers between —2 and 6 (inclusive). Using interval notation we must
have = € [-2, 6].

Now consider the inequality:

|z + 1] >2

The expression inside the absolute value must be greater than 2 or smaller than —2, so:

r+1>2 or r+1< -2
Which gives:

z>1 or T < -3

Alternatively we can note that the distance between z and —1 (remember |z 4+ 1| = |z — (—1)|) has to be
greater than 2:

2 2
S - —
-6 -5 -4 -3 -2-10 1 2 3 4
<4+—-0 o—>
Exercise 2.9.4 Solve the following inequalities:
(a) lx =5 >1 (b) |z +3] <0.5 (c) |l —4] >3

) /@+22<3 (e) VaZ—6z +9< 1 () VaZt2z+1<4

|z —2| |2—z

1
3 1 =

(@) |3— x| +2z—3|>6 (h) [3—3z| - VaZ—2z+1<8 (i)
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|z — 4| +2 -

1
5 >

G) |z —7]+4>2 k) Jz—3|+2<1 1)

|22 — 2]
3

B =
—-1-zl <1 (n) |:c—3|+2<M (o) lr+2|+ 22+ 4| <[4z + 8| +1

(m) >

2—zx 5—x|—1
(p)%—12|2l‘—4| (@ 1+35] <8+z+2| (r) @10z 425> D]

2
it Bk R Vi —8z 116
() [ =8| e — 10} < & (t) |$3 |>| ZH— (u)|4—x|+%§3

(V) Va2 +22v2+2<3v2 (w) V22 -22v3+3<V3 (x) Mg:s—\/gc2—2:c+1
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2.9. ABSOLUTE VALUE

SHORT TEST
1. [4 points]
Simplify the following expressions:
(a) |3 —2v/2] — 2|4 — 3v/2| + 3|7 — 5v/2| (b) V19 — 8v/3 + 2|5 — 3v/3|
2. [4 points]

Solve the following equations:

|z —1] |2 — 22|

(a)blz+1|+1=11 (b) 5 3 =13-3z|—-1
3. [7 points]
Solve the following inequalities:
9 _
(a) 4|z —3|+7>15 (b) 3—2Jz+2| <9 (c) \/x2—4x+4+%>\2x—4|—1
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2.9. ABSOLUTE VALUE

SHORT TEST
SOLUTIONS
1. [4 points]
Simplify the following expressions:
(a) |3 — 2v/2| — 24 — 3v/2| + 3|7 — 5v/2] (b) V19 — 8v/3 + 2[5 — 33|
=3-2v2—-2(—4+3v2) +3(-7+5v2) = =4/(4—V3)2 +2(-5+3V3) =
=3-2/24+8-6v2-21+15/2= =4-+3-10+6v3=
=T7v2-10 =5V/3-6
2. [4 points]
Solve the following equations:
-1 2-2
(a) 5lz +1|+1=11 (b) |x2 || 3x|:\3—3:z:|—1
lz+1| =2 3le—1|—2]2—22| =6[3— 32| — 6
r+1=2 or z4+1=-2 3l —1]—4jx—1| =18z — 1| —6
r=1 or x=-3 %Z‘l‘*l‘
1‘—1:% or x—lz—%
r=2 or =1
3. [7 points]
Solve the following inequalities:
2_
(a) 4|z = 3| +7>15 (b)3—2Jz+2|<9 (c) \/m2—4x—|—4—|—%>\2x—4|—1
|z — 3] > 2 (b)3—2z+2/<9 oz — 2| + 1222 > ) — 2] —1
r—3<-2 or z—3>2 |z+2/>-3 1> 0.5z — 2|
r<lorx>5 reR 2> |z —2
—2<r—-2<2
O<z<4
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2.10 End of unit test

TEST 2

e The test consists of two sections. In section A calculators are not allowed. GDC is required for
section B.

e Unless otherwise stated in the question, all numerical answers should be given exactly or correct to
three significant figures.

e The maximum mark for this test is [36 + 36 marks].
e Time allowed 90 minutes.

e Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show
all working.
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SECTION A

[4 points]

NO GDC
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