Revision (31.01) [210 marks]

1. [Maximum mark: 20]
The function fisdefined by f(z) = cos’z — 3 sin’z, 0 <z <m.

(a) Find the roots of the equation f(a:) =0. (5]
Markscheme
cos’x — 3 sin’z =0
valid attempt to reduce equation to one involving one trigonometric function m1)
sin® z 2

. :%ORl—sin x—3sin2:v=OORcosz::c—3(1—coszx):0
COS“ T
ORcos2z — 1+ cos2x =0

correct equation (A1)
tan2x:%ORcos2x:%ORsin2m:%ORCOSZ’E:%

_ 41 _ 4 V3 ine—(+)1 _no( 5u
tan 2 = +—= OR cos & = + 5 ORsmm—(j:)2OR2a:—3(, 3)
(A1)

_ o _, _ 5u
T=¢,T="% ATA1

Note: Award M1ATA0A1A0 for candidates who omit the == (for tan or cos) and give only

—
CL’—6.

Award M141404040 for candidates who omit the = (for tan or cos) and give only z = 30°.
Award M71A1A1A1A0 for candidates who give both answers in degrees.

Award M1A1A1A140 for candidates who give both correct answers in radians, but who include
additional solutions outside the domain.

Award a maximum of MTA0A0A1A1 for correct answers with no working.

[5 marks]

(bi)  Find f1(z).



(2]
Markscheme

attempt to use the chain rule (may be evidenced by at least one COS T Sin  term)
(M)

fi(z) = —2 cos x sin  — 6 sin x cos z(= —8 sin x cos * = —4 sin 2x)
A1

[2 marks]

(bii) Hence find the coordinates of the points on the graph of y = f(x) where

fr(z) = 0. [5]
Markscheme
valid attempt to solve their f/(z) = 0 (M1)
At least 2 correct -coordinates (may be seen in coordinates) (A1)

II
r=0,z=5,z=nm

Note: Accept additional correct solutions outside the domain.
Award A0 if any additional incorrect solutions are given.

correct coordinates (may be seen in graph for part (c)) A1A1A1

0,1), (m, 1), (5 —3)

Note: Award a maximum of M1A1A1A140 if any additional solutions are given.

Note: If candidates do not find at least two correct 2-coordinates, it is possible to award the
appropriate final marks for their correct coordinates, such as MTAOAOA1AO0.

[5 marks]



(c) Sketch the graph of Yy = |f($)
points where fl(a:) = (0 and any points where the graph meets the coordinate

, clearly showing the coordinates of any

axes. (4]
Markscheme
¥y
e
3 i
14
T T T T i :"- J
0 L x ELI
6 2 6
attempt to reflect the negative part of the graph of f in the x-axis m1
endpoints have coordinates (0, 1), (m, 1) A1
smooth maximum at <%, 3) A1
. . I 5
sharp points ( cusps) at x-intercepts 5 6 Al
[4 marks]
(d) Hence or otherwise, solve the inequality |f(x)‘ > 1. [4]
Markscheme

considers points of intersection of y = | f()| and y = 1 on graph or algebraically
(m1)



—(cosZac—3sin2 x) = 1or—(1—4sin2x) =1or
—(4cos’z —3) =1or—(2cos 2z —1) =1

2 1 2 1

tan? z = 1 or sin T = 5 or COS x:50rcos2x:0

o 3o

T=7, 9 (1)

4
For|f(z)| > 1

i 3o
Z<$<T Al

[4 marks]

[Maximum mark: 9]

Letf(a:)zg”?;lif"f”,xeR,x;é—l.

(a) Find the co-ordinates of all stationary points.

Markscheme

/ _ (22-10)(z41)— (2’ 10z+5)1
f (m) _ ($+1)2 M1

fl(x)=0=22+2x-15=0= (z+5) (z — 3)
Stationary pointsare (—5, — 20) and (3, —4) A1

[4 marks]

(b) Write down the equation of the vertical asymptote.

Markscheme

r=-1 M

[1mark]

(A1)

mi

(4]

(1]



() With justification, state if each stationary pointis a minimum, maximum or
horizontal point of inflection. (4]

Markscheme

Looking at the nature table

x =5 1 3
f'(x) | *we|0 | -ve|undefined | -ve | 0| +ve

M1A1

(—5, —20)isamaxand (3, —4)isamin  A741

[4 marks]

[Maximum mark: 16]

Consider the function f(z) = 4;%22, x # 2.

(a) Sketch the graph of y — f(a:) On your sketch, indicate the values of any axis
intercepts and label any asymptotes with their equations. [5]

Markscheme



=
I
%]

vertical asymptote £ = 2 sketched and labelled with correct equation Al

horizontal asymptote y = 4 sketched and labelled with correct equation Al

Foran approximate rational function shape:

labelled intercepts —% on z-axis, —1 on y-axis  AIA1

two branches in correct opposite quadrants with correct asymptotic behaviour Al

Note: These marks may be awarded independently.

[5 marks]

(b)  Write down the range of f.

(1]



Markscheme
y #* 4 (orequivalent) A1

[1mark]

Consider the function g(:c) = 22 + bz + c.The graph of g has an axis of symmetry atx = 2.

The two roots ofg(:l:) = Qare — % andp,wherep € Q.

(0  Showthatp = %

Markscheme

1

245 R (—3)+2x5 R 5L =20R —4=—p+3 A
p=7%5 4
[1mark]

(d) Find the value of b and the value of c.
Markscheme

METHOD 1

attempt to substitute both roots to form a quadratic M1)

EITHER
(44 $) on et~ (-

:x2—4m—% A1A1

o=
+
][]
~
8
_l_
g
o=
X
(][]
N—

(b=—4c=3)

Note: Award A7 for each correct value. They may be embedded or stated explicitly.

(3]



OR
(22 4+1)(2z —9) = 4(2® — 4z — §)

b=—-4,c=—

N}

A1A1
Note: Award AT for each correct value. They must be stated explicitly.

METHOD 2

—2=20r4+b=0=>b=-4 m

attempt to form a valid equation to find ¢ using their b M1)
(—4) +—4(-4) +c =0 or (3)°+ ~4(3) +e=0

—_9
C=—7 Al

METHOD 3

attempt to form two valid equationsin band ¢ (M1)

METHOD 4

attempt to write g() in the form (z — h)2 + k and substitute for z, hand g()
(m1)

(L -2 +k=0=k=—2

2 25
(z—-2)"—-F

:x2—4m—% A1A1

b=-4c=-1)



Note: Award A7 for each correct value. They may be embedded or stated explicitly.

[3 marks]

(e)  Find the y-coordinate of the vertex of the graph of y = g(). (2]
Markscheme

attempt to substitute £ = 2 into their g(x) OR

complete the square on their g(:l?) (may be seen in part (d)) m1)

25

Y= -1 A1
[2 marks]

(f) Find the product of the solutions of the equation f(z) = g(x). (4]
Markscheme

= 4= 4) on ot de g

attempt to form a cubic equation M1)

EITHER

dz+2=(z-2)(z+3)(z—2) R4z +2= (22— 4z — %) (z — 2)
OR

(z—2)(z+5)(x—3) —4z—2 OR (z—2)(z® — 4z — §) — 4z — 2

4+ ...+ 2(=0)0R 42’ +...+10(=0) @n@n

oot

Note: Award (A1) for each of the terms 2> and % or4dz3 and 10. Ignore extra terms.



—-1)*x 2 13
product of roots = (%) OR (fom)

=2 m

OR

Azt g)=(@-2)(@+3)(z-3)
T=—% (A1)

ord=x224+...49=22+...45=0
product of roots of quadraticis b (A1)

productistherefore—% X H

oot

Al

[4 marks]

[Maximum mark: 5]

Solve3 X 94+ 5 x 3" —2=0.
Markscheme
recognising a quadraticin 37 M1)

3x (37 +5x3°—-2=0

valid attempt to solve a quadratic equation (factorising, use of formula, completing square,
or otherwise) m1)

(3% 3% —1)(3"+2) =0 OR 3% = —2=v242 '625"'_24 (orequivalent) (A1)

3T=3 (3°=-2 @)



Note: Award the final A7 if candidate’s answer includes t = —land z = logs (—2).

Award A0 if other incorrect answers are given.

[5 marks]

[Maximum mark: 7]

Afunction g(z) is defined by g(z) = 2x3 — Tx? + dx — e, whered, e € R.

., [andyare the three roots of the equation g(z) = Owhereax, 3, v € R.

(@)  Writedown the value of & + 3 + 7.

Markscheme

atpB+y=1% m

[1mark]
Afunction h(z) is defined by h(2) = 22° — 112% + r2® + s2% + tz — 20, where
r, s, t e R
@, [andyarealso roots of the equation h(2z) = 0.

Itisgiven that h(z) = Qs satisfied by the complex number z = p + 3i.

(b)  Showthatp = 1.
Markscheme

p — 3iisalsoaroot (seen anywhere) A1
recognition of b roots and attempt to sum these roots m1)
p+3i4+p—3i+

1l
2

(NI OIS

p+3i+p—3i+ A1

p=1 4Ac

(1]

(3]



[3 marks]
Itisnowgiventhath(%) =0,anda, BE€Z", a < Bandy € Q.

(ci)  Findthe value of the product /3. [2]
Markscheme

attempt to find product of b roots and equateto =10  (M1)
(1+3i)(1—3i)5a8 =10
af=2 A

[2 marks]

(cii)  Write down the value of ¢ and the value of 3. [1]
Markscheme

a=1landB=2 A1

[1mark]

[Maximum mark: 5]

Differentiate from first principles the function f (:C) = 3:E3 — . [5]

Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differencesin

marking or structure.

METHOD 1

flath)—f(z)
h

B (3(w+h)3f(m+h)>f(3w3fx)
= R

m1

3(:1:3+3:c2h+3:ch2+h3) —x—h—3z%+z
= . [y




_ 92°h+9zh®+3h3—h A1
- h

cancellingh M1

= 922 + 9zh + 3h% — 1

then }ILILI(I) (9:182 + 9zh + 3h% — 1)
=922 -1 m

Note: Final A7Tdependent on all previous marks.

METHOD 2
fz+h)—f(z)
h

(3(m+h)3—(m+h)) —(3z*—x)

= 5 M1
3<(m+h)3—m3) +(z—(z+h))

= A (A1)
3h((w+h)2+w(m—|—h)+x2> —h

= Al

h

cancellingh M1
2 2
:3((33—1—11) +z(x+h)+z ) -1
then lim (3 <(:I3 +h)Y?+z(zx+h)+ 132) — 1)
h—0

=9z2—1 a1

Note: Final A7dependent on all previous marks.

[5 marks]



[Maximum mark: 6]

Let P (z) = 2z* — 152% + az® + bz + c,wherea,b,c € R

(@)  Giventhat(z — 5)isafactorof P (z),find a relationship between a, band c. [2]

Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differencesin
marking or structure.

attempt to substitute £ = 5 and set equal to zero, or use of long / synthetic division  (M1)

2x5*—15x5+ax52+5b+c=0 a1
(= 25a + 5b + ¢ = 625)

[2 marks]

(b)  Given that (z — 5)2isafactor of P (), write down the value of P’ (5). [1]
Markscheme

0 A1

[1mark]

(©  Giventhat (z — 5)isafactorof P (x),and thata = 2,find the values of b
and c. (3]

Markscheme

EITHER
attempttosolve P’ (5) = 0 (m1)

= 8x5—45x524+4x5+b=0



OR
(2% — 10z + 25) (22% + az + B) = 2z* — 1523 + 22 + bz +c M)

comparing coefficients gives ¢ = 5, ﬁ =2

THEN
b=105 A1
C.c=625 —25 x 2 — 525

c=50 A1

[3 marks]

[Maximum mark: 7]
The lengths of two of the sides in a triangle are 4 cm and 5 cm. Let 6 be the angle between the two

given sides.The triangle has an area of 5—\? cm?.

@ Showthatsin @ = %. [1]

Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differencesin
marking or structure.

EITHER

I _ L4 x5sinf A

OR

height of triangle is 5\11_5 if using 4 as the baseor\/1_5ifusin95asthe base A1
THEN

sinf = @ AG



[1mark]

(b) Find the two possible values for the length of the third side. [6]
Markscheme

let the third side be &
2 42 2
r°=4"+5"—-—2x4 x5 xcosf m

valid attempt to find cos @ (M1)

,;;
ot

Note: Do not accept writing COS (arcsin ( ) ) asa valid method.

_ / 15
cosf = + 1—1—6

_ 1 1

=2 — 31 Al

22 =16+25-2x4x5x £+
x=1+/31lor+/51 AA1

[6 marks]

[Maximum mark: 7]
Solve the simultaneous equations

log,6 =1+ 2log,y
1 + loggz = logg (15y — 25). [7]

Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differencesin

marking or structure.
use of at least one“log rule” applied correctly for the first equation M1
log,6z = log,2 + 2log,y

= logy2 + logyy’



= log, (2y2)

= 6z =2y M

use of at least one “log rule” applied correctly for the second equation M1
logg (16y — 25) = 1 + loggx

= log6 + loggx

= loggbz

= 15y — 25 =6z A1

attempt to eliminate & (or ) from their two equations M1
2y = 15y — 25

22 — 15y +25=0

(2y—5)(y—5)=0

_ 25 —
=1 Y=

po| ot

, A1

orr = %, Yy=29 Al
Note: x, Y values do not have to be “paired” to gain either of the final two 4 marks.

[7 marks]

10. [Maximum mark: 7]

The curve C'is given by the equation y = x tan (%)

241

. dy
(a) Atthe point (1,1),show that -~ = 5—. [5]

Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differencesin

marking or structure.

attempt to differentiate implicitly M1



% — xsec? (%) [(%a}% + %y)] + tan (%) A1A1

Note: Award A7 for each term.

attempt to substitute £ = 1,7y = 1 into their equation for d—g M1
dy _mdy | =
dz — 2 dz + 2 +1
dy Ty _ =
w(1l-%)=%+1 m
dy _ 247
dz = 2-m AG
[5 marks]
(b) Hence find the equation of the normal to C at the point (1, 1). [2]
Markscheme
attempt to use gradient of normal = E—yl m1)
Az
_ T2
T o2
so equation of normalisy — 1 = ﬁ(w —1)ory = T2r4+ 2 m
T+2 Y T+2 T+2
[2 marks]

11.  [Maximum mark: 4]
A sector of a circle with radius 7 cm, where 7 > 0, is shown on the following diagram.
The sector has an angle of 1 radian at the centre.



12.

Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differencesin

marking or structure.

A=P

use of the correct formula for area and arc length

perimeterisT@ + 2r (A1)

Note: A7independent of previous M1.

() =r1)+2r m
r?—6r=0

r==6(@sr>0 A1

Note: Do notaward final 47if 7 = Qisincluded.

[4 marks]

[Maximum mark: 5]

Markscheme

*This question is from an exam for a previous syllabus, and may contain minor differencesin

marking or structure.
(x=0=)y=1 @

. dy
appreciate the need to find 5

(g—z :)2629” -3 m

(x:0:>)g—fc’:—1 A1

(M1)

Let the area of the sector be A cm? and the perimeter be P cm. Giventhat A = P,
find the value of 7.

(M1)

Find the equation of the tangent to the curve y = 62:13_3m atthe pointwhere z = 0.

(5]



g:é =-1 (y=1-2z)

[5 marks]

13. [Maximum mark: 7]

A and B are acute angles such that cos A = %and sin B = %

Show thatcos (24 + B) = —% — %. [7]

Markscheme

attempt to use cos (24 + B) = cos 2A cos B — sin 24 sin B (may be seen later)
mi1

attempt to use any double angle formulae (seen anywhere) M1

attempt to find either sin A or cos B (seen anywhere) M1

cosA:%:>sinA<: 1—%) = % (A1)

sinB:%:>cosB<: 1—%:%5) :% Al

cos24 (=2cos?A—1)=—¢ M

sin2A(:2sinAcosA):49ﬁ A

so cos (24 + B) = (—¢) (%) — <4+f> (3)
PR A

[7 marks]

14. [Maximum mark:4]

Itis given that cosec = %,where % <0< 3TH.Find the exact value of cot 6. [4]



Markscheme

METHOD 1

attemptto use arightangled triangle M1

0 ]
J5

correct placement of all three values and @ seen in the triangle (A1)

cot @ < 0 (since cosec > 0 puts @ in the second quadrant)  R1

cotl = —@ A1

Note: Award M141R0A0 for cot 6 = % seen as the final answer
The R1 should be awarded independently for a negative value only given as a
final answer.

METHOD 2

Attempttouse 1 + cot?6 = cosec?d m1

1+ cot?g = %

cot?0 =2 @)

cotl = :I:@

cot@ < 0 (since cosec > 0 puts @ in the second quadrant) ~ R1

cotf = —é A1



15.

Note: Award M141R0A0 for cot O = % seen as the final answer

The R1 should be awarded independently for a negative value only given as a
final answer.

METHOD 3
sinf = %

attempttousesin®@ + cos20 =1 M1
S +cos?f=1

cos?f =2 @)

cosf = :I:\/T5

cosf < 0 (since cosecO > 0 puts @ in the second quadrant) ~ R7

_ V5
cosf = —3

cotf = —@ A1

Note: Award M1ATR0A0 for cot 6 = % seen as the final answer
The R1 should be awarded independently for a negative value only given asa
final answer.

[4 marks]

[Maximum mark: 8]
Consider the quartic equation 2% + 423 + 822 + 80z + 400 = 0, z € C.

Two of the roots of this equation are @ + biand b + ai,wherea, b € 7Z.

Find the possible values of a. (8]

Markscheme



METHOD 1
othertworootsarea — biandb — ai A1
sum of roots = —4 and product of roots = 400 A1

attempt to set sum of four roots equal to —4 or 4 OR
attempt to set product of four roots equal to 400 M1

a+bit+a—-bi+b+ai+b—ai=—-4
20+2b=—-4(=a+b=-2) m
(a + bi)(a — bi) (b+ ai)(b — ai) = 400

(a>+5%)° =400 a1

a®>+ b =20

attempt to solve simultaneous equations M1)
a=2ora=—4 AA1

METHOD 2

othertworootsarea — biandb — ai A1

(z— (a+bi))(z—(a—bi))(z— (b+ai))(z — (b—ai))(=0) 41

((z —a)’ + b2> ((z —b)’+ a2) (=0)

(2 — 2az + a® + b?) (22 — 2bz + b* + a?) (= 0) a1

Attempt to equate coefficient of 23 and constant with the given quarticequation M7
—2a — 2b = 4and (a® 4+ 5%)° = 400 a1

attempt to solve simultaneous equations m1)

a=2ora = -4 A141

[8 marks]



16.

17.

[Maximum mark: 7]

Solve theequation2 cos? z + 5 sinz =4, 0 < z < 2m

Markscheme

attempttousecos’> z = 1 — sin® M1

2sinz—5sinz+2=0 A1

EITHER
attempting to factorise mi1

(2sinx — 1)(sin z — 2) A1

OR

attempting to use the quadratic formula M1

5i\/5214W (_ 5i3) A7

sin r = =7
THEN
: _ 1
sz =5 (A1)
_ o 5m
T =%, A1A1
[7 marks]

[Maximum mark: 5]

The cubic equation ° — k2% + 3k = Owhere k > Ohasroots, Band o + .

2
GiventhatafS = — kT, find the value of k.

(7]

(5]



Markscheme

a+B+a+B=k A1)

(_k{) (£) = —3k (—%3 - —3k) M
attempting to solve —%3 + 3k = O (orequivalent) fork  (M1)

E=2v6 (=vad)(k>0)
Note: Award Ao for k = +2+/6 (:i:\/ﬂ)

[5 marks]

18.  [Maximum mark: 20]
Afunction f is defined by f(a:) =L wherex € R, x 7& -1, x 75 3.

z2—22—3"’
(a) Sketch the curvey = f(x), clearly indicating any asymptotes with their
equations. State the coordinates of any local maximum or minimum points and

any points of intersection with the coordinate axes. [6]

Markscheme



y-intercept (0, — %) A1

Note: Acceptan indication of — % on the y-axis.

vertical asymptotes = —landx =3 A1
horizontal asymptotey = 0 A1

uses a valid method to find the 2-coordinate of the local maximum point M1)
Note: For example, uses the axis of symmetry or attempts to solve fl(a:) =0.
. . 1
local maximum point (l, = 4) A1
Note: Award (M1)A0 for a local maximum pointatx = 1 and coordinates not given.

three correct branches with correct asymptotic behaviour and the key features
in approximately correct relative positions to each other Al



[6 marks]

wherex € R, x > 3.

1
223"’

Afunction g is defined by g(:l?) =

Theinverse of gis g_l.

0 show thatg_l(a:) =1+ —\/49224—90.

Markscheme

1

Tr =

Note: Award M1 for interchanging & and ¥ (this can be done at a later stage).

EITHER

attempts to complete the square m1

P—2y—3=(@y—-1%* -4 m

OR

attemptsto solve zy?> — 2zy — 3z — 1 = Ofory M1

) — (233)1\/(22;) He@i)

Note: Award A7 even if — (in 1) is missing



_ 2x++/1622+4x a1
2x

THEN
=14 Vi 4
y > 3andhencey = 1 — —'%jﬂ is rejected R1

Note: Award R for concluding that the expression for ¢ must have the'+'sign.

The R1may be awarded earlier for using the condition > 3.

y = 1+ Vixitzx

g—l(x) =1+ \/49‘;2+:c 46

[6 marks]

(bii)  State the domain of g 1.

Markscheme

domainof g lisz >0 A1

[1mark]

Afunction hisdefined by h(z) = arctan®, wherez € R.

(©  Giventhat (h o g)(a) = 7, findthevalue of a.

Give youranswer in the formp + %\/;,wherep, q, T c Z".

(1]

(7]



Markscheme

attemptstofind (h 0 g)(a)  M1)

(hog)(a) = arctan( %) ((ho g)(a) = arcton gy

arctan( ) (arctan( 5 123 3)):%)

attempts to solve forg(a) M1

= 9(0) =2 (G = 2)

EITHER
=a=g12) m
attempts to find their g~ 1(2) M1

4 2
azl—i—# A1

Note: Award all available marks to this stage if Z is used instead of a.

OR
=22 —4a—-T7=0 A1

attempts to solve their quadratic equation ~ M1

—(—4) £/ (—4)*+4(2)(7) (: M) A1

a = i

Note: Award all available marks to this stage if Z is used instead of .

THEN

a:1+%\/§(asa>3) A1

) -



[7 marks]

19. [Maximum mark: 8]

Afunction fisdefinedby f(z) = 2v1 — x2where —1 < z < 1.

The graph of y = f() is shown below.

(@)  Showthat fisan odd function.
Markscheme

attemptsto replace  with —x M1

f(=z) = —zy/1- (~)’

= 21 (2= —f(@) m

Note: Award M1A1 for an attempt to calculate both f(—x) and — f(—x) independently,
showing that they are equal.



Note: Award M140 for a graphical approach including evidence that either the graph is
invariant after rotation by 180° about the origin or the graph is invariant after a reflection
in the y-axis and then in the Z-axis (or vice versa).

so fisanoddfunction 4G

[2 marks]

(b)  Therangeof fisa < y < b,wherea, b € R.

Find the value of @ and the value of b. (6]
Markscheme

attempts both product rule and chain rule differentiation to find f/(z) M1

1

filz) =2 x % x (<20) x (1—2%) T+ (1-2%)7 x 1 (= VI—a?— —£)

Al

1—222
V1—z2

setstheir f/(z) =0 M1

—+-L g
= Vi

attempts to find at least one of f (:I:

) (M1)

Sl

Note: Award M1 for an attempt to evaluate f () at least at one of their f/(z) = 0 roots.

1 1
Note: Award A7 for — 5 < y < 3.



20.

[6 marks]

[Maximum mark: 19]
2
@  Showthatcot 20 = i-tan

2tanf -

Markscheme

stating the relationship between cot and tan and stating the identity for tan 260

_ 1 __ _2tand
cot 20 = {57 andtan 20 = =24
_ 1—tan’d
=>cot 20 = 2 A6
[1 mark]
(b)  Verifythatz = tan @ and z = — cot @ satisfy the equation

z?+ (2cot 20)z — 1 = 0.
Markscheme

METHOD 1

attempting to substitute tan @ for = and using the resultfrom (a) M1

LHS=tan29+2tan9<12_ttTa§209) —1 m
tan?0 +1 — tan?0 — 1 = O(=RHS) A1
so x — tan @ satisfies the equation  AG

attempting to substitute — cot @ for & and using the resultfrom (a) M1

2 1—tan26
LHS = cot 0—2c0t«9(TaI’1“0> -1 m

_ 1 [ 1-tan®0\
~ tanZ6 ( tan2 0 ) 1 A1

1
tan20

1 — (-
_m—29+1_1_0(_RHS) A1

sox — — cot O satisfies the equation  AG

m1

(1]



METHOD 2
letax = tanfand 8 = — cot 6

attempting to find the sum of roots M1

a+ [ =tanf — taile

tanZ0—1

tan @ Al

= —2cot 20 (frompart (a)) A1
attempting to find the product of roots ~ M1
af =tanf x (—cotf) A1
=-1 A

the coefficient of 2 and the constant term in the quadratic are 2 cot 26 and
—Trespectively  R1

hence the two rootsare« = tanfand 8 = —cot 6 46
[7 marks]
() Hence, or otherwise, show that the exact value oftan% =2 — \/g [5]
Markscheme
METHOD 1
T = tan{5 andTz = —cot {5 are roots of £ + (2 cot%)a: —1=0 nr1

Note: Award RTifonly x = tan% is stated as a root of 2% -+ (2 cot%)x —1=0.
?+2V3z—1=0 m

attempting to solve their quadraticequation ~ M1

r=—-/3+2 m

tanJ; > 0 (—cot{5 <0) &

so1:arll—7T2 =2 — \/g AG



METHOD 2
attempting to substitute = <% into the identity fortan 26 m1

2tan-%
i 2
tan 6 1—tan2%

12
tan21—”2 + 2\/5‘5&11% —1=0 a1
attempting to solve their quadratic equation M1
tan{5 = —v/3+2 a1
tan<5 >0 A1
sotan% =2— \/g AG

[5 marks]

(d) Using the results from parts (b) and (c) find the exact value oftanﬁ — C0t2L4

Give your answer in theforma + b\/§ wherea, b € Z.

Markscheme

tan% — cotﬁ is the sum of the roots of 22 + (2 Cot%)m —1=0 nr1

s T T
tanﬂ—cotﬁ— 2 cot > Al

_ =2
2-v3

A1
attempting to rationalise their denominator  (M1)

= —4—2/3 ma

[6 marks]

21. [Maximum mark: 8]

Afunction fisdefined by f(z) = 2;1_11 ,wherex € R, = # —1.




The graph of y = f(ac) has a vertical asymptote and a horizontal asymptote.

(a.i)  Write down the equation of the vertical asymptote.
Markscheme

r=-1 M

[1mark]

(a.ii)  Write down the equation of the horizontal asymptote.

Markscheme
y=2 M
[1mark]

(b)  Onthe setof axes below, sketch the graph of y = f().

On your sketch, clearly indicate the asymptotes and the position of any points
of intersection with the axes.

(1]

(1]



Markscheme

rational function shape with two branches in opposite quadrants, with two correctly
positioned asymptotes and asymptotic behaviour shown A1

axes intercepts clearly shownatx = % andy = —1 4141
[3 marks]

() Hence, solve the inequality 0 < % < 2.
Markscheme

1
$>7 Al



l\D|r—\

Note: Accept correct alternative correct notation, such as (

[1mark]

(d) Solve the inequality 0 < 2||;||_;11 < 2.

Markscheme
EITHER

2|z|—1
attempts to sketchy = ||;||+1 m1)

OR

attemptstosolve2|z| — 1 =0 M1)

andx = —% are identified.

o=

Note: Award the (M1)if £ =

THEN

I
o=

T < —5sorx > Al

oo)and}%,

Note: Accept the use of a comma. Condone the use of ‘and’. Accept correct alternative

notation.

[2 marks]

22. [Maximum mark: 5]

Solve the equation logg v/ =

210g 3 T 10g3(4a: ) wherez > 0.

(2]

(5]



Markscheme

attempt to use change the base M1)

log; vz = 1°g23 2 4 logg (42

attempt to use the power rule M1)

logs v/ = logs v/2 + logg(42°)

attempt to use product or quotient rule forlogs,In @ + In b = In ab M1)

log; vz = logg (4\/§m3>

Note: The M marks are for attempting to use the relevant log rule and may be applied in any
order and at any time during the attempt seen.

VI = 4v/2a3

z = 3225
5__ 1

r = 39 (A1)
_ 1

T = D) Al

[5 marks]

23. [Maximum mark: 7]
The equation 3px? + 2px + 1 = p hastwo real, distinct roots.

(a) Find the possible values for p. [5]

Markscheme

attempt to use discriminant b2 — 4ac(> 0) M1

(2p)* — 4(3p)(1 — p)(> 0)



24.

16p% — 12p(> 0) (a1)
p(4p — 3)(> 0)
attempt to find critical values (p =0,p= %) m1

recognition that discriminant > 0 M1)

p<O0orp> 3 Al

Note: Condone ‘or’'replaced with ‘and; a comma, or no separator

[5 marks]
(b) Consider the case when p = 4.The roots of the equation can be expressed
intheformx = aifjim,wherea € 7..Find the value of a. [2]
Markscheme

p=4=1222+82—-3=0

— /b2 —
valid attempttouse £ = W (orequivalent) m1
T = —84++/208
- 24
o= —2i6\/ﬁ
a=—2 A
[2 marks]

[Maximum mark: 7]
Consider the curve with equation (.’Ez + y2)y2 — 4z? wherez > O and
—2<y<2

Show that the curve has no local maximum or local minimum points forz > 0. [7]



Markscheme

attempt at implicit differentiation, including use of the product rule M1)
EITHER

dy \, 2 2 2 dy __
<2x + 2ya>y + (x +vy )2yﬁ =8z A1A1A1

Note: Award A7 for each of (21: + 2y%)y2, (a:2 + yz) 2yg—‘z and 8x

OR
222 + ot = 42

2xy? + 2z ydy + 4P v _ 8¢ A1A1A1

Note: Award A1 for each of 29> + 222 Yq dy 4y3 9 and 8z.

THEN

ata local maximum or minimum point, % =0 M1)
2zy® = 8z

r=00ry? =4(= y = +2) A1

Note: Award A0forz = Qory = 2

sincex > 0and —2 < y < 2 there are no solutions R1

hence there are no local maximum or minimum points AG

[7 marks]



25.

[Maximum mark: 7]
Consider the equation z* + pz® + 5422 — 1082 + 80 = Owherez € Candp € R.

Three of the roots of the equation are 3 + 1, azand a? wherea € R.

(a) By considering the product of all the roots of the equation, find the value of cx. [4]
Markscheme
product of roots = 80 (A1)
3 —iisaroot (A1)

attempt to set up an equation involving the product of their four roots and 80
(M1)

(3 +1)(3 —i)ad = 80 = 1003 = 80

a=2 Al
[4 marks]
(b)  Findthe value of p. (3]
Markscheme
METHOD 1
sum of roots = —p (A1)
—p=3+i+3—-i+2+4 M1)

Note:Acceptp =3 +i+ 3 —i+ 2 + 4forM1)

p=—12 At

METHOD 2

(z=B+i)(z—-B-1))(z-2)(z—4) (M1)



((z=3) —)((z—3) +i)(z - 2)(z — 4) (A7)
(22— 62+ 10) (22 — 62+ 8) = 24 —122% 4 ...
p=—12 A1

[3 marks]
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