Optimization [63 marks]

1. [Maximum mark: 16]
The following diagram shows the graph of y = 4 — 22,0 < z < 2and rectangle
ORST.Therectangle has a vertex at the origin O, a vertex on the y-axis at the point
R(0, y),a vertex on the z-axis at the point T'(z, 0) and a vertexat point S(, ¥) on the

graph.

Y

. Slxy)
R(0,y) *

T(x,0)

Let P represent the perimeter of rectangle ORST.

(a) Showthat P = —2x2 + 2z + 8.
Markscheme

*This sample question was produced by experienced DP mathematics senior
examiners to aid teachersin preparing for external assessment in the new MAA course.
There may be minor differences in formatting compared to formal exam papers.

P=2x+2y (A1)
=2z +2(4—2%) A1

soP=—-222+22x+8 AG

[2 marks]

(b)  Find the dimensions of rectangle ORST that has maximum perimeter
and determine the value of the maximum perimeter.

(2]



Markscheme

METHOD 1
EITHER

uses the axis of symmetry of a quadratic

OR
dP __
forms 5~ = 0 (m1)

—4r+2=0

THEN

-1
T =5 A1

substitutes theirvalueof zintoy =4 — x

y=4-(3)
y=12 A1

so the dimensions of rectangle ORST' of maximum perimeter are % by 175

EITHER

substitutes theirvalueof Zinto P = —2x2 + 22 + 8

P=-2(3)’+2(3) +

(M1)

2

(6]



Let A represent the area of rectangle ORST.

(c)

OR

substitutes their values of £ and yinto P = 2x + 2y

P=2(3) +2(%)
P=1n1

so the maximum perimeter is %

METHOD 2

attempts to complete the square M1

P:—2(:1:—%)2—|—177 A1

— 1
T=5 Al

substitutes theirvalueof zintoy =4 — x

y=12 A1

so the dimensions of rectangle ORST of maximum perimeter are % by

P=2 A1

so the maximum perimeter is %

[6 marks]

Find an expression for Aintermsof .

Markscheme

(M1)

(2]



substitutesy = 4 — 2%into A = 2y (M1)

A=z(4-2%) (=4o—2%) A1

[2 marks]

(d)  Findthe dimensions of rectangle ORST that has maximum area. [5]

Markscheme

A —4-327 A1
T

attempts to solvetheir% = Oforz (M1)

4—-3z2=0

substitutes their (positive) value of Zintoy = 4 — 2 (M1)

4 2 )
v=4-(%)
y=135 M
[5 marks]
(e)  Determine the maximum area of rectangle ORST. [1]
Markscheme
_ 16 (_ 16v3
A4=3 (_ 9 ) Al

[1 mark]



[Maximum mark: 14]

The solid shown in the following diagram is comprised of a cylinder and two hemispheres.
The cylinder has height A cm and radius & cm.The hemispheres fit exactly onto either
end of the cylinder.

®
L J

h

The volume of the cylinderis 41 cm?.

(a) Show that the total surface area, S cm?, of the solid is given by

S =% 4 4m?. 3
Markscheme
nz’h = 41 A1)

attempt to rearrange AND substitute their A into the expression for the total surface
area M1)

S = 21‘I$(j—;2) + 4nx? A1
S=2 44nz® 46

[3 marks]

The total surface area of the solid has a local maximum or a local minimum value when
L = Qa.

(b.)  Find an expression for % [2]



Markscheme

% — _% + 8z (orequivalent) A1AT

Note: Award AT for each correct term.

Award A740 if additional terms are given.

[2 marks]
(b.ii) Hence, find the exact value of a. [3]
Markscheme
ds
dx = 0 M1)
— % +8ma =0 (A1)
1
_ 82 \ 3
(a =) (8—) a
[3 marks]
. 2
() Find an expression for j—m‘g [2]
Markscheme
2
3—5 = 16423 4 8u (orequivalent) A1A1

Note: Award A7 for each correct term.

Award A740 if additional terms are given.

[2 marks]
(cii)  Use the second derivative of .S to justify that S is a minimum when
T = Q. [2]

Markscheme



EITHER
substituting their value of & into their dz2 M1)

L8 —75.3982...
= 75.4 (= 24un) > 0(75.7 from a = 1.48) A1

OR

sketch of the graph of % with their value of & clearly indicated (m1)
% > Oatx = a At

THEN

therefore .S is a minimum A1

[2 marks]

(c.iii)  Find the minimum surface area of the solid.

Markscheme

attempt to substitute their value of @ into S OR use of graph of S M1)
82.9304...

minimum surface area = 82. 9 (cm2) A1

[2 marks]

[Maximum mark: 14]
A circle with equation 22 + y? = 9 has centre (0, 0) and radius 3.

A triangle, PQR, isinscribed in the circle with its verticesat P(—3, 0), Q(z, y)and
R(:c, — y) where (Q and R are variable points in the first and fourth quadrants
respectively. This is shown in the following diagram.

(2]



>

P(-3.0) x
Rx.,-y)
(@ Forpoint Q,showthaty = v/9 — z2.
Markscheme

¥ =9—z20Ry=+vV9— 22 m

(sincey > 0)=y =9 —x2 46

[1mark]

(b) Hence, find an expression for A, the area of triangle PQR, in terms of .

Markscheme

b:2y(22\/9—x2)orh:x+3 (A1)

attempts to substitute their base expression and height expression into A= 3 bh

(m1)

A= \/9 — x2 (:c + 3) (or equivalent)

2(2+3)v9—x2 I
<_#_w\/9m2+3v9$2> A1

(1]

(3]



[3 marks]

C dA _ 9-3z—22°

(@ Show that -~ = N [4]
Markscheme
METHOD 1

attempts to use the product rule to find % M1)

attempts to use the chain rule to find 5~ \/9 — 2 (m1)

(4 2)vo—a2+ (3+2)(3)(9—2) 7 (-22) (= VO — 22 — £z
Al
—x 2243z 9—2?— (2243
(4 )2 - e (< 22y,

dA _ 9-32-24° A6
de “97%2

METHOD 2

dA _ dA  dy
dz ~— dy dz

attempts to find - dy A \here A = y(x + 3) and Wherey =9—z%

dA _ =z .
ydy +x + 3and 2 dm = —+ (orequivalent) A1

: . dA dy dA _ dA  dy
substitutes their —=— “dy and their Eps into == dz — dy X Eps M1)

% - (y( ) +x+ 3) ( ) (orequivalent)

2 2
= Q—:f/;—x;?)m (orequivalent) A1
—T

dA _ 9-3z—2z?

i~ oz N



[4 marks]

(d) Hence or otherwise, find the y-coordinate of R such that A isa maximum. (6]

Markscheme

dA _ 9—3z—2z> __
o = O(hﬂ” —0) (M1)

attemptsto solve 9 — 3z — 222 = 0 (orequivalent) (M)

31\/(4)274(72) (9)

2(-2)

—(2z — 3)(z+3)(=0)orRz = (orequivalent) (A1)

— 3
T =75 Al

Note: Award the above A7 if £ = —3Jisalso given.

substitutes their value of & into eithery = v/9 — z2 or y = —v/9 — 2

Note: Do notaward theabove M17)if < 0.  (M1)

(e R

[6 marks]



[Maximum mark: 19]
Consider the following diagram, which shows the plan of part of a house.

diagram not to scale

6m

—m

A narrow passageway with % m width is perpendicular to a room of width 6 m.There is a
corner at point C. Points A and B are variable points on the base of the walls such that A,
C and B lie on a straight line.

Let L denote the length AB in metres.

Let & be the angle that [AB] makes with the room wall, where 0 < o < 5

(a) Show that L = %sec o + 6 cosec a.

Markscheme

L=AC+CB

3
4

= AC =

COS ¢

EA%C) = cos a(:> AC =

oo

sec O[) Al

(2]



C—6B = sina(:> CB =

6

sin «

= CB = 6 cosec a) A1

sol = %sec o+ 6cosec A6

[2 marks]

: . dL
(bi)  Find 1o
Markscheme
dar 3

do = 15€eca tan o« — 6 cosec o cot a Al

[1mark]

(bii)  When % — 0, show thatae = arctan 2.

Markscheme

attempt to write % in terms of Sin @, oS aortan a (may be seenin (i) M1)

dL _ 450 Geosa qp dL _ gtana 6 tan’ a—6

d~ — 2 - T .2 R-— = - — 2

da cos® a sin® o da COS & sin « cos « cos o tan® o

% =0= %Sin3 a — 6cos® a = 0OR %tan?’ a — 6 = 0 (orequivalent)
(A1)

tan>a =8 A1
tan o = 2 A1

o = arctan 2 AG

[4 marks]

(i) Fing £L
Find TR

(1]

(4]



(3]

Markscheme

attempt to use product rule (at least once) M1)

d’L _ 3 3 2
qr = sec a tan o tan a + sec a sec” «

+6 cosec a cot a cot o + 6 cosec a cosec® o AlAT

2

Note: Award A7 for %sec o tan o tan o + %sec o sec” ocand At for

+6 cosec a cot a cot a + 6 cosec a cosec? a.

Allow unsimplified correct answer.

2
(% = %sec a tan? o -+ %SGC3 a + 6 cosec a cot? o + 6 cosec® a)

[3 marks]
.. 2

(cii)  when a = arctan 2, show that % = %\/g (4]
Markscheme

attempt to find a ratio other than tan o using an appropriate trigonometric identity
OR aright triangle with at least two side lengths seen M1)

2
Note: Award M0 for &« = arctan 2 substituted into their % with no further

progress.

one correct ratio (A1)



sec o = \/BORcoseca = @ORcota = %ORcosa = %OR
. 2
sin @ = =

V5

Note: M141 may be seen in part (d).

% (\/g) (22) + % (\/5)3 + 6(@) (%)2 + 6(‘/Tg>3(orequivalent)

A2

125 15v5 3v5 15v5
2t ot

Note: Award AT for only two or three correct terms.

Award a maximum of (M1)(A1)A1 on FT from c(i).
d2L 45
i A

[4 marks]

(di)  Hence, justify that L isa minimum when o = arctan 2.

Markscheme

2
% > 0 OR concave up (orequivalent)  RT

(and % = 0,when & = arctan 2, hence L isa minimum)

[1mark]

(dii) Determine this minimum value of L.

(1]

(2]



Markscheme

(Limin =) % (%5) - 6(@) 1)

_ 15V

i A1

[3 marks]

Two people need to carry a pole of length 11. 25 m from the passageway into the room. It

must be carried horizontally.

(e) Determine whether this is possible, giving a reason for your answer.

Markscheme

(11. 25 :) 152/9 > 152/5 (orequivalent comparative reasoning)  R1

the pole cannot be carried (horizontally from the passageway into the room) A1
Note: Do not award ROAT.
[2 marks]

© International Baccalaureate Organization, 2025

(2]



